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Abstract. Second-order variational properties have been shown to play important theoretical and numer-
ical roles for different classes of optimization problems. Among such properties, twice epi-differentiability
has a special place because of its ubiquitous presence in various classes of extended-real-valued functions
that are important for optimization problems. We provide a useful characterization of this property for
spectral functions by demonstrating that it can be characterized via the same property of the symmetric
part of the spectral representation of an eigenvalue function. Our approach allows us to bypass the rather
restrictive convexity assumption, used in many recent works that targeted second-order variational prop-
erties of spectral functions. By this theoretical tool, several applications on the proto-differentiability of
subgradient mappings, the directional differentiability of the proximal mapping of spectral functions are
achieved. We finally use our established theory to study twice epi-differentiability of leading eigenvalue
functions and practical regularization terms that have important applications in statistics and the robust
PCA.
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1 Introduction

In this paper, we study the second-order variational properties of orthogonally invariant functions
(also called spectral functions [14]). A mapping g : Sn → R := [−∞,∞], is orthogonally
invariant if

g(X) = g(U⊤XU), for all X ∈ Sn and for any U ∈ On,

where Sn stands for the real vector space of n × n symmetric matrices and On is the set of
all real n × n orthogonal matrix. It is known (see [26]) that any spectral function admits the
composite representation

g(X) = (θ ◦ λ)(X), X ∈ Sn, (1.1) {spec}{spec}

where θ : Rn → R is a symmetric (permutation-invariant) function on Rn, i.e., for all x ∈ Rn

and any n×n permutation matrix P , θ(x) = θ(Px), where λ(X) :=
(
λ1(X), . . . , λn(X)

)
denotes

the vector of eigenvalues of X arranged in nonincreasing order λ1(X) ≥ . . . ≥ λn(X). Spectral
functions are widely used in areas such as neural networks, signal processing, robust PCA, and
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graph theory, among others [11,12,15,25,39]. They also cover many classical models, including
semidefinite programming problems (SDP) [52] and eigenvalue optimization [38]. Over the past
three decades, extensive theoretical foundations have been developed for spectral functions; see,
e.g., [8–10,26,28,40].

While prior studies have delivered notable advances in first-order variational properties of
spectral functions and algorithm design for particular classes of optimization problems such as
CMatOP [3], the existing second-order variational theory of spectral functions remains limited
in light of rapid progress in machine learning and statistical optimization. To narrow this gap,
we aim to present a comprehensive analysis of twice epi-differentiability of spectral functions
that are not necessarily convex. Twice epi-differentiability, introduced in [42], provides second-
order approximations to the epigraphs of extended-real-valued functions. It also can be used to
establish the second-order optimality conditions for different class of optimization problems [17].
On the algorithmic side, recent results in [20,31,33] highlight a fundamental role that twice epi-
differentiability plays for establishing convergence of numerical algorithms including generalized
Newton methods [35] and the augmented Lagrangian method [18] that are widely used in large-
scale optimization.

Twice epi-differentiability has been explored for important classes of functions such as piece-
wise linear quadratic (cf. [43, Proposition 13.9]), C2 cone reducible convex sets (cf. [31, The-
orem 6.2]), and more generally parabolically regular functions (cf. [33, Theorem 3.8]). These
results were extended to some classes of eigenvalue functions by Torki in [48, Theorem 3.2]),
where he showed for the first time that some eigenvalue functions enjoy this property as well.
His result, however, fell short of providing a systematic approach to characterizing twice epi-
differentiability of eigenvalue functions through the same property of their symmetric parts,
meaning the function θ in (1.1), a pattern which was pioneered by Davis in [5] for convexity of
spectral functions and was remarkably extended to various first-order variational properties by
Lewis; see [27]. It is worth mentioning that a similar pattern was demonstrated to hold for some
second-order variational properties of spectral functions such as twice differentiability (cf. [28]),
prox-regularity (cf. [7]), C2-cone reducibility (cf. [4]), and parabolic regularity (cf. [21, 34]).

This paper continues the path, initiated recently in [34], to conduct second-order variational
analysis of spectral functions. We should add here that the latter work focused mainly on
the characterization of parabolic regularity, which is a strictly stronger property than twice
epi-differentiability, of spectral functions. Moreover, convexity was assumed in the main results
of [34]. Our results have two major differences with [33]. First and foremost, we study a different
second-order variational property than the one in [34]. Second, we improve some of the results
therein that allow us to drop convexity in our developments in this paper. This opens the door
to possibly remove convexity from the main assumptions in [34], which will be a subject for our
future research. Below, we summarize our main contributions:

• We show that twice epi-differentiability of the spectral function g in (1.1) can be charac-
terized via the same property of its symmetric part θ even when g is nonconvex. As a
consequence of this characterization, we also calculate the second subderivative of spectral
functions. A similar result is proven for twice semidifferentiability of differentiable spectral
functions. Note that the principal challenge in the nonconvex case is that subgradients ∂θ
need not have components in nonincreasing order, which complicates compatibility with
the ordered eigenvalue map. These brand new results provide important insights in how
to study second-order variational properties of nonconvex spectral functions.

• Based on these inheritance results, the proto-differentiability of subgradient mappings
and the directional differentiability of the proximal mapping of spectral functions are
characterized. Furthermore, we provide a characterization of the concept of generalized
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twice differentiability of spectral functions, which was introduced recently in [44].

• As a consequence of our second order variational developments, we study variational prop-
erties of nonconvex spectral models, e.g., leading eigenvalue-based penalties and MCP
penalties on eigenvalue values, which are widely used in modern statistics and machine
learning yet lack rigorous analysis. We further propose a unified framework that treats
such terms without requiring a case-by-case argument.

The remaining parts of this paper are organized as follows. In Section 2, we introduce the
notation used throughout and reviews some preliminaries on eigenvalue and spectral functions.
Section 3 presents a characterization of twice epi-differentiability of spectral functions via the
same property of their symmetric parts. Several theoretical applications of this characterization
are provided in Section 4. Section 5 illustrates some applications of our established theory in
important examples, including the leading eigenvalues, MCP penalties on singular values, and
several commonly used statistical regularizers. We conclude our paper in the final section.

2 Notations and Preliminaries
{sect02}

In this section, we mainly introduce some notations used throughout this paper, some pre-
liminary knowledge on the eigenvalue function and spectral functions. Suppose X and Y are
Euclidean spaces. For any set C ⊂ X, we use δC to denote its indicator function. dist(x,C) is
defined as the distance between x ∈ X and set C. Rm×n is the space of all real n×m matrices.
For any Z ∈ Rm×n and given two index sets α ⊆ {1, . . . ,m}, β ⊆ {1, . . . , n}, we use Zα to
denote the sub-matrix of Z obtained by removing all the columns of Z not in α. Zαβ denotes
the |α|×|β| sub-matrix of Z obtained by removing all the rows of Z not in α and all the columns
of Z not in β, where |α| is cardinality of the index set α. In particular, we use Zj to represent
the j-th column of Z, j = 1, . . . , n. Z† is the Moore-Penrose generalized inverse of Z. N stands
for the set of natural numbers. For any vector x = (x1, . . . , xn) ∈ Rn, denote by Diag (x) the
diagonal matrix whose i-th diagonal entry is xi for any i = 1, . . . , n.

Given X ∈ Sn, we use µ1(X) > · · · > µr(X) to denote the distinct eigenvalues of X and
define the index sets

αm :=
{
i ∈ {1, . . . , n}| λi(X) = µm(X)

}
, m = 1, . . . , r. (2.1) {index}{index}

Let On(X) be the set of all orthogonal matrices U satisfying the eigenvalue decomposition of
X ∈ Sn, i.e.,

X = UDiag (λ(X))U⊤. (2.2) {specdocom}{specdocom}

Define ℓi(X) for any i ∈ {1, . . . , n} to be the number of eigenvalues of X that are equal to λi(X)
but are ranked before λi(X) including λi(X). This integer allows us to locate λi(X) in the group
of the eigenvalues of X as follows:

λ1(X) ≥ · · · ≥ λi−ℓi(X) > λi−ℓi(X)+1(X) = · · · = λi(X) ≥ · · · ≥ λn(X). (2.3) {ell}{ell}

For simplicity, we drop X from ℓi(X) when the dependence of ℓi on X can be seen from the
context. For any function f : X → R, we use f ′(x;h) to denote its directional derivative at
x for h (cf. [43, 7(17)]). The following first-order expansion of the eigenvalue function is given
in [47, Proposition 1.4], which is of great importance in the derivation of the main result of this
paper.
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Proposition 2.1 (First-order expansion of eigenvalue functions). Assume that X ∈ Sn has the {olemma}
eigenvalue decomposition (2.2) for some U ∈ On(X). Let µ1 > · · · > µr be distinct eigenvalues
of X. Then, for any H ∈ Sn that H → 0 and any i ∈ {1, . . . , n}, we have

λi(X +H) = λi(X) + λℓi

(
U⊤
αm

HUαm + U⊤
αm

H(µmI −X)†HUαm

)
+O(∥H∥3) (2.4) {secondexp1}{secondexp1}

and
λi

(
X +H

)
= λi(X) + λℓi(U

⊤
αm

HUαm) +O(∥H∥2), (2.5) {fexpan}{fexpan}

where m ∈ {1, . . . , r} with i ∈ αm. Thus, we have

λ
′
(X;H) =

(
λ(U⊤

α1
HUα1), . . . , λ(U

⊤
αr
HUαr)

)
.

Next, we review some concepts from variational analysis that will be used extensively in this
paper. Given a nonempty set C ⊂ X with x̄ ∈ C, the tangent cone TC(x̄) to C at x̄ is defined
by

TC(x̄) =
{
w ∈ X| ∃ tk↓0, wk → w as k → ∞ with x̄+ tkwk ∈ C

}
.

The regular normal cone of C at x̄ is defined as N̂C(x̄) = TC(x̄)
∗. The (limiting) normal cone

NC(x̄) is defined as {v ∈ X | ∃ xk → x̄, xk ∈ C and vk → v with vk ∈ N̂C(xk)}. The set of all
subgradients of f at x̄ is defined as ∂f(x̄) = {v ∈ X | (v,−1) ∈ Nepi f (x̄, f(x̄))} and is called
the (limiting) subdifferential of f at x̄. Similarly, we can define the regular subdifferential of f
at x̄, denoted by ∂̂f(x̄). Below, we record a result, established in [27, Theorem 6], that provides
a nice formula for the subdifferential of spectral functions.

{subsp}
Proposition 2.2. Assume that θ : Rn → R is a proper and lower semicontinuous (lsc) sym-
metric function. Then we have

∂(θ ◦ λ)(X) =
{
UDiag (v)U⊤| v ∈ ∂θ(λ(X)), U ∈ On(X)

}
.

A similar conclusion holds for the regular subdifferential of θ ◦ λ.

Given a function f : X → R, its domain is defined by dom f =
{
x ∈ X| f(x) < ∞

}
. The

function f is called locally Lipschitz continuous around x̄ relative to C ⊂ dom f with constant
ℓ ≥ 0 if x̄ ∈ C with f(x̄) finite and there exists a neighborhood U of x̄ such that

|f(x)− f(y)| ≤ ℓ ∥x− y∥ for all x, y ∈ U ∩ C.

Such a function is called locally Lipschitz continuous relative to C if it is locally Lipschitz con-
tinuous around every x̄ ∈ C relative to C. Piecewise linear-quadratic functions (not necessarily
convex) and an indicator function of a nonempty set are important examples of functions that
are locally Lipschitz continuous relative to their domains.

The subderivative function of f : X → R at x̄ with f(x̄) finite, denoted by df(x̄) : X → R,
is defined for any w̄ ∈ X by

df(x̄)(w̄) = lim inf
t↓0

w→w̄

f(x̄+ tw)− f(x̄)

t
. (2.6) {semi1}{semi1}

Next, we review some preliminary results about the subderivative of the spectral functions.
Denote Pn as the set of all n × n permutation matrices. Recall that a function θ : Rn → R is
called symmetric if for every x ∈ Rn and every Q ∈ Pn, θ(Qx) = θ(x) holds. It can be checked
directly from (1.1) that θ can be expressed as a composite function in the form

θ(x) = g
(
Diag (x)

)
for all x ∈ Rn. (2.7) {spec2}{spec2}
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Suppose X has the eigenvalue decomposition of (2.2) with r distinct eigenvalues. Denote Pn
X :=

{Q = Diag (P1, . . . , Pr) | Pm ∈ P|αm|, m = 1, . . . , r}. It can be checked directly that Pn
X ⊂ Pn.

Moreover, if Q ∈ Pn
X , we have Qλ(X) = λ(X). If θ : Rn → R is a symmetric function and

X ∈ Sn with θ(λ(X)) finite, it is not hard to see that

dθ(λ(X))(v) = dθ(λ(X))(Qv) (2.8) {sub_sym}{sub_sym}

for any v ∈ Rn and any Q ∈ Pn
X .

Recalling the index sets αm, m = 1, . . . , r, from (2.1), we partition a vector p ∈ Rn into
(pα1 , . . . , pαr), where pαm ∈ R|αm| for any m = 1, . . . , r. Recall from [43, Definition 7.25]
that an lsc function f : X → R is said to be subdifferentially regular at x̄ ∈ X if f(x̄) is
finite and N̂epi f (x̄, f(x̄)) = Nepi f (x̄, f(x̄)). Denote by Rn

↓ the set of all vectors (x1, . . . , xn)
such that x1 ≥ · · · ≥ xn. The following result shows the explicit formula of the subderivative
of spectral functions when they are subdifferentially regular. Note that a similar result was
recently established [34, Theorem 3.5] for convex spectral functions.

{specsubd}
Theorem 2.3 (Subderivatives of spectral functions). Let θ : Rn → R be a symmetric function
and let X ∈ Sn with (θ ◦λ)(X) finite. If θ is lsc and subdifferentially regular with ∂θ(λ(X)) ̸= ∅,
then for all H ∈ Sn we have

d(θ ◦ λ)(X)(H) = dθ(λ(X))(λ
′
(X;H)). (2.9) {dchain}{dchain}

Proof. The proof of the inequality “≥” in (2.9) is exactly the same as that in [34, Theorem
3.5], so we omit it here for brevity. To justify the opposite inequality, we can also obtain for any
ε > 0, we may choose Y ∈ ∂(θ ◦ λ)(X) such that

d(θ ◦ λ)(X)(H) ≤ ε+ ⟨Y,H⟩

by following the same argument as in the proof of [34, Theorem 3.5]. Since Y ∈ ∂(θ ◦ λ)(X),
it follows from Proposition 2.2 that there are U ∈ On(X) and v ∈ ∂θ(λ(X)) such that Y =
UDiag (v)U⊤. Since v = (vα1 , . . . , vαr), we can choose a permutation matrix Qm ∈ P|αm| such

that ṽαm = Qmvαm with ṽαm ∈ R
|αm|
↓ for any m = 1, . . . , r. Set Q = Diag (Q1, . . . , Qr) and use

Fan’s inequality [13] to obtain

d(θ ◦ λ)(X)(H) ≤ ε+ ⟨Y,H⟩ = ε+ ⟨Diag (v), U⊤HU⟩ = ε+
r∑

m=1

⟨Diag (v)αmαm , U
⊤
αm

HUαm⟩

≤ ε+

r∑
m=1

⟨ṽαm , λ(U
⊤
αm

HUαm)⟩ = ε+

r∑
m=1

⟨Qmvαm , λ(U
⊤
αm

HUαm)⟩

= ε+ ⟨v,Q⊤λ
′
(X;H)⟩ ≤ ε+ dθ(λ(X))(Q⊤λ

′
(X;H))

= ε+ dθ(λ(X))(λ
′
(X;H)),

where the last inequality results from the fact that θ is subdifferentially regular, and v ∈
∂θ(λ(X)) and where the last equality results from (2.8). Letting ε ↓ 0, we get the opposite
inequality in (2.9).

3 Twice Epi-Differentiability of Spectral Functions
{sect05}

The main objective of this section is to provide a characterization of twice epi-differentiability
of the spectral function g in (1.1) via the same property of the symmetric function θ therein.
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To do so, we recall some second-order variational properties, important for our developments in
this section. Given a function f : X → R and x̄ ∈ X with f(x̄) finite, denote the parametric
family of second-order difference quotients for f at x̄ for v̄ ∈ X as

∆2
t f(x̄, v̄)(w) =

f(x̄+ tw)− f(x̄)− t⟨v̄, w⟩
1
2 t

2
with w ∈ X, t > 0.

The second subderivative of f at x̄ for v̄ is defined by

d2f(x̄, v̄)(w) = lim inf
t↓0

w′→w

∆2
t f(x̄, v̄)(w

′), w ∈ X.

Following [43, Definition 13.6], a function f : X → R is said to be twice epi-differentiable at x̄
for v̄ ∈ X, with f(x̄) finite, if the sets epi∆2

t f(x̄, v̄) converge to epi d2f(x̄, v̄) as t ↓ 0; see [43,
Chapter 4] for the definition of a sequence of sets. The latter means by [43, Proposition 7.2]
that for every sequence tk ↓ 0 and every w ∈ X, there exists a sequence wk → w such that

d2f(x̄, v̄)(w) = lim
k→∞

∆2
tk
f(x̄, v̄)(wk). (3.1) {dedf}{dedf}

The second subderivative was introduced in [41], where the concept of twice epi-differentiability
for convex functions was studied for the first time. The importance of the second subderiva-
tive resides in the fact that it can characterize the quadratic growth condition for optimization
problems; see [43, Theorem 13.24]. So, it is crucial for many applications to calculate it in
terms of the initial data of an optimization problem. This task was carried out for major classes
of functions including the convex piecewise linear-quadratic functions in [43, Proposition 13.9],
the second-order cone in [32, Example 5.8], the cone of positive semidefinite symmetric matri-
ces in [33, Example 3.7], and the augmented Lagrangian of constrained optimization problems
in [32, Theorem 8.3]. The second subderivative can also be leveraged in the study of stability
properties of optimization problems and generalized equations. To this end, it is vital to be able
to calculate the second subderivative and characterize twice epi-differentiability for important
classes of functions in order to study various stability properties of constrained and composite
optimization problems.

We aim in this section to provide a unified approach that simultaneously answers both
aforementioned aspects for spectral functions. We begin with the following result that gives
a lower bound for the second subderivative of the spectral function in (1.1). We should add
that a similar result was recently proved in [33, Proposition 5.3] for convex spectral functions.
Here, we extend this result by removing the convexity restriction. While its proof resembles
that of [33, Proposition 5.3], it requires careful modifications of the argument therein.

{lbs1}
Proposition 3.1 (Lower estimate for second subderivatives). Assume that g : Sn → R is lsc
and has the spectral representation in (1.1) and Y ∈ ∂g(X). Let µ1 > · · · > µr be the distinct
eigenvalues of X and U ∈ On(X). Then, for any H ∈ Sn we have

d2g(X,Y )(H) ≥ d2θ
(
λ(X), v

)(
λ′(X;H)

)
+ 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
,

(3.2) {lbss}{lbss}
where αm, m = 1, . . . , r, are defined in (2.1), and y ∈ ∂θ(λ(X)) such that Y = UDiag (y)U⊤ and

v = (vα1 , . . . , vαr) = Qy for some Q ∈ Pn
X with vαm ∈ R

|αm|
↓ for any m = 1, . . . , r. Moreover,

for any such permutation matrix Q, we always have

d2θ
(
λ(X), v

)(
λ′(X;H)

)
= d2θ

(
λ(X), y

)(
Q⊤λ′(X;H)

)
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Proof. Since Y ∈ ∂g(X), it follows from Proposition 2.2 that there are U ∈ On(X) and y ∈
∂θ(λ(X)) such that Y = UDiag (y)U⊤. Since y = (yα1 , . . . , yαr), we can choose a permutation

matrix Qm ∈ S|αm| such that vαm = Qmyαm with vαm ∈ R
|αm|
↓ for any m = 1, . . . , r. Set

Q = Diag (Q1, . . . , Qr) and observe that

v = Qy ∈ Q∂θ(λ(X)) = ∂θ(Qλ(X)) = ∂θ(λ(X)). (3.3) {subg}{subg}

Let H ∈ Sn and pick sequences Hk → H and tk ↓ 0. Setting ∆tkλ(X)(Hk) :=
(
λ(X + tkHk)−

λ(X)
)
/tk, we get

∆2
tk
g
(
X,Y

)
(Hk) =

θ
(
λ(X + tkHk)

)
− θ

(
λ(X)

)
− tk

〈
Y,Hk

〉
1
2 t

2
k

=
θ
(
λ(X) + tk∆tkλ(X)(Hk)

)
− θ

(
λ(X)

)
− tk

〈
v,∆tkλ(X)(Hk)

〉
1
2 t

2
k

+

〈
v,∆tkλ(X)(Hk)

〉
−
〈
Y,Hk

〉
1
2 tk

= ∆2
tk
θ
(
λ(X), v

)
(∆tkλ(X)(Hk)

)
+

〈
v,∆tkλ(X)(Hk)

〉
−
〈
Y,Hk

〉
1
2 tk

.

It follows from Y = UDiag (y)U⊤ that

〈
Y,Hk

〉
=

〈
UDiag (y)U⊤, Hk

〉
=

〈
Diag (y), U⊤HkU

〉
=

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

HkUαm

〉
.

(3.4) {sdcy}{sdcy}
On the other hand, it results from (2.4) and Fan’s inequality [13] that

〈
v,∆tkλ(X)(Hk)

〉
=

r∑
m=1

∑
j∈αm

vj
(
λj(X + tkHk)− λj(X)

)
tk

=

r∑
m=1

∑
j∈αm

vjλℓj

(
U⊤
αm

HkUαm + tkU
⊤
αm

Hk(µmI −X)†HkUαm

)
+O(t2k)

≥
r∑

m=1

〈
Diag (y)αmαm , U

⊤
αm

HkUαm + tkU
⊤
αm

Hk(µmI −X)†HkUαm

〉
+O(t2k).

Combining this with (3.4) brings us to〈
v,∆tkλ(X)(Hk)

〉
−
〈
Y,Hk

〉
1
2 tk

≥ 2
r∑

m=1

〈
Diag (y)αmαm , U

⊤
αm

Hk(µmI −X)†HkUαm

〉
+O(tk).

This leads us to the estimate

∆2
tk
g
(
X,Y

)
(Hk) ≥ ∆2

tk
θ
(
λ(X), v

)(
∆tkλ(X)(Hk)

)
+2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

Hk(µmI −X)†HkUαm

〉
+O(tk),

which in turn clearly justifies the lower estimate in (3.2) for the second subderivative of g at X
for Y since ∆tkλ(X)(Hk) → λ′(X;H) as k → ∞.
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To prove the last claim, pick Q ∈ Pn
X such that v = (vα1 , . . . , vαr) = Qy with vαm ∈ R

|αm|
↓

for any m = 1, . . . , r and observe that Q⊤ = Q−1 = Diag (P−1
1 , . . . , P−1

r ) ∈ Pn
X . Thus, we obtain

for any w ∈ Rn that

d2θ(λ(X), v)(w) = lim inf
t↓0

w′→w

θ
(
λ(X) + tw′)− θ

(
λ(X)

)
− t⟨v, w′⟩

1
2 t

2

= lim inf
t↓0

w′→w

θ
(
λ(X) + tQ⊤w′)− θ

(
λ(X)

)
− t⟨y,Q⊤w′⟩

1
2 t

2

≥ lim inf
t↓0

w′→Q⊤w

θ
(
λ(X) + tw′)− θ

(
λ(X)

)
− t⟨y, w′⟩

t
= d2θ(λ(X), y)(Q⊤w).

One can argue similarly to derive the opposite inequality d2θ(λ(X), v)(w) ≤ d2θ(λ(X), y)(Q⊤w)
for any w ∈ Rn, which confirms the claimed equality.

Note that when the spectral function g in Proposition 3.1 is convex, the vector y therein
can be chosen as λ(Y ), which leads us to v = y, where v is taken from Proposition 3.1. In
this case, the matrix Q will be the identity matrix and consequently, this result boils down
to [33, Proposition 5.3].

Our next goal is to investigate when the inequality in (3.2) becomes equality. Such a task
requires knowing more about the critical cone of spectral functions. Recall that the critical of a
function f : X → R at x for v ∈ ∂f(x) is defined by

Cf (x, v) =
{
w ∈ X| df(x)(w) = ⟨w, v⟩

}
.

Note that the critical cone of a function has a close relationship with its second subderivative.
To see this, taking (x, v) ∈ gph ∂f such that d2f(x, v) is proper, we can conclude from [43,
Proposition 13.5] that domd2f(x, v) ⊂ Cf (x, v). As shown later in this section, equality requires
some additional assumptions; [33, Proposition 3.4] for more details.

The following proposition presents a characterization of the critical cone of the spectral func-
tion, and extends [34, Proposition 5.4], where a similar result was obtained for convex spectral
functions. Since its proof is similar to that of [34, Proposition 5.4] with similar modifications
illustrated in Proposition 3.1, we only provide a sketch of its proof.

{crit}
Proposition 3.2 (critical cone of spectral functions). Assume that g : Sn → R is lsc and
has the spectral representation in (1.1) and that Y ∈ ∂g(X). Assume further that one of the
following conditions is satisfied:
(a) g is subdifferentially regular;
(b) θ is locally Lipschitz continuous at λ(X) relative to its domain and Y ∈ ∂̂g(X).

Then, we have H ∈ Cg(X,Y ) if and only if λ′(X;H) ∈ Cθ

(
λ(X), v

)
and the matrices Diag (y)αmαm

and U⊤
αm

HUαm have a simultaneous ordered spectral decomposition for any m = 1, . . . , r, where
αm taken from (2.1) and U ∈ On(X), where Y = UDiag (y)U⊤ for some y ∈ ∂θ(λ(X)), and
where v is taken from Proposition 3.1.

Proof. Suppose that either (a) or (b) holds. Since Y ∈ ∂g(X), it follows from Proposition 2.2
that there is U ∈ On(X) and y ∈ ∂θ

(
λ(X)

)
such that Y = UDiag (y)U⊤. Take the matrix Q
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from Proposition 3.1 and observe for any H ∈ Sn that

〈
Y,H

〉
=

〈
Diag (y), U⊤HU

〉
=

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

HUαm

〉
≤

r∑
m=1

〈
vαm , λ(U

⊤
αm

HUαm)
〉
=

〈
v, λ′(X;H)

〉
≤ dθ

(
λ(X)

)(
λ′(X;H)

)
= dg(X)(H),

where the last equality results from [33, Theorem 3.5] when (b) holds and from Theorem 2.3 when
(a) is satisfied and where the last inequality follows from v ∈ ∂̂θ

(
λ(X)

)
and [43, Exercise 8.4] in

both cases. The rest of the proof can be done as that of [33, Proposition 5.4], which was argued
for convex spectral functions.

The next result consists of some useful observations that will be utilized in our characteri-
zation of twice epi-differetiability of spectral functions.

{tpd_g}
Lemma 3.3. Assume that g : Sn → R is lsc and has the spectral representation in (1.1). If
(X,Y ) ∈ gph ∂g and Y = UDiag (y)U⊤ for some y ∈ ∂θ(λ(X)) and U ∈ On(X), then the
following properties hold.
(a) Twice epi-differentiability of θ at λ(X) for y amounts to that of θ at λ(X) for v, where v

is defined in Proposition 3.1.
(b) If g is twice epi-differentiable at X for Y , then it enjoys the same property at Λ(X) =

Diag (λ(X)) for Diag (y).
(c) The inequality

d2g(Λ(X),Diag (y))(Diag (w)) ≤ d2θ(λ(X), y)(w)

holds for any w ∈ Rn.

Proof. To prove (a), take the block permutation matrix Q ∈ Pn
X from Proposition 3.1

such that v = Qy. Take w ∈ Rn and a sequence tk ↓ 0, and assume that θ is twice epi-
differentiable at λ(X) for y. So, we find a sequence wk → Q⊤w such that ∆2

tk
θ
(
λ(X), y

)
(wk) →

d2θ
(
λ(X), y

)
(Q⊤w). It is not hard to see that

∆2
tk
θ
(
λ(X), v

)
(Qwk) = ∆2

tk
θ
(
λ(X), y

)
(wk).

This brings us to

lim
k→∞

∆2
tk
θ
(
λ(X), v

)
(Qwk) = lim

k→∞
∆2

tk
θ
(
λ(X), y

)
(wk)

= d2θ
(
λ(X), y

)
(Q⊤w) = d2θ

(
λ(X), v

)
(w),

where the last equality was justified at the end of the proof of Proposition 3.1. This demonstrates
that θ is twice epi-differentiable at λ(X) for v. The opposite implication can be justified similarly.

To prove (b), it can be checked directly from (2.7) that{
d2g(Λ(X),Diag(y))(W ) = d2g(X,Y )(UWU⊤) and

∆2
t g(X,Y )(W ) = ∆2

t g
(
Λ(X),Diag (y)

)
(U⊤WU)

(3.5) {n_ted}{n_ted}

for any W ∈ Sn and any U ∈ On(X) such that Y = UDiag (y)U⊤. Take H ∈ Sn and a sequence
tk ↓ 0. Since g is twice epi-differentiable at X for Y , there are sequences Hk → UHU⊤ such that
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∆2
tk
g(X,Y )(Hk) → d2g(X,Y )(UHU⊤). Set Ĥk := U⊤HkU and observe that ∆2

tk
g(X,Y )(Hk) =

∆2
tk
g
(
Λ(X),Diag (y)

)
(Ĥk). This, together with (3.5), leads us to

lim
k→∞

∆2
tk
g
(
Λ(X),Diag (y)

)
(Ĥk) = lim

k→∞
∆2

tk
g(X,Y )(Hk)

= d2g(X,Y )(UHU⊤) = d2g(Λ(X),Diag(y))(H),

which justifies (b).
Turning now to (c), we know from (2.7) that the symmetric function θ can be represented as

the composite function θ = g◦F with F (x) := Diag (x) for any x ∈ Rn. This allows us to use the
extensive theory of variational properties of composite functions (cf. [31, 33, 43]) to justify (c).
Note that since y ∈ ∂θ(λ(X)), we deduce from [27, Theorem 5] that Diag (y) ∈ ∂g

(
Diag (λ(X)

)
.

Using this and the fact that ∇F (λ(X))∗Diag (y) = y, we can view Diag (y) as a Lagrange
multiplier associated with y for the composite representation of θ. Therefore, a similar argument
as the proof of [43, Proposition 13.14] gives us the claimed inequality.

After these preparations, we are now in a position to present our main result in this section
in which a characterization of twice epi-differentiability of spectral functions will be given via the
same property of their symmetric parts. We should add here that twice epi-differentiability for
some classes of eigenvalue functions, including the maximum and leading eigenvalue functions,
was justified first by Torki in [48]. The latter, however, did not provide a similar characterization
as the one below by relating it to the same property of the symmetric part of a spectral function.

{thm:ted}
Theorem 3.4. Assume that g : Sn → R is lsc and has the spectral representation in (1.1)
and that θ is locally Lipschitz continuous relative to its domain. If (X,Y ) ∈ gph ∂̂g and Y =
UDiag (y)U⊤ for some y ∈ ∂̂θ(λ(X)) and U ∈ On(X), then g is twice epi-differentiable at X for
Y if and only if θ is twice epi-differentiable at λ(X) for y. Moreover, if one of these equivalent
conditions holds, then the second subderivative of g at X for Y is calculated by

d2g(X,Y )(H) = d2θ
(
λ(X), v

)(
λ′(X;H)

)
+ 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
,

(3.6) {ssub_calc}{ssub_calc}
for any H ∈ Sn such that d2g(X,Y )(H) < ∞, where v is defined in Proposition 3.1 and where
αm, m = 1, . . . , r, are defined in (2.1) and where µ1 > · · · > µr are the distinct eigenvalues of
X.

Proof. Assume first that θ is twice epi-differentiable at λ(X) for y and take H ∈ Sn. Our
goal is to demonstrate the validity of (3.1) for the following two cases: 1) d2g(X,Y )(H) = ∞;
2) d2g(X,Y )(H) < ∞. For the first case, take a sequence tk ↓ 0 and set Hk := H for each k and
observe that

∞ = d2g(X,Y )(H) ≤ lim inf
k→∞

∆2
tk
g(X,Y )(H) ≤ lim sup

k→∞
∆2

tk
g(X,Y )(H) ≤ ∞ = d2g(X,Y )(H).

This implies that limk→∞∆2
tk
g(X,Y )(H) = d2g(X,Y )(H), which confirms (3.1) for this case.

Turing now to the second case, observe that given a sequence tk ↓ 0, it suffices to construct a
sequence Hk → H such that

lim
k→∞

∆2
tk
g
(
X,Y

)
(Hk) = d2θ

(
λ(X), v

)(
λ′(X;H)

)
+2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI−X)†HUαm

〉
,

where y and v are defined in Proposition 3.1. Indeed, doing so leads us via Proposition 3.1 to

lim
k→∞

∆2
tk
g
(
X,Y

)
(Hk) = d2g(X,Y )(H),
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which proves (3.1) for the second case. According to Lemma 3.3(a), θ is twice epi-differentiable
at at λ(X) for v. Thus, we find a sequence {wk}k∈N, converging to λ′(X;H), such that

∆2
tk
θ
(
λ(X), v

)
(wk) → d2θ

(
λ(X), v

)(
λ′(X;H)

)
. (3.7) {seq1}{seq1}

Note that wk has an equivalent representation wk = (wk
α1
, . . . , wk

αr
) with wk

αm
∈ R|αm| for

any m = 1, . . . , r. For each k and each m ∈ {1, . . . , r}, we can find a permutation matrices

Gk
m such that w̃k

αm
:= Gk

mwk
αm

∈ R
|αm|
↓ . Since the entries of Gk

m are either 0 or 1, we can
assume by passing to a subsequence if necessary that for each m ∈ {1, . . . , r} the sequence
{Gk

m}k∈N is constant. For any m ∈ {1, . . . , r}, set Gm := Gk
m and define the block diagonal

permutation matrix G ∈ Pn
X by G := Diag (G1, . . . , Gr). It follows from wk → λ′(X;H) that

w̃k → Gλ′(X;H). Since w̃k ∈ R
|α1|
↓ × . . . ×R

|αr|
↓ , we get Gλ′(X;H) ∈ R

|α1|
↓ × . . . ×R

|αr|
↓ . On

the other hand, we already have

λ
′
(X;H) =

(
λ(U⊤

α1
HUα1), . . . , λ(U

⊤
αr
HUαr)

)
∈ R

|α1|
↓ × . . .×R

|αr|
↓ . (3.8) {dir_eigen}{dir_eigen}

Combining these and remembering that G is a permutation matrix allows us to conclude that

Gλ′(X;H) = λ′(X;H), (3.9) {eq:G}{eq:G}

which in turn implies that w̃k → λ′(X;H). Moreover, since G ∈ Pn
X and θ is symmetric, we

obtain for any k that
θ
(
λ(X) + tkw

k
)
= θ

(
λ(X) + tkw̃

k
)
. (3.10) {th_lm}{th_lm}

By d2g(X,Y )(H) < ∞ and the lower estimate in (3.2), we get d2θ
(
λ(X), v

)(
λ′(X;H)

)
< ∞,

which coupled with (3.7) tells us that λ(X)+tkw
k ∈ dom θ for all k sufficiently large. Combining

it with (3.10), we get for all k sufficiently large that

λ(X) + tkw̃
k ∈ dom θ. (3.11) {th_lm2}{th_lm2}

Since d2g(X,Y )(H) < ∞, we deduce from [43, Proposition 13.5] that dg(X)(H) ≤ ⟨H,Y ⟩,
which together with Y ∈ ∂̂g(X) yields H ∈ Cg(X,Y ). We thus conclude from Proposition 3.2
that the matrices Diag (y)αmαm and U⊤

αm
HUαm have a simultaneous ordered spectral decom-

position for any m = 1, . . . , r. Thus, we find for each m = 1, . . . , r an orthogonal matrix
Pm ∈ O|αm|(Diag (y)αmαm) ∩O|αm|(U⊤

αm
HUαm) such that

Diag (y)αmαm = PmDiag (v)αmαmP
⊤
m and U⊤

αm
HUαm = PmΛ(U⊤

αm
HUαm)P

⊤
m . (3.12) {spc_ref}{spc_ref}

Take the matrix Pm, m = 1, . . . , r, and define the matrix

Ak := Diag
(
P1Diag (wk

α1
)P⊤

1 , . . . , PrDiag (wk
αr
)P⊤

r

)
+ Ĥ, k ∈ N, (3.13) {mata}{mata}

and
D := Diag

(
U⊤
α1
D1Uα1 , . . . , U

⊤
αr
DrUαr

)
where

Ĥij =

{
0 if i, j ∈ αm for any m = 1, . . . , r,

H̃ij otherwise,

with H̃ := U⊤HU and Dm := H(µmI −X)†H for any m = 1, . . . , r, and then set

Ek := U(Ak − tkD)U⊤, k ∈ N. (3.14) {what}{what}
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Using the second identity in (3.12) and (3.8), one can easily see for each m = 1, . . . , r that

PmDiag (wk
αm

)P⊤
m → PmDiag (λ(U⊤

αm
HUαm))P

⊤
m = PmΛ(U⊤

αm
HUαm)P

⊤
m = U⊤

αm
HUαm ,

which in turn results in Ek → U⊤H̃U = H. Since ⟨Y,UĤUT ⟩ = ⟨Diag (y), Ĥ⟩ = 0, the identity
U⊤
αm

UAkU
⊤Uαm = PmDiag (wk

αm
)P⊤

m , m = 1, . . . , r, brings us to

〈
Y,UAkU

⊤〉 =
r∑

m=1

〈
Diag (y)αmαm , U

⊤
αm

(
UAkU

⊤)Uαm

〉
+ ⟨Y,UĤUT ⟩

=

r∑
m=1

〈
Diag (y)αmαm , PmDiag (wk

αm
)P⊤

m

〉
=

r∑
m=1

〈
P⊤
mDiag (y)αmαmPm,Diag (wk

αm
)
〉

=
r∑

m=1

〈
Diag (vαm),Diag (wk

αm
)
〉
= ⟨v, wk⟩,

where the forth equality results from the first relationship in (3.12). Thus, we obtain

⟨v, wk⟩ −
〈
Y,Ek

〉
1
2 tk

=
⟨v, wk⟩ −

〈
Y,UAkU

⊤〉
1
2 tk

+ 2
〈
UDiag (y)U⊤, UDUT

〉
= 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

(
UDmUT

)
Uαm

〉
= 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
. (3.15) {ted_g2}

Take m ∈ {1, . . . , r} and i ∈ αm. Appealing now to (2.4), we can conclude that

λi(X + tkEk)− λi(X)

= λℓi

(
tkPmDiag (wk

αm
)P⊤

m − t2k(U
⊤
αm

DmUαm − U⊤
αm

UAkU
⊤(µmI −X)†UAkU

⊤Uαm) + o(t2k)
)
+O(t3k).

As argued above, we have UAkU
⊤ → H, which ensures that

t2k
(
U⊤
αm

DmUαm − U⊤
αm

UAkU
⊤(µmI −X)†UAkU

⊤Uαm

)
= o(t2k).

Thus, we arrive at

λi(X + tkEk)− λi(X) = λℓi

(
tkPmDiag (wk

αm
)P⊤

m + o(t2k)
)
+O(t3k).

This, coupled with the Lipschitz continuity of eigenvalues, leads us for each m ∈ {1, . . . , r} to

λαm(X + tkEk)− λαm(X)− tkw̃
k
αm

= tkλ(PmDiag (wk
αm

)P⊤
m) + o(t2k)− tkw̃

k
αm

= tkw̃
k
αm

+ o(t2k)− tkw̃
k
αm

= o(t2k).

Thus, we arrive at
λ(X + tkEk)− λ(X)− tkw̃

k = o(t2k). (3.16) {taylor_1}{taylor_1}

Note that we can not guarantee that X + tkEk ∈ dom g. To resolve this issue, we can utilize [7,
Proposition 2.3] to obtain for any k that

dist(X + tkEk,dom g) = dist(λ(X + tkEk), dom θ),
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which together with (3.16) and (3.11) brings us to the relationships

dist
(
Ek,

dom g −X

tk

)
=

1

tk
dist

(
λ(X + tkEk), dom θ

)
≤ 1

tk

∥∥λ(X) + tkw̃
k + o(t2k)− λ(X)− tkw̃

k
∥∥

= o(tk) for all k ∈ N. (3.17) {eq:indom}

Thus, for each k sufficiently large, we can find a matrix Hk ∈ Sn such that X + tkHk ∈ dom g
and Hk − Ek = o(tk). Using this observation, one can argue that

∆2
tk
g
(
X,Y

)
(Hk) =

θ
(
λ(X + tkHk)

)
− θ

(
λ(X)

)
− tk

〈
Y,Hk

〉
1
2 t

2
k

=∆2
tk
θ
(
λ(X), v

)
(wk) +

⟨v, wk⟩ −
〈
Y,Hk

〉
1
2 tk

+
θ
(
λ(X + tkHk)

)
− θ

(
λ(X) + tkw

k
)

1
2 t

2
k

=∆2
tk
θ
(
λ(X), v

)
(wk) +

⟨v, wk⟩ −
〈
Y,Ek

〉
1
2 tk

+
o(tk)

tk
+

θ
(
λ(X + tkHk)

)
− θ

(
λ(X) + tkw̃

k
)

1
2 t

2
k

,

(3.18) {ted_g}{ted_g}
where the last equality results from (3.10). Using the fact that θ is locally Lipshcitz continuous
at λ(X) with respect to its domain, we find ℓ ≥ 0 such that for all k sufficiently large we have

|θ
(
λ(X + tkHk)

)
− θ

(
λ(X) + tkw̃

k
)
| ≤ ℓ ∥λ(X + tkHk)− λ(X)− tkw̃

k∥
≤ ℓ ∥λ(X + tkEk)− λ(X)− tkw̃

k∥+ o(t2k)

= o(t2k), (3.19) {eq:lipth}

where the last inequality results from Hk − Ek = o(tk) and where the last equality comes from
(3.16). Passing to the limit in (3.18) and using (3.7) and (3.15) lead us to

∆2
tk
g
(
X,Y

)
(Hk) → d2θ

(
λ(X), v

)(
λ′(X;H)

)
+ 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
,

(3.20) {eq:kinfy}{eq:kinfy}
which ensures (3.1) for the second case and consequently justifies twice epi-differentiability of g
at X for Y . Moreover, it confirms the claimed formula for the second subderivative of g at X
for Y .

Turning now to the proof of the opposite implication, assume that g is twice epi-differentiable
atX for Y . We again consider the following two cases: 1) d2θ(λ(X), y)(h) = ∞; 2) d2θ(λ(X), y)(h) <
∞. For the first case, its verification can use a similar argument as the proof of the first case in
the previous implication. To ensure twice epi-differentiability of θ at λ(X) for y in the second
case, observe first via Lemma 3.3(b) that g is twice epi-differentiable at Λ(X) for Diag (y). Pick
any h ∈ Rn and denote H = Diag (h) ∈ Sn. It follows from twice epi-differentiability of g at
Λ(X) for Diag (y) that for any tk ↓ 0, there exists a sequence {Hk}k∈N, converging to H, such
that

∆2
tk
g(Λ(X),Diag (y))(Hk) → d2g(Λ(X),Diag (y))(H).

Suppose h↓ = (h̃α1 , . . . , h̃αr) = Qh with h̃αm := Qmhαm ∈ R
|αm|
↓ , Q = Diag (Q1, . . . , Qr),

Qm ∈ P|αm|. Let V k = Diag (V k
1 , . . . , V

k
r ) with V k

m ∈ O|αm|((Hk)αmαm). It can be checked
directly that

g(Λ(X) + tkHk) = g(Λ(X) + tkDiag ((Hk)α1α1 , . . . , (Hk)αrαr) + tkOD(Hk))

= g(QV kΛ(X)(V k)⊤Q⊤ + tkQDiag (Λ((Hk)α1α1), . . . ,Λ((Hk)αrαr))Q
⊤ + tkQV kOD(Hk)(V

k)⊤Q⊤)

= g(Λ(X) + tkQDiag (Λ((Hk)α1α1), . . . ,Λ((Hk)αrαr))Q
⊤ + tkQV kOD(Hk)(V

k)⊤Q⊤),
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where OD(Hk) := Hk −Diag ((Hk)α1α1 , . . . , (Hk)αrαr) denotes the off block diagonal part of Hk

and where the last equality comes from the block diagonal structures of Λ(X), Q, and Vk. Let

Ĥk := QDiag (Λ((Hk)α1α1), . . . ,Λ((Hk)αrαr))Q
⊤ +QV kOD(Hk)(V

k)⊤Q⊤.

It can be checked directly that

d2g(Λ(X),Diag (y))(H) = lim
k→∞

∆2
tk
g(Λ(X),Diag (y))(Ĥk) = lim

k→∞
∆2

tk
g(Λ(X),Diag (y))(Hk).

(3.21) {eq:p4}{eq:p4}
Let hk be such that (hk)αm = Qmλ

(
(Ĥk)αmαm + tk(Ĥk)

⊤
αm

(µmI − Λ(X))†(Ĥk)αm

)
for any

m ∈ {1, . . . , r}. Since Ĥk → Diag (h), we know for all m = 1, . . . , r that

(Ĥk)
⊤
αm

(µmI − Λ(X))†(Ĥk)αm → 0 (3.22) {eq:15}{eq:15}

as k → ∞, which implies that hk → h. It follows from the definition of hk that for k sufficiently
large,

λ(Λ(X) + tkĤk)− λ(Λ(X) + tkDiag (hk)) = λ(Λ(X) + tkĤk)− λ(Λ(X))− tkQhk.

Moreover, using (2.4) again brings us to

λαm(Λ(X) + tkĤk)− λαm(Λ(X)) = λαm(tk(Ĥk)αmαm + t2k(Ĥk)
T
αm

(µmI − Λ(X))†(Ĥk)αm) + o(t2k).

Combining the above two equalities, we arrive at

λ(Λ(X) + tkĤk)− λ(Λ(X) + tkDiag (hk)) = o(t2k). (3.23) {eq:p2}{eq:p2}

Since h ∈ domd2θ(λ(X), y), we can use Lemma 3.3(c) and (3.21) to ensure that Λ(X)+ tkĤk ∈
dom g for k sufficiently large. Consequently, using [7, Proposition 2.3], (3.23), and θ being
symmetric, we get for any k that

0 =dist(Λ(X) + tkĤk,dom g) = dist(λ(Λ(X) + tkĤk)),dom θ)

=dist(λ(Λ(X) + tkDiag (hk)), dom θ) + o(t2k) = dist(λ(X) + tkhk,dom θ) + o(t2k).

Thus, for each k sufficiently large, we can find lk ∈ Rn such that λ(X) + tklk ∈ dom θ and
hk − lk = o(tk). Simple calculation then leads us to

∆2
tk
θ(λ(X), y)(lk) =

θ(λ(X) + tklk)− θ(λ(X))− tk⟨y, lk⟩
1
2 t

2
k

=
g(Λ(X) + tkDiag (lk))− g(Λ(X))− tk⟨Diag (y),Diag (hk)⟩

1
2 t

2
k

+
o(tk)

tk

=
g(Λ(X) + tkĤk)− θ(λ(X))− tk⟨Diag (y), Ĥk⟩

1
2 t

2
k

+
g(Λ(X) + tkDiag (lk))− g(Λ(X) + tkĤk)

1
2 t

2
k

+
⟨Diag (y), Ĥk⟩ − ⟨y, hk)⟩

1
2 tk

+ o(1).

(3.24) {eq:qtheta}{eq:qtheta}
Since θ is locally Lipschitz continuous at λ(X) with respect to its domain, we obtain

|g(Λ(X) + tkDiag (hk))− g(Λ(X) + tkĤk)| ≤ l∥λ(Λ(X) + tkĤk)− λ(Λ(X) + tkDiag (hk))∥,

which together with (3.23) yeilds

g(Λ(X) + tkDiag (hk))− g(Λ(X) + tkĤk) = o(t2k). (3.25) {eq:p3}{eq:p3}
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Moreover, we have

⟨Diag (y), Ĥk⟩ − ⟨y, hk⟩
1
2 tk

=
⟨Qy,diag (λ((Hk)α1α1), . . . , λ((Hk)αrαr))⟩ − ⟨Qy,Qhk⟩

1
2 tk

(3.26) {eq:p5}{eq:p5}

Combining (3.22) with the definition of hk, we can conclude for any sufficiently large k that

∥λ((Hk)αmαm)− λ
(
(Ĥk)αmαm + tk(Ĥk)

⊤
αm

(µmI − Λ(X))†(Ĥk)αm

)
∥

= ∥λ((Ĥk)αmαm)− λ
(
(Ĥk)αmαm + tk(Ĥk)

⊤
αm

(µmI − Λ(X))†(Ĥk)αm

)
∥

≤ ∥tk(Ĥk)
⊤
αm

(µmI − Λ(X))†(Ĥk)αm∥ = o(tk),

which, coupled with (3.26), tell us that

⟨Diag (y), Ĥk⟩ − ⟨y, hk⟩
1
2 tk

= o(1).

Combining this with (3.24), (3.21), and (3.25) implies that

∆2
tk
θ(λ(X), y)(lk) → d2g(Λ(X),Diag (y))(Diag (h)),

which together with (3.2) confirms that θ is twice epi-differentiable at λ(X) for y and hence
completes the proof.

Theorem 3.4 provides a practical characterization of twice epi-differentiability of spectral
functions and can be viewed as a far-reaching extension of [48, Theorem 3.1] in which this
property was justified for some classes of eigenvalue functions. Note that Lipschitz continuity
of θ with respect to its domain, assumed in Theorem 3.4, doesn’t impose a major restriction in
applications and often holds automatically.

{tep_dd}
Remark 3.5. Note that a characterization of directionally differentiability of the proximal
mapping of spectral functions can be found in [10, Theorem 3]. It is well-known that if the
spectral function g in (1.1) is lsc and convex, its proximal mapping can be calculated by

proxg(X) := argminW∈Sn

{
g(W ) + 1

2∥W −X∥2
}
= UDiag

(
proxθ(λ(X))

)
U⊤, (3.27) {prox_con}{prox_con}

where U ∈ On(X). Given an lsc and convex spectral function g with representation (1.1),
we infer from [10, Theorem 3] that proxg is directionally differentiable at X ∈ Sn if and only
if proxθ is directionally differentiable at λ(X). It also follows from [43, Exercise 13.45] that
twice epi-differentiability of g at X for Y ∈ ∂g(X) amounts to directional differentiability of
proxg at X + Y . One may wonder whether the combination of these two results can give us
the equivalence established in Theorem 3.4 for convex spectral functions. To explore such a
possibility, take (X,Y ) ∈ gph ∂g and assume that g is twice epi-differentiable at X for Y .
According to [43, Exercise 13.45], the proximal mapping proxg is directionally differentiable at
X + Y . Employing now [10, Theorem 3] implies that proxθ is directionally differentiable at
λ(X + Y ). Appealing again to [43, Exercise 13.45] indicates that θ is twice epi-differentiable at
z for λ(X +Y )− z with z = proxθ(λ(X +Y )). It is not hard to see from (3.27) and the spectral
representation of X that z = λ(X). On the other hand, since Y ∈ ∂g(X) and g is convex, there
exists U ∈ On such that X = UΛ(X)U⊤ and Y = UΛ(Y )U⊤, which indicate that

X + Y = UΛ(X)U⊤ + UΛ(Y )U⊤ = U(Λ(X) + Λ(Y ))U⊤.

Thus we have λ(X+Y ) = λ(X)+λ(Y ). Combining these tells us that θ is twice epi-differentiable
at λ(X) for λ(Y ). A similar argument can prove the opposite implication, which demonstrates
that for convex spectral functions, Theorem 3.4 can be concluded from [10, Theorem 3].
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The formula for the second subderivative, established in Theorem 3.4, deals with the domain
of this object and so one may wonder what can be said about this set. Under the hypotheses of
Theorem 3.4, we can conclude from [43, Proposition 13.5] that if d2g(X,Y ) is a proper function,
then we always have the inclusion

domd2g(X,Y ) :=
{
H ∈ Sn| d2g(X,Y )(H) < ∞

}
⊂ Cg(X,Y ). (3.28) {dom_ssub}{dom_ssub}

Note that equality happens to be valid in this inclusion in many applications. To elaborate
more on this, recall that for a function f : X → R, and x̄ ∈ X with f(x̄) finite and w ∈ X
with df(x̄)(w) finite, the parabolic subderivative (see [43, Definition 13.59]) of f at x̄ for w with
respect to z is defined by

d2f(x̄)(w z) = lim inf
t↘0
z′→z

f(x̄+ tw + 1
2 t

2z′)− f(x̄)− tdf(x̄)(w)
1
2 t

2
.

It was shown in [33, Proposition 3.4] that if Y is a proximal subgradient in the sense of [43,
Definition 8.45] and if domd2g(X)(H ·) ̸= ∅ for all H ∈ Cg(X,Y ), the inclusion in (3.28)
becomes equality. One may ask when the condition domd2g(X)(H ·) ̸= ∅ holds. Indeed,
this condition does hold when the function g is parabolically epi-differentiable at X for any
H in the sense of [43, Definition 13.59]. The latter condition was extensively studied recently
in [34, Theorem 4.7] for spectral functions. Roughly speaking, it was shown that the latter
property holds for the spectral function g in (1.1) whenever the symmetric function θ in (1.1)
enjoys this property. The latter automatically holds for many symmetric functions that appear
in applications. We record below a result that provides sufficient conditions for ensuring equality
in (3.28).

{prop:dom_ssub}
Proposition 3.6. Suppose that g has the spectral representation in (1.1) and Y is a proximal
subgradient of g at X and that θ is locally Lipschitz continuous with respect to its domain. If
θ is parabolically epi-differentiable at λ(X) for λ′(X;H) for any H ∈ Tdom g(X), then we have
domd2g(X,Y ) = Cg(X,Y ).

Proof. It follows from [34, Theorem 4.7(a)] that g is parabolically epi-differentiable at X for
any H ∈ Tdom g(X). Since Cg(X,Y ) ⊂ Tdom g(X), the discussion above gives us the claimed
equality via [33, Proposition 3.4].

4 Applications of Twice Epi-Differentiability
{sec:aptt}

This section is devoted to establishing several second-order variational properties of spectral
functions as an immediate consequence of Theorem 3.4. We begin by leveraging the latter
result to obtain a characterization of a generalized twice differentiability of functions, recently
introduced in [44, Definition 4.1]. To present its definition, recall that a function φ : X → R is
called a generalized quadratic form (GQF) on X if domφ is a linear subspace of X and there
exists a linear symmetric operator L (i.e. ⟨Lx, y⟩ = ⟨x, Ly⟩ for any x, y ∈ domφ) from domφ
to X such that f has a representation of form

φ(x) = ⟨Lx, x⟩ for all x ∈ domφ.

A function f : X → R is called generalized twice differentiable at x for v ∈ ∂f(x) if the second
subderivative d2f(x, v) is a GQF and twice epi-differentiable at x for v.
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{gted}
Theorem 4.1. Suppose that all the hypothesis of Proposition 3.6 hold and that g is subdiffer-
entially regular and Y = UDiag (y)U⊤ for some y ∈ ∂̂θ(λ(X)) and U ∈ On(X). Then g is
generalized twice differentiable at X for Y if and only if θ has the same property at λ(X) for y.

Proof. Assume first that θ is generalized twice differentiable at λ(X) for y. By Theorem 3.4,
g is twice epi-differentiable at X for Y . Moreover, since d2θ(λ(X), y) is a proper function and a
GQF, it follows from (3.6) that d2g(X,Y ) is quadratic for any H ∈ domd2g(X,Y ) = Cg(X,Y ).
What remains is to show that Cg(X,Y ) is a linear subspace of Sn. By assumptions and [33,
Proposition 3.4], we have domd2θ(λ(X), y) = Cθ(λ(X), y) is a linear subspace of Rn. Since θ is
subdifferentially regular, we conclude from [19, Proposition 3.3] that Cθ(λ(X), y) = N∂θ(λ(X))(y).
Thus, we infer from a well-known fact from convex analysis that y ∈ ri ∂θ(λ(X)). By [6,
Proposition 3.19], we have Y ∈ ri ∂g(X). This, together with the identities domd2g(X,Y ) =
Cg(X,Y ) = N∂g(X)(Y ), which result from Proposition 3.6 and [19, Proposition 3.3], tells us that
Cg(X,Y ) is a linear subspace.

Assume now that g is generalized twice differentiable at X for Y . It follows from Theorem 3.4
that θ is twice epi-differentiable at λ(X) for y. It remains to show that d2θ(λ(X), y) is a GQF.
To do so, we infer from the second part of the proof of Theorem 3.4 that

d2θ(λ(X), y)(w) = d2g
(
Diag (λ(X)),Diag (y)

)
(Diag (w)) (4.29) {ssub_th}{ssub_th}

for any w ∈ Rn. On the other hand, Lemma 3.3(b), tells us that g is twice epi-differentiable at
Diag (λ(X)) for Diag (y). Moreover, the proof of the latter result indicates that

d2g
(
Diag (λ(X)),Diag (y)

)
(H) = d2g

(
X,Y )(UHU⊤)

for anyH ∈ Sn. Combining these implies that g is generalized twice differentiable at Diag (λ(X))
for Diag (y). This, along with (4.29), confirms that θ is generalized twice differentiable at λ(X)
for y and so completes the proof.

Corollary 4.2. Suppose that g has the spectral representation in (1.1) and θ therein is a poly-
hedral function. Then, if Y ∈ ri ∂g(X), then g is generalized twice differentiable at X for Y .

Proof. It results from [43, Exercise 13.61] that θ is parabolically epi-differentiable at λ(X) for
any y ∈ ∂θ(λ(X)). Moreover, we know from [6, Proposition 3.19] and Y ∈ ri ∂g(X) that there
exists y ∈ ri θ(λ(X)) such that Y = UDiag (y)U⊤ and U ∈ On(X). According to [43, Proposi-
tion 13.9], θ is twice epi-differentiable at λ(X) for y and d2θ(λ(X), y) = δCθ(λ(X),y). Combining
this, y ∈ ri θ(λ(X)), and Corollary 4.1 ensures that g is generalized twice differentiable at X for
Y .

We proceed with exploring twice differentiability of spectral functions. Note that it was
proven in [28, Theorem 3.3] that the spectral function g from (1.1) is twice differentiable at
X ∈ Sn if and only if θ enjoys this property at λ(X). It is tempting to ask whether our
approach can be used to derive the latter result. We show below that this can be achieved when
the spectral function g is prox-regular. To this end, recall that a function f : Rn → R is called
semidifferentiable at x̄ if it is finite at x̄ and the “lim inf” in (2.6) is a “lim.” Furthermore, f is
said to be twice semidifferentiable at x̄ if it is semidifferentiable at x̄ and the “lim inf” in

d2f(x̄)(w) := lim inf
t↓0

w′→w

f(x̄+ tw′)− f(x̄)− tdf(x̄)(w′)
1
2 t

2
, w ∈ X (4.30) {ssud}{ssud}

is a “lim.” In such a case, we refer to the left-hand side of (4.30) as the second semiderivative
of f at x̄. It is known that the twice semidifferentiability has serious limitations to handle
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nonsmoothness in variational analysis; see [43, p. 590] for a detailed discussion. Below, we
provide a characterization of twice semidifferentiability of differentiable spectral functions.

{prop:sed}
Theorem 4.3. Suppose that θ is locally Lipschitize continuous around λ(X), differentiable at
λ(X). Then the spectral function g from (1.1) is twice semidifferentiable at X if and only if θ
is twice semidifferentiable at λ(X). If one of these equivalent conditions holds, then the second
semiderivative of g at X can be calculated for any H ∈ Sn by

d2g(X)(H) = d2θ(λ(X))(λ′(X;H)) + 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
,

where αm, m = 1, . . . , r, are defined in (2.1), U ∈ On(X), and y = ∇θ(λ(X)) and where
µ1 > · · · > µr are the distinct eigenvalues of X. Moreover, d2g(X)(H) = d2g(X,∇g(X))(H)
for any H ∈ Sn.

Proof. Assume first that θ is twice semidifferentiable at λ(X). To prove twice semidifferen-
tiability of g at X, take H ∈ Sn and pick sequences tk ↓ 0 and Hk → H, and observe that

∆2
tk
g(X,∇g(X))(Hk) =

θ
(
λ(X + tkHk)

)
− θ

(
λ(X)

)
− tk

〈
∇g(X), Hk

〉
1
2 t

2
k

= ∆2
tk
θ
(
λ(X), y

)
(wk)

+
⟨y, wk⟩ −

〈
∇g(X), Hk

〉
1
2 tk

+
θ
(
λ(X + tkHk)

)
− θ

(
λ(X) + tkw

k
)

1
2 t

2
k

,

where ∇g(X) = U⊤Diag(y)U , y = ∇θ(λ(X)), and

(wk)αm = λ(U⊤
αm

HkUαm + tkU
⊤
αm

H(µmI −X)†HUαm) for all m = 1, . . . , r,

with the index sets αm taken from (2.1). It can be checked directly that wk → λ′(X,H). Since
θ is differentiable at λ(X), we get ∂̂θ(λ(X)) = {y}. Because θ is symmetric, we conclude for
any permutation matrices P satisfying λ(X) = Pλ(X) that Py ∈ ∂̂θ(λ(X)), which leads us to

Py = y. Thus, we can assume without loss of generality that y ∈ R
|α1|
↓ × · · · × R

|αr|
↓ . This

implies that for any m = 1, . . . , r, there exists um ∈ R such that yαm = um1|αm|, where 1|αm|
is a vector in R|αm| with all entries being 1. Hence, the matrices Diag (yαm) and U⊤

αm
HkUαm +

tkU
⊤
αm

H(µmI − X)†HUαm are simultaneously diagonalizable for any m = 1, . . . , r. Appealing
to Fan’s inequality from [13] leads us to

⟨y, wk⟩ −
〈
∇g(X), Hk

〉
1
2 tk

=

∑r
m=1⟨yαm , λ(U

⊤
αm

HkUαm + tkU
⊤
αm

H(µmI −X)†HUαm)⟩ −
〈
∇g(X), Hk

〉
1
2 tk

=

∑r
m=1⟨Diag(yαm), U

⊤
αm

HkUαm + tkU
⊤
αm

H(µmI −X)†HUαm⟩ −
〈
∇g(X), Hk

〉
1
2 tk

=
⟨Diag(y), U⊤HkU⟩ −

〈
∇g(X), Hk

〉
1
2 tk

+ 2
r∑

m=1

〈
yαm , λ(U

⊤
αm

H(µmI −X)†HUαm)
〉

=
⟨y, λ′(X,Hk))⟩ − ⟨Diag(y), U⊤HkU

〉
1
2 tk

+ 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
= 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
.
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On the other hand, we can obtain from (2.4) that

λ(X + tkHk)− λ(X)− tkw
k = o(t2k).

Thus, it follows from the local Lipschitz continuity of θ around λ(X) and [47, Theorem 1.5], and
applying a similar argument as the proof of the estimate in (3.19) that

θ
(
λ(X + tkHk)

)
− θ

(
λ(X) + tkw

k
)

1
2 t

2
k

→ 0.

Since θ is twice semidifferentiable at λ(X) and differentiable at λ(X), we arrive at

lim
k→∞

∆2
tk
θ
(
λ(X), y

)
= d2θ(λ(X))(H) + 2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI −X)†HUαm

〉
.

Recall that the sequences Hk and tk were taken arbitrarily. Combining these tells us that g is
twice semidifferentiable at X and gives us the claimed formula for the second semiderivative of g
atX. The last claim about the equivalence of the second subderivative and second semiderivative
of g follows from the fact that g is differentiable and dg(X)(H) = ⟨∇g(X), H⟩.

Finally, if g is twice semidifferentiable at X, it follows from the composite representation of
θ in (2.7) and [32, Proposition 8.2(i)] that θ is twice semidifferentiable at λ(X).

The result above opens the door to characterize twice differentiability of spectral functions
that are prox-regular. To do so, we say that f has a quadratic expansion at x̄ if f is differentiable
at x̄ and there exists a linear mapping A : X → X such that

f(x) = f(x̄) + ⟨∇f(x̄), x− x̄⟩+ 1

2
⟨A(x− x̄), x− x̄⟩+ o(∥x− x̄∥2).

Recall also that a function f : X → R is called prox-regular at x̄ for v̄ if f is finite at x̄ and
locally lsc around x̄ with v̄ ∈ ∂f(x̄), and there exist constants ε > 0 and r ≥ 0 such that{

f(x′) ≥ f(x) + ⟨v, x′ − x⟩ − r
2∥x

′ − x∥2 for all x′ ∈ Bε(x̄)

whenever (x, v) ∈ (gph ∂f) ∩Bε(x̄, v̄) with f(x) < f(x̄) + ε.
(4.31) {prox}{prox}

The function f is called prox-regular at x̄ if it enjoys this property at x̄ for any v̄ ∈ ∂f(x̄). We are
now in a position to provide a characterization of twice differentiability of spectral functions that
are prox-regular. We should note that this was obtained in [28, Theorem 3.3] without assuming
prox-regularity via a different approach. We, however, derive it as an immediate conclusion of
our second-order variational analysis of spectral functions. It remains as an open question how
to drop prox-regularity in the following result using our approach.

Corollary 4.4. Assume that g : Sn → R has the spectral representation in (1.1) and that g is
prox-regular at λ(X). Then, g is twice differentiable at X if and only if θ is twice differentiable
at λ(X). If one of these equivalent conditions holds, the second derivative of g at X can be
calculated for any H ∈ Sn by

〈
∇2g(X)H,H

〉
=

〈
∇2θ(λ(X))λ′(X;H), λ′(X;H)

〉
+2

r∑
m=1

〈
Diag (y)αmαm , U

⊤
αm

H(µmI−X)†HUαm

〉
,

where αm, m = 1, . . . , r, are defined in (2.1), U ∈ On(X), and y = ∇θ(λ(X)) and where
µ1 > · · · > µr are the distinct eigenvalues of X.
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Proof. If g is twice differentiable, then it follows from the composite representation θ in (2.7)
that θ is twice differentiable at λ(X). Observe that in this case prox-regularity of g is not
required.

Assume now that θ is twice differentiable at λ(X). This requires that θ be differentiable
around λ(X) which implies that its gradient must be locally bounded around this point and
thus it is locally Lipschitz continuous around this point. It results then from [26, Theorem 1.1]
that g is locally differentiable around X. Moreover, twice differentiability of θ at λ(X) implies
twice semidifferentiablility of θ at λ(X) and d2θ

(
λ(X))

)
(w) = ⟨∇2θ(λ(X))w,w⟩ for any w ∈ Rn.

By Theorem 4.3, g is twice semidifferentiable at X. Appealing now to [43, Example 13.8]
confirms that g has a quadratic expansion at X. Since g is prox-regular at X, we deduce
from [43, Corollary 13.42] that ∇g is differentiable, which amounts to saying that g is twice
differentiable at X.

Our next result provides a characterization of subdifferential continuity for spectral functions.
Recall that a function f : X → R is called subdifferentially continuous at x̄ for v̄ ∈ ∂f(x̄) if
the convergence (xk, vk) → (x̄, v̄) with vk ∈ ∂f(xk) yields f(xk) → f(x̄) as k → ∞. When this
property holds for all subgradients v ∈ ∂f(x̄), we call f subdifferentially continuous at x̄. For
spectral functions, it was shown in [7, Theorem 4.2] that the spectral function g from (1.1) is
prox-regular at X if and only if θ enjoys this property at λ(X). A similar observation can be
made for subdifferential continuity as shown below.

Proposition 4.5. Assume that g : Sn → R has the spectral representation in (1.1). Then, g is
subdifferentially continuous at X if and only if θ is subdifferentially continuous at λ(X).

Proof. Suppose first that θ is subdifferentially continuous at λ(X). To show that g is subdif-
ferentially continuous at X, take Y ∈ ∂g(X). If (Xk, Yk) → (X,Y ) with Yk ∈ ∂g(Xk), we know
that there exists yk such that yk ∈ ∂θ(λ(Xk)) and λ(Xk) → λ(X). It is known from [7, Lemma
14] that there exists a permutation matrix P such that yk → Py with Py ∈ ∂θ(λ(X)). Since
θ is subdifferentially continuous at λ(X), we know that θ(λ(Xk)) → θ(λ(X)), which implies
g(Xk) → g(X). Thus, g is subdifferentially continuous at X. To show the opposite implication,
assume that g is subdifferentially continuous at X. We claim that g is subdifferentially continu-
ous at Λ(X) = Diag (λ(X)). To see this, take Y ∈ ∂g(Λ(X)) and U ∈ On(X), and assume that
(Xk, Yk) → (Λ(X), Y ) with Yk ∈ ∂g(Xk). In this case, it is not hard to see that

UY U⊤ ∈ ∂g(X) and UYkU
⊤ ∈ ∂g(UXkU

⊤).

for any U ∈ On(X). Since (UXkU
⊤, UYkU

⊤) → (X,UY U⊤) and since g is is subdifferentially
continuous at X, we get

g(Xk) = g(UXkU
⊤) → g(X) = g(Λ(X)),

which implies that g is subdifferentially continuous at Λ(X). To show that θ is subdifferentially
continuous at λ(X), take y ∈ ∂θ(λ(X)) and (xk, yk) → (λ(X), y) with yk ∈ ∂θ(xk). It follows
from [26, Theorem 1.4] that

Diag (y) ∈ ∂g(Diag (x)) and Diag (yk) ∈ ∂g(Diag (xk)).

Since (Diag (xk),Diag (yk)) → (Λ(X),Diag (y)) and since g is subdifferentially continuous at
Λ(X), we arrive via (2.7) at

θ(xk) = g(Diag (xk)) → g(Λ(X)) = θ(λ(X)),

which confirms that θ is subdifferentially continuous at λ(X) and hence ends the proof.
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Next, we are going to use our characterization in Theorem 3.4 to study proto-differentiability
of subgradient mappings of spectral functions. To achieve our goal, recall that the graphical
derivative of a set-valued mapping F : X ⇒ Y at x̄ for ȳ ∈ F (x̄), denoted by DF (x̄, ȳ), is a
set-valued mapping from X into Y, defined by

gphDF (x̄, ȳ) = TgphF (x̄, ȳ).

If, in addition, for any η ∈ DF (x̄, ȳ)(w) and any choice of tk ↓ 0, there exist sequences wk → w
and ηk → η with ȳ + tkηk ∈ F (x̄ + tkwk), then F is said to be proto-differentiable at x̄ for
ȳ; see [43, page 331] for more details. One of the main sources of proto-differentiability in
variational analysis is subgradient mappings of various classes of functions.

Theorem 4.6. Assume that g : Sn → R has the spectral representation in (1.1) and that θ is
locally Lipschitz continuous relative to its domain and (X,Y ) ∈ gph ∂g. Suppose that g is prox-
regular and subdifferentially continuous at X. Then ∂g is proto-differentiable at X for Y if and
only if ∂θ is proto-differentiable at λ(X) for y, where y ∈ ∂θ(λ(X)) such that Y = UDiag (y)U⊤

for some U ∈ On(X).

Proof. Our plan is to combine Theorem 3.4 and [43, Theorem 13.40]. To this end, recall
that since g is prox-regular at X for Y , then Y ∈ ∂̂g(X). Assume that θ is proto-differentiable
at λ(X) for y. It follows from [43, Theorem 13.40] that θ is twice epi-differentiable at λ(X)
for y. Appealing now to Theorem 3.4 tells us that g is twice epi-differentiable at X for Y ,
which together with [43, Theorem 13.40] confirms that g is proto-differentiable at X for Y . The
opposite claim can be proven similarly using Theorem 3.4.

We end this section with a characterization of directional differentiability of the proximal
mapping of spectral functions. This property shows great potential in establishing local superlin-
ear convergence of semismooth Newton method and forward backward envelop acceleration [24].
Recall that proximal mapping of a function f : X → R for a parameter value γ > 0, denoted by
proxγf , is defined by

proxγf (x) = argmin
w∈X

{
f(w) +

1

2γ
∥w − x∥2

}
.

Recall from [43, Exercise 1.24] that a function f : X → R is called prox-bounded if the function
f + α∥ · ∥2 is bounded from below on X for some α ∈ R.

{coro:prox-d-d}
Corollary 4.7. Assume that g : Sn → R has the spectral representation in (1.1) and that θ is
locally Lipschitz continuous relative to its domain and (X,Y ) ∈ gph ∂g. Suppose that g is prox-
regular and subdifferentially continuous at X and that g is prox-bounded. Then the following
statements are equivalent.
(a) For any γ > 0 sufficiently small, the proximal mapping proxγg is directionally differentiable

at X + γY .
(b) For any γ > 0 sufficiently small, the proximal mapping proxγθ is directionally differentiable

at λ(X) + γy, where

Proof. According to [43, Exercise 13.45], twice epi-differentiability of g at X for Y amounts
to directional differentiability of proxγg at X + γY for any γ > 0 sufficiently small. The same
observation holds for θ. Since twice epi-differentiability of g and θ are equivalent, it follows from
the discussion above that (a) and (b) are equivalent.

As mentioned in Remark 3.5, when g is convex, Corollary 4.7 can be obtained from [10,
Theorem 3]. The above result, however, goes far beyond convexity and covers a large class of
spectral functions that are not necessarily convex.
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5 Illustrated Examples
{secExp}

In this section, we are going to apply our second-order variational theory for several impor-
tant classes of spectral functions to illustrate its efficacy in the study of important practical
optimization problems.

5.1 Second-Order Variational Properties of Leading Eigenvalues

Our first goal is to explore the second-order variational properties of the leading eigenvalue
functions by using theoretical results in Section 3. Recall from (2.3) that the eigenvalue
λi−ℓi(X)+1(X), ranking first in the group of eigenvalues equal to λi(X) is called a leading eigen-
value of X. To express this class of functions in the form of the spectral functions in (1.1), define
the i-th order statistic function ϕi by ϕi(x) := λi(Diag (x)) = i-th largest element of {x1, . . . , xn}.
It is not hard to see that all the leading eigenvalue functions have the spectral representation

g(X) := ϕi(λ(X)) with either i = 1 or ϕi−1(λ(X)) > ϕi(λ(X))

for any X ∈ Sn. The leading eigenvalue function has important applications in various fields.
For example, the largest eigenvalue is usually used in the principal component analysis for
dimension reduction [23]. The Fiedler value, which is defined as the second smallest eigenvalue,
measures graph connectivity and is applied for image segmentation or community detection in
social networks [22]. Other applications includes neural network [36, 37], signal processing [45];
see [1,12,15,39] for more applications. Such a representation was well studied in [27, Section 9]
through which some first-order variational properties of this function were explored. Our main
objective is to demonstrate that our developments in previous sections allow us to characterize
second-order variational properties of the leading eigenvalues. We should add here that some of
these properties were studied before in [48] using a different approach and without appealing to
the spectral representation of the leading eigenvalue functions. We begin by recording some of
the first- and second-order properties of the i-th order statistic function.

{stat}
Proposition 5.1. Suppose that x ∈ Rn and ϕi is the i-th order statistic function ϕi where either
i = 1 or ϕi−1(x) > ϕi(x). Then the following properties are satisfied.
(a) For any z = (z1, . . . , zn) sufficiently close to x = (x1, . . . , xn), we have ϕi(z) = max{zi | i ∈

I(x)}, where I(x) =
{
j ∈ {1, · · · , n}|xj = ϕi(x)

}
.

(b) ϕi is locally Lipschitz continuous and subdifferentially regular at x. Moreover, we have
dϕi(x)(w) = max{wi | i ∈ I(x)} for any w = (w1, . . . , wn) and ∂ϕi(x) = conv {ei|i ∈ I(x)}.

(c) The function ϕi is twice epi-differentiable at x for any v ∈ ∂ϕi(x).
(d) The function ϕi is prox-regualr and subdifferentially continuous at z for any v ∈ ∂ϕi(z).

Proof. The claim in (a) falls directly from the definition of ϕi. The claims in Part (b) are
immediate consequences of (a); see also [27, Theorem 9]. The formula for ∂ϕi(x) results from
the equivalent local representation of ϕi from (a) and the well-known formula for the pointwise
maximum of convex functions; see also [27, Proposition 6]. The formula for the subderivative of
ϕi results from [43, Exercise 8.31]. Part (c) follows from (a) and [43, Example 13.10]. Finally, (d)
falls out directly from the local representation of ϕi as a polyhedral function together with [43,
Example 13.30].

Using the properties of the i-th order statistic function ϕi, listed above, we first calculate
the subderivative of these functions.
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Corollary 5.2. Suppose that X ∈ Sn and that µ1 > · · · > µr are the distinct eigenvalues of
X. Then, for any i ∈ {1, . . . , r}, the subderiavative of the leading eigenvalue function λi can be
calculated by

λ′
i(X,H) = dλi(X)(H) = λ1(U

⊤
αi
HUαi) (5.32) {subd_lead}{subd_lead}

for any H ∈ Sn, where the index sets αi comes from (2.1). Moreover, λi is subdifferentially
regular at X and its subdifferential at this point has a representation in the form

∂λi(X) =
{
UαiDiag (y)αiαiU

⊤
αi

∣∣U ∈ On(X), y ∈ ∂ϕi(λ(X))
}
. (5.33) {subd_lead2}{subd_lead2}

Proof. It is easy to see that for any i ∈ {1, . . . , r}, the leading eigenvalue function λi has the
spectral representation as (1.1) with θ being the i-th order statistic function ϕi, where either
i = 1 or ϕi−1(x) > ϕi(x). To justify (5.32), it follows from Theorem 2.3 that

dλi(X)(H) = dϕi(λ(X))(λ′(X,H))

= max{λs(U
⊤
αi
HUαi) | s ∈ αi} = λ1(U

⊤
αi
HUαi).

By Proposition 2.2, the subdifferential of λi at X has a representation of the form

∂λi(X) =
{
UDiag (y)U⊤ ∣∣U ∈ On(X), y ∈ ∂ϕi(λ(X))

}
.

By Proposition 5.1(b), y ∈ ∂ϕi(λ(X)) amounts to y ∈ conv {ei | i ∈ αi}. Thus, we get

Y = UDiag (λ(Y ))U⊤ =
n∑

i=1

λi(Y )UiU
⊤
i =

∑
s∈αi

λs(Y )UsU
⊤
s = UαiΛ(Y )αiαiU

⊤
αi
.

Combining these confirms (5.33). Finally subdifferential regualrity of λi atX was taken from [27,
Corollary 4] along with the fact that in the spectral representation of λi, the symmetric function
θ = ϕi is subdifferentially regualr according to Proposition 5.1(b).

Next, we characterize the twice epi-differentiablity of the leading eigenvalues. It is worth
mentioning that although Proposition 5.1(a) shows that ϕi can be written locally as a polyhedral
function, that local representation is not symmetric. Thus, existing results in [34] are not
applicable here.

{fop_lead}
Theorem 5.3. Suppose that X ∈ Sn and that µ1 > · · · > µr are the distinct eigenvalues of X.
Then, for any i ∈ {1, . . . , r}, the leading eigenvalue function λi is twice epi-differentiable at X
for any Y ∈ ∂λi(X) and

d2λi(X,Y )(H) = δCg(X,Y )(H) + 2
〈
Y,H(µiI −X)†H

〉
for all H ∈ Sn,

where U ∈ On(X) such that Y = UDiag (y)U⊤ for some y ∈ ∂ϕi(λ(X)).

Proof. It is easy to see that for any i ∈ {1, . . . , r}, the leading eigenvalue function λi has the
spectral representation as (1.1) with θ being the i-th order statistic function ϕi, where either
i = 1 or ϕi−1(x) > ϕi(x). It follows Proposition 5.1(b) that λi is locally Lipscitz continuous and
subdifferentially regular at X. Appealing now to Proposition 5.1(c) and Theorem 3.4 confirms
that λi is twice epi-differentiable at X for Y . To justify the claimed formula for the second
subderivative of λi, we proceed with two Claims.
Claim 1: We have domd2λi(X,Y ) = Cλi

(X,Y ).
To justify this claim, we can conclude from Proposition 5.1(a) and [34, Theorem 4.7(a)]

that λi is parabolically epi-differentiable at X for any H ∈ Cλi
(X,Y ) in the sense of [43,
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Definition 13.59]. This, coupled with Proposition 3.6,, ensures the claim about the domain of
d2λi(X,Y ).
Claim 2: The second subderivative of λi at X for Y has a representation of the form

d2g(X,Y )(H) = δCg(X,Y )(H) + 2

r∑
s=1

〈
Λ(Y )αsαs , U

⊤
αs
H(µsI −X)†HUαs

〉
for any H ∈ Sn.

To verify this claim, it follows from Y ∈ ∂λi(X) and Proposition 5.3 that Y = UαiDiag (y)αiαiU
⊤
αi

for some y ∈ ∂ϕi(λ(X)). Recall from Claim 1 that domd2λi(X,Y ) = Cλi
(X,Y ). Take

H ∈ domd2g(X,Y ) and conclude that d2g(X,Y )(H) < ∞. Using the formula for the sec-
ond suderivative from Theorem 3.4 then leads us to λ′(X;H) ∈ domd2θ

(
λ(X), y

)
. On the

other hand, we know from Proposition 5.1(a) that d2θ
(
λ(X), y

)
= d2h

(
λ(X), y

)
= δCθ(λ(X),y),

where h(z) := max{zi | i ∈ I(λ(X))} for any z = (z1, . . . , zn), and where the last equality re-
sults from h being a polyhedral function together with [43, Proposition 13.9]. Therefore, we get
d2θ

(
λ(X), y

)(
λ′(X;H)

)
= 0. combining this with the formula for the second suderivative from

Theorem 3.4 confirms that for any H ∈ domd2g(X,Y ), we have

d2g(X,Y )(H) = 2

r∑
s=1

〈
Λ(Y )αsαs , U

⊤
αs
H(µsI −X)†HUαs

〉
.

IfH /∈ domd2g(X,Y ), we conclude from the equality domd2λi(X,Y ) = Cλi
(X,Y ) that d2λi(X,Y )(H) =

∞, which proves the claimed formula for d2λi(X,Y ) in this claim.
To finish the proof, recall that Y = UαiDiag (y)αiαiU

⊤
αi

for some y ∈ ∂ϕi(λ(X)). This implies
that Λ(Y )αsαs = 0 for all s ∈ {1, . . . , r} \ {αi}. Combining these and Claim 2, we arrive at

d2g(X,Y )(H) = δCg(X,Y )(H) + 2
〈
Λ(Y )αiαi , U

⊤
αi
H(µiI −X)†HUαi

〉
= δCg(X,Y )(H) + 2

〈
Y,H(µiI −X)†H

〉
for any H ∈ Sn, which completes the proof.

It is worth mentioning here that twice epi-differentiability of the leading eigenvalue functions
was studied before in [48, Theorem 3.2]. Here, we obtain it via a different approach, which is
much simpler than deriving it from the definition directly.

5.2 Second-Order Variational Properties of Statistic Regularizer

We continue to study second-order variational properties of some important regularization terms,
used often in statistics to analyze eigenvalue optimization problems such as the largest eigen-
value gaps. This again demonstrates the great potential of our established theory in practical
applications.

Example 5.4 (largest eigenvalue gap). Suppose that X ∈ Sn. The largest eigenvalue gap of X
is defined by

g(X) = max
{
λk(X)− λk+1(X)

∣∣ k = 1, . . . , n
}
.

The largest eigenvalue gap of the Laplacian matrix is frequently used in statistics to choose the
number k of clusters in spectral clustering; see [30] and [49, Section 8.3] for more details. It is
also widely used in quantum mechanics to determine the mixing time of quantum walks [46]. It
is easy to see that g has the spectral representation in (1.1) with

θ(x) := max
{
⟨x, ei,i+1⟩| i = 1, . . . , n− 1},
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where ei,i+1 ∈ Rn is the vector whose i-th component is 1, i + 1-th component is -1 and the
remaining components are 0. Note that θ is the fussed graphical Lasso regularization term
and its proximal mapping was computed in [51]. Since θ is a polyhedral function, it follows
from [43, Proposition 13.9] that such θ is twice epi-differentiable at any x ∈ Rn for any y ∈ ∂θ(x).
Using Theorem 3.4, we conclude that g is also twice epi-differentiable at X for any Y ∈ ∂g(X).
It is also worth mentioning that our argument above can be applied to any polyhedral function
θ. This tells us a similar conclusion can be reached about twice epi-differentiability of a wide
range of functions appearing in different optimization problems such as positive semidefinite pro-
gramming problems and the fastest mixing Markov chain problem [2]. In such a case, according
to Corollary 4.7, proxg is directionally differentiable, which allows us to apply fast algorithms
like the generalized Newton method and forward-backward envelop acceleration [24] to solve the
optimization problem with such a regularizer g.

Example 5.5 (Minimax Concave Penalty (MCP)). The MCP function was introduced in [50,
equation (2.1)] for the sparse regression. A frequently used MCP function (cf. [29, 50]) has the
form

ϕ(t) =

{
c|t| − t2

2a if |t| ≤ ac,
ac2

2 if |t| > ac,

where a > 1 and c > 0 are two given constants and t ∈ R. It is usually regarded as a smoothing
function for the l0-norm [16, 50]. It can also be composed with an eigenvalue function to form
a spectral function in applications. For instance, in the robust PCA (cf. [29]), it is common
to consider the spectral function g(X) =

∑n
i=1 ϕ(λi(X)). Indeed, all the penalty functions

in [29, Table 1] can be used in a similar way to construct a spectral function to deal with the
low rank optimization problems. Define the function θ : Rn → R by

θ(x1, . . . , xn) = ϕ(x1) + . . .+ ϕ(xn).

Clearly, θ is symmetric and g = θ ◦ λ, which tells us that g is a spectral function. It is easy to
see that θ is differentiable at any x = (x1, . . . , xn) ∈ Rn when xi ̸= 0 for all i = 1, . . . , n. At
x = 0, θ enjoys the following properties:

• θ is Lipschitz continuous around 0 and ∂ϕ(0) = [−c, c]. This, along with [43, Propos-
tion 10.5], shows that ∂θ(0) = [−c, c]n.

• Since ϕ can be equivalently expressed as ϕ(t) = max{ct − t2

2a ,−ct − t2

2a} locally around
0, it is fully amenable at 0 ∈ R in the sense of [43, Definition 10.23]. According to [43,
Example 10.26], θ enjoys this property at 0 ∈ Rn as well and therefore is prox-regular and
subdifferential continuous at 0.

• By [43, Example 7.28], ϕ is subdifferentially regular at 0. It follows then from [43, Propo-
sition 10.5] that θ is subdifferentially regular at 0 ∈ Rn. Employing now [27, Corollary 4],
we can conclude that g is also subdifferentially regular at 0 ∈ Sn.

• It follows from [43, Corollary 13.15] that θ is twice epi-differentiable at 0 ∈ R for any
v ∈ ∂ϕ(0) and

d2ϕ(0, v)(w) = δCθ(0,v)(w)−
w2

a
,

where the last equality comes from [43, Example 13.16]. Note that the critical cone Cϕ(0, v)
can be efficiently calculated using the representation Cϕ(0, v) = N∂ϕ(0)(v). Because of the
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definition of θ, the latter tells us that θ is twice epi-differentiable at 0 ∈ Rn for any
y = (y1, . . . , yn) ∈ ∂θ(0) and

d2θ(0, y)(w) = d2ϕ(0, y1)(w1) + . . .+ d2ϕ(0, yn)(wn),

for any w = (w1, . . . , wn) ∈ Rn.

Combining these properties and Theorem 3.4 tells us that the spectral function g is twice epi-
differentiable at X := 0 for any Y ∈ ∂g(X). A similar argument can be made for any x =
(x1, . . . , xn) ∈ Rn when one of xi = 0. Note that for any x ∈ R, it is easy to see that for
sufficiently small γ that

proxγϕ(x) =


0, x ≤ γc,

sgn(x) · a
a−γ (|x| − γc) γc < x ≤ ac,

x x > ac.

It can be checked directly that proxγθ(x) = (proxγϕ(x1), . . . ,proxγϕ(xn)). Since ϕ is prox-
bounded, we derive from Corollary 4.7 that proxγg is directionally differentiable, which can be
used to design efficient methods for solving eigenvalue optimization problems using the general-
ized Newton method in [24].

6 Conclusion

In this paper, we explore the second-order variational properties of a spectral function whose
symmetric part is not necessarily convex. We prove twice epi-differentiability of spectral func-
tions amounts to that of their symmetric parts. By applying this theoretical equivalence as a tool,
we characterize several variational properties of spectral functions inclduing generalized twice dif-
ferentiability, twice semidifferentiability, proto-differentiability, and directional differentiability
of their proximal mappings. As an immediate consequence, we obtain twice epi-differentiability
of the leading eigenvalue functions and the largest eigenvalue gap. The established theory can
be leveraged to solve practical optimization problems using the generalized Newton method or
forward-backward envelop acceleration method, which is a subject for our future research. It
is very likely that our second-order analysis in this paper can be extended to singular value
spectral functions and it is a subject of our ongoing research.
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