SPECTRAL OPERATORS OF MATRICES: SEMISMOOTHNESS AND CHARACTERIZATIONS
OF THE GENERALIZED JACOBIAN
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Abstract. Spectral operators of matrices proposed recently in [C. Ding, D.F. Sun, J. Sun, and K.C. Toh, Math. Program. 168,
509-531 (2018)] are a class of matrix valued functions, which map matrices to matrices by applying a vector-to-vector function to
all eigenvalues/singular values of the underlying matrices. Spectral operators play a crucial role in the study of various applications
involving matrices such as matrix optimization problems (MOPs) that include semidefinite programming as one of the most important
example classes. In this paper, we will study more fundamental first- and second-order properties of spectral operators, including the
Lipschitz continuity, p-order B(ouligand)-differentiability (0 < p < 1), p-order G-semismoothness (0 < p < 1), and characterization
of generalized Jacobians.
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1. Introduction. Spectral operators of matrices introduced recently in [19] are a class of matrix valued
functions defined on a given real Euclidean vector space 2~ of real/complex matrices over the scalar field
of real numbers R. Unlike the well-studied classical matrix functions [27, Chapter 9], [32, Chapter 6],
[2, 31, 30], which are Lowner’s operators generated by applying a single-variable function to each of the
eigenvalues/singular values of the underlying matrices, the spectral operators introduced in [19] generate
matrix valued functions by applying a vector-to-vector function to all eigenvalues/singular values of the
underlying matrices (see Definition 2 for details).

Besides its intrinsic theoretical interest in linear algebra, spectral operators play a crucial role in the
study of a class of optimization problems known as matrix optimization problems (MOPs), which include
many important problems such as matrix norm approximation, matrix completion, rank minimization, graph
theory, machine learning, and etc. [28, 69, 70, 59, 37, 7, 8, 9, 11, 73, 13, 45, 22, 35, 26, 46, 47, 78, 42].
In particular, for a given unitarily invariant proper closed convex function f : 2" — (—oo,00], the spectral
operator that is closely related to MOPs is the proximal mapping [61] of f at X, which is defined by

. 1
m ) i angminy e {F0) 4 3IY X2} X €2

where 2" is either the real vector subspace S of m x m real symmetric or complex Hermitian matrices,
or the real vector subspace V"*" of m x n (assume m < n) real/complex matrices. Among different MOP
applications, semidefinite programming (SDP) [68] is arguably one of the most influential classes of prob-
lems and its importance has been well-recognized by researchers even beyond the optimization community.
Recent exciting progress has been made both in the design of efficient numerical methods for solving large
scale SDPs [77, 74] and in the study of second-order variational analysis of SDP problems [21, 64, 10, 50],
in which the first- and second-order properties of the special spectral operator, the projection operator over
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the positive semidefinite matrix cone [65, 67], have played an essential role. However, for the general MOPs
arising recently from different fields, the classical theory developed for Lowner’s operators has become
inadequate to cope with the new theoretical developments and needs. Beyond the spectral operators of ma-
trices arising from proximal mappings, more general spectral operators indeed have played a pivotal role
in many other MOP applications [48]. Therefore, the study of the general spectral operators will provide
the necessary foundations for both computational and theoretical study of the general MOPs. In particular,
the first- and second-order properties of spectral operators obtained in [19] including the well-definedness,
continuity, directional differentiability, and Fréchet-differentiability are of fundamental importance in the
study of MOPs [18, 43, 12, 17].

In this paper, we will follow the path set in [19] to conduct extensive theoretical studies on spectral
operators. More first- and second-order properties of spectral operators will be discussed in depth. These in-
clude the Lipschitz continuity, p-order B(ouligand)-differentiability (0 < p <1), p-order G-semismoothness
(0 < p <1), and characterization of generalized Jacobians. In particular, we will study the semismoothness
[49, 58] of spectral operators, which is one of the most important properties for both algorithm design and
theoretical study of the general MOPs. Historically, the semismoothness of vector-valued functions had
played a crucial role in constructing nonsmooth and smoothing Newton method for nonlinear equations and
related problems. In fact, it is shown in [58, 57, 55] that the (strong) semismoothness is the key property
for the local (quadratic) superlinear convergence of the Newton method. Nowadays the semismooth Newton
method has became one of the most important techniques in optimization [34, 72, 77, 74, 40, 41, 76]. In par-
ticular, the several semismooth Newton based methods have been proposed for solving various large-scale
optimization problems in machine learning applications such as the lasso, fused lasso and convex clustering
problems, and they have significantly outperformed a number of state-of-the-art solvers in terms of effi-
ciency and robustness [40, 41, 76]. For MOPs, the semismoothness of the special spectral operator: the
projection operator over the SDP cone, has played a key role in the development of the semismooth Newton
based augmented Laggrangian method implemented in the software package SDPNAL [77] and its enhanced
version SDPNAL+ [74] for solving large-scale SDP problems. Therefore, based on these recent progress,
we believe that the results on the semismoothness of spectral operators obtained in this paper will lay a
foundation for the research on general MOPs. For the proximal mapping (1), one can obtain its semismooth
property by employing the results recently developed based on semi-algebraic geometry [3, 16]. It is shown
in [4, 33] that locally Lipschitz continuous tame functions (e.g., the proximal mapping (1)) are semismooth.
For more recent developments on semi-algebraic geometry in optimization, see [1, 23, 24, 14, 39, 6, 5] and
the references therein. It is worth to note that unlike our approach, by just employing its tameness, one
may not able to obtain the explicit formulas of the directional derivative and, more importantly, the strong
semismoothness of the proximal mapping (see Section 5 for details).

Another fundamental property, which we will study, is the characterization of the Clarke generalized
Jacobians [15] of the locally Lipschitz continuous spectral operators. This is an important theoretical topic in
the second-order variational analysis, which is crucial for the study of many perturbation properties of MOPs
such as the strong regularity [56, 64, 10], and full and tilt stability [50, 51]. In addition, for the software
packages SDPNAL and SDPNAL+, due to the explicit characterization of the Clarke generalized Jacobian of
the projection operator over the positive semidefinite matrix cone, it becomes possible to exploit the second
order sparsity of the SDP problems inherited from the sparse structure of the generalized Jacobian of the
reformulated semismooth equations. The second order sparsity can substantially reduce the computational
cost of solving the resulting linear systems associated with the semismooth Newton directions. Indeed the
efficient computation of the semismooth Newton directions is one of the biggest computational challenges
in designing efficient second-order numerical methods for solving large-scale problems. To summarize, we
believe that the fundamental results obtained in this paper, especially the second-order properties such as
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the semismoothness and the Clarke generalized Jacobian of spectral operators, are of importance in both the
computational and theoretical study of general MOPs.

The remaining parts of this paper are organized as follows. In Section 2, we briefly review several
preliminary properties of spectral operators of matrices. We study the Lipschitz continuity and Bouligand-
differentiability of spectral operators defined on a single matrix space V"> in Sections 3 and 4, respectively.
Then, the G-semismoothness and characterization of the Clarke generalized Jacobians of spectral operators
are presented in Section 5 and 6. In Section 7, we extend the corresponding results to spectral operators
defined on the Cartesian product of several matrix spaces and the smoothing spectral operators. We make
some final remarks in Section 8.

Below are some common notations and symbols to be used later in the paper:

e For any X € V™", we denote by X;; the (i, j)-th entry of X and x; the j-th column of X. Let
I C{l,...,m} and J C {1,...,n} be two index sets. We use X; to denote the sub-matrix of X
obtained by removing all the columns of X not in J and Xj; to denote the |I| x |J| sub-matrix of X
obtained by removing all the rows of X not in / and all the columns of X not in J.

e For X € V™™ diag(X) denotes the column vector consisting of all the diagonal entries of X being
arranged from the first to the last. For x € R™, Diag(x) denotes the m x m diagonal matrix whose
i-th diagonal entry is x;, i = 1,...,m.

e We use “o” to denote the usual Hadamard product between two matrices, i.e., for any two matrices
A and B in V""" the (i, j)-th entry of Z := Ao B € V""" is Z;; = A;;Bj.

e For any X € S™, we use 4 : S — R™ to denote the mapping of the ordered eigenvalues of a
Hermitian matrix X satisfying A;(X) > A2(X) > ... > A,(X). For any X € V™" we use 0 :
V< — R™ to denote the mapping of the ordered singular values of X satisfying o7 (X) > 02(X) >
> 0on(X) >0.

e Let OF (p = m,n) be the set of p x p orthogonal/unitary matrices. We denote P? and +P” to be
the sets of all p x p permutation matrices and signed permutation matrices, respectively. For any
Y € S" and Z € V™, we use O™(Y) to denote the set of all orthogonal matrices whose columns
form an orthonormal basis of eigenvectors of Y, and use Q™" (Z) to denote the set of all pairs of
orthogonal matrices (U,V), where the columns of U and V form a compatible set of orthonormal
left and right singular vectors for Z, respectively.

2. Spectral operators of matrices. The general spectral operators of matrices introduced by [19] are
defined on the Cartesian product of several real or complex matrix spaces. In order to summarize the prop-
erties of spectral operators, we first introduce some definitions and notations, which are needed in the sub-
sequent analysis.

Let s be a positive integer and 0 < sy < s be a nonnegative integer. For given positive integers my, ..., my
and ng.1,...,n,, define the real vector space 2~ by
2) X = 8" x .. xS0 x Yot Mol 5 YK

Without loss of generality, we assume that my < ng, k =50+ 1,...,s. For any X = (X;,...,X;) € 27, we
have for 1 < k <9, X; € S™ and 5o+ 1 < k <, X; € V"< Denote

3) W =R™M x...xR™o xR™o x ... xR™,
For any X € 2, define k(X) € # by k(X) := (A(X1),...,A(X)), 6 (Xsy+1),--.,0(X;)). Define the set &
by

P :={(01,.--,05) | Qr €P™, 1 <k<spand Oy € +P™, 50+ 1 <k <s}.

Let g: % — % be a given mapping. For any x = (x1,...,x;) € % with x; € R™, we write g(x) € # in the
form g(x) = (g1(x),...,gs(x)) with gx(x) € R"™ for 1 <k <s.
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DEFINITION 1. The given mapping g : % — % is said to be mixed symmetric, with respect to &, at
x=(x1,...,%x5) € ¥ with x, € R", if

) 8(Qix1,..., 05x5) = (Q181(x),.. ., 0s85(x))  V(Q1,-...05) € Z.

The mapping g is said to be mixed symmetric, with respect to &2, over a set 9 C % if (4) holds for every
x € 9. We call g a mixed symmetric mapping, with respect to 22, if (4) holds for every x € %'

Note that for each k € {1,...,s}, the function value gi(x) € R™ is dependent on all xj,...,x;. When
there is no danger of confusion, in later discussions we often drop the phrase “with respect to &?” from
Definition 1. Let .4 be a given nonempty set in 2. Define x 4 := {x(X) € # | X € .#}. The following
definition of the spectral operator with respect to a mixed symmetric mapping g is given by [19, Definition
1].

DEFINITION 2. Suppose that g : % — % is mixed symmetric on K 4. The spectral operator G : N —
2 with respect to g is defined as G(X) := (G1(X),...,Gs(X)) for X = (X1,...,Xs) € N such that

Gu(X) = PDiag (ge(k (X)) P if1<k<sp,
T [Diag(gx(k(X))) O]V," ifso+1<k<s,

where P, € O™ (X), 1 <k <so, (Uy,Vi) € O™ (X)), so+ 1 <k <s.

For the well-definedness, continuity and F(réchet)-differentiability of spectral operators, one may refer
to [19] for details. It is worth mentioning that for the case that 2~ = S” (or V"*") and g has the form
g(y) = (h(y1),...,h(ym)) € R™ with y; € R for some given scalar valued function % : R — R, the corre-
sponding spectral operator G is just the Lowner operator coined in [67] in recognition of Léwner’s original
contribution on this topic in [44] (or the Lowner non-Hermitian operator [75] if 4(0) = 0). In [75], Yang
studied several important first and second order properties of the Léwner non-Hermitian operator, including
its F-differentiability and the explicit derivative formula (the equivalent form also can be found in [52]).

Next, we will focus on the study of spectral operators for the case that 2 = V™*". The corresponding
extensions for the spectral operators defined on the general Cartesian product of several matrix spaces will
be presented in Section 7.

Let .4 be a given nonempty open set in V"> Suppose that g : R™ — R” is mixed symmetric
with respect to & = £P™ (i.e., absolutely symmetric), on an open set 6 4 in R” containing © 4 =
{o(X)|X € #}. The spectral operator G : A — V™" with respect to g defined in Definition 2 then
takes the form of

G(X) = U Diag(g(o(X))) 0]V", X e,

where (U,V) € O™"(X). For a given X € ./, consider the singular value decomposition (SVD) of X, i.e.,

(5) X=U[xX) 0]V,
where £(X) is an m x m diagonal matrix whose i-th diagonal entry is 6;(X), U € 0™ andV =[V| V] €O"
with Vi € V™™ and V, € V> (n=m),

We end this section by further introducing some necessary notations and results, which are used in later
discussions. Let ¢ := G( ) € R™. We use Vi >V, > ... >V, > 0 to denote the nonzero distinct singular
values of X. Leta;, [ =1,...,r, a, b and c be the index sets defined by

a:={iloX)=v,1<i<m}, I=1,....n, a:={i|06;(X)>0,1<i<m},
b:={ilo;(X)=0, 1§ <m} and c:={m+1,...,n}.
4
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Denote @ := {1,...,n} \ a. Foreachi € {1,...,m}, we also define /;(X) to be the number of singular values
which are equal to G, (X) but are ranked before i (including i), and /;(X) to be the number of singular values
which are equal to o;(X) but are ranked after i (excluding i), i.e., define ;(X) and /;(X) such that

Q
>
Y
V
Q
=
>
Vv
Q
>

In later discussions, when the dependence of /; and [; on X is clear from the context, we often drop X from
these notations for convenience. We define two linear matrix operators S : VP*? — SP T : YP*P — YP*P by

®) S(Y) ::%(Y+YT), T(Y):= %(Y—YT), Y e VP<P,

For any given X € ./, let 6 = 6(X). For the mapping g, we define three matrices & (0), &y (0) € R™™
and .Z7°(c) € R™ (=) (depending on X € .4") by

© <efl°<o>>,»,-::{ o mglopiamo) Ha7 oo,
(10) ®%G»ﬁ:{éﬁwyumcnﬂm+qﬂ COE e m,

gi(G)/Gi if O; 75 07

ied{l,....om}, je{l,...,n—m}.
0 otherwise, { A }

(11) (7%0))ij = {

When the dependence of &(0), &5 (o) and #°(o) on o is clear from the context, we often drop o from

these notations. In particular, let g(l), Eg e V™M and ?0 € ym*(n=m) pe the matrices defined by (9)-(11)
with respect to 6 = o(X). Since g is absolutely symmetric at &, we know from [19, Proposition 1] that for
all i € a;, 1 <1 <r, the function values g;(0) are the same (denoted by g;). Therefore, for any X € .4/, we
are able to decompose G into two parts, i.e.,

(12) GS(X) = igl?/l<x) and GR(X) = G(X) 7G5(X),
=1

where % (X) := Yo uiv; with ©™"(X). It follows from [19, Lemma 1] that there exists an open neighbor-
hood % of X in .4 such that Gy is twice continuously differentiable on %, and for any V"*" 3 H — 0,

(13) Gs(X +H)—Gs(X) = G5(X)H + O(|H|*)
with
(14) Gs(X)H =T[E) o ST HV )+ &30 T(U HV,), F' o(U HV,)]V".

In other words, in an open neighborhood of X, Gg can be regarded as a “smooth part” of G and Gy can be
regarded as the remaining “nonsmooth part” of G. As we will see in later developments, this decomposition
(12) can simplify many of our proofs.



3. Lipschitz continuity. In this section, we analyze the local Lipschitz continuity of the spectral op-
erator G defined on a nonempty open set .#". Let X € .4 be given. Assume that g is locally Lipschitz

continuous near ¢ = o(X ) with module L > 0. Therefore, there exists a positive constant & > 0 such that
lg(o) —g(a)l| < Llo—o'| Vo,0"€B(G,8):={yc 6 ||y—0] <}

By using the absolutely symmetric property of g on 6 4, we obtain the following simple observation.
PROPOSITION 3. There exist a positive constant L' > 0 and a positive constant § > 0 such that for any
o € B(7,96),

(15) lgi(0)—gj(0)| <L'lo;—oj| Vi,je{l,....m},i#]j, 6i#0j,
(16) |lgi(0)+gj(0)| <L|oi+ 0| Vi,je{l,...,m}, o;+0;>0,
(17) lgi(0)| < L'|oi| Vie{l,...,m}, 6;>0.

Proof. Tt is easy to check that there exists a positive constant §; > 0 such that for any ¢ € B(7,0;),

(18) 6i—0j| >8>0 Vije{l,...m}, i#], Gi#0;,
(19) |G,'+Gj|261 >0 Vije{l,....m}, 6;+0;>0,
(20) loi| >8>0 Vie{l,...,m}, 6;>0.

Let 6 := min{&,d; } > 0. Denote 7 := max{|g;(G) —g;(0)|,|gi(c) +&;(0)l],|i(T)|} >0, Ly := (2L +
LJ

7)/8 and L' := max{L;,v/2L}. Let & be any fixed vector in B(G, §).
Firstly, we consider the case that i, j € {1,...,m}, i # j and o; # ©;. If G; # G, then from (18), we
know that

|gi(0) —gj(0)| =gi(0) —&i(G) +4i(6) —g;(0) +;(5) —g(0)]
2L6+7

(21) <2|jg(o)—g(@)|+7< |o; — 0j| = Li|o; — g

If 6; = G, define t € R™ by

op ifp#i,j,
=4 0o; ifp=i, p=1,....m.
o ifp=j,
Then, we have ||t — G|| = ||oc —T|| < 6. Moreover, since g is absolutely symmetric on & 4, we have g;(¢) =
g;(0o). Therefore
(22) 8i(0) —g;(0)| =8i(0) —&i(1)| < lIg(0) — (1)l < Lllo —1] = V2L|0j — 0.

Thus, the inequality (15) follows from (21) and (22) immediately.
Secondly, consider the case i, j € {1,...,m} and o; + 0;>0.1f 6,+7; > 0, it follows from (19) that

lgi(0) +gj(0)| = |gi(0) — 8i(0) +8i(0) +¢;(0) — g;(0) +g,(0)]
2L +7T

(23) <2|g(o) —g(@)l[+7<
6

|0','+Gj| =L1|(7,'+O'j|.



If6,4+6;=0,ie,0; =0, =0, define the vector f € R” by

GP lfp # i?j»
fy:=< —o; ifp=i, p=1,...,m.
— ifp=j,
By noting that 6; = G; = 0, we obtain that ||f — || = |0 — G| < §. Again, since g is absolutely symmetric

on 6 4, we have g;(f) = —g;(o). Therefore,

24) 8i(0) +8;(0)| = gi(0) — ()| < llg(0) — (@)l < Lllo —7] = V2L|0j + oj].

Thus the inequality (16) follows from (23) and (24).
Finally, we consider the case thati € {1,...,m} and o; > 0. If 6; > 0, then we know from (20) that

lgi(o)| = [gi(0) —gi(0) +gi(0)| < |gi(o) —gi(O)| +|gi(T)]
(25) < |lg(0) —g(@)] + 7 < 22 FT

If 6; =0, define s € R™ by

|O'i‘ §L1|Gi|.

yeeey ML

_J o ifpFi _
SP'_{ 0 ifp=i P7
Then, since o; > 0, we know that ||s — G|| < ||[c — || < 8. Moreover, since g is absolutely symmetric on
6.y, we know that g;(s) = 0. Therefore, we have

(26) 18i(0)] = |gi(0) — &i(s)] < llg(0) —g(s)[| < Ll|o —s]| < L|oi].

Thus, the inequality (15) follows from (25) and (26) immediately. This completes the proof. g

For any fixed 0 < @0 < & /+/mand y € B(6,0/(2/m)) := {||y — 0|~ < 6/(2y/m)}, the function g is
integrable on Vg (y) :=={z € R™ | ||ly — 2|l < @/2} (in the sense of Lebesgue). Therefore, we know that the
function

1
27 ,y) = — d
@n g0 = g [ gz

a)m

is well-defined on (0,8y/+/m] x B(G,80/(24/m)) and is said to be the Steklov averaged function [63]
of g. For the sake of convenience, we define g(0,y) = g(y). Since g is absolutely symmetric on & 4,
it is easy to check that for any fixed 0 < @ < &/+/m, the function g(,-) is also absolutely symmet-
ric on B(7,08y/(2y/m)). It follows from the definition (27) that g(-,-) is locally Lipschitz continuous on
(0,60/+/m] x B(G,8/(2+/m)) with the module L. Meanwhile, by elementary calculations, we know that
g(+,-) is continuously differentiable on (0,8 /+/m] x B(G,d/(21/m)) and for any fixed @ € (0, 8y/+/m]
and y € B(G,00/(2y/m)), ||g,(®,y)|| < L. Moreover, it is well known (cf. e.g., [29, Lemma 1]) that g(®, -)
converges to g uniformly on the compact set B(G, & /(24/m)) as @ | 0. By using the derivative formula
of spectral operators obtained in [19, (38)], we can obtain the following results from [19, Theorem 4] and
Proposition 3, directly. For simplicity, we omit the detailed proof here.

PROPOSITION 4. Suppose that g is locally Lipschitz continuous near . Let g(-,-) be the corresponding
Steklov averaged function defined in (27). Then, for any given @ € (0, 8y /+/m], the spectral operator G(®, -)
with respect to g(®,-) is continuously differentiable on B(X,80/(2y/m)) :={X € 2" | |[6(X) = Ol <
8/(2v/m)}, and there exist two positive constants 8; > 0 and L > 0 such that

(28) IG'(@0,X)]| <L Y0< o< min{8/vm,5 } and X € B(X, & /(2y/m)).

Moreover, G(@,-) converges to G uniformly in the compact set B(X, 8 /(2v/m)) as @ | 0.
7



Proposition 4 allows us to derive the following result on the local Lipschitz continuity of spectral oper-
ators.

THEOREM 5. Suppose that X has the SVD (5). The spectral operator G is locally Lipschitz continuous
near X if and only if g is locally Lipschitz continuous near 6 = o(X).

Proof. “ <= " Suppose that g is locally Lipschitz continuous near 6 = ¢(X) with module L > 0, i.e.,
there exists a positive constant & > 0 such that

lg(o) —g(o')| < Lllo—o'| Vo,0"€B(G, ).

By Proposition 4, for any @ € (0, & /+/m], the spectral operator G(®, -) defined with respect to the Steklov
averaged function g(®,-) is continuously differentiable. Since G(w,-) converges to G uniformly in the
compact set B(X, 8 /(2y/m)) as @ . 0, we know that for any € > 0, there exists a constant &, > 0 such that
for any 0 < o < &,

1G(w,X) - G(X)|| <& VX e€BX,8/(2v/m)).

Fix any X, X’ € B(X, 80/ (2y/m)) with X # X'. By Proposition 4, we know that there exists &; > 0 such that
(28) holds. Let 6 := min{d;, &3, 8 /+/m}. Then, by the mean value theorem, we know that
IG(X) = G(X')[| = |G(X) — G(w,X) + G(w,X) - G(0,X") + G(0,X") - G(X) |

1 _
§2£+|\/ G(@,X +1(X —X)dt|| <X —X'|| +26 V0 <o<8.
0

Since X, X’ € B(X,80/(2y/m)) and € > 0 are arbitrary, by letting € | 0, we obtain that
IGX) = GXII <LIX X' vX.,X" € B(X,8/(2y/m)).

Thus G is locally Lipschitz continuous near X.
“ = ” Suppose that G is locally Lipschitz continuous near X with module L > 0, i.e., there exists an
open neighborhood 4 of X in .4 such that for any X, X’ € 4,

IG(X) - GX")|| < L|IX —X||.

Let (U,V) € OQ™"(X) be fixed. For any y € 6 4, we define Y := U [Dia, 0]V". Then, we know
yy gly

from [19, Proposition 3] that G(¥) = U [Diag(g(y)) 0]V . Therefore, we obtain that there exists an open
neighborhood %5 of G in 6 4 such that

lg() =8O =1GY) =G <L|Y =Y'[| =L[y—y'] V¥y) € Zs.

This completes the proof. g

4. Bouligand-differentiability. In this section, we shall study the p-order Bouligand-differentiability
of spectral operators with 0 < p <1, which is a slightly stronger property than the directional differentiability
studied in [19, Theorem 3].

Let 2 be a finite dimensional real Euclidean space equipped with an inner product (-, -) and its induced
norm || - ||. Let & be an open set in 2° and 2" be another finite dimensional real Euclidean space. The
function F : 0 C & — 2 is said to be B(ouligand)-differentiable [60] (see also [53, 25, 54] for more
details) at z € O if for any h € % with h — 0,

F(z+h)—F(z) = F'(z:h) = o(||]])-
8



It is well known (cf. [62]) that if F is locally Lipschitz continuous then F is B-differentiable at 7 € & if and
only if F is directionally differentiable at z. If the spectral operator G is directionally differentiable, then
the corresponding directional derivative formula is presented in [19, (21) in Theorem 3]. More precisely,
since g is absolutely symmetric on the nonempty open set & 4, it is easy to see that the directional derivative
¢ :=¢'(0;-) : R™ — R™ satisfies

(29) g (6:0h)=0g'(G;h) VQe€+PZ and VheR™,

where +PZ is the subset defined with respect to 6 by +P% := {Q € +P" |6 = 0G}. Thus, we know

that the function ¢ is a mixed symmetric mapping, with respect to Pl@tl x ... x Plarl 5 PPl over ¥ :=

Rlal . x Rl x RIPL Let W := G/(X;-) : V™" — V"% be the directional derivative of G at X. Let

W =Sl x . x Slarl x ylblx(n=lal) We know from [19, (21) Theorem 3] that for any H € V"""
W(H) = G/ (X;H) =T |8 oSO HV\) + Ey0 (T HVy) F' 0T HV,| V' +TS(D(H))V"

(30) = Gy(X;H)+TDD(H))V",

where D(H) = (S(ﬁalal Yyen- 7S(ﬁarar)7ﬁbg> €W ,H=U HV,®:# — ¥ being the spectral operator
defined with respect to the mixed symmetric mapping ¢ = g’(7;-), and O W — V™0 is defined by
Diag (®;(W),...,®,(W)) 0

(31) D(W) := . Bpa (W)
r+

VWew.

A stronger notion than B-differentiability is p-order B-differentiability with p > 0. The function F :
O C Z — 2 is said to be p-order B-differentiable at z € O if for any h € 2 with h — 0,

F(z+h)—F(z)—F'(z;h) = O(||h||'*?).

Let X € V™" be given. We have the following results on the p-order B-differentiability of spectral operators.
THEOREM 6. Suppose that X € A has the SVD (5). Let 0 < p < 1 be given.
(i) If g is locally Lipschitz continuous near 6(X) and p-order B-differentiable at 6(X), then G is
p-order B-differentiable at X.
(ii) If G is p-order B-differentiable at X, then g is p-order B-differentiable at 6(X).
Proof. Without loss of generality, we only prove the results for the case that p = 1.
(i) For any H € V™" denote X =X + H. Let U € O™ and V € Q" be such that

(32) X=U[xx) ovT.

Denote 0 = o(X). Let Gg(X) and Gg(X) be defined by (12). Therefore, by (13), we know that for any
H — 0,

(33) Gs(X) —Gs(X) = G5(X)H + O(|H|7),

where G§(X)H is given by (14). For H € V"™*" sufficiently small, we have % (X) = ¥;c,, uvi, l=1,...
Therefore, we know that

,F.

r+1
G4) Gr(X) = G(X) - Gs(X) = ¥ Al(H),
=1

9



where
NH) =Y (gi(0)—gi(@)up] [=1,...,r and A i(H)=Y gi(o)um;.

icq icb

(a) We first consider the case that X = [£(X) 0]. Then, we know from the directional differentiability of
single values (cf. e.g., [36, Theorem 7], [71, Proposition 1.4] and [38, Section 5.1]) that for any H sufficiently
small,

(35) o6 =0+0'(X;H)+O(|H|]*),

where 6/ (X;H) = (A(S(Haya,)),-- - A(S(Hgya,)), 6([Hpy  Hpe])) € R™. Denote h:= o'(X;H). Since g is
locally Lipschitz continuous near 6 and 1-order B-differentiable at &, we know that for any H sufficiently
small,

g(0)—g(0) = g(G+h+O(|H|*) — ¢(G) = g(G+h) — g(G) + O(|H|*) = ¢'(G:h) + O(|H|]?).
Let ¢ = g'(07;-). Since uiv?, i=1,...,m are uniformly bounded, we obtain that for H sufficiently small,
A(H) = Uy Diag(91(h))V,y + O(|H|?), 1=1,....r,
Ars1(H) = UpDiag(¢r41(h))V, +O(|| H?).

Again, we know from [20, Proposition 7] that there exist Q; € (O)‘“/‘, M e QP and N = [Ni M€ Qn—ldl
with Ny € Vrla)xIbl and N, € Y{n=lal)x(2=m) (depending on H) such that

o) o)
Vo= | 000 |, Vo= | Qo)) | 1=1,
o) o)
[ oqm [ oqm)
D= mvoqayy | M Y= N+0<||H||>1'

Since g is locally Lipschitz continuous near ¢ and directionally differentiable at 6, we know from [60,
Theorem A.2] or [58, Lemma 2.2] that the directional derivative ¢ is globally Lipschitz continuous on R™.
Thus, for H sufficiently small, we have ||¢ (1)|| = O(||H||). Therefore, we obtain that

0 0 0
(36) A(H)=| 0 QDiag(¢;(h)Q] 0 |+O(|H|*), I=1,....r,
0 0 0
37 st = | © 0 Lol
T 0 MDiag(@y. (r)NT '

Again, it follows from [20, Proposition 7] that

(38) S(Ha/a/):Ql(z(x)aztl/_Vll\al\)Q;E+O(||H|‘z)7 I=1,...,n,

(39) [Hyy  Hpe] = M(Z(X)pp — Vs il )NT +O(|H ).
10



Since g is locally Lipschitz continuous near ¢ = 6(X ), we know from Theorem 5 that the spectral operator
G is locally Lipschitz continuous near X. Therefore, we know from [19, Theorem 3 and Remark 1] that G is
directionally differentiable at X. Thus, from [60, Theorem A.2] or [58, Lemma 2.2], we know that G’ (X ")
is globally Lipschitz continuous on V"*". Moreover, from the definition of directional derivative and the
absolutely symmetry of g on the nonempty open set 6 4, it is easy to see that the directional derivative
:= ¢'(G;) is actually a mixed symmetric mapping over the space ¥ := Rlal x .. x Rlerl x RIPI. Let
W =Sl x xSl x ylblx(n=lal)  Thys, the corresponding spectral operator @ defined with respect to ¢
is globally Lipschitz continuous on the space % . Hence, we know from (34) that for H sufficiently small,

(40) Gr(X) = ®(D(H)) +O(|H|]),
where D(H) = (S(Haya, ), - - -»S(Haya, ), Hpa) € # and @ is defined by (31)

(b) Next, consider the general case that X € V™", For any H € V<" we rewrite (32) by using the singular
value decomposition of X as follows: X :=[Z(X) 0] +U HV=TU'U [Z(X) O]JVTV. Then, since U and
V are unitary matrices, we know from (40) that

@1) Gr(X) =UGR(X)V" =US(D(H))V" +O(||H|]),

where D(H) = (S(ﬁalal ). ,S(ﬁarar),ﬁbﬁ) and H = U HV. Thus, by combining (30), (33) and (41) and
noting that G(X) = Gg(X), we obtain that for any H € V""" sufficiently close to 0,

GX)-GX)-G(X;H)
- = = =T
= Gr(X) +Gs(X) — Gs(X) ~ G'(X;:H) = Gp(X) ~UD(D(H))V" +O(|H|*) = O(|H|]*),
where the directional derivative G'(X; H) of G at X along H is given by (30). This implies that G is 1-order

B-differentiable at X.
(ii) Suppose that G is 1-order B-differentiable at X. Let (U,V) € O™"(X) be fixed. For any h € R™,

let H = U|Diag(h) O]VT € V™" We know from [19, Proposition 3] that for all / sufficiently close to 0,
G(X + H) = UDiag(g(6 + )V, . Therefore, we know from the assumption that

Diag(g(@+h) —g(G)) =U (GX +H)—GX))V, =T G'(X;H)V,+O0(|H|7).

This shows that g is 1-order B-differentiable at G. The proof is completed. g

5. G-semismoothness. Let 2° and 2 be two finite dimensional real Euclidean spaces and & be an
open set in 2. Suppose that F : 0 C 2 — 2 is a locally Lipschitz continuous function on &. Then,
according to Rademacher’s theorem, F is almost everywhere differentiable (in the sense of Fréchet) in &.
Let ZF be the set of points in & where F is differentiable. Let F’(z) be the derivative of F at z € ZF. Then
the B(ouligand)-subdifferential of F at z € 0 is denoted by [57]:

OpF () := { lim F’(zk)}
Dok —z
and the Clarke generalized Jacobian of F at z € O [15] takes the form:
dF (z) = conv{dpF(2)},
11



where “conv” stands for the convex hull in the usual sense of convex analysis [61]. The function F is said to
be G-semismooth at a point z € € if forany y — zand V € dF (y),

F(y)=F(z)=V(y—2)=o(lly—zl).

A stronger notion than G-semismoothness is p-order G-semismoothness with p > 0. The function F is said
to be p-order G-semismooth at z if for any y — zand V € dF (),

F(y)—F(z)=V(y—2)=0(ly—z]"*?).

In particular, the function F is said to be strongly G-semismooth at z if F' is 1-order G-semismooth at z.
Furthermore, the function F is said to be (p-order, strongly) semismooth at z € & if (i) the directional
derivative of F at z along any direction d € Z, denoted by F’(z;d), exists; and (ii) F is (p-order, strongly)
G-semismooth.

The following result taken from [65, Theorem 3.7] provides a convenient tool for proving the G-
semismoothness of Lipschitz functions.

LEMMA 7. Let F : O C 2 — Z' be a locally Lipschitz continuous function on the open set O, and
p > 0 be a constant. F is p-order G-semismooth (G-semismooth) at z if and only if for any g >y — z,

(42) F(y)=F@@)—F (-2 =0(y—z"") (=o(ly—zl)).

Let X € ./ be given. Assume that g is locally Lipschitz continuous near G = ¢(X ). Then from Theorem
5 we know that the corresponding spectral operator G is locally Lipschitz continuous near X. The following
theorem is on the G-semismoothness of the spectral operator G.

THEOREM 8. Suppose that X € A has the singular value decomposition (5). Let 0 < p < 1 be given.
G is p-order G-semismooth at X if and only if g is p-order G-semismooth at G.

Proof. Without loss of generality, we only prove the result for the case that p = 1.

“<="Forany H € V"*" denote X =X + H. Let U € O™ and V € Q" be such that

(43) X=U[Ex) ovT.

Denote 0 = 0(X). Recall the mappings Gs and Gg defined in (12). We know from [20, Proposition 8] that
there exists an open neighborhood # C .4 of X such that Gs twice continuously differentiable on % and

Gs(X)~Gs(X) =Y. &% (X)H+O(|H|?)

-

;
@4 =Y @ {UMX) oSWUTHW) +E1(X) o TWTHV)IV +U(X/(X) oUTHV)VT |+ O(|IHIP),

I=1
where for each / € {1,...,r}, I'}(X), E;(X) and Y;(X) are given by [20, (40)-(42)], respectively. By taking
a smaller 2 if necessary, we may assume that for any X € Z and [,I' € {1,...,r},
45) G,'(X) >0, G,'(X)#Gj(X) Vica, jeay andl;«él/.
Since g is locally Lipschitz continuous near 6, we know that for any H sufficiently small,

(46) g =gi(o)+O(|H|) Viea, [=1,...,r.
12



By noting that U € O™ and V € Q" are uniformly bounded, we know from (44) and (46) that for any X € &
(shrinking & if necessary),

(47) GS(X)—GS(Y):U[51005(UTHV,)+£2°oT(UTHV,) FOoUTHV | VI 1 0(|H|?),

where & 10 , cfz() and .7 are the corresponding real matrices defined in (9)-(11) (depending on X), respectively.

Let X € 95N AB, where Zg is the set of points in V™" for which G is (F-)differentiable. Define the
corresponding index sets in {1,...,m} for X by a’ :={i| 6;(X) >0} and b’ := {i | 6;(X) = 0}. By (45), we
have

(48) dDa and b Ch.
We know from [19, Theorem 4] that
49) G'(X)H=U[& oS(UTHV,) + & o T(UTHV;) + Diag (%diag(S(UTHV] ))) FoUTHWVT,

where 1, &1, &2, .F and € are defined by [19, (33)-(36)] with respect to o, respectively. Denote A(H) :=
G'(X)H — (Gs(X) — Gs(X)). Moreover, since there exists an integer j € {0,...,|b|} such that |d'| = |a] + j,
we can define two index sets by := {|a| + 1,...,|a| + j} and by := {|a| + j+ 1,...,|a| + |b|} such that
a =aUby and b’ = by. From (47) and (49), we obtain that

(50) A(H) = UR(H)V" +O(|[H|?),
where R(H) € V™" is defined by

sy . | Diag(Ri(H),...,R,(H)) 0
R(H)'{ 1 0 Ry11(H) ]’

(51) Ri(H) = (& )ayey o S(UTHV,,) + Diag ((%diag(S(UTHvl )))w) =1,...r,

(61)by, 0 S(Uy, HVyy, ) + Diag ((¢diag(S(UTHV1)))b,, ) 0 0

52 H) =
(2R 41(H) 0 YURHV,,  YULHV:

and y:= (g’(0));; for any i € by. By (5), we obtain from (43) that
[EX) 0|+U HV=U U[Z(X) 0]VTV.

Let H := UTHV, U:=UUandV:=V"V. Then, UTHV = UTU HVV = UTHV. We know from [20,
(31) in Proposition 7] that there exist Q; € Ol 1=1,...,rand M € Ol N € 0" 19l such that

UrHV, = Uy HVy = O Hao Q1+ O(|H|?), 1=1,....1,
[U,?Hvb UEHVZ} - [0,?1?@ ﬁl}fﬁ@} —MT [ﬁbb ﬁbc] N+O(|H|P).
Moreover, from [20, (32) and (33) in Proposition 7], we obtain that
SUgHVa)) = OF S(Haya) Q1+ O(|HII*) = (X = E(X)ayey + OUIH|P),  1=1,....1,
(UTHV,  UFHV2| = M7 By Bie| N = [£(X0) (@) 0] +O(IH]?).
13



Denote h = ¢’ (X;H) € R™. Since the singular value functions are strongly semismooth [66], we know that
S(UyHV,,) =Diag(he)+O(|H|?), 1=1,....r,
S(Up HVy,) = Diag(hy,) + O(IHIP),  [ULHYs, ULHY:| = [Diag(hn,) 0] +O(|H]|?).
Therefore, since € = g'(0) — Diag(n), by (51) and (52), we obtain from (50) that
(53) A(H) = U [Diag (¢'(c)h) 0] VT +O(||H|?.

On the other hand, for X sufficiently close to X, we have %(X) = Y;c,, uv;

i, 1 =1,...,r. Therefore,

-

(54) Gr(X) =G(X)—Gs(X) = Y ¥ [2i(0) — gi(@)Juwv] + Y gi(0)u; .

licq icb

-
Il

Note that by definition, Gg(X) = 0. We know from [19, Theorem 4] that G is differentiable at X if and only
if g is differentiable at o. Since g is 1-order G-semismooth at ¢ and o(-) is strongly semismooth, we obtain
that for any X € PN A (shrinking £ if necessary),

8(0) —5(6) =¢'(0)(c —0) +O(|H|*) = §' (o) (h+ O(|H|1*)) + O(|H|*) = &' (c)h+ O(|H|I*).
Then, since U € O™ and U € Q" are uniformly bounded, we obtain from (54) that
Gr(X) = U [Diag (¢'(c)h) 0] VT +O(||H|?.
Thus, from (53), we obtain that A(H) = Gg(X) +O(||H||?). That is, for any X € 9 converging to X,
G(X) - G(X) — G'(X)H = Gr(X) + Gs(X) — Gs(X) — G'(X)H = Gr(X) — A(H) = O(||H|]?).

“ =" Suppose that G is 1-order G-semismooth at X. Let (U,V) € O"™"(X) be fixed. Assume that
0 =0+h€E P, and h € R™ is sufficiently small. Let X = U [Diag(c) 0] V" and H = U [Diag(h) 0]V".
Then, X € 9 and converges to X if & goes to zero. We know from [19, Proposition 3] that for all &
sufficiently close to 0, G(X) = UDiag(g(G))Vqlr. Therefore, for any & sufficiently close to 0,

Diag(g(+h) ~ (@) =U' (G(X)~G(X))Vi =T G'(X)HV, +O(|H]]?).

Hence, since obviously Diag(g'(c)h) = U'¢ (X)HV{, we know that for h sufficiently small, g(G + h) —
g() = g'(6)h+O(||h||?). Thus, g is 1-order G-semismooth at . d
It is worth mentioning that for matrix optimization problems, we are able to obtain the semismoothness
of the proximal point mapping Py defined by (1) by employing the corresponding results on tame functions.
We first recall the following concept on the o(rder)-minimal structure (cf. [16, Definition 1.4]).
DEFINITION 9. An o-minimal structure of R" is a sequence M = {.#;}7 | such that for eachi> 1, #;
is a collection of subsets of R! satisfying the following axioms.
(i) For every i, #; is closed under Boolean operators (finite unions, intersections and complement).
(ii) IfA € M; and B € My, then A x B belongs to M;. y.
(iii) M; contains all the subsets of the form {x € R' | p(x) = 0}, where p : R' — R is a polynomial
function.
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(iv) Let T1: R+ — R be the projection on the first i coordinates. If A € M1, then TI(A) € .

(v) The elements of .#\ are exactly the finite union of points and intervals.
The elements of o-minimal structure are called definable sets. A map F : A CR" — R"™ is called definable if
its graph is a definable subset of R,
A set of R” is called tame with respect to an o-minimal structure, if its intersection with the interval [—r, r|
for every r > 0 is definable in this structure, i.e., the element of this structure. A mapping is tame if its graph
is tame. One most frequently used o-minimal structure is the class of semialgebraic subsets of R”. A set in
R" is semialgebraic if it is a finite union of sets of the form

n

{xeR"|pi(x) >0, gj(x) =0, i=1,....a, j=1,...,b},

where p; :R" - R,i=1,...,aand q; : R" = R, j=1,...,b are polynomials. A mapping is semialgebraic
if its graph is semialgebraic.
For tame functions, we have the following proposition of the semismoothness [4, 33].
PROPOSITION 10. Let & : R" — R™ be a locally Lipschitz continuous mapping.
(i) If & is tame, then & is semismooth.
(ii) If & is semialgebraic, then & is ‘y-order semismooth with some y > 0.
Let 2 be a finite dimensional Euclidean space. If the closed proper convex function f : 2 — (—eo, ]

1
is semialgebraic, then the Moreau-Yosida regularization y(x) := m? { fl@)+ 3 Iz —x||2}, x€ Z of fis
€4

semialgebraic. Moreover, since the graph of the corresponding proximal point mapping Py is of the form

ey ={ (1) € 2% 2 176) + 3P = vy}

we know that Py is also semialgebraic (cf. [33]). Since Py is globally Lipschitz continuous, according to
Proposition 10 (ii), it yields that Py is y-order semismooth with some y > 0. On the other hand, most unitarily
invariant closed proper convex functions f : 2~ — (—eo,o0] in MOPs are semialgebraic. For example, it is
easy to verify that the indicator function 58'—1 (+) of the positive semidefinite (PSD) matrix cone and the matrix
Ky Fan k-norm || - || ) (the sum of k-largest singular values of matrices) are all semialgebraic. Therefore, we
know that the corresponding proximal point mapping Pr defined by (1) for MOPs are y-order semismooth
with some ¥y > 0. However, sincey is not known explicitly, by this approach, we may not be able to show
the strong semismoothness of the spectral operator G = Py even if the corresponding symmetric mapping g
is strongly semismooth.

6. Characterization of Clarke’s generalized Jacobian. Let X € .4 be given. In this section, we
assume that g is locally Lipschitz continuous near 6 = ¢(X ) and directionally differentiable at G. Therefore,
from Theorem 5 and [19, Theorem 3 and Remark 1], we know that the corresponding spectral operator G
is locally Lipschitz continuous near X and directionally differentiable at X. Furthermore, we define the

function d : R™ — R by
(55) d(h) :=g(c +h)—g(6) —g'(G3h), heR™

Consequently, we know that the function d is also a mixed symmetric mapping, with respect to P14l x ... x
Plarl x PPl over ¥ = Rlal x ... x Rlarl x RIPl. Again, since g is locally Lipschitz continuous near G and
directionally differentiable at ¢, we know from [62] that g is B-differentiable at 6. Thus, d is differentiable at
zero with the derivative d’(0) = 0. Furthermore, if we assume that the function d is also strictly differentiable
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at zero, then we have

dw)—dWw

(56) lim 440

ww! =0 HW_W/H

w#w!
By using the mixed symmetric property of d, one can easily obtain the following results. We omit the details
of the proof here.

LEMMA 11. Let d : R™ — R™ be the function given by (55). Suppose that d is strictly differentiable

at zero. Let {w*} be a given sequence in R™ converging to zero. Then, if there exist i,j € a; for some
1€{1,....,r} ori,j € b such that w* # w’j‘. for all k sufficiently large, then

di(Wh) —d;(w*
(57) lim —’(WZ fk(w ) _
k—roo w; —wj

if there exist i, j € b such that wf‘ + wlj‘- = 0 for all k sufficiently large, then

di(Wh) +d; (W
(58) limw:&
k—ro0 wi—i—wj

and if there exists i € b such that wé‘ # 0 for all k sufficiently large, then

(wk
(59) tim %07

k—yo0 w;

=0.

Again, since the spectral operator G is locally Lipschitz continuous near X, we know that ¥ = G'(X; )
is globally Lipschitz continuous (cf. [60, Theorem A.2] or [58, Lemma 2.2]). Therefore, dg'¥(0) and 0¥ (0)
are well-defined. Furthermore, we have the following characterization of the B-subdifferential and Clarke’s
subdifferential of the spectral operator G at X.

THEOREM 12. Suppose that the given X € A has the decomposition (5). Suppose that there exists
an open neighborhood 2 C R™ of G in 6 4 such that g is differentiable at 6 € A if and only if g'(G;-) is
differentiable at 6 — G. Assume further that the function d : R™ — R™ defined by (55) is strictly differentiable
at zero. Then, we have

dgG(X)=dpg¥(0) and JG(X)=J¥(0).

Proof. We only need to prove the result for the B-subdifferentials. Let ¥ be any element of dgG(X).
Then, there exists a sequence {X*} in 2 converging to X such that ¥ = ]}im G'(X*). Now we present two
—yo00
preparatory steps before proving that ¥ € dg'¥(0).
(a) For each X*, let U¥ € O™ and V¥ € Q" be the matrices such that
xk=v*z(x*) o) (vhHT.

For each X*, denote o* = o(X*). Then, we know from [19, Theorem 4] that for each k, o* € %,. For k
sufficiently large, we know from [19, Lemma 1] that for each k, Gy is twice continuously differentiable at
X. Thus, I}im G5(X*) = G§(X). Hence, we have for any H € V<",

—yo0

(60)  lim G5(X")H = G5(X)H =U [E? oS(TTHV )+ 850 T([UTHV,) Z oU HV,|V".
—So0
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Moreover, we know that the mapping Gz = G — Gy is also differentiable at each X* for k sufficiently large.
Therefore, we have

(61) 7 = lim G'(X*) = Gy(X) + lim Gy (x").

From the continuity of the singular value function o (-), by taking a subsequence if necessary, we assume
that for each X* and 1,1 € {1,...,r}, 6:(X*) > 0, 0;(X¥) # o,;(X*) forany i € a;, j € ay and [ # I. Since
{U*} and {V*} are uniformly bounded, by taking subsequences if necessary, we may also assume that
{U*} and {V*} converge and denote the limits by U~ € O™ and V= € Q", respectively. It is clear that
(U=,V=) € O""(X). Therefore, we know from [20, Proposition 5] that there exist Q; € Q4 [ =1,.

Q' € 0l and Q" € O"19l such that U = UM and V= = VN, where M = Diag(Q;,.. 50,0 € (O)m and
N = Diag(Qy,...,0,,0") € O". Let H € V™" be arbitrarily given. For each k, denote H* = (UHTHVE,
Since {(U*,VK)} € 0™ (x*) converges o (U=, V=) € O"™"(X), we know that limy_,.H* = (U°)THV>.
For notational simplicity, we denote H := U U'HV and H := (U=THV>.

For k sufficiently large, we know from [20, Proposition 8] and [19, (38) in Theorem 4] that for any
H € V™ Gh(XF)H = UXA*(VF)T with

Diag (A},...,AY) 0

k
0 AH— 1

Ak — Emen,

where for each k, Af = (£1(6%)) 4, oS(ﬁflul) JrDiag((‘K(CF)diag(S(ﬁk)))al), I=1,...,r,

A1 = [(61(6")) o S(H,) + Diag(( (0" )diag(S(H*))y) + (62(6* )y o T () (F(6*))neo |

and & (0%), &(0%), Z (%) and ¥(c*) are defined for ¥ by [19, (34)~(36)], respectively. Again, since
{U*} and {V*} are uniformly bounded, we know that

(62) lim Gp(X*)H = U™ (lim A)(v™)" = UM (lim A" NIV
—yoo

k—yoo k—o0

(b) For each k, denote w* := o* — G € R™. Moreover, for each k, we can define Wl" = QlDiag(wﬁl)Q}r €
Sl 1=1,...,r and WX | := Q'[Diag(wk) 0]Q"T € VItI<(n=lal) " Therefore, it is clear that for each k,
Wk .= (W]k,...,W, WE ) € # and k(WK) = wk, where # = Slal s . x slarl x ylbx(n=la)) - Moreover,
since limy_,.,0° = G, we know that lim;_,.,W* = 0 in . From the assumption, we know that ¢ = ¢'(G;-)
and d(-) are differentiable at each w* and ¢’ (wK) = g’(c*) —d’(w*) for all wk. Since d is strictly differentiable
at zero, it can be checked easily that limy_,..d’(w*) = d’(0) = 0. By taking a subsequence if necessary, we
may assume that limy_,.. g’(c*) exists. Therefore, we have

(63) lim ¢’ (wk) = lim g’ (c%).

k—>o0 k—yoo
Since P is the spectral operator with respect to the mixed symmetric mapping ¢, from [19, Theorem 7] we
know that @ is differentiable at W € # if and only if ¢ is differentiable at k(W). Recall that & : % — V"<
is defined by (31). Then, for k sufficiently large, @ is differentiable at W¥. Moreover, for each k, we define
the matrix C* € V™" by
Diag (W1 - Wk) 0 77

k
0 Wr+1
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Then, we know that for k sufficiently large, W is differentiable at C* and lim;H.x,Ck = 0in V™% Thus, we
know from (30) that for each k,

W/(ChYH = G§(X)H +T & (WH)D(H)| 7"

VY H eV,
where D(H) = (S(I?Ia]aI )y 7S(ﬁurar),ﬁbg) with H = U HV and @' (W*)D(H) can be derived from [19,
Theorem 7]. By comparing with (61) and (62), we know that ¥ € dg¥(0) if we can show that
(64) lim AF = lim M"® (WX)D(H)N.
k—ro0 k—yoo0
To show that (64) holds, we consider eight different cases. For any (i,j) € {1,...,m} x {1,...,n},
consider the following cases.
Case 1: i = j. It is easy to check that for each %,
(A% = (¢ (0" and  (MT® (WHD(H)N) = (¢/(w")h).
u
where h* = (diag(S(Hﬁa)), diag(I?Il’jb)) and h = (diag(S(ﬁaa)),diag(ﬁbb)). Therefore, we know from (63)
that R R
lim (A);; = lim (g'(6*)/%); = lim (¢’ (W)R); = lim (MTcp'(wk)D(H)N) .
ke ke koo ke ii
Case2: i,j € q; forsomel € {1,...,r},i# jand Gl-k #+ Gj’? for k sufficiently large. We obtain that for k
sufficiently large,
k k
8i(0%) —8j(9") &
(A")ij = ==L (S(H},)ijs

k
o} — O}

~ (W) —o;(wk)
(MTqa’(Wk)D(H)N) - %(S(HM,))U.
i J

Since 6, =0 and g;(0) = g;(7), we know that for k sufficiently large,

8i(0") —g;(6") _ gi(@+w") —g;(G+w) _gi([@+w")—5i(0) +4;(5) —g;(G+w)

of — o WE =k WE =k
_ di(w) —di(wWh) | di(wF) — 9;(wF)
(65) - k k + k k :
wi —Ww; wi —Ww;

Therefore, we know from (57) that
a0t —gi(0")
im . .

k—oo o; — 0,

AWk — o (wk o
M%k() (S(Hayar))ijs

k—roo Wi —w;

(S(ﬁk ))ij = lim

apay

which implies lim (A¥);; = lim (M%’(W")D(H)N) .
k—>oo0 k—>o0 ij
Case 3: i,j € aq; for some / € {1,...,r}, i # j and Gik = Gj].‘ for k sufficiently large. We have for k
sufficiently large,

(85 = ((8/(6*)i = (& (0))i ) (S(FHl )i
(1@ WD) = (00— (0 044))ss) (Bl )i
18



Therefore, we obtain from (63) that

~ ~

lim ((g'(0%))i = ('(6"))iy) (S(HE )y = lim (0 07))ii = (0'00))iz ) (S(Hupa))is
Thus, we have lim (AY);; = lim (MT@(W]‘)D(H)N) .
k—yoo : k—so0 ij
Cased:i,j€b,i+# jand Gl-k = Gj]»c > 0 for £ sufficiently large. We have for k large,

B "
(9= (181090~ 5104 (50 ) + T2

~ ~ (wk (wk ~
(M@ WD), = (06— @41 ) (5B s+ 2 (7))

(T (Hf,))ij»

Since 6; =0, =0and g;(0) = g;(0) =0, we get

gi(0") +gi(0") _ di(w)+d;(w") | di(wWh)+9,(w")
(66) k k - k k + k :
Gi—&—cj wi—i-wj w,-+w'/‘»

Therefore, we know from (58) and (63) that klim (A% = klim (MTCTD’(W]‘)D(H N ) .
—>oo ’ —boo ij

Case 5:i,j€b,i# jand oF # cfj’»c for k sufficiently large. For large k, we have

(6K — o (k) (o) ol
(8= =8 (st + TG i,
i J l J
_ (W) — bk ) o)
(W@ i) = OO (5, MO gy,
i J i J

Thus, by (65) and (6), we know from (57) and (58) that lim (A%);; = lim (MTC/IS’(W")D(H)N> .
—yoo —yo0 ij

Case 6: i,j € b, i # jand Gik = GJ’? = 0 for k sufficiently large. We know that for & sufficiently large,
(M%) = ((8/(Gk))tt - (g’(Gk))ij) (S(Hpy))ij + (¢ (0)a(T (Hfy))ij,

(M™® WRDEIN) = (@ ()i = (90w ))is ) (SHun))is + (9 )i (T (Ho) )i

ij

Again, we obtain from (63) that klim (AR = klim (MTCTD/(W]‘)D(H)N) .
—o0 —o0

t

Case7:i€b, j€cand Gik > 0 for k sufficiently large. We have for k sufficiently large,

(k) - ~ (W)~
@, =8 @, (e whpuEN) =2 E,),

ok ij wh

Since 6; =0 and g;(0) =0, we get

8i(0") _&(@+w) —gi(G) _di(w") &)
! ;f ;« |




Therefore, by (59), we obtain that klim (A%);; = klim (MTED' (WYD(H)N ) .
—>o00 —>00 i)
Case8:icbh, j€cand Gik = 0 for k sufficiently large. We have for k sufficiently large,

(AN)ij = (8'(6%))ii(Hye)ij, (MT&"(W]‘)D(H)N) 5 (0 (Wh))ii (Hpe)ij-

Therefore, by (63), we obtain that lim (A¥);; = lim (MTCTD’ (WHD(H )N) .
k—yoo k—yoo ij

Thus, we know that (64) holds. Therefore, by (61) and (62), we obtain that ¥ € dg'¥(0).

Conversely, suppose that ¥ € dg'¥(0) is arbitrarily chosen. Then, from the definition of dg'¥(0), we
know that there exists a sequence {C¥} C V™" converging to zero such that ¥ is differentiable at each C*

and ¥ = limy_,..¥(C). For each k, we know from (30) that ¥ is differentiable at C* if and only if the
spectral operator @ : % — ¥ is differentiable at W* := D(C*) = (S(é" ),...,S(Ck )75155) € W, where

ayaj aray

for each k, Ch = UTC"V. Moreover, for each k, we have the following decompositions
~ ~ ~ k ~ k
S(Ch) = OA(S(Ch (@D, 1 =1,y Cha= 0" [£(Che) 0] (@™,
where Qf € Qll, 0" € 0Pl and @"* € 0"l4l. For each k, let

whim (A(S(CEa))so o A(S(C ), 0 (Ch) ) € R,

M* = Diag(Q’f,...,Q’;,Q”‘) com, Nt ::Diag(Q’L...,Qlf,Q”k) cO".

Since {M*} and {N*} are uniformly bounded, by taking subsequences if necessary, we know that there exist
0, €0lal ¢ € QI and Q" € ©" 1P| such that

lim M* = M :— Diag(Ql,...7Q,,Q’) kli_r)gNk:N::Diag(Ql,...,Q,,Q”).

k—yoo
For each k, by [19, Theorem 7], we know that for any H € V""",

67 W(CH=T [?? oS(TTHV)) + &30 T(U HV,) T OUTHVQ] vi+T {&D’(W")D(H)} v

where D(H) = (s(ﬁalal ). ,S(Fla,a,)ﬁw) with H = U HV. Let R* := @, (WOD(H), k=1,....r+1.

For each k, define 0% := & +wk € R™. Since limk_,oowk =0 and for each k, wf-‘ > forall i € b, we have
o* > 0 for k sufficiently large. Therefore, for k sufficiently large, we are able to define

X*:= UM[Diag(c*) ONTV' € v,

For simplicity, denote U = UM € Q@™ and V = VN € Q". It is clear that the sequence {X*} converges to
X. From the assumption, we know that g is differentiable at each o* and d is differentiable at each w¥ with
g (%) = ¢'(WK) +d’(wk) for all 6*. Therefore, by [19, Theorem 4], we know that G is differentiable at
each X*. By taking subsequences if necessary, we may assume that limy_,., ¢’ (w*) exists. Thus, since d is
strictly differentiable at zero, we know that (63) holds. Since the derivative formula (14) is independent of
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(U,V) € 0™"(X), we know from [19, (38) in Theorem 4] that for any H € V"™*",
G(X"H =T [z? oS(UTHV,)+ &30 T(UHV,) F° OUTH%} v’
Diag (01240 ..., 0,.Qt0F) 0 ] 1
0 Qle+1 QI/T ’

(68) +U

where for each k, Qf = (&(6%)) 44, oS(I-AIala,) +Diag((%(ck)diag(S(ﬁ)))a,), I=1,...,rand
0 1 = [(61(6*))un o S(Fly) + Diag((0*)diag(S))) + (8(0M )y o T (i) (F2(0*) e Tl

& (c%), &(c*) and .Z (c*) are defined by [19, (34)~(36)], respectively and H := MTU' HVN = MTHN.
Therefore, by comparing (67) and (68), we know that the inclusion ¥ € dgG(X) follows if we can show that

(69) lim (RS, RERE, ) = lim (0,@40F,.., 0,040T, 0'0%,,0"").
Similar to the proofs for Cases 1-8 in the first part, by using (63) and (57)—(59) in Lemma 11, we can show
that (69) holds. For simplicity, we omit the details here. Therefore, we obtain that dpG(X) = dg¥(0). This
completes the proof. ]

7. Extensions. In this section, we consider the extensions of the related results obtained in previous
sections for the case that 2~ = V™" to the general spectral operators defined on the vector space 2" given
by (2), i.e., the Cartesian product of several real or complex matrices. One special class of this nature are the
smoothing spectral operators.

7.1. The spectral operators defined on the general matrix spaces. In fact, the corresponding prop-
erties of the general spectral operators defined on the vector space 2~ given by (2), including locally Lip-
schitzian continuity, p-order B-differentiability, p-order G-semismoothness and the characterization of the
Clarke generalized Jacobian, can be studied in the same fashion as those in Sections 4-6. For simplicity, we
omit the proofs here. For readers who are interested in seeking the details, we refer them to [18].

Let 2" and % be the vector spaces defined by (2) and (3), respectively. Suppose that .4 is a given
nonempty open set in 2". Let G: 2~ — 2  be the spectral operator defined in Definition 2 with respect to
g:% — %, which is mixed symmetric on an open set K 4 in % containing K 4 := {k(X) | X € .#"}. For the
given X = (X1,..., X5, Xs9+1,---,X5) € 2, recall that k(X ) = (l()?l),...,/I(YSO),G(YSOH),...,G(Ys)) €
% . We first consider the locally Lipschitzian continuity of spectral operators of matrices.

THEOREM 13. Let X € A be given. The spectral operator G is locally Lipschitz continuous near X if
and only if the corresponding mixed symmetric function g is locally Lipschitz continuous near k(X).

For the p-order B(ouligand)-differentiability (0 < p < 1) of the general spectral operators, we have the
following theorem.

THEOREM 14. Let X € A and 0 < p < 1 be given. Then, we have the following results.

(i) If g is locally Lipschitz continuous near x¥(X) and p-order B-differentiable at k(X), then G is
p-order B-differentiable at X.

(ii) If G is p-order B-differentiable at X, then g is p-order B-differentiable at k(X).

Suppose that g is locally Lipschitz continuous near k(X ). Then we know from Theorem 13 that the cor-
responding spectral operator G is also locally Lipschitz continuous near X. We have the following theorem

on the G-semismoothness of spectral operators.
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THEOREM 15. Let X € .4 be given. Suppose that 0 < p < 1. Then, the spectral operator G is p-order
G-semismooth at X if and only if g is p-order G-semismooth at k(X).

Finally, we assume that g is locally Lipschitz continuous near ¥ = (X ) and directionally differentiable
at k. From Theorem 13, [19, Theorems 6 and Remark 1], the spectral operator G is also locally Lips-
chitz continuous near X and directionally differentiable at X. Then, we have the following results on the
characterization of the Clarke generalized Jacobian of G.

THEOREM 16. Let X € . be given. Suppose that there exists an open neighborhood % C % of X in
K y such that g is differentiable at k € B if and only if ¢ = g'(X;-) is differentiable at K — K. Assume that
the functiond : % — % defined by

d(h) = g(R+h) — g(R) — ¢/ (R:h), hed
is strictly differentiable at zero. Then, we have

dsG(X)=dpg¥(0) and IJG(X)=¥(0),
where ¥ := G'(X;-): & — X is the directional derivative of G at X.

7.2. The smoothing spectral operators. In this subsection, we consider the smoothing spectral oper-
ators of matrices. For simplicity, we mainly focus on the case 2" = R x V"*". The corresponding results
can be obtained as special cases for the spectral operators defined on the general matrix space 2~ given by
(2).

Let .4 be a given nonempty open set in V">, Suppose that g : R™ — R is mixed symmetric with
respect to &2 = +P" on an open set 6 4 in R” containing 6 4 = {6(X) | X € A4}. Let X € .4 be given.
Assume that g is Lipschitz continuous near G = 6(X). Suppose there exists a mapping 8 : R, x 6 4 — R™
such that for any x € 6 4 and (®,z) € Ry; x 6.4 close to (0,x), 6 is continuously differentiable around
(w,z) unless @ = 0 and O(w,z) — g(x) as (®,z) — (0,x). For convenience, for any x € & 4, we always
define 0(0,x) = g(x) and 0(w,x) = O(—w,x) for any @ < 0. Furthermore, we assume that for any fixed
o close to 0, O(w,-) is also mixed symmetric on & 4. Then, the mapping 6 is said to be a smoothing
approximation of g on 6 4. For a given mixed symmetric mapping g, there are many ways to construct such
a smoothing approximation. For example, as mentioned in Section 3, the Steklov averaged function defined
by (27) is a smoothing approximation of the mixed symmetric mapping g.

Define 7: Rx 6y — R xR" by n(®,x) = (0,0(®,x)), (0,x) € R x 6 4. Then, it is easy to verify
that 7 is mixed symmetric (Definition 1) over R x R™ with respect to P! x +P". Note that R = V!*!. The
spectral operator IT: V1 X1 5 ymxn _ yIx1 s ym=n defined with respect to 7 takes the form:

H(w,X)=(0,00,X)), (0,X)cV>*lx s,

where ©(®,X) := U [Diag(8(®,0(X))) 0]V and (U,V) € 0™"(X). We call © : VI*1 x 47— ymxn
the smoothing spectral operator of G with respect to 0. It follows from [19, Theorem 1] that ® is well-
defined. Moreover, since 0 is continuously differentiable at any (,z) € R x 6 4 with ® close to 0, we
know from [19, Theorem 7] that ® is also continuously differentiable at any (@,X) € R x .4/, and the
corresponding derivative formula can be found in [19, Theorem 7]. For the case @ = 0, the continuity
and Hadamard directional differentiability of ® follows directly from [19, Theorem 6]. Next, we study the
locally Lipschitz continuity, p-order B-differentiable (0 < p < 1), p-order G-semismooth (0 < p < 1), and
the characterization of the Clarke generalized Jacobian of ® at (0,X). The first property we consider is the
local Lipschitzian continuity of ® near (0,X).

THEOREM 17. Let X € A be given. Suppose that the smoothing approximation 0 of g is locally
Lipschitz continuous near (0,06). Then, the smoothing spectral operator ® with respect to 0 is locally
Lipschitz continuous near (0,X).

22



The following theorem is on the p-order B-differentiability (0 < p < 1) of the smoothing spectral oper-
ator O at (0,X).

THEOREM 18. Let X € A and 0 < p < 1 be given. If the smoothing approximation 8 of g is locally
Lipschitz continuous near (0,6 ) and p-order B-differentiable at (0, C), then the smoothing spectral operator
@ is p-order B-differentiable at (0,X).

Suppose that the smoothing approximation 6 of g is locally Lipschitz continuous near (0,0(X)). Then,
by Theorem 17, the smoothing spectral operator ® is also locally Lipschitz continuous near X. Moreover,
we have the following results on the G-semismoothness of the smoothing spectral operator ® at (0,X).

THEOREM 19. Let X € N be given. Suppose that the smoothing approximation 0 of g is p-order G-
semismooth (0 < p < 1) at (0,6(X)). Then, the corresponding smoothing spectral operator @ is p-order
G-semismooth at (0,X).

Finally, suppose that the smoothing approximation 6 of g is locally Lipschitz continuous near (0,5)
and directionally differentiable at (0,5). It then follows from Theorem 17 and [19, Theorems 3] that the
smoothing spectral operator @ is also locally Lipschitz continuous near (0, X ) and directionally differentiable
at (0,X). Furthermore, we have the following results on the characterization of the Clarke generalized
Jacobian of ® at (0,X).

THEOREM 20. Let X € A be given. Suppose that there exists an open neighborhood 8 C R x 6.y of
(0,0) such that 0 is differentiable at (t,0) € A if and only if 0'((0,G); (-,-)) is differentiable at (t,6 —C).
Assume that the function d : R x R™ — R™ defined by

d(t,h) :=6(1,6+h)—6(0,6)—06'((0,6);7,h), (T,h) ERXR"
is strictly differentiable at zero. Then, we have
059(0,X) = dg¥(0,0) and 00(0,X) = 3¥(0,0),

where ¥ := @'((0,X); (+,+)) is the directional derivative of ® at (0,X).

8. Conclusions. In this paper, we conduct extensive studies on spectral operators initiated in [19].
Several fundamental first and second-order properties of spectral operators, including the locally Lipschitz
continuity, p-order B(ouligand)-differentiability (0 < p < 1), p-order G-semismooth (0 < p < 1) and the
characterization of Clarke’s generalized Jacobian are systematically studied. These results, together with
the results obtained in [19] provide the necessary theoretical foundations for both the computational and
theoretical aspects of many applications. In particular, based on the recent exciting progress made in solving
large scale SDP problems, we believe that the properties of the spectral operators studied here, such as
the semismoothness and the characterization of Clarke’s generalized Jacobian, constitute the backbone for
future developments on both designing some efficient numerical methods for solving large-scale MOPs and
conducting second-order variational analysis of the general MOPs. The work done on spectral operators of
matrices is by no means complete. Due to the rapid advances in the applications of matrix optimization in
different fields, spectral operators of matrices will become even more important and many other properties
of spectral operators are waiting to be explored.
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