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Abstract This paper is devoted to studying an inexact augmented Lagrangian method for solving a
class of manifold optimization problems, which have nonsmooth objective functions and non-negative
constraints. Under the constant positive linear dependence condition on manifold, we show that the
proposed method converges to a stationary point of the nonsmooth manifold optimization problem.
Moreover, we propose a globalized semismooth Newton method to solve the augmented Lagrangian sub-
problem on manifolds efficiently. The local superlinear convergence of the manifold semismooth Newton
method is also established under some suitable conditions. Finally, numerical experiments on compressed
modes and (constrained) sparse PCA illustrate the advantages of the proposed method.

Keywords Nonsmooth manifold optimization · Semismooth Newton method · Augmented Lagrangian
method · Riemannian manifold

1 Introduction

Manifold optimization is recently growing in popularity as it naturally arises from various applications
in many fields, including phase retrieval [52, 14], principal component analysis [41, 43], matrix com-
pletion [12, 51], medical image analysis [38], and deep learning [19]. It is concerned with optimization
problems with a manifold constraint, and has been extensively studied when the objective function is
smooth during the past decades [27, 2, 53, 57, 32]. However, nonsmooth manifold optimization is less
explored but has drawn increasing attention in recent years [37, 17, 35, 16]. In this paper, we consider
the following nonsmooth and nonconvex manifold optimization problem:

min
x

f(x) + ψ(h1(x)), s.t. x ∈M, h2(x) ≤ 0, (1.1)

where M is a Riemannian manifold, f : M → R, h1 : M → Rm, h2 : M → Rq are continuously
differentiable, ψ : Rm → R is convex, proper and lower semicontinuous. Besides the nonsmooth function
ψ in (1.1), the inequality constraint can be seen as the nonsmooth function IC(x), where IC is the
indicator function of the set C and C := {x : h2(x) ≤ 0}. From the perspective of algorithm design, the
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two nonsmooth terms in (1.1) are difficult to handle in general. On the other hand, the model (1.1) has
many important applications in machine learning and scientific computing. We list some typical examples
as follows and refer the readers to [1, 16, 32] for more examples and details.

1. Compressed modes (CM) [44]. The CM task seeks for sparse eigenfunctions to a class of Hamil-
tonian operators as these localized spatial bases play an important role in representing the rapid
varying functions in physics and quantum chemistry. Numerically, let H be a discretization of the
Hamiltonian operator, it is formulated as the following optimization problem:

min
Q∈St(n,r)

tr(Q>HQ) + µ ‖Q‖1 , (1.2)

where St(n, r) := {Q ∈ Rn×r : Q>Q = Ir} is the Stiefel manifold.
2. Sparse principal component analysis (SPCA) [61]. Let A ∈ Rp×n be the data matrix where n

and p are the number of variables and the number of observations, respectively. Set f(Q) = −tr(Q>A>AQ),
ψ(Q) = µ ‖Q‖1, h1(Q) = Q, h2(Q) ≡ 0 and M = St(n, r). Then, the SPCA problem has the form
(1.1), i.e. it aims at solving

min
Q∈St(n,r)

− tr(Q>A>AQ) + µ ‖Q‖1 . (1.3)

3. Constrained SPCA [41]. To further enforce the orthogonality among principle components, the
constrained SPCA problem imposes additional constraints on each column of Q, which has the form

min
Q∈St(n,r)

− tr(Q>A>AQ) + µ ‖Q‖1 ,

s.t. |Q>i A>AQj | ≤ ∆ij , ∀ i 6= j,
(1.4)

where Qi denotes the i-th column of Q and ∆ij ≥ 0 for i 6= j are the predefined tolerances.

It is worth mentioning that (1.1) can be regarded as an unconstrained nonsmooth optimization
problem on M when the inequality constraint is dropped, i.e., h2(x) ≡ 0. Various methods are designed
to solve such problems. The subgradient methods in the Riemannian setting are studied in [25, 11].
Riemannian proximal point algorithms are investigated by [26, 35, 16]. Operator splitting methods like the
alternating direction methods of multipliers (ADMM) and the augmented Lagrangian methods (ALM)
are also promising on manifolds [36, 24], where unconstrained manifold optimization algorithms are used
to solve the subproblems. However, due to the existence of two nonsmooth terms in (1.1), the existing
manifold-based algorithms may not be directly applicable for solving (1.1) in general cases. For example,
the direct application of ManPG [16] or the Riemannian proximal gradient method [35] for solving
(1.1) requires solving a subproblem with two nonsmooth terms, which is difficult to solve. Moreover, by
introducing more auxiliary variables, the multiblock ADMM method is applicable for solving (1.1), but
there is no convergence guarantee of such algorithm, to the best of our knowledge.

On the other hand, in many situations M is embedded in an Euclidean space and can be specified
by equality constraints, e.g., the Stiefel manifold or the Oblique manifold. In these cases, (1.1) can be
viewed as a constrained optimization problem in Euclidean spaces [41, 37, 17, 60], which has been widely
studied for many years [3, 50, 13, 18]. However, due to the complex constraints induced by embedded
manifolds, the constraint qualifications may not be satisfied and the nonlinear methods are not applicable
for solving optimization problems over abstract manifolds. Motivated by the above analysis, we aim at
designing numerical algorithms for solving (1.1) by exploiting the intrinsic structure of manifolds.

The Main Contributions

In this paper, we propose a manifold-based augmented Lagrangian method to solve (1.1), which con-
sists of two nonsmooth terms. Compared to the existing methods, the proposed algorithm satisfies the
manifold constraint automatically at each step and exploits the second-order geometric property of man-
ifolds. The main idea of the proposed method is to introduce auxiliary variables that split (1.1) into
a smooth manifold constrained term, a nonsmooth term and an inequality constrained term. Then, we
apply the augmented Lagrangian method to solve the equivalent version of (1.1) and show the global

2



Table 1: Notations.

Notations Descriptions

[u]i The i-th component of u ∈ Rd
[M ] The set {1, 2, · · · ,M}, where M is a positive integer
M A complete n-dimensional smooth Riemannian manifold
TpM The tangent space at p ∈M
TM The tangent bundle of M
D(M) The set of smooth functions on M with compact support
dϕ|p The differential of the smooth map ϕ at p ∈M

gradϕ The gradient of the function ϕ on manifolds
∂ϕ The Clarke subgradient of the function ϕ on manifolds

Hessϕ The Hseesian of the function ϕ on manifolds
X,Y Vector fields on manifolds
X (M) The set of all smooth vector fields on M
∂X The Clarke generalized covariant derivative of the vector field X
∇XY The Levi-Civita connection of two vector fields X and Y
∇X(p; v) The directional derivative of a vector field X at p along v
∇X(p) The operator v 7→ ∇vX(p) from TpM to TpM
P s→tγ The parallel transport along a curve γ from γ(s) to γ(t)

Ppq The parallel transport along the geodestic from p to q
expp The exponential map at p ∈M
L(TpM) The linear space of all linear operators from TpM to TpM
PpV The projection of a vector V ∈ Rd into TpM.

convergence property under some constraint qualifications on manifolds. Using the Moreau-Yosida iden-
tity, the augmented Lagrangian subproblem can be converted to a continuous and differentiable manifold
optimization problem, but it is not second-order differentiable. This subproblem is inherently different
from the subproblems in ManPG [16] and the Riemannian proximal gradient method [35], which are
nonsmooth problems on the tangent space. To solve the augmented Lagrangian subproblem, we propose
a globalized version of the semismooth Newton method on manifolds and prove its local superlinear
convergence under some reasonable assumptions. Numerical results in compressed modes (1.2), sparse
PCA (1.3), and the constrained sparse PCA (1.4) show the advantages of the proposed method comparing
with existing approaches.

2 Background

In this section, we review some concepts of manifolds and briefly discuss some related literature of
nonsmooth manifold optimization, nonsmooth nonconvex ALM in Euclidean spaces, and the semismooth
Newton method.

2.1 Preliminaries on Manifolds

A Hausdorff topological spaceM is said to be an n-dimensional manifold if it has a countable basis and

for each p ∈ M there exist a neighborhood U of p, an open subset Û ⊂ Rn and a map ϕ : U → Û such
that ϕ is a homeomorphism. The pair (U,ϕ) is called a chart.

Notations used in the remaining part of this article are listed in Table 1. As the Euclidean spaces can
be interpreted as the linear manifolds [2], our notations for manifolds are consistent with those used in
Euclidean spaces when the function is defined on Rn, e.g. gradϕ = ∇ϕ if ϕ is defined on Rn. Now, we
briefly review basic definitions and properties for functions defined on manifolds.

Definition 1 A tangent vector ξp : D(M)→ R to a manifold M at a point p is a linear operator such

that for every f ∈ D(M), ξpf := γ̇(0)f := d(f(γ(t)))
dt

∣∣∣
t=0

, where γ : (−1, 1) → M is a smooth curve on

M with γ(0) = p.
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The tangent space TpM is the space containing all tangent vectors at p, which is an n-dimensional
R-linear space. A Riemannian metric 〈·, ·〉p gives an inner product on TpM, which smoothly depends on
p.1 Moreover, a Riemannian metric gives a metric on M and the gradient of functions defined on M.
Below we assume that M is equipped with a Riemannian metric.

Definition 2 Given p, q ∈M, the distance between p and q is defined as

d(p, q) = inf

{
`(γ)|`(γ) :=

∫ 1

0

√
〈γ̇(t), γ̇(t)〉dt

}
,

where inf is taken over all piecewise smooth curves γ : [0, 1]→M with γ(0) = p and γ(1) = q.

Definition 3 Let f : M → N be a smooth map between smooth manifolds M,N , the differential of
f at p ∈M, denoted by df |p, is a map from TpM to Tf(p)N such that (df |pη)g := η(g ◦ f) for all
g ∈ D(N ).

Definition 4 Let f : M → R be a smooth function on M. Given p ∈ M, the gradient of f at p is
defined as the unique tangent vector grad f(p) ∈ TpM that satisfies

ξpf = 〈ξp, grad f(p)〉 , ∀ξp ∈ TpM.

The uniqueness of grad f(p) follows from the Riesz representation theorem. Define TM :=
⋃
p∈M TpM

to be the tangent bundle of M and a map X : M → TM to be a vector field on M if X(p) ∈ TpM,
∀p ∈M.

Definition 5 For any X,Y ∈ X (M), a map ∇XY ∈ X (M) is called the Levi-Civita connection if it is
an affine connection2 and satisfies

X 〈Y,Z〉 = 〈∇XY, Z〉+ 〈Y,∇XZ〉 and ∇XY −∇YX = XY − Y X,

for all X,Y, Z ∈ X (M).

The Levi-Civita connection is unique [15] and can be used to define the parallel transport of a vector
field.

Definition 6 A vector field X is parallel along a smooth curve γ if ∇γ̇X = 0.

Given a smooth curve γ and η ∈ Tγ̇(0)M, there exists a unique parallel vector field Xη along γ such
that Xη(0) = η. We define the parallel transport along γ to be P 0→t

γ η = Xη(t). A curve γ is called a
geodesic if it is parallel to itself, i.e. ∇γ̇ γ̇ = 0, which implies P 0→t

γ γ̇(0) = γ̇(t). For given initial conditions
γ(0) = p ∈ M, γ̇(0) = η ∈ TpM, the geodesic equation ∇γ̇ γ̇ = 0 has a solution locally. Let Vp be the
set of η ∈ TpM such that γ is a geodesic, γ(0) = p, γ̇(0) = η and γ(1) exists. The exponential map
expp : Vp → M is defined as η 7→ γ(1). When the geodesic from p to q is unique, denoted by γpq, we
define Ppq := P 0→1

γpq . We highlight that the parallel transport P 0→t
γ is a linear isometry, i.e., P 0→t

γ is

linear and 〈ξ, ζ〉 =
〈
P 0→t
γ ξ, P 0→t

γ ζ
〉

for ξ, ζ ∈ TpM (See Sec. 5.4 in [2] for details).

Definition 7 Let X be a vector field. The directional derivative at p ∈M along v ∈ TpM is

∇X(p; v) := lim
t→0+

1

t

[
Pexpp(tv),pX(expp(tv))−X(p)

]
∈ TpM.

We say X is directionally differentiable at p if ∇X(p; v) exists for all v ∈ TpM. When X is smooth at p,
we know ∇X(p; v) = ∇vX(p).

Definition 8 Let f :M→ R be a smooth function. The Hessian of f at p ∈M, denoted by Hess f(p),
is defined as a linear operator on TpM such that Hess f(p)[v] := ∇v grad f(p) for all v ∈ Tp(M).

We refer readers to [15, 39, 2] for more details about manifolds.

1 The subscript p in 〈·, ·〉p is usually omitted for simplicity.
2 An affine connection is D(M)-linear w.r.t. X, R-linear w.r.t. X,Y , and satisfies the product rule, see Chpater 5 in [2].
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2.2 Nonsmooth Manifold Optimization

As suggested in [16], most nonsmooth manifold optimization algorithms can be classified into three
categories: subgradient methods, proximal point algorithms and operator splitting methods.

2.2.1 Subgradient Methods

The subgradient methods on manifolds [25, 11] naturally generalize their Euclidean space counterparts.
Suppose f : M → R is a locally Lipschitz function3 on a manifold M and (U,ϕ) is a chart containing
p ∈ M. From [6, 25, 30], the Clarke generalized directional derivative of f at p, denoted by f◦(p; v), is
defined by

f◦(p; v) := lim sup
y→p,t↓0

f̂(ϕ(y) + tdϕ|pv)− f̂(ϕ(y))

t
,

where f̂ := f ◦ ϕ−1 and dϕ|p is the differential of ϕ at p. The Clarke subgradient is

∂f(p) := {ξ ∈ TpM : 〈ξ, v〉 ≤ f◦(p; v), ∀v ∈ TpM}.

Indeed, f◦(p; v) is the Clarke directional derivative of f̂ in Euclidean spaces and is independent of the
choice of ϕ. The update rule of the subgradient method in the Riemannian setting [25, 11] is pk+1 =
exppk(tkvk), where vk ∈ ∂f(pk) and tk is the stepsize. These methods are known to be slow in the
Euclidean setting. From the experiments in [16], it is also observed that subgradient based methods are
slower than proximal point algorithms and operator splitting methods in the Riemannian setting.

2.2.2 Proximal Point Methods

The extension of proximal point algorithms on manifolds is proposed in [26] and the subgradient methods
are suggested in [7] to solve the subproblem. In [26], manifolds with nonpositive sectional curvature are
considered, which exclude many important applications such as optimization problems on the Stiefel
manifold. Very recently, Chen et al. proposed the proximal gradient method on the Stiefel manifold [16]
with proved convergence. More specifically, it aims at solving the following problem:

min
Q∈M

f(Q) + ψ(Q), (2.1)

where M = St(n, r) is the Stiefel manifold, f is smooth with Lipschitz gradient, and ψ is convex and
Lipschitz. In each step, the descent direction is determined by solving the subproblem

Vk := arg min
V ∈TQkM

〈grad f(Qk), V 〉+
1

2t
‖V ‖2F + ψ(Qk + V ) (2.2)

via the regularized semismooth Newton method [54]. Besides, Huang et al. proposed a Riemannian
proximal gradient method [35] to solve (2.1) for general manifolds by replacing the term ψ(Qk +V ) with
ψ(RQk(V )), where RQk is a retraction and analyzed the iteration complexity for convex objectives under
some assumptions. However, the direct application application of the above two methods for solving (1.1)
has to solve the subproblem:

Vk := arg min
V ∈TQkM

〈grad f(Qk), V 〉+
1

2t
‖V ‖2F + ψ(Qk + V ) + IC(Qk + V )︸ ︷︷ ︸

( or ψ(RQk (V ))+IC(RQk (V )))

,

where IC is the indicator function of the feasible set corresponding to the inequality constraints in (1.1).
In general, the above problem is difficult to solve due to the existence of two non-smooth terms.

3 We say a function f on a manifold is locally Lipschitz if f ◦ ϕ−1 is locally Lipschitz in U for every chart (U,ϕ).
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2.2.3 Operator Splitting Methods

Operator splitting methods on manifolds split (2.1) into several terms, each of which is easier to solve.
For example, the manifold ADMM proposed in [36] rewrites (2.1) to

min
Q,Z

f(Q) + ψ(Z) s.t. Q = Z, Q ∈M. (2.3)

Then, a two-block ADMM is used to solve it, which has the following update rules:

Qk+1 := arg min
Q∈M

f(Q) +
ρ

2
‖Q− Zk + Uk‖2F ,

Zk+1 := arg min
Z

ψ(Z) +
ρ

2
‖Qk+1 − Z + Uk‖2F ,

Uk+1 := Uk +Qk+1 − Zk+1.

The X-update requires smooth manifold optimization algorithms and the Z-update is the proximal
mapping of ψ. Besides, an inexact ALM framework to solve (2.3) with some convergence results is
considered in [24].

When a manifold is embeded in an Eucledean space, classical nonsmooth nonconvex constrained
optimization algorithms can also be explored. Lai et al. proposed a splitting method for orthogonality
constrained problems (SOC) [37], which reformulates (2.1) into

min
Q,P,R

f(P ) + ψ(R) s.t. P = R, Q = P, Q>Q = Ir. (2.4)

A three-block ADMM is then used to solve the above problem:

Pk+1 := arg min
P∈Rn×r

f(P ) +
ρ

2
‖P −Rk + Λk‖2F +

ρ

2
‖P −Qk + Γk‖2F ,

Rk+1 := arg min
R∈Rn×r

ψ(R) +
ρ

2
‖Pk+1 −R+ Λk‖2F ,

Qk+1 := arg min
Q∈Rn×r

ρ

2
‖Pk+1 −Q+ Γk‖2F s.t. Q>Q = Ir,

Λk+1 := Λk + Pk+1 −Rk+1, Γk+1 := Γk + Pk+1 −Qk+1,

where the R-update can be solved by a proximal map, the Q-update has the closed form solution, and
the P -update can be solved using gradient based methods. Although these ADMM-type methods are
simple, to the best of our knowledge, it is unclear whether they converge to a KKT point of (2.4).

Unlike ADMM, ALM usually has theoretical guarantees. In [17], Chen et al. proposed the proximal
alternating minimized augmented Lagrangian method (PAMAL), which solves the augmented Lagrangian
subproblem by the proximal alternating minimization (PAM) scheme [5]. In [60], the so-called EPALMAL
is proposed, where the PALM [10] is used for solving the subproblem. Although both PAMAL and
EPALMAL have certain convergence analysis, the analysis is not complete for solving (1.1).

2.3 Augmented Lagrangian Methods for Nonsmooth and Nonconvex Problems

Here, we review some augmented Lagrangian methods in constrained optimization. It has been studied
for many decades [9]. Consider the following problem:

min
x∈Rn

f(x) + Φ(x) s.t. g(x) = 0, h(x) ≤ 0, (2.5)

where f, g, h are smooth and Φ is lower semi-continuous. It is noted that the original problem (1.1) has
the above form when the manifold M can be written as

M = {x : g1(x) = 0, h1(x) ≤ 0}, (2.6)

where g1 and h1 are parts of g and h, respectively. When Φ ≡ 0 and the constraints can be divided
into g1(x) = 0, g2(x) = 0, h1(x) ≤ 0 and h2(x) ≤ 0 such that the minimization problem is easier on
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{x : g2(x) = 0, h2(x) ≤ 0}, Anderani et al. proposed an Augmented Lagrangian (AL) method [3] to
solve (2.5). It is shown that any feasible limit point generated by the algorithm is a KKT point under the
constant positive linear dependence (CPLD) condition [46], which is weaker than the linear independence
constraint qualification (LICQ) condition. However, this method cannot guarantee that any limit point
is feasible when the penalty is unbounded. This infeasiblity phenomenon also exists in other literature
such as [20].

To alleviate this issue, another AL method is proposed in [41], where two nonmonotone proximal
methods are applied to solve the subproblem. They consider the problem (2.5) with an additional as-
sumption that Φ is a convex function. A feasible point is assumed to be known, and is used to guarantee
that the augmented Lagrangian function is uniformly bounded from above at points generated in sub-
problems. Besides, the method in [41] requires that the magnitude of the penalty parameter outgrows
that of multipliers. Using these two properties, the convergence result that any limit point is a KKT
point under Robinson’s constraint qualification is established. Recently, Chen et al. [18] proposed an AL
method to solve (2.5) with Φ possibly being a nonconvex non-Lipschitz function. Under a weak con-
straint qualification called the relaxed constant positive linear dependence (RCPLD) condition [4], they
provided a global convergence result.

2.4 Semismooth Newton Methods

The subproblem in ALM generally requires solving a nonsmooth equation, which usually can be efficiently
solved by the semismooth Newton method [42, 45, 49]. Under suitable assumptions, the semismooth New-
ton method has the local superlinear convergence rate. Recently, it is generalized to solving nonsmooth
equations [22] on manifolds based on the Clarke generalized covariant derivatives [47, 28]. Below we
introduce several definitions for locally Lipschitz vector fields on manifolds.

Definition 9 ([22]) We say a vector field X : M → TM on a manifold M is locally Lipschitz if for
each p ∈ M there exist a neighborhood U 3 p and a constant Lp > 0 such that for each x, y ∈ U ,
geodesic γ joining x, y, it has ∥∥P 0→1

γ X(x)−X(y)
∥∥ ≤ Lp`(γ).

Since a locally Lipschitz vector field X on manifolds is differentiable almost everywhere [22], we denote
DX as the set of its differentiable points and define the Clarke generalized covariant derivative as follows:

Definition 10 ([28, 22]) Let X be a locally Lipschitz vector field onM. The B-derivative is a set-valued
map ∂BX :M⇒ L(TM) with

∂BX(p) :=

{
H ∈ L(TpM) : ∃ {pk} ⊂ DX , lim

k→+∞
pk = p, H = lim

k→+∞
∇X(pk)

}
, (2.7)

where the last limit means that ‖∇X(pk)[Pppkv]− PppkHv‖ → 0 for all v ∈ TpM. The Clarke generalized
covariant derivative is a set-valued map ∂X :M⇒ L(TM) such that ∂X(p) is the convex hull of ∂BX(p).

The above definitions are consistent with the definitions in Rn as the tangent spaces can be identified
to Rn so Ppkp and Pppk are the identical mappings, and thus the properties of the Clarke generalized
covariant derivative are similar to those in Euclidean spaces. For example, ∂BX(p) and ∂X(p) are non-
empty compact sets and the maps ∂BX, ∂X are locally bounded and upper semi-continuous [22]. Having
introduced these notions, the Newton method for a locally Lipschitz vector field X on M is [22]:

pk+1 := exppk(−H−1
k X(pk)), where Hk ∈ ∂X(pk). (2.8)

To obtain the convergence rate, we have to impose the semismooth property of the vector field X.

Definition 11 ([22]) Let X be a locally Lipschitz vector field on M. We say X is semismooth with
order µ at p ∈M if it is directionally differentiable in a neighborhood U of p, and for every ε > 0 there
exists δ > 0 such that∥∥X(p)− Pqp[X(q) +Hq exp−1

q p]
∥∥ ≤ εd(p, q)1+µ, ∀ q ∈ Bδ(p), Hq ∈ ∂X(q), (2.9)

where Bδ(p) := {q ∈M : d(p, q) < δ} and exp−1
q p is the inverse of the exponential map4.

4 This is well-defined in a small neighborhood of q [15, Proposition 3.2.9].
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In [22], it is shown that if X is locally Lipschitz, X(p∗) = 0, all elements in ∂X(p∗) are nonsingular and
X is semismooth at p∗ with order µ, then the Newton iteration (2.8) has the local convergence rate 1+µ.
This result is similar to that in Euclidean spaces [42, 45, 49].

3 An Augmented Lagrangian Framework

In this section, we present an augmented Lagrangian method to solve (1.1) and establish its convergence
result. The method for solving the subproblem is deferred to the next section.

3.1 Algorithm

Recall that we consider the following optimization problem:

min
x

f(x) + ψ(h1(x)), s.t. x ∈M, h2(x) ≤ 0. (3.1)

Throughout this paper, we always make the following assumptions:

Assumption 1 M is a complete smooth Riemannian manifold.

Assumption 2 f : M → R, h1 : M → Rm, h2 : M → Rq are continuously differentiable, and ψ :
Rm → R is a proper, convex and lower semi-continuous function. f(x) + ψ(y) is bounded below for
(x, y) ∈M× Rm.

Note that we can reformulate (3.1) to the following problem:

min
x,y,z

f(x) + ψ(y), s.t. x ∈M, y = h1(x), z = h2(x), z ≤ 0. (3.2)

The augmented Lagrangian function Lσ :M× Rm × Rq− × Rm × Rq → R of (3.2) is given by

Lσ(x, y, z, λ, γ) = f(x) + ψ(y) +
σ

2

∥∥∥∥h1(x)− y +
λ

σ

∥∥∥∥2

2

+
σ

2

∥∥∥h2(x)− z +
γ

σ

∥∥∥2

2
−
‖λ‖22 + ‖γ‖22

2σ
, (3.3)

Note that the proximal map of a convex and lower semi-continuous function f is defined as

proxf (x) := arg min
y

f(y) +
1

2
‖x− y‖2 ,

and simultaneously minimizing Lσ with respect to x, y, z is equivalent to

min
x∈M

f(x) + ψσ
(
h1(x) +

λ

σ

)
+ δσRq−

(
h2(x) +

γ

σ

)
, (3.4)

where ψσ, δσRq−
are the Moreau-Yosida regularization of ψ, δRq− . More specifically,

ψσ(x) := min
y∈Rm

ψ(y) +
σ

2
‖x− y‖22 , (3.5)

δσRq−
(x) := min

z∈Rq
δRq−(z) +

σ

2
‖x− z‖22 , (3.6)

where δRq− is the indicator function of Rq−. The minimization problems (3.5) and (3.6) are related to

finding the proximal maps of ψ/σ and δRq− , which can be easily solved in many cases. In addition, since

δσRq−
and ψσ are continuously differentiable, (3.4) is a smooth optimization problem on manifolds. These

observations suggest the following augmented Lagrangian method, whose framework is similar to [41, 18].

Algorithm 3 (An augmented Lagrangian method of solving (3.2)) Choose initial values x0 ∈
M, γ0 ∈ Rq+, λ0 ∈ Rm, σ0 > 0, α, τ ∈ (0, 1), ρ > 1 and a sequence {εk} ⊆ R+ converging to 0.
Let y0 = proxψ/σ0

(h1(x0) + λ0/σ0), z0 = ΠRq−(h2(x0) + γ0/σ0), where ΠRq− is the projection onto Rq−.

Choose a feasible point xfeas and a constant Φ such that

Φ ≥ max{f(xfeas) + ψ(h1(xfeas)), Lσ0(x0, y0, z0, λ0, γ0)}. (3.7)

Our algorithm repeats the following steps for k = 1, 2, . . .
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(i). Find xk ∈M such that

xk ≈ arg min
x∈M

Lk(x) := f(x) + ψσk
(
h1(x) +

λk
σk

)
+ δσkRq−

(
h2(x) +

γk
σk

)
. (3.8)

Specifically, we need to find xk ∈M that satisfies

‖gradLk(xk)‖ < εk, Lk(xk) ≤ Φ, (3.9)

(ii). Update y and z using

yk = proxψ/σk

(
h1(xk) +

λk
σk

)
, (3.10)

zk = ΠRq−

(
h2(xk) +

γk
σk

)
. (3.11)

(iii). Update the multipliers:

λk+1 = λk + σk(h1(xk)− yk), γk+1 = γk + σk(h2(xk)− zk).

(iv). Let δk = max {‖h1(xk)− yk‖2 , ‖h2(xk)− zk‖2} .
If δk ≤ τδk−1, then σk+1 = σk. Otherwise, set

σk+1 = max
{
ρσk, ‖λk+1‖1+α

2 , ‖γk+1‖1+α
2

}
.

3.2 Convergence Analysis

In this part, motivated by the proof in [18], we first give the feasibility result of Algorithm 3.

Theorem 4 Let {(xk, yk, zk)} be the sequence generated by Algorithm 3. Then, we have

lim
k→∞

(‖h1(xk)− yk‖2 + ‖h2(xk)− zk‖2) = 0.

Consequently, if x∗ ∈ M is an accumulation point of {xk}, then (x∗, h1(x∗), h2(x∗)) is a feasible accu-
mulation point of {(xk, yk, zk)}. Moreover, {xk} always contains an accumulation point ifM is compact.

Proof First, consider the case where {σk} is bounded. There exists k1 ∈ N such that δk+1 ≤ τδk for any
k ≥ k1. Then, limk→∞ δk = 0 since τ < 1. By the definition of δk, we know limk→∞ ‖h1(xk)− yk‖∞ = 0
and limk→∞ ‖h2(xk)− zk‖∞ = 0.

In the case where {σk} is unbounded. By the update rule, we know σk is updated for infinitely many
times. Then, we can find k1 < k2 < · · · such that

σk = max
{
ρσki−1

, ‖λk‖1+α
2 , ‖γk‖1+α

2

}
, ∀ ki ≤ k < ki+1.

From (3.9) and the definition of Lk(x), we know that Lσk(xk, yk, zk, λk, γk) ≤ Φ, where Lσk is defined
in (3.3). Therefore, we have∥∥∥∥h1(xk)− yk +

λk
σk

∥∥∥∥2

2

+

∥∥∥∥h2(xk)− zk +
γk
σk

∥∥∥∥2

2

≤ 2
Φ− f(xk)− ψ(yk)

σk
+
‖λk‖22 + ‖γk‖22

σ2
k

. (3.12)

Since f + ψ is bounded below and σk → ∞, we know the first term of (3.12) converges to 0. Next,

we show that the second term also converges to 0. Notice that ‖λki‖
1+α
2 ≤ σki and σki → ∞, we have

‖λki‖2 /σki ≤ σ
− α

1+α

ki
→ 0 as i→∞. A similar result also holds for ‖γki‖2 /σki . Then by (3.12) and the

definition of δki , we have limi→∞ δki = 0. By the update rule of λk, for ki < k ≤ ki+1, we have

‖λk‖2
σk

≤
‖λk−1‖2
σki

+ ‖h1(xk−1)− yk−1‖2 ≤
‖λk−1‖2
σki

+ δk−1.

9



Also note δk ≤ τδk−1 for all ki ≤ k < ki+1 − 1. By induction, we know

‖λk‖2
σk

≤
‖λki‖2
σki

+

k−1∑
j=ki

δj ≤
‖λki‖2
σki

+ δki

k−ki−1∑
j=0

τ j ≤
‖λki‖2
σki

+
δki

1− τ
.

Thus, we have limk→∞ ‖λk‖2 /σk = 0. Similarly, limk→∞ ‖γk‖2 /σk = 0. Therefore, from (3.12), we
conclude limk→∞ δk = 0.

Next, we consider the convergence result of Algorithm 3 by introducing the extension of the constraint
qualifications on manifolds [56]. Consider problem (3.1), we define the active set of a feasible point x to
be A(x) := {i ∈ [q] : [h2(x)]i = 0}. The following constraint qualification can be introduced [56]:

Definition 12 (LICQ) We say that a feasible point x ∈ M of (3.1) satisfies the linear independence
constraint qualification (LICQ) if {grad [h2(x)]i : i ∈ A(x)} are linearly independent in TxM.

It is easy to see that this definition is the same as that in the Euclidean case except that Euclidean
gradients are replaced by Riemannian gradients. Indeed, there is a weaker constraint qualification:

Definition 13 (CPLD) Let x ∈ M be a feasible point of (3.1) and define S(x) := {grad [h2(x)]i : i ∈
A(x)}. We say that x satisfies the constant positive linear dependence constraint qualification (CPLD)
if for each subset S0(x) ⊆ S(x) whose elements are linearly dependent with non-negative coefficients, S0

remains linearly dependent in a neighborhood of x.

The first-order optimality condition of (3.1) can be stated as follows using the LICQ condition, which
is a direct consequence of [56, Theorem 4.1].

Corollary 1 Define the Lagrangian of (3.1) as

L(x, γ) := f(x) + ψ(h1(x)) + γ>h2(x), x ∈M, γ ≥ 0.

Suppose x∗ is a local minimum of (3.1) and LICQ holds at x∗, then there exists a multiplier γ∗ such that
the following KKT conditions hold:

0 ∈ ∂xL(x∗, γ∗), (3.13a)

h2(x∗) ∈ Rq−, γ∗ ∈ Rq+, γ>∗ h2(x) = 0. (3.13b)

Remark 1 The Lagrangian of the equivalent problem (3.2) is

L̃(x, y, z, λ, γ) = f(x) + ψ(y) + λ>(h1(x)− y) + γ>(h2(x)− z).

Under the LICQ condition, a necessary optimality condition is the following KKT system [56]:

y = h1(x), z = h2(x), (3.14a)

z ∈ Rq−, γ ∈ Rq+, γ>z = 0, (3.14b)

0 ∈ ∂yL̃(x, y, z, λ, γ), (3.14c)

gradx L̃(x, y, z, λ, γ) = 0. (3.14d)

We have the following relationship between these optimality conditions:

Proposition 1 When (3.13) holds, then (3.14) also holds. Consequently, when LICQ holds at a local
minimum x∗ of (3.1), then (3.14) holds.

Proof From (3.13), we can choose g ∈ ∂xψ(h1(x∗)) such that grad f(x∗) +g+
∑q
i=1 γi grad [h2(x∗)]i = 0.

Then, there exist {gi}i∈[s] ⊂ ∂Bψ(h1(x∗)) and {αi}i∈[s] ⊂ R+ such that
∑s
i=1 αi = 1 and g =

∑s
i=1 αigi.

We can find {x(i)
k }k∈N,i∈[s] ⊂ M such that limk→∞ x

(i)
k = x∗, and ψ ◦ h1 is differentiable at x

(i)
k , and

limk→∞ gradψ(h1(x
(i)
k )) = gi. Note that gradψ(h1(x

(i)
k )) =

∑m
j=1[gradψ(y

(i)
k )]j grad[h1(x

(i)
k )]j , where

y
(i)
k = h1(x

(i)
k ). Since y

(i)
k → y := h1(x∗), by passing to subsequences if necessary, the limit λ

(i)
∗ :=

lim gradψ(y
(i)
k ) exists. Thus, λ

(i)
∗ ∈ ∂ψ(y). By setting z = h2(x∗), γ = γ∗ and λ =

∑s
i=1 αiλ

(i)
∗ , we know

(3.14) holds.
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Finally, we show that Algorithm 3 converges to a KKT point.

Theorem 5 Suppose there exist K ⊆ N and (x∗, y∗, z∗) ∈M× Rm × Rq− such that

lim
k∈K

(d(xk, x∗) + ‖yk − y∗‖2 + ‖zk − z∗‖2) = 0.

If CPLD holds at x∗, then there exist K0 ⊆ K and λ∗ ∈ Rm, γ∗ ∈ Rq+ such that limk∈K0 λk+1 = λ∗, and
the KKT conditions (3.14) hold at (x∗, y∗, z∗, λ∗, γ∗). Moreover, when LICQ holds at x∗, we can choose
γ∗ such that limk∈K0

γk+1 = γ∗.

Proof First, from Theorem 4, we obtain the feasibility condition (3.14a). From (3.10), (3.11) and the
property of Moreau-Yosida regularizations, we know that

yk = h1(xk) +
λk
σk
− 1

σk
∇ψσk

(
h1(xk) +

λk
σk

)
, and zk = h2(xk) +

γk
σk
− 1

σk
∇δσkRq−

(
h2(xk) +

γk
σk

)
.

From the definition of λk+1 and γk+1, combining the above two equations, we have

gradLk(xk) = grad f(xk) +

m∑
i=1

[λk+1]i grad [h1(xk)]i +

q∑
i=1

[γk+1]i grad [h2(xk)]i. (3.15)

Since yk = proxψ/σk(h1(xk) + λk/σk), then

0 ∈ ∂ψ(yk)− (σk(h1(xk)− yk) + λk) = ∂ψ(yk)− λk+1. (3.16)

Note that limk∈K yk = y∗, then {yk}k∈K is bounded. By the locally boundedness of the subgradient [48,
Corollary 24.5.1],

⋃
k∈K ∂ψ(yk) is also bounded. Then, {λk+1}k∈K is bounded, so we can choose K1 ⊆ K,

λ∗ ∈ Rm such that limk∈K1
λk+1 = λ∗, which implies λ∗ ∈ ∂ψ(y∗).

On the other hand, since

zk = ΠRq−

(
h2(xk) +

γk
σk

)
= arg min

z≤0

∥∥∥∥h2(xk) +
γk
σk
− z
∥∥∥∥2

2

,

we know from the optimal condition of the above problem that

0 = [σk(h2(xk)− zk) + γk]>zk = γ>k+1zk and γk+1 ≥ 0. (3.17)

Let Ak = {i ∈ [q] : [zk]i = 0}, from (3.17), we know [γk+1]i = 0 for i /∈ Ak. Define A∗ := {i ∈ [q] :
[z∗]i = 0}. Since zk → z∗, we also know that for sufficiently large k and i /∈ A∗, [γk+1]i = 0. Then, when
k is large enough (3.15) can be written as

gradLk(xk) = grad f(xk) +

m∑
i=1

[λk+1]i grad [h1(xk)]i +
∑
i∈A∗

[γk+1]i grad [h2(xk)]i. (3.18)

Using the Carathédory’s theorem of cones [8], there exist Jk ⊆ A∗ and [γ̂k]j ≥ 0, where j ∈ Jk, such
that {grad [h2(xk)]j : j ∈ Jk} are linearly independent and

gradLk(xk) = grad f(xk) +

m∑
i=1

[λk+1]i grad [h1(xk)]i +
∑
j∈Jk

[γ̂k]j grad [h2(xk)]j , (3.19)

Since Jk ⊆ [q] is a finite set, we can choose J∗ and K2 ⊆ K1 such that Jk = J∗ for all k ∈ K2 and
|K2| = ∞. Define Mk = max {[γ̂k]i : i ∈ J∗} for k ∈ K2. When {Mk}k∈K2

is bounded, then we can find
K3 ⊆ K2 and γ∗ ∈ Rp+ such that [γ∗]i = 0 for i /∈ J∗ and limk∈K3

[γ̂k]i = [γ∗]i for i ∈ J∗. Using the fact
that ‖gradLk(xk)‖ → 0, (3.15) implies (3.14d). Since J∗ ⊆ A∗ and [γ∗]i = 0 for i /∈ J∗, then (3.14b)
follows.

When {Mk}k∈K2
is unbounded, we can find K4 ⊆ K3 and γ̂ ∈ Rq+ such that limk∈k4 [γ̂k]i/Mk = [γ̂]i

for i ∈ J∗ and [γ̂]i = 0 otherwise. By the definition of Mk, we have γ̂ 6= 0 and ‖γ̂‖∞ = 1. Dividing (3.19)
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by Mk, using the boundedness of gradLk(xk), grad f(xk) and grad [h1(xk)]i, letting k ∈ K4 → ∞ and
noticing that λk+1 → λ∗, xk → x∗, we can get∑

j∈J∗

[γ̂]j grad [h2(x∗)]j = 0.

Note that ‖γ̂‖∞ = 1 and γ̂ ≥ 0, we know {grad [h2(x∗)]j : j ∈ J∗} are linearly dependent with non-
negative coefficients. However, they are linearly independent near x∗, which contradicts to the CPLD
assumption. Thus, Mk is always bounded. Moreover, when LICQ holds at x∗ but {γk+1} is unbounded,
we can divide (3.18) by ‖γk+1‖2 and yield a contradiction to the LICQ condition. Therefore, {γk+1} is
bounded and contains a convergent subsequence.

4 A Globalized Semismoth Newton Method

Recall that at every step we have to solve

min
x∈M

Lk(x) = f(x) + ψσk
(
h1(x) +

λk
σk

)
+ δσkRq−

(
h2(x) +

γk
σk

)
. (4.1)

It is known that Lk is continuously differentiable and its gradient is

gradLk = grad f + grad
(
ψσk

(
h1 +

λk
σk

))
+ grad

(
δσkRq−

(
h2 +

γk
σk

))
, (4.2)

where last two terms in (4.2) are continuous but not differentiable, so the Newton method cannot be
applied and we need the semismooth Newton method. For simplicity, we consider the following abstract
problem

min ϕ(x), s.t. x ∈M, (4.3)

where ϕ :M 7→ R is continuously differentiable. We make the following assumption.

Assumption 6 The vector field X := gradϕ is locally Lipschitz and can be factorized into X = X1 +
X2 +X3 such that X1 is smooth and X2, X3 are locally Lipschitz.

Due to the existence of two nonsmooth terms in X, we need to extend the definition of the semis-
moothness in (2.9) to a general set-valued map.

Definition 14 Let X be a vector field on M and K : M ⇒ L(TM) be a upper-semicontinuous5 set-
valued map such that K(p) is a non-empty compact subset of L(TpM). Suppose X is Lipschitz and
directionally differentiable in a neighborhood U of p ∈M. We say that X is semismooth at p with order
µ with respect to K if for every ε > 0, there exists δ > 0 such that for every q ∈ Bδ(p) and Hq ∈ K(q),∥∥X(p)− Pqp[X(q) +Hq exp−1

q p]
∥∥ ≤ εd(p, q)1+µ. (4.4)

Remark 2 Definition 11 and Definition 14 coincide when K = ∂X [22, Proposition 3.1].

When one of the nonsmooth terms vanishes, i.e. X2 = 0 or X3 = 0, we can choose K = ∂BX3 or
K = ∂BX2. When both terms X2 and X3 are non-trivial, it is difficult to compute ∂B(X2 +X3) in general
as we only know ∂B(X2 + X3) ⊂ ∂BX2 + ∂BX3. In this case, we choose K = ∂BX2 + ∂BX3. The next
proposition guarantees that such a choice does not affect the semismoothness of X2 +X3.

Proposition 2 Let X,Y be vector fields on M and p ∈ M. Suppose X is semismooth at p with order
µ with respect to KX , and Y is semismooth at p with order µ with respect to KY . Then, X + Y is
semismooth at p with order µ with respect to KX +KY .

5 We say the map K is upper-semicontinuous if for every ε > 0 there exists δ > 0 such that for all q ∈ Bδ(p) we have

PqpK(q) ⊂ K(p) + B̂ε(0), where B̂ε(0) := {V ∈ L(TpM) : ‖V ‖ < ε}.
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Proof By Definition 14, there exists δ > 0 such that (4.4) holds for both X and Y . Then, for every
q ∈ Bδ(p), HX ∈ KX(q), HY ∈ KY (q), we have∥∥(X + Y )(p)− Pqp[(X + Y )(q) + (HX +HY ) exp−1

q p]
∥∥

≤
∥∥X(p)− Pqp[X(q) +HX exp−1

q p]
∥∥+

∥∥Y (p)− Pqp[Y (q) +HY exp−1
q p]

∥∥ ,
which is consequence of the linearity of Pqp and triangular inequality of the norm.

Now, we are ready to present the semismooth Newton method to find p ∈M such that X(p) = 0.

Algorithm 7 Choose p0 ∈M, ν̄ ∈ (0, 1] and let {ηk} be a sequence converging to 0. Set µ ∈ (0, 1/2), δ ∈
(0, 1),mmax ∈ N and ε0 ∈ (0, 1).

Our algorithm repeats the following steps for k = 0, 1, 2, . . .

(i). Choose Hk ∈ K(pk) and use the conjugate gradient (CG) method to find Vk ∈ TpkM such that

‖(Hk + ωkI)Vk +X(pk)‖ ≤ η̃k, (4.5)

where ωk := ‖X(pk)‖ν̄ , η̃k := min
{
ηk, ‖X(pk)‖1+ν̄ }

. Note that CG may fail when Hk is not positive
definite, we choose the first-order direction Vk = −X(pk) in this case.

(ii). Choose the stepsize by one of the following linesearch methods:

(LS-I). If Vk is not a sufficient descent direction of ϕ, i.e. it does not satisfy

〈−X(pk), Vk〉 ≥ ε0 ‖Vk‖2 , (4.6)

then, we set Vk to be −X(pk).
Next, find the minimum non-negative integer mk ≤ mmax such that

ϕ(exppk(δmkVk)) ≤ ϕ(pk) + µδmk 〈X(pk), Vk〉 . (4.7)

If mk cannot be found, then we set mk = mmax.
(LS-II). Find the minimum non-negative integer mk ≤ mmax such that

‖X(exppk(δmkVk))‖ ≤ (1− 2µδmk) ‖X(pk)‖ .

If mk cannot be found, then we set mk = mmax.

(iii). Set pk+1 = exppk(δmkVk).

We make several remarks for the above numerical algorithm.

Remark 3 LS-I is a standard way to globalize the semismooth Newton method for minimizing functions.
Note that the CG method may fail, or Vk may not be a descent direction as Hk may not be positive
definite. In both cases, Algorithm 7 reduces to the first-order method. In Theorem 10, we show that
the LS-I globalization method has a superlinear convergence under a “convexity assumption” and some
regularity conditions.

Remark 4 LS-II is another way to globalize the Newton method [42, 25, 49]. In the Riemannian setting,

the convergence result is established under the assumption that ‖X‖2 is differentiable [23]. However,
‖X‖2 = ‖X1 + X2 + X3‖2 is not differentiable in general. Thus, LS-II does not have a convergence
guarantee. In our experiments, we find both LS-I and LS-II have a similar performance for “convex
problems” like (1.2) and LS-II is suitable for “nonconvex problems” like (1.3) and (1.4).

Remark 5 We can use the method in [18] to choose an initial point of Algorithm 7 to guarantee the
condition (3.9). For LS-I, since it is a descent method, it suffices to choose p0 such that Lk(p0) ≤ Φ. This
can be done by

p0 =

{
xfeas, Lk(xk−1) > Φ,

xk−1, Lk(xk−1) ≤ Φ,

where xfeas and xk−1 is defined in Algorithm 3. The same initialization method is used for the LS-II
method. However, the LS-II method has no convergence guarantee as it is not a descent method.

The next theorem establishes the global convergence of Algorithm 7 with LS-I.
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Theorem 8 Let {pk} be the sequence generated by Algorithm 7 with LS-I. Suppose there exists δ > 0
such that Ω := {p ∈M : ϕ(p) ≤ ϕ(p0) + δ} is compact. Then, the following properties hold:

– There exists a constant mmax ∈ N such that the line search condition (4.7) holds in mmax steps.
– The sequence {ϕ(pk)}∞k=1 is strictly decreasing, i.e. there exists c > 0 such that

ϕ(pk)− ϕ(pk+1) ≥ c‖Vk‖2. (4.8)

– The sequence {Vk} and {X(pk)} satisfy
∑∞
k=1 ‖Vk‖2 <∞ and lim

k→∞
X(pk) = 0.

– Let P be the set of accumulation points of {pk}, then P is a non-empty set and for any p∗ ∈ P, we
have X(p∗) = 0.

Proof Since X is locally Lipschitz, for every p ∈ Ω we can find Rp, Lp > 0 such that X is Lp-Lipschitz
in B2Rp(p). Since Ω is compact, we can find a finite set {q1, . . . , qT } ∈ Ω such that

⋃
j BRqj (qj) ⊃ Ω.

Define R := minj Rqj , L := maxj Lqj . Since there exists BRqj (qj) 3 p for every p ∈ Ω, we find BR(p) ⊂
B2Rqj

(qj). Thus, X is L-Lipschitz in BR(p) for every p ∈ Ω. Fix p ∈ Ω◦ and V ∈ TpM, and define

γ(t) = expp(tV ). Consider the function ϕ̂ = ϕ ◦ γ, we know that ϕ̂′(t) = 〈X(γ(t)), γ̇(t)〉. Note that for
0 ≤ s, t < R/ ‖V ‖

|ϕ̂′(t)− ϕ̂′(s)| = |〈X(γ(t)), γ̇(t)〉 − 〈X(γ(s)), γ̇(s)〉| =
∣∣〈X(γ(t))− P s→tγ X(γ(s)), γ̇(t)

〉∣∣
≤
∥∥X(γ(t))− P s→tγ X(γ(s))

∥∥ ‖γ̇(t)‖ ≤ L`(γ|[s,t]) ‖γ̇(t)‖ = L ‖V ‖2 |t− s|,

where the last inequality follows from the Lipschitzness of X and `(γ|[s,t]) = |t − s| ‖V ‖ and ‖γ̇(t)‖ =
‖γ̇(0)‖ = ‖V ‖. Set p = pk, V = Vk to be the quantities defined in Algorithm 7. From the sufficient
descent condition (4.6) in LS-I, we know when t < R/ ‖Vk‖

ϕ(pk)− ϕ(exppk(tVk)) ≥ 〈−X(pk), tVk〉 −
Lt2

2
‖Vk‖2

≥ t
(

1− Lt
2ε0

)
〈−X(pk), Vk〉 , if Vk is from LS-I,

= t
(

1− Lt
2

)
〈−X(pk), Vk〉 , if Vk = −X(pk).

(4.9)
Choosing mmax = inf{m ∈ N | δm ≤ min{2ε0(1−µ)/L,R/ supk ‖Vk‖}}. From (4.6), we know supk ‖Vk‖ ≤
supk ‖X(pk)‖/ε0 <∞. Thus, mmax <∞ and

δmmax

(
1− Lδmmax

2

)
≥ δmmax

(
1− Lδmmax

2ε0

)
≥ µδmmax . (4.10)

Combining (4.9) with (4.10), the line search condition (4.7) holds at most in mmax iterations. Setting
c = µδmmaxε0 > 0, the conditions (4.7) and (4.21) imply

ϕ(pk)− ϕ(pk+1) ≥ µδmk 〈−X(pk), Vk〉 ≥ c ‖Vk‖2 , (4.11)

which is (4.8). As ϕ is continuous and Ω is compact, ϕ is bounded below. Together with the monotonicity
of ϕ(pk), there exists some ϕ∗ such that ϕ(pk)→ ϕ∗ as k →∞. Moreover, the telescoping sum of (4.11)
and k →∞ implies that

c

∞∑
k=1

‖Vk‖2 ≤ ϕ(p0)− ϕ∗ <∞⇒ ‖Vk‖ → 0, k →∞.

By the upper-semicontinuity of K and the compactness of Ω, there exist r > 0 and q1, . . . , qN ∈ Ω such
that

⋃N
i=1Br(qi) ⊃ Ω and PqqjK(q) ⊂ K(qj) +Bε(0) for every q ∈ Br(qj). Since the parallel transport is

an isometry, then {Hk} is bounded. Together with the boundedness o f X(pk) and (4.5), it has

‖X(pk)‖ ≤ η̃k + ‖Hk + ωkI‖ ‖Vk‖ ≤ ηk + ‖Hk‖ ‖Vk‖+ ‖X(pk)‖ν̄ ‖Vk‖ → 0, k →∞.

The compactness of Ω and the continuity of X can easily derive that P 6= ∅ and X(p∗) = 0 for all p∗ ∈ P.
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4.1 The Analysis of Convergence Rate

To obtain the convergence rate of Algorithm 7, we first introduce some basic results of Riemannian
manifolds and useful lemmas. Given p ∈ M and r > 0, define Br(p) to be the open ball on M with
center p and radius r.

Lemma 1 (Lemma 2.3 and 2.4 in [21]) Fix p ∈M, the following properties hold.

– There exists r > 0 such that for every q ∈ Br(p), the exponential map expq is a diffeomorphism from
{v ∈ TqM : ‖v‖ < 2r} to B2r(q).

– There exist K > 0 and r > 0 such that for every v, w ∈ TqM with ‖v‖, ‖w‖ < 2r, it has |d(expq v, expq w)2−
‖v − w‖2| ≤ K‖v‖2‖w‖2.

Lemma 2 Suppose X is a locally Lipschitz vector field onM, p∗ ∈M, K is defined in Definition 14 and
all elements in K(p∗) are nonsingular and there exists λ > 0 such that λ ≥ max

{
‖H−1‖ : H ∈ K(p∗)

}
.

Then, for every ε > 0 and ελ < 1, there exists a neighborhood U of p∗ such that all elements in K(p) are
nonsingular for p ∈ U and ∥∥H−1

∥∥ ≤ λ

1− ελ
, ∀ p ∈ U, H ∈ K(p).

Proof The proof is the same as the proof in [22, Lemma 4.2] in which K = ∂X and only the upper-
semicontinuity of ∂X is used.

Below is a second-order Taylor theorem on manifolds, which is a generalization of Theorem 2.3 in
[29].

Lemma 3 Suppose ϕ is a continuously differentiable function with Lipschitz gradient, p, q ∈ M. Let
γ : [0, 1]→M be a geodesic joining p, q. Then, there exist ξ ∈ (0, 1),Mξ ∈ ∂ gradϕ(γ(ξ)) such that

ϕ(q)− ϕ(p) = 〈gradϕ(p), γ̇(0)〉+
1

2

〈
P ξ→0
γ MξP

0→ξ
γ γ̇(0), γ̇(0)

〉
.

Proof Define ϕ̂(t) = ϕ◦γ. We know that ϕ̂ is continuously differentiable with Lipschitz gradient in [0, 1].

By Theorem 2.3 in [29], there exist ξ ∈ (0, 1), M̂ξ ∈ ∂2ϕ̂(ξ) such that ϕ̂(1) − ϕ̂(0) = ϕ̂′(0) +
M̂ξ

2 . Note
that ϕ̂′(t) = 〈gradϕ(γ(t)), γ̇(t)〉 and ∇γ̇ γ̇ = 0, we find ϕ̂′′(t) =

〈
∇γ̇(t) gradϕ(γ(t)), γ̇(t)

〉
, whenever ϕ̂′

is differentiable at t. From the linearity of the parallel transport, it suffices to consider the case where
M̂ξ ∈ ∂2

Bϕ̂(ξ), then there exists {tk} → ξ such that ϕ̂′′ exists at tk and ϕ̂′′(tk) → M̂ξ. Since ϕ̂′′(tk) =
〈∇γ̇(tk) gradϕ(γ(tk)), γ̇(tk)〉 = 〈P tk 7→ξγ ∇

P
ξ 7→tk
γ γ̇(ξ)

gradϕ(γ(tk)), γ̇(ξ)〉 and note that the parallel transport

is an isometry, then there is Mξ ∈ ∂ gradϕ(γ(ξ)) such that M̂ξ = 〈Mξγ̇(ξ), γ̇(ξ)〉. Note γ̇(ξ) = P 0→ξ
γ γ̇(0),

then the conclusion holds.

A direct consequence of Lemma 3 and Lemma 2 provides the following theorem that characterizes
the second-order optimality conditions for (4.3).

Theorem 9 Suppose ϕ : M→ R is continuously differentiable with locally Lipschitz gradient, then we
have

– (Second-order necessary condition). Suppose x∗ ∈M is a local minima of ϕ, then for any v ∈ Tx∗M,
there is Hv ∈ ∂ gradϕ(x∗) such that 〈Hvv, v〉 ≥ 0.

– (Second-order sufficient condition). Suppose x∗ ∈ M such that gradϕ(x∗) = 0 and all elements in
∂ gradϕ(x∗) are positive definite, then x∗ is a strict local minima of ϕ.

Remark 6 Using Lemma 3, we can see that the second-order sufficient condition implies the strongly
geodesic convexity of ϕ near p∗ as defined in [58].

The next two lemmas give the local analysis around the critical point of X. The following lemma
analyzes the B-differentiability on manifolds.

Lemma 4 Let X be a locally Lipschitz vector field on M and p ∈M. If X is directionally differentiable
at p and X(p) = 0, then ‖Pexpp v,pX(expp v)−∇X(p; v)‖ = o(‖v‖) as v ∈ TpM→ 0.
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Proof Suppose the conclusion does not hold, then there exist δ > 0 and vk ∈ TpM→ 0 such that

‖Pexpp vk,pX(expp vk)−∇X(p; vk)‖ ≥ δ ‖vk‖ .

By Lemma 1 and the locally Lipschitz condition on X, there exists r0 > 0 such that for every p1, p2 ∈
Br0(p), there exists a unique shortest geodesic joining p1 and p2 and X is L-Lipschitz in Br0(p). Let
0 < r < r0, by taking the subsequence of {vk}, we assume that v̄k := rvk

‖vk‖ → v ∈ TpM with ‖v‖ = r.

Define tk = ‖vk‖ /r, qk = expp vk, rk = expp v̄k and sk = expp tkv, it has {qk, rk, sk} ⊂ Br0(p). Thus, we
have

‖Pqk,pX(qk)−∇X(p; vk)‖ ≤ ‖Pqk,pX(qk)− Psk,pX(sk)‖+ ‖Psk,pX(sk)−∇X(p; vk)‖
≤ ‖Pp,skPqk,pX(qk)− Pqk,skX(qk))‖︸ ︷︷ ︸

(I)

+ ‖Pqk,skX(qk)−X(sk)‖︸ ︷︷ ︸
(II)

+ ‖Psk,pX(sk)− tk∇X(p; v)‖︸ ︷︷ ︸
(III)

+ ‖∇X(p; vk)− tk∇X(p; v)‖︸ ︷︷ ︸
(IV)

.

(4.12)

From Lemma 10 in [33], there exists C > 0 such that

(I) ≤ ‖Psk,qkPp,skPqk,p − id‖‖X(qk)‖ ≤ C max(d(p, qk), d(qk, sk))‖X(qk)‖ = o(tk), (4.13)

since ‖X(qk)‖ ≤ L‖vk‖ → 0 as vk → 0. Moreover, since X is locally Lipschitz and directional differen-
tiable at p, using Lemma 1 we have

(II) ≤ Ld(qk, sk) = o(tk), (III) = ‖Psk,pX(sk)−X(p)− tk∇X(p; v)‖ = o(tk). (4.14)

Let qtk = expp tv̄k and qtv = expp tv, it has

‖Pqtk,pX(qtk)− Pqtv,pX(qtv)‖ ≤ ‖Pp,qtvPqtk,pX(qtk)− Pqtk,qtvX(qtk)‖+ ‖Pqtk,qtvX(qtk)−X(qtv)‖

≤ ‖Pqtv,qtkPp,qtvPqtk,p − id‖‖X(qtk)‖+ Ld(qtk, q
t
v) = O(t2) +O(t)‖v̄k − v̄‖

from Lemma 10 in [33] and Lemma 1. An intermediate result of the above estimation is

‖∇X(p; v̄k)−∇X(p; v)‖ ≤ ‖v̄k − v̄‖ → 0, if k →∞. (4.15)

Thus, the last term in (4.12) is

(IV) = tk‖∇X(p; v̄k)−∇X(p; v)‖ = o(tk) (4.16)

Combining (4.13), (4.14) and (4.16), it has ‖Pqk,pX(qk)−∇X(p; vk)‖ = o(tk) = o(‖vk‖), which contra-
dicts with our assumption.

Lemma 5 Suppose {pk} ⊂ M and Vk ∈ TpkM satisfy limk→∞ pk = p ∈ M and d(exppk Vk, p) =
o(d(pk, p)). Then, limk→∞ ‖Vk‖/d(pk, p) = 1 and d(exppk Vk, p) = o(‖Vk‖).

Proof Define qk+1 := exppk Vk. Let Br(p),K be the quantities in Lemma 1. Without the loss of generality,
we may assume pk ∈ Br(p) for every k. Using Lemma 1, we know the following inequality holds for every
geodesic triangle in Br(p) whose edges are a, b, c:

a2 ≤ b2 + c2 − 2bc cosA+Kb2c2 ≤ (b+ c)2 +Kb2c2,

where A is the angle between b and c. Let a = d(pk, qk+1), b = d(pk, p), c = d(qk+1, p), then we have

lim sup
k→∞

d(pk, qk+1)2

d(pk, p)2
≤ K lim sup

k→∞
d(qk+1, p)

2 + lim sup
k→∞

(
1 +

d(qk+1, p)

d(pk, p)

)2

= 1. (4.17)

Define a = d(pk, p), b = d(pk, qk+1), c = d(qk+1, p), note that d(qk+1, p) = o(d(pk, p)), then for any
ε > 0 there exists kε > 0 such that for any k ≥ kε, it has d(qk+1, p)

2 ≤ εd(pk, p)
2 ≤ 2εd(qk+1, p)

2 +
2εd(pk, qk+1)2 + εKd(qk+1, p)

2d(pk, qk+1)2. Thus, we know

d(pk+1, p)
2 ≤ 2ε

1− 2ε− εKd(pk, pk+1)2
d(pk, pk+1)2 = o

(
d(pk, pk+1)2

)
.
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On the other hand,

lim sup
k→∞

d(pk, p)
2

d(pk, qk+1)2
≤ K lim sup

k→∞
d(qk+1, p)

2 + lim sup
k→∞

(
1 +

d(qk+1, p)

d(pk, qk+1)

)2

= 1.

Combining with (4.17), we have limk→∞
d(pk,p)

d(pk,qk+1) = 1.

Theorem 10 Under the same assumptions as in Theorem 8, let K be the set-valued map used in Al-
gorithm 7. Denote p∗ be any accumulation point of {pk}. If X is semismooth at p∗ with order ν with
respect to K ∪ ∂X, and all elements of K(p∗) ∪ ∂X(p∗) are positive definite, then we have pk → p∗ as
k →∞ and for sufficiently large k, it has

d(pk+1, p∗) ≤ O
(
d(pk, p∗)

1+min{ν,ν̄}),
where ν̄ ∈ (0, 1] is the parameter defined in Algorithm 7.

Proof Since K(p∗)∪∂X(p∗) is positive definite, by Lemma 2 and the upper-semicontinuity of K and ∂X,
we can find a neighborhood U 3 p∗ and constants ω,M > 0 such that M‖V ‖2 ≥ 〈HV, V 〉 ≥ 2ω‖V ‖2
for every p ∈ U,H ∈ K(p) ∪ ∂X(p), V ∈ TpM. By Lemma 1 and the semismooth condition of X, there
exists r0 ∈ (0, 1/2] such that Br0(p∗) ⊂ U , the unique shortest geodesic joining points in Br0(p∗) exists,
and ∥∥X(q) +Hq exp−1

q p∗
∥∥ ≤ d(p∗, q)

1+ν , ∀q ∈ Br0(p∗), (4.18)

and X is L-Lipshitz in Br0(p∗).
Given arbitrary 0 < r < r0, by Theorem 8, there exists some K0 > 0 such that ωk = ‖X(pk)‖ν̄ <

1/2, ‖Vk‖ < r/2 and (2M + 1)1+ν̄‖Vk‖ν̄ ≤ ω for k ≥ K0. From Lemma 3, we know ϕ(q) − ϕ(p∗) ≥
ωd(q, p∗)

2 whenever q ∈ Br(p∗). Since p∗ is an accumulation point, we can find K1 ≥ K0 > 0 such
that ϕ(pK1

) − ϕ(p∗) < ωr2/4 and pK1
∈ Br(p∗). Note that d(pK1

, pK1+1) = δmK1 ‖VK1
‖ < r/2. Then,

d(pK1+1, p∗) ≤ d(pK1 , p∗) + d(pK1 , pK1+1) < r, i.e., pK1+1 ∈ Br(p∗). Since ϕ(pk) is non-increasing, we
still have ϕ(pK1+1) − ϕ(p∗) < ωr2/4. By induction, we know {pk}k≥K1 ⊂ Br(p∗) which implies that
pk → p∗ as k →∞. Below we assume that k ≥ K1.

By the positive definiteness of K, the CG method in Algorithm 7 is able to find a direction Vk
satisfying (4.5). Thus, we know ‖X(pk)‖ ≤ ‖Hk + ωkI‖ ‖Vk‖ /(1 − ‖X(pk)‖ν̄) ≤ (2M + 1) ‖Vk‖. Then,
we obtain

〈−X(pk), Vk〉 = 〈(Hk + ωkI)Vk, Vk〉 − 〈(Hk + ωkI)Vk +X(pk), Vk〉

≥ 2ω ‖Vk‖2 − η̃k ‖Vk‖ ≥ 2ω ‖Vk‖2 − (2M + 1)1+ν̄ ‖Vk‖2+ν̄ ≥ ω‖Vk‖2.
(4.19)

Thus, the condition (4.6) holds. Note that ‖(Hk + ωk)−1‖ ≤ (2ω)−1, and ‖X(pk)‖ ≤ Ld(pk, p∗). Define
C := 2 max{(2ω)−1, L1+ν̄ + (2ω)−1L}, by the definition of ωk, η̃k, we have

‖Vk − exp−1
pk
p∗‖ ≤ ‖(Hk + ωkI)−1X(pk) + exp−1

pk
p∗‖+ η̃k

≤ (2ω)−1‖X(pk) + (Hk + ωkI) exp−1
pk
p∗‖+ η̃k

≤ (2ω)−1
(
‖X(pk) +Hk exp−1

pk
p∗‖+ ωk‖ exp−1

pk
p∗‖
)

+ η̃k

≤ (2ω)−1
(
d(pk, p∗)

1+ν + ωkd(pk, p∗)
)

+ η̃k ≤ Cd(pk, p∗)
1+min{ν,ν̄}.

Using (4.19) we find ‖Vk‖ ≤ ‖Xk‖/ω ≤ Ld(pk, p∗)/ω. From Lemma 1, we know

d(exppk Vk, p∗)
2 ≤ ‖Vk − exp−1

pk
p∗‖2 +K‖Vk‖2d(pk, p∗)

2 ≤ O
(
d(pk, p∗)

2+2 min{ν,ν̄}). (4.20)

where K is the constant defined in Lemma 1. To complete the proof, we need to show that for µ ∈ (0, 1/2)
and sufficiently large k, the line seach condition

ϕ(exppk Vk) ≤ ϕ(pk) + µ 〈X(pk), Vk〉 , (4.21)

holds with mk = 0. Define Uk := exp−1
p∗ pk, Wk := exp−1

p∗ exppk Vk. Applying Lemma 3 to p∗, pk and
exppk Vk, we have

ϕ(pk) = ϕ(p∗) +
1

2
〈R̃kUk, Uk〉, and ϕ(exppk Vk) = ϕ(p∗) +

1

2
〈M̃kWk,Wk〉,
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where R̃k = Pprp∗RkPp∗pr , M̃k = Ppmp∗MkPp∗pm , Rk is a Clarke generalized covariant derivative at
pr := expp∗(θkUk) for some θk ∈ (0, 1), and Mk is a Clarke generalized covariant derivative at pm :=
expp∗(ξkWk) for some ξ ∈ (0, 1). Substracting these two equations and using Lemma 5, we know

ϕ(exppk Vk)− ϕ(pk) = −1

2
〈R̃kUk, Uk〉+ o

(
‖Vk‖2

)
.

Thus, we have

ϕ(exppk Vk)− ϕ(pk)−1

2
〈X(pk), Vk〉 = −1

2
〈R̃kUk, Uk〉 −

1

2
〈X(pk), Vk〉+ o

(
‖Vk‖2

)
= −1

2
〈Vk, X(pk)− Pp∗pkR̃kUk〉 −

1

2
〈Ppkp∗Vk + Uk, R̃kUk〉+ o

(
‖Vk‖2

)
.

(4.22)
Since Pprp∗ exp−1

pr p∗ = − exp−1
p∗ pr = −θkUk and X(p∗) = 0, then by the semismoothness Pprp∗X(pr)−

θkR̃kUk = Pprp∗(X(pr) + Rk exp−1
pr p∗) − X(p∗) = o(‖θkUk‖). From Lemma 4, we know Pprp∗X(pr) =

θk∇X(p∗;Uk) + o(‖θkUk‖) and Ppkp∗X(pk) = ∇X(p∗;Uk) + o(‖Uk‖), which implies

Ppkp∗X(pk) = R̃kUk + o(‖Uk‖). (4.23)

Moreover, applying limk→∞ pk = p∗ and (4.20) to Lemma 5, we have

‖Vk‖
‖Uk‖

=
‖Vk‖

d(pk, p∗)
→ 1 and ‖Wk‖ = d(exppk Vk, p∗) = o(‖Vk‖) as k →∞. (4.24)

Then, (4.23), (4.24) and Lemma 1 imply

|〈Vk, X(pk)− Pp∗pkR̃kUk〉| ≤ ‖Vk‖ ‖X(pk)− Pp∗pkR̃kUk‖ ≤ o(θk ‖Vk‖ ‖Uk‖) = o
(
θk ‖Vk‖2

)
,

|〈Ppkp∗Vk + Uk, R̃kUk〉| ≤ ‖Vk − exp−1
pk
p∗‖‖R̃kUk‖ ≤ O (‖Wk‖‖Uk‖) = o

(
‖Vk‖2

)
.

(4.25)

Combing (4.6), (4.22) and (4.25), we have

ϕ(exppk Vk)− ϕ(pk) =
1

2
〈X(pk), Vk〉+ o

(
‖Vk‖2

)
≤ µ 〈X(pk), Vk〉 − ε0

(
1

2
− µ

)
‖Vk‖2 + o

(
‖Vk‖2

)
.

Thus, (4.21) holds for sufficiently large k and mk = 0 in LS-I.

4.2 Calculations of Clarke Generalized Covariant Derivatives

In this section, we discuss the approach that calculates the Clarke generalized covariant derivative of a
locally Lipschitz vector field X, which is difficult in general manifolds. Here, we consider an embedded
manifold M with the following assumption:

Assumption 11 The manifold M is embedded in Rd and there exist an open set U ⊂ Rd containing M
and a vector-valued map X̄ : U ⊂ Rd → Rd such that X̄|M = X.

If X is differentiable at p ∈M, it is known from [31] that

∇X(p)[V ] = Pp(∇X̄(p)[V ]), (4.26)

where Pp is the projection onto TpM. If X is not differentiable at p ∈ M, by a direct calculation from
Definition 10, it is easy to see that

∂X(p) ⊆ Pp(∂X̄(p))6.

The following example shows that the above inclusion can be strict, and thus we need further discussion
for finding an element in ∂X(p).

6 ∂X is the Clarke generalized covariant derivative on M or the Clarke generalized Jocobian in Rd. The exact meaning
depends on the domain of X.
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Example 1 Consider the manifold S1 = {(x, y) ∈ R2 : x2 + y2 = 1} ⊂ R2 and the vector-valued function

Y : R2 → R2 defined by Y (x, y) =
(
2|x − 1/

√
2|, 4|y − 1/

√
2|
)>

. Let p0 = (1/
√

2, 1/
√

2)> ∈ S1. Note
that the projection onto the tangent space TpS1 is I − pp>, we can define the vector field X : S1 → TS1

by X(p) = (I − pp>)Y (p) ∈ TpS1 for p ∈ S1. In this case, X̄ : R2 → R2 is also X̄(p) = (I − pp>)Y (p) for
p ∈ R2. If X̄ is differentiable at p ∈ S1, we know from (4.26) that

∇X(p) = (I − pp>)∇X̄(p) = (I − pp>)(∇Y (p)− p>Y (p)I). (4.27)

Moreover, by a direct calculation, it is known that

Pp0(∂X̄(p0)) = (I − p0p
>
0 )∂X̄(p0) = co

{
±
(

1 −2
−1 2

)
, ±

(
1 2
−1 −2

)}
, (4.28)

where “co” is the convex hull. Since Tp0S1 = {v ∈ R2 : v>p0 = 0} = {(t,−t) ∈ R2 : t ∈ R}, then a
linear operator on Tp0S1 can be uniquely determined by a real number a ∈ R, i.e., (t,−t) 7→ a(t,−t). As
Pp0(∂X̄(p0)) ⊂ L(Tp0S1), we know the set Pp0(∂X̄(p0)) is equivalent to co{±3,±1} = [−3, 3].

Next, consider ∂X(p0). Let pk ∈ S1 be a sequence converging to p0. We may assume pk = (cos θk, sin θk),
where θk → π/4 and θk 6= π/4. The derivative of X(pk) can be given by (4.27). The second term
in (4.27) converges to 0 since Y (p0) = 0. Observe that ∇Y (pk) = diag(2,−4) when θk > π/4 and
∇Y (pk) = diag(−2, 4) when θk < π/4. Then, we know the Clarke generalized covariant derivative of X
at p0 is

∂X(p0) = co

{
±
(

1 2
−1 −2

)}
,

which is equivalent to co{±1} = [−1, 1]. It is clear that [−1, 1] ⊂ [−3, 3]. Thus, ∂X(p0) ⊂ Pp(∂X̄(p)).
This strict inclusion is mainly because we can only find the two tangent directions on S1 converging to
p0, while the other two normal directions are available only in R2.

We make the next assumption on the vector field X, which covers the problems in our experiments.

Assumption 12 For any p = (p1, . . . , pd) ∈M, the vector field X(p) = F (p, f1(p1), . . . , fd(pd)) ∈ TpM
is locally Lipschitz, where

– F is continuously differentiable;
– fj : R → Rnj , j = 1, . . . , d and the non-differentiable points of fj are isolated, i.e. for any point
q ∈ R, there exists some δ > 0 such that fj is continuously differentiable on (q − δ, q + δ)\{q};

– The left and right derivatives of fj exist.

Based on the above assumptions, the next lemma finds an element in ∂X by choosing a proper path
that converges to the non-differentiable point.

Lemma 6 Suppose Assumption 11 and Assumption 12 hold. For any q ∈ M, let {q(n)} ⊂ M be a

sequence that converges to q. If the sequence {q(n)} satisfies that for each j ∈ [d], it has either q
(n)
j >

qj ∀n ∈ N or q
(n)
j < qj ∀n ∈ N, then we have Pq ◦ dF |q ◦ (idRd , r1, r2, . . . , rd) ∈ ∂X(q), where dF |q is

the differential of F : Rd+
∑d
i=1 ni → Rd at q, rj : TqM→ Rnj is a linear operator such that

rj(v) =

vj lim
t↓qj

f ′j(t), if q
(n)
j > qj ,

vj lim
t↑qj

f ′j(t), if q
(n)
j < qj .

(4.29)

Proof This is a direct consequence of Definition 10 and (4.26).

It is noted that the existence of the sequence {q(n)} depends on the manifold. The next theorem gives
a construction of such a sequence on the Stiefel manifold.

Assumption 13 Let Q ∈ St(n, r), Z ∈ Rn×r and V = PQZ ∈ TQSt(n, r). For all i, j, it has Qij ∈ {±1}
if Vij = 0.

Remark 7 Let I = {(i, j) : Vij = 0 for all V ∈ TQSt(n, r)}. It is easy to know that when (i, j) /∈ I the set
Zij := {Z ∈ Rn×r : (PQZ)ij = 0} has zero Lebesgue measure as it is a linear space and dimZij < nr,
which implies that the probability of Vij = 0 is zero when Z is a random matrix in Rn×r for (i, j) /∈ I.
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Remark 8 When Qij ∈ {±1}, by the direct computation, we know (PQZ)ij = 0 since Q>Q = Ir.
Conversely, we prove that Qij ∈ {±1} for all (i, j) ∈ I where I is defined in Remark 7. If (i0, j0) ∈ I,
then N ∈ (TQSt(n, r))⊥, where Nij = 1 if i = i0, j = j0 and Nij = 0 otherwise. From [2, Example 3.6.2],
we know (TQSt(n, r))⊥ = {QS : S ∈ Rr×r, S> = S}. Without the loss of generality, we can assume
i = j = 1 and there exists S = S> such that QS = N . We can rewrite QS = N,Q>Q = Ir using block
matrices: (

a x>

y A

)(
b z>

z B

)
=

(
1 0
0 0

)
,

(
a y>

x A>

)(
a x>

y A

)
=

(
1 0
0 Ir−1

)
,

where a, b ∈ R, y, z ∈ Rr−1, x ∈ Rn−1, A ∈ R(n−1)×(r−1) and B> = B ∈ R(r−1)×(r−1). From a(ab +
x>z) = a and y>(yb+ Az) = 0, note that a2 + y>y = 1 and ax> + y>A = 0, we know a = c. Similarly,
from x(az> + x>B) = 0 and A>(yz> + AB) = 0, note that xa + A>y = 0 and xx> + A>A = Ir−1,
we know B = 0. Note yz> + AB = 0 and B = 0, then either y = 0 or z = 0. When y = 0, then
1 = a2 + y>y = a2. When z = 0, then 1 = ab+ x>z = a2. Thus, Q11 = a = ±1.

Theorem 14 Let X(P ) = F (P, f11(P11), f12(P12), . . . , fnr(Pnr)) be a locally Lipschitz vector field on
St(n, r) such that the Assumption 12 holds. Given Q ∈ St(n, r) and V = PQZ ∈ TQSt(n, r) and the As-
sumption 13 holds. Then we know PQ◦dF |Q◦(idRn×r , H11, . . . ,Hnr) ∈ ∂X(Q), where Hij : TQSt(n, r)→
Rnij is a linear map such that Hij(W ) = WijDij and

Dij =

{
limt↓Qij f

′
ij(t), Vij > 0 or Qij = −1,

limt↑Qij f
′
ij(t), Vij < 0 or Qij = 1.

Proof Consider a sequence Q(n) = expQ(tnV ), where tn ↓ 0. If Vij > 0, since d
dt

∣∣
t=0

expQ(tV ) = V , then

Q
(n)
ij > Qij for sufficiently large n. In the case where Vij = 0 and Qij = 1, note that Q>Q = Ir, we know

Q
(n)
ij < 1 for all n. Other cases are similar, and we can use Lemma 6 to find the derivative.

Thus, we derive the following algorithm:

Algorithm 15 Input: Q ∈ St(n, r), Output: H ∈ ∂X(Q).

(i). Sample Z ∈ Rn×r from the standard Gaussian distribution.
(ii). Calculate the projection V = PQZ.

(iii). If there exists (i, j) such that Vij = 0 and Qij /∈ {±1}, re-run (i)-(ii).
(iv). Calculate H by Theorem 14.

It is noted that the Algorithm 15 find an element of the Clarke generalized covariant derivative of vector
fields on St(n, r) almost surely.

5 Numerical Experiments

In this section, we evaluate our algorithm on three problems mentioned before: compressed modes
(CM) [44], sparse PCA and the constrained sparse PCA [41]. In CM and SPCA, we compare our al-
gorithm with SOC [37], ManPG [16, ManPG-Ada (Algorithm 2)], accelerated ManPG (AManPG) [34],
and accelerated Riemannian proximal gradient (ARPG) [35]. In the constrained SPCA, we compare our
algorithm with ALSPCA [41]. Codes of SOC and ManPG are provided by [16], codes of AManPG and
ARPG are provided by [35], and the code of ALSPCA is provided by [41]. All codes are implemented
by MATLAB and evaluated on Intel i9-9900K CPU. Reported results are averaged over 20 runs with
different random initial points.

5.1 Compressed Modes

We consider the CM problem (1.2) and follows the setting of [16] to solve the Schrödinger equation of
1D free-electron model with periodic boundary condition:

−1

2
∆φ(x) = λφ(x), x ∈ [0, 50].
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Fig. 1: Comparisons on CM with (n, µ) = (500, 0.05) and r = 20, 35, 50. The top row plots the termination
condition, which is the sum of the left hand parts in (5.3) and (5.4) for SOC, and similar for other
algorithms. The bottom row plots the eigenvalues of Q>HQ, where Q is the solution of the corresponding
method.

Fig. 2: Comparisons on the first-order method [53] and the second-order method in solving the CM
subproblem (3.8). Columns represent the behaviour of these methods in solving different subproblems in
Algorithm 3.

We discretize the domain [0, 50] into n nodes, and let H be the discretized version of − 1
2∆. The CM

problem needs to solve (1.2). The first-order optimality condition is

0 ∈ 2PQ(HQ) + µPQ(∂ ‖Q‖1). (5.1)

It is worth mentioning that this condition is difficult to check in general because of the existence of the
projection. Recall that ManPG solves the following subproblem:

V∗ = arg min
V ∈TQSt(n,r)

〈
gradQ tr(Q>HQ), V

〉
+

1

2t
‖V ‖2F + ‖Q+ V ‖1 .
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Fig. 3: Comparisons on SPCA with (n, r, µ) = (500, 20, 1.00) and three different A>A. The shifted loss
is the loss substracted by the minimal loss among all iterations, i.e., F (xk)−minj F (xj).

The solution of the above problem satisfies

−V∗/t ∈ 2PQ(HQ) + µPQ (∂ ‖Q+ V∗‖1) .

As suggested by [16, 34], ManPG and AManPG use t−1 ‖V∗‖∞ /(‖Q‖F +1) ≤ 5×10−5 as the termination
condition, which can be regarded as an approximation of the optimality condition (5.1) of the CM
problem.

For SOC and our algorithm, the termination rules are their KKT conditions. Specifically, SOC rewrites
(1.2) into the following problem:

min
Q,P,R∈Rn×r

tr(P>HP ) + µ ‖R‖1 ,

s.t. Q = P,R = P,Q ∈ St(n, r).
(5.2)

The Lagrangian of (5.2) is LS(Q,P,R, Γ, Λ) = tr(P>HP )+µ ‖R‖1 +Γ>(Q−P )+Λ>(R−P ), where
P,R ∈ Rn×r and Q ∈ St(n, r). We terminate SOC when both the following conditions are satisfied.

‖Q− P‖∞
max{‖Q‖F , ‖P‖F }+ 1

+
‖R− P‖∞

max{‖R‖F , ‖P‖F }+ 1
≤ 5× 10−7, (5.3)∥∥gradQ LS

∥∥
∞

‖Q‖F + 1
+
‖∇PLS‖∞
‖P‖F + 1

+
minG∈∂RLS ‖G‖∞
‖R‖F + 1

≤ 5× 10−5. (5.4)

Similarly, our algorithm rewrites the problem into

min
Q,R∈Rn×r

tr(Q>HQ) + µ ‖R‖1 ,

s.t. Q = R,Q ∈ St(n, r).
(5.5)

The Lagrangian is LN (Q,R,Λ) = tr(Q>HQ)+µ ‖R‖1+Λ>(Q−R), where R ∈ Rn×r and Q ∈ St(n, r).
The termination conditions are both (5.6) and (5.7):

‖Q−R‖∞
max{‖Q‖F , ‖R‖F }+ 1

≤ 5× 10−7, (5.6)∥∥gradQ LN
∥∥
∞

‖Q‖F + 1
+

minG∈∂RLN ‖G‖∞
‖R‖F + 1

≤ 5× 10−5. (5.7)
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Below we illustrate how to apply our algorithm in this problem. In the subproblem of our algorithm,
we need to minimize Lk(Q) = tr(Q>HQ) +Gσ(Q+Λ/σ), where Gσ is the Moreau-Yosida regularization
of λ ‖·‖1. Let L̂k : Rn×r → R be the extension of Lk into the Euclidean space, i.e., L̂k|St(n,r) = Lk. The

Euclidean gradient and Hessian of L̂k at a differentiable point Q can be easily computed as

grad L̂k(Q) = −2HQ+ (σQ+ Λ)− σF, and Hess L̂k(Q)[Z] = −2HZ + σZ � E,

where� is the Hadamard product and E,F ∈ Rn×r with Eij = 1{|Qij+Λij/σ|≤λ/σ}, Fij = proxλ‖·‖1/σ(Qij+

Λij/σ). When L̂k is differentiable at Q, the Riemannian gradient and Hessian can be written as [2]

gradLk(Q) = PQ grad L̂k(Q), and HessLk(Q)[Z] = PQ(Hess L̂k(Q)[Z]− Z sym(Q> grad L̂k(Q))),

where symQ := (Q+Q>)/2. It is easy to check that gradLk fulfills Assumption 12 with fij(Qij) = Fij .

Thus, Algorithm 15 can be applied to find an element of ∂ gradLk when L̂k is non-differentiable at Q.
The parameters of ManPG and SOC are the same as those in [16]. The codes and parameters of

AManPG and ARPG are adopted from the SPCA implementation of Huang et al. [35]. All of the four
methods are terminated when their termination conditions are satisfied or the number of iterations
exceeds 30000. In our algorithm, we set τ = 0.97, ρ = 1.25, α = 1.01. We set εk = 0.95k and the initial
value of σ is 1.0. To solve our subproblem, Therefore, we use the first-order method to find a good initial
point, and start the second-order method when ‖gradLk‖ < 5× 10−4, where Lk is defined in (3.8). The
maximum number of iterations in CG and the first-order method is 1000. In Algorithm 7, the linesearch
parameter is µ = 0.1. We set λk = 0.7k and the minimal stepsize of the linesearch is 10−4. When CG
finds a negative direction pk, we set λk = −2HessLk(Qk)[pk, pk]/ ‖pk‖2 and restart the iteration.

We report the results in Table. 2 and Fig. 1. We see that all methods find solutions with similar
objective function values and comparable sparsity levels. It is noted that our method is generally faster
than (or comparable to) other methods. We note that when r = 10 and 15, LS-I looks extremely slow
because the second-order method starts too early such that most evaluations of second-order directions
are wasted. This could be solved by a careful tuning of parameters. From Fig. 1, we also find ManPG
has difficulty attaining the desired termination condition when r is large. The performance of LS-I and
LS-II are similar, except for the aforementioned cases in which the second-order method does not starts
appropriately.

Next, we examine whether the second-order method is helpful in this problem. We terminate our
method when both (5.6) and (5.7) are less than 5 × 10−8 and report the number of iterations and the
computational cost of the second-order method used to solve subproblems. We also try to run the first-
order method [53] from the same initial point in each subproblem and terminate it when it attains the
same accuracy as the second-order method. Results are illustrated in Fig. 2 and reported in Table. 3.
From Table. 3 and the bottom row of Fig. 2, we see that to attain the same accuracy, the number
of iterations of the second-order method is significantly smaller than the first-order method. Since the
second-order method requires solving a linear equation in each iteration, the first-order method may be
faster than the second-order method in terms of the computational cost as can be observed in Table. 3.
However, by comparing the computational cost of these two methods in LS-I, we see that the second-
order method can be faster in some cases due to its fast convergence, which is also illustrated in the top
row of Fig. 2.

We also note that in the Euclidean setting the sparsity may be exploited to accelerate the conjugate
gradient in the second-order method [40]. However, this is not straightforward in the Riemannian setting
since the existence of the projection in the Riemannian Hessian may destroy the sparsity. Our current
implementation of Algorithm 7 does not exploit the sparsity of the solution. It is believed that the
second-order could be accelerated if we could exploit the sparsity to design a faster CG method.

5.2 Sparse PCA

In this section, we consider the SPCA problem (1.3). We compare our algorithm with AManPG, ARPG
and SOC in high accuracy. The termination conditions are similar to those in CM and the threshold is
set to 5 × 10−8. In our algorithm, we set τ = 0.99, the maximum numbers of iterations in CG and the
first-order method are both 300. We set εk = 0.9k and the initial value of σ is 3λmax(A>A), where λmax

denotes the maximal eigenvalue. Other parameters of our algorithm are the same as those in CM. Note
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Table 2: Comparison on CM. (n, r, µ) = (1000, 20, 0.1) and one of them varies. “ManPG” is the adaptive
version (ManPG-Ada) in [16].

CPU (s) Loss
ManPG AManPG ARPG LS-I LS-II SOC ManPG AManPG ARPG LS-I LS-II SOC

n

200 11.54 3.86 6.43 1.16 1.60 1.78 14.10 14.10 14.10 14.10 14.10 14.10
500 21.02 8.32 9.15 4.00 5.87 5.41 18.60 18.60 18.60 18.60 18.60 18.60
1000 66.30 8.60 11.30 11.45 9.66 14.99 23.30 23.30 23.30 23.30 23.30 23.30
1500 44.73 40.18 42.85 23.24 26.72 39.69 26.90 26.80 26.80 26.80 26.80 26.80
2000 42.48 46.86 51.47 27.59 27.74 46.33 29.80 29.70 29.70 29.70 29.70 29.70

r

10 15.35 15.63 15.71 88.89 11.67 17.28 10.70 10.70 10.70 10.70 10.70 10.70
15 35.35 9.55 11.17 37.23 10.09 15.47 16.50 16.40 16.40 16.40 16.40 16.40
25 87.64 22.73 23.93 17.19 20.55 27.11 32.00 32.00 32.00 32.00 32.00 32.00
30 83.13 27.41 29.35 11.28 14.84 18.10 42.90 42.90 42.90 42.90 42.90 42.90

µ

0.05 102.63 14.86 13.98 6.89 7.87 6.34 15.10 15.10 15.10 15.10 15.10 15.10
0.15 65.08 17.09 21.48 13.73 15.11 32.51 31.00 31.00 31.00 31.00 31.00 31.00
0.20 51.46 12.96 24.12 17.14 14.46 33.71 38.30 38.20 38.20 38.20 38.20 38.20
0.25 42.74 13.41 25.43 53.06 20.10 34.80 45.30 45.20 45.20 45.20 45.20 45.30

Table 3: Comparison on CM with higher accuracy. (n, r, µ) = (1000, 20, 0.1) and one of them varies. The
termination threshold is 5 × 10−8. The column Second-Order is the total number of iterations and
CPU time of the second-order method. The column First-Order is the total number of iterations and
CPU time of the first-order method [53] started from the same initial point as the second-order method
and terminated when it attains the same optimality condition.

Second-Order First-Order
Iteration Time (s) Iteration Time (s)

LS-I LS-II LS-I LS-II LS-I LS-II LS-I LS-II

n

200 273 367 2.30 4.40 27233 24887 7.00 7.00
500 286 362 4.60 9.80 33403 28714 15.00 13.00
1000 124 81 2.90 2.00 1754 3932 1.00 2.00
1500 232 358 20.20 61.90 66829 59074 68.00 60.00
2000 130 206 12.90 32.80 23439 21273 31.00 27.00

r

10 551 300 82.70 57.40 56994 24357 27.00 11.00
15 330 256 35.20 54.30 28721 18450 18.00 11.00
25 227 342 12.40 27.70 28154 23752 26.00 21.00
30 162 422 15.60 74.20 24970 19603 26.00 21.00

µ

0.05 165 285 5.10 13.20 9075 8209 6.00 5.00
0.15 138 219 5.50 12.60 20983 19213 16.00 16.00
0.20 101 145 5.20 12.10 12352 10388 9.00 7.00
0.25 271 299 37.80 64.70 73177 35754 55.00 26.00

that since ManPG generally cannot achieve our requirement on the accuracy, we terminate it when the
computational time exceeds 300 seconds.

The data matrix A ∈ R50×n is generated as follows: First, we randomly generate A from the standard
Gaussian distribution. Then, we modify the singular values of A to {w4

i + 10−5}50
i=1 to make A ill-

conditioned, where {wi} are sampled from the standard Gaussian distribution. Finally, columns of A are
normalized to the zero mean and the unit length. Results are reported in in Table. 4 and Fig. 3. We find
that the losses of the solutions obtained by these methods are comparable, and our algorithm is faster
than other methods when one of µ, r, n is large.

5.3 Constrained Sparse PCA

Since the SPCA problem in Sec. 5.2 has no guarantee on finding eigenvectors, the constrained SPCA
problem (1.4) is considered [41]. In this section, we compare our algorithm with [41], which will be referred
to as ALSPCA. In our implementation, we apply the first-order feasible method on Stiefel manifold
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Table 4: Comparison on SPCA. A ∈ R50×n, (n, r, µ) = (2000, 20, 1.0) and one of them varies.

CPU (s) Loss
ManPG AManPG ARPG LS-I LS-II SOC ManPG AManPG ARPG LS-I LS-II SOC

n

500 130.04 6.77 48.26 5.25 4.99 18.86 -337.50 -337.70 -337.70 -337.80 -337.80 -337.30
1000 216.74 12.05 79.78 12.46 11.98 34.94 -749.70 -749.70 -749.90 -749.70 -749.70 -749.60
1500 286.69 34.72 87.92 25.50 22.71 57.74 -1206.80 -1207.60 -1207.80 -1207.60 -1207.60 -1206.90
2000 284.57 34.64 112.64 40.48 29.77 94.48 -1621.10 -1621.50 -1621.80 -1622.60 -1622.60 -1621.30
2500 295.38 57.50 116.51 68.77 26.41 124.66 -2073.30 -2077.00 -2077.30 -2077.10 -2077.10 -2076.20
3000 297.92 81.80 134.70 78.58 41.24 158.95 -2535.30 -2542.00 -2541.80 -2542.30 -2542.30 -2541.10

r

5 46.15 7.37 25.00 14.96 15.79 55.96 -1497.50 -1497.50 -1497.50 -1497.60 -1497.60 -1497.50
10 164.57 18.52 44.10 28.68 18.90 75.23 -1639.70 -1640.10 -1640.10 -1640.50 -1640.50 -1639.70
15 247.58 38.15 67.22 43.32 24.76 86.39 -1641.00 -1641.50 -1641.60 -1640.80 -1640.80 -1640.90
25 299.09 62.88 146.32 30.75 25.99 105.45 -1627.10 -1636.00 -1636.40 -1636.40 -1636.40 -1636.50

µ

0.25 252.48 70.98 80.56 80.91 83.91 93.19 -1871.50 -1874.10 -1874.10 -1874.20 -1874.20 -1871.40
0.50 277.07 57.01 86.69 48.89 36.06 93.67 -1777.10 -1780.80 -1780.80 -1780.60 -1780.60 -1778.60
0.75 280.89 51.82 98.02 44.07 26.06 94.44 -1695.10 -1698.00 -1697.70 -1698.10 -1698.10 -1695.80
1.25 276.42 37.36 112.67 39.56 23.36 93.86 -1551.90 -1552.00 -1552.20 -1553.30 -1553.30 -1552.00

Table 5: Comparison on constrained SPCA. (n, r, µ) = (2000, 20, 1.0) and one of them varies. Equality
and Inequality are the logarithm of the violation of equality/manifold and inequality constraints,
respectively.

CPU (s) Sparsity (%) CPAV (%) Equality Inequality
Ours ALSPCA Ours ALSPCA Ours ALSPCA Ours ALSPCA Ours ALSPCA

r

5 7.58 10.19 37.75 34.35 11.86 11.98 -15.31 -8.84 -8.58 -8.29
10 12.68 19.61 37.86 34.24 22.80 23.16 -15.30 -8.82 -8.12 -7.99
15 17.58 25.37 38.58 39.36 32.94 32.78 -15.24 -8.70 -8.11 -7.86
20 20.74 27.57 39.86 37.63 42.59 43.03 -15.09 -9.17 -7.94 -8.53
25 27.66 32.02 39.98 38.86 51.59 52.05 -15.13 -9.02 -8.04 -8.13

n

500 8.99 15.46 72.45 68.53 35.73 35.68 -15.20 -8.95 -8.28 -8.38
1000 13.30 22.82 56.15 49.97 40.47 41.67 -15.16 -8.87 -8.09 -7.94
2000 20.74 27.57 39.86 37.63 42.59 43.03 -15.09 -9.17 -7.94 -8.53
4000 46.53 38.75 23.84 21.61 43.16 44.08 -15.10 -9.01 -8.30 -7.96
6000 59.52 61.42 18.33 16.90 43.10 43.76 -15.25 -9.18 -8.72 -7.98

Fig. 4: Results of Algorithm 3 and 7 on constrained SPCA with (n, µ) = (600, 1.0) and r = 3, 5, 10,
respectively. We use the first-order method to find an initial point for Algorithm 7 and start the second-
order method when ‖ gradLk‖ ≤ 5×10−4. “Feasibility” refers to the condition like (5.6) and “Stationary”
refers to the condition like (5.7). The second-order method is able to start when r = 3, 5 and fails to
start when r = 10.

[53] to solve the subproblem when the iterates do not meet the start conditions of the semismooth
Newton method. Following [41], the termination condition of subproblem is based on the feasiblity
conditions (5.6). In our algorithm, we set τ = 0.25, ρ = 10, α = 1.01, the maximum number of iterations
of the first-order method is 2000. We set εk = 0.1k and the initial value of σ is 1. The parameters of
ALSPCA are the same as those in [41]. The data matrix A ∈ R50×n is generated from the standard
Gaussian distribution and each column of A is normalized to the zero mean and the unit length.
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In our experiments, we observe that our algorithm and ALSPCA find very different solutions for the
same penalty parameter µ. To better compare their performance, we set µ = 1 for our algorithm, and
tune µ to achieve a comparable sparsity for ALSPCA. We compare the quality of solutions in terms of
the cumulative percentage of adjusted variance (CPAV) proposed by [41]. It is defined as follows:

CPAV(V ) =
1

tr(A>A)

(
tr(V >A>AV )−

√∑
i 6=j

(V >i A
>AVj)2

)
.

This quantity measures how well the data is explained by the found principal components. We set
∆ij = 10−8 and report the results in Table. 5. We find solutions obtained from these algorithms are
comparable in terms of CPAV. We also find there is a trade-off between the sparsity and the explainability
(CPAV). The speed of our algorithm is comparable with ALSPCA for large n, r, and is faster for small
n, r. Moreover, as shown in the first two columns in Fig. 4, the semismooth Newton method can start
when r = 3 and r = 5. When r = 10, the behaviour of our algorithm is similar to the first order methods
as it is difficult to meet the stationary conditions like (5.7). One possible reason is that (1.4) has r(r−1)
inequality constraints such that the non-degeneracy condition required by Theorem 10 is likely violated
for the case when r is large. A similar phenomenon has also been observed in SDP [59, 55]. Even in this
case, we find that our algorithm is still faster than the ALSPCA method.

6 Conclusion

The paper proposes an augmented Lagrangian method for solving a class of nonsmooth optimization
problems on manifolds with proved convergence. Using the Moreau-Yosida regularization, the augmented
Lagrangian subproblem can be efficiently solved by the globalized semismooth Newton method, which
exploits the second order geometry structure of manifolds. The local superlinear convergence rate is
established under certain non-degenerate conditions that are similar to the case in the Euclidean space.
Our numerical experiments on various applications show the advantages of the proposed method over
the existing methods. The work done in this paper on ALM for solving the nonsmooth optimization
problems on manifolds is by no means complete. There are many unanswered questions on both theory
and algorithm design. For example, the convergence results of ALM for solving the nonsmooth manifold
optimization problem are established under the constraint qualifications such as CPLD and LICQ. A sys-
tematical study on the convergence analysis of ALM under weaker assumptions is certainly of paramount
necessity for solving the nonsmooth manifold optimization problems. Another direction is to design more
efficient algorithms for solving the ALM subproblems in particular for the more challenging problems
such as the constrained sparse PCA. It is our firm belief that a better using of the inherent second order
geometry structure of manifolds rather than projecting them into the tangent spaces will lead to more
efficient optimization methods for solving nonsmooth manifold optimization problems.
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