Twice Epi-Differentiability of Spectral Functions and its
applications
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Abstract. Second-order variational properties have been shown to play important theoretical and numer-
ical roles for different classes of optimization problems. Among such properties, twice epi-differentiability
has a special place because of its ubiquitous presence in various classes of extended-real-valued functions
that are important for optimization problems. We provide a useful characterization of this property for
spectral functions by demonstrating that it can be characterized via the same property of the symmetric
part of the spectral representation of an eigenvalue function. Our approach allows us to bypass the rather
restrictive convexity assumption, used in many recent works that targeted second-order variational prop-
erties of spectral functions. By this theoretical tool, several applications on the proto-differentiability of
subgradient mappings, the directional differentiability of the proximal mapping of spectral functions are
achieved. We finally use our established theory to study twice epi-differentiability of leading eigenvalue

functions and practical regularization terms that have important applications in statistics and the robust
PCA.
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1 Introduction

In this paper, we study the second-order variational properties of orthogonally invariant functions
(also called spectral functions [141]). A mapping g : S® — R := [—00,00], is orthogonally
invariant if

g(X) = g(UTXU), for all X € 8" and for any U € O™,

where S™ stands for the real vector space of n X n symmetric matrices and O™ is the set of
all real n x n orthogonal matrix. It is known (see [20]) that any spectral function admits the
composite representation

g(X)=(0oN)(X), Xe8", (1.1)

where § : R® — R is a symmetric (permutation-invariant) function on R", i.e., for all z € R"
and any n x n permutation matrix P, 6(z) = 6(Pz), where A(X) := (A (X),..., A\, (X)) denotes
the vector of eigenvalues of X arranged in nonincreasing order A;(X) > ... > A, (X). Spectral
functions are widely used in areas such as neural networks, signal processing, robust PCA, and

IState Key Laboratory of Mathematical Sciences, Academy of Mathematics and Systems Science, Chinese
Academy of Sciences, Beijing 100190, China; School of Mathematical Sciences, University of Chinese Academy
of Sciences, Beijing 100049, China; Institute of Applied Mathematics, Academy of Mathematics and Systems
Science, Chinese Academy of Sciences, Beijing 100190, China (dingchao@amss.ac.cn). Research of this author is
supported in part by the National Key R&D Program of China (No. 2021YFA1000300, No. 2021YFA1000301),
National Natural Science Foundation of China (No. 12531014), and CAS Project for Young Scientists in Basic
Research (No. YSBR-034).

2Department of Mathematics, Miami University, Oxford, OH 45065, USA (sarabim@miamioh.edu). Research
of this author is partially supported by the U.S. National Science Foundation under the grant DMS 2108546.

3Institute of Applied Mathematics, Academy of Mathematics and Systems Science, Chinese Academy of Sci-
ences, Beijing, China. This work is done while the author is a visiting scholar at the Institute of Operational
Research and Analytics, National University of Singapore, Singapore (wangshiwei@amss.ac.cn).

{spec}



graph theory, among others [11,12,15,25, 39]. They also cover many classical models, including

semidefinite programming problems (SDP) [52] and eigenvalue optimization [35]. Over the past
three decades, extensive theoretical foundations have been developed for spectral functions; see,
e.g., [ - ) ) ) ]

While prior studies have delivered notable advances in first-order variational properties of
spectral functions and algorithm design for particular classes of optimization problems such as
CMatOP [3], the existing second-order variational theory of spectral functions remains limited
in light of rapid progress in machine learning and statistical optimization. To narrow this gap,
we aim to present a comprehensive analysis of twice epi-differentiability of spectral functions
that are not necessarily convex. Twice epi-differentiability, introduced in [12], provides second-
order approximations to the epigraphs of extended-real-valued functions. It also can be used to
establish the second-order optimality conditions for different class of optimization problems [17].
On the algorithmic side, recent results in [20,31,33] highlight a fundamental role that twice epi-
differentiability plays for establishing convergence of numerical algorithms including generalized
Newton methods [35] and the augmented Lagrangian method [18] that are widely used in large-
scale optimization.

Twice epi-differentiability has been explored for important classes of functions such as piece-

wise linear quadratic (cf. [43, Proposition 13.9]), C? cone reducible convex sets (cf. [31, The-
orem 6.2]), and more generally parabolically regular functions (cf. [33, Theorem 3.8]). These
results were extended to some classes of eigenvalue functions by Torki in [48, Theorem 3.2]),

where he showed for the first time that some eigenvalue functions enjoy this property as well.
His result, however, fell short of providing a systematic approach to characterizing twice epi-
differentiability of eigenvalue functions through the same property of their symmetric parts,
meaning the function € in (1.1), a pattern which was pioneered by Davis in [5] for convexity of
spectral functions and was remarkably extended to various first-order variational properties by
Lewis; see [27]. It is worth mentioning that a similar pattern was demonstrated to hold for some
second-order variational properties of spectral functions such as twice differentiability (cf. [28]),
prox-regularity (cf. [7]), C?-cone reducibility (cf. [4]), and parabolic regularity (cf. [21,34]).

This paper continues the path, initiated recently in [34], to conduct second-order variational
analysis of spectral functions. We should add here that the latter work focused mainly on
the characterization of parabolic regularity, which is a strictly stronger property than twice
epi-differentiability, of spectral functions. Moreover, convexity was assumed in the main results
of [34]. Our results have two major differences with [33]. First and foremost, we study a different
second-order variational property than the one in [31]. Second, we improve some of the results
therein that allow us to drop convexity in our developments in this paper. This opens the door
to possibly remove convexity from the main assumptions in [34], which will be a subject for our
future research. Below, we summarize our main contributions:

e We show that twice epi-differentiability of the spectral function g in (1.1) can be charac-
terized via the same property of its symmetric part 8 even when ¢ is nonconvex. As a
consequence of this characterization, we also calculate the second subderivative of spectral
functions. A similar result is proven for twice semidifferentiability of differentiable spectral
functions. Note that the principal challenge in the nonconvex case is that subgradients 06
need not have components in nonincreasing order, which complicates compatibility with
the ordered eigenvalue map. These brand new results provide important insights in how
to study second-order variational properties of nonconvex spectral functions.

e Based on these inheritance results, the proto-differentiability of subgradient mappings
and the directional differentiability of the proximal mapping of spectral functions are
characterized. Furthermore, we provide a characterization of the concept of generalized



twice differentiability of spectral functions, which was introduced recently in [11].

e As a consequence of our second order variational developments, we study variational prop-
erties of nonconvex spectral models, e.g., leading eigenvalue-based penalties and MCP
penalties on eigenvalue values, which are widely used in modern statistics and machine
learning yet lack rigorous analysis. We further propose a unified framework that treats
such terms without requiring a case-by-case argument.

The remaining parts of this paper are organized as follows. In Section 2, we introduce the
notation used throughout and reviews some preliminaries on eigenvalue and spectral functions.
Section 3 presents a characterization of twice epi-differentiability of spectral functions via the
same property of their symmetric parts. Several theoretical applications of this characterization
are provided in Section 4. Section 5 illustrates some applications of our established theory in
important examples, including the leading eigenvalues, MCP penalties on singular values, and
several commonly used statistical regularizers. We conclude our paper in the final section.

2 Notations and Preliminaries

In this section, we mainly introduce some notations used throughout this paper, some pre-
liminary knowledge on the eigenvalue function and spectral functions. Suppose X and Y are
Euclidean spaces. For any set C' C X, we use d¢ to denote its indicator function. dist(z,C) is
defined as the distance between x € X and set C'. R™*" is the space of all real n x m matrices.
For any Z € R"*™ and given two index sets a C {1,...,m}, f C {1,...,n}, we use Z, to
denote the sub-matrix of Z obtained by removing all the columns of Z not in a. Z,g denotes
the |a| x | 8| sub-matrix of Z obtained by removing all the rows of Z not in « and all the columns
of Z not in 8, where |a| is cardinality of the index set a. In particular, we use Z; to represent

the j-th column of Z, j =1,...,n. Z' is the Moore-Penrose generalized inverse of Z. N stands
for the set of natural numbers. For any vector x = (x1,...,2z,) € R", denote by Diag (z) the
diagonal matrix whose i-th diagonal entry is x; for any i = 1,...,n.

Given X € S™, we use p1(X) > -+ > p,(X) to denote the distinct eigenvalues of X and
define the index sets

o ={ie{l,...,n} N(X) = (X))}, m=1,...,m (2.1)

Let O™(X) be the set of all orthogonal matrices U satisfying the eigenvalue decomposition of
X eS" ie.,
X = UDiag (A\(X)U". (2.2)

Define ¢;(X) for any ¢ € {1,...,n} to be the number of eigenvalues of X that are equal to \;(X)
but are ranked before A;(X) including A;(X). This integer allows us to locate A\;(X) in the group
of the eigenvalues of X as follows:

M(X) = = Ny x0) > A0 11(X) == A(X) > > A (X). (2.3)

For simplicity, we drop X from ¢;(X) when the dependence of ¢; on X can be seen from the
context. For any function f : X — R, we use f'(z;h) to denote its directional derivative at

x for h (cf. [13, 7(17)]). The following first-order expansion of the eigenvalue function is given
in [17, Proposition 1.4], which is of great importance in the derivation of the main result of this
paper.
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Proposition 2.1 (First-order expansion of eigenvalue functions). Assume that X € S™ has the
eigenvalue decomposition (2.2) for some U € O™(X). Let uy > --- > p, be distinct eigenvalues
of X. Then, for any H € S™ that H — 0 and any i € {1,...,n}, we have

N(X + H) =XN(X) + N\, (Ut HU,,, + U H(pml — X)THU,,,) + O(||H|?) (2.4)
and
Ai(X + H) = Xi(X) + A, (U, HUy,,) + O([H|?), (2.5)
where m € {1,...,r} with i € ayy,. Thus, we have

N(X;H) = (\UL HU,,),...,.\U] HU,,)).

Next, we review some concepts from variational analysis that will be used extensively in this
paper. Given a nonempty set C' C X with z € C, the tangent cone T (%) to C at T is defined
by

To(z) = {w € X| Itxd0, wp — w as k— oo with T+ tpwy € C}.

The regular normal cone of C' at Z is defined as No(z) = To(Z)*. The (limiting) normal cone
Ne(%) is defined as {v € X | 3z, — 2, ), € C and v, — v with v, € Ne(x)}. The set of all
subgradients of f at T is defined as 0f(z) = {v € X | (v,—1) € Nepi¢(Z, f(Z))} and is called
the (limiting) subdifferential of f at Z. Similarly, we can define the regular subdifferential of f
at Z, denoted by ) f(z). Below, we record a result, established in [27, Theorem 6], that provides
a nice formula for the subdifferential of spectral functions.

Proposition 2.2. Assume that 6 : R" — R is a proper and lower semicontinuous (Isc) sym-
metric function. Then we have

9(0 o \)(X) = {UDiag (v)U | v € 98(\(X)), U € O"(X)}.
A similar conclusion holds for the regular subdifferential of § o .

Given a function f : X — R, its domain is defined by dom f = {a: € X| f(z) < oo}. The
function f is called locally Lipschitz continuous around z relative to C' C dom f with constant
¢>0if z € C with f(z) finite and there exists a neighborhood U of Z such that

F@) = f@)] < e —yl| forall z,yeUNC.

Such a function is called locally Lipschitz continuous relative to C' if it is locally Lipschitz con-
tinuous around every Z € C' relative to C. Piecewise linear-quadratic functions (not necessarily
convex) and an indicator function of a nonempty set are important examples of functions that
are locally Lipschitz continuous relative to their domains.

The subderivative function of f : X — R at z with f() finite, denoted by df(z): X — R,
is defined for any w € X by

vy i J(E ) = f(Z)
df(z)(w) = hrg(l]nf , :

w—w

(2.6)

Next, we review some preliminary results about the subderivative of the spectral functions.
Denote P" as the set of all n x n permutation matrices. Recall that a function § : R* — R is
called symmetric if for every z € R™ and every @ € P", 8(Qz) = 6(x) holds. It can be checked
directly from (1.1) that € can be expressed as a composite function in the form

f(z) = g(Diag (z)) for all z € R". (2.7)

4
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Suppose X has the eigenvalue decomposition of (2.2) with r distinct eigenvalues. Denote P% :=
{Q = Diag (P,...,P.) | P, e Ploml m =1,... r}. It can be checked directly that Py C P".
Moreover, if @ € P%, we have QA(X) = M(X). If 6 : R® — R is a symmetric function and
X € S™ with 0(A(X)) finite, it is not hard to see that

dO(A(X))(v) = dO(A(X))(Qu) (2.8)

for any v € R" and any Q € P.
Recalling the index sets ay,, m = 1,...,r, from (2.1), we partition a vector p € R™ into
(Pays - - -+ Pa, ), Where po, € Rl®ml for any m = 1,...,r. Recall from [13, Definition 7.25]

that an Isc function f : X — R is said to be subdifferentially regular at z € X if f(z) is
finite and Nepi (Z, f(Z)) = Nepif(@, f(Z)). Denote by R the set of all vectors (z1,...,zn)
such that z; > --- > x,,. The following result shows the explicit formula of the subderivative
of spectral functions when they are subdifferentially regular. Note that a similar result was
recently established [34, Theorem 3.5] for convex spectral functions.

Theorem 2.3 (Subderivatives of spectral functions). Let # : R* — R be a symmetric function
and let X € S™ with (o \)(X) finite. If 0 is Isc and subdifferentially reqular with d0(A\(X)) # 0,
then for all H € S™ we have

d(60 X)(X)(H) = dIACX) (X (X H)). (2.9)

Proof. The proof of the inequality “>” in (2.9) is exactly the same as that in [34, Theorem
3.5], so we omit it here for brevity. To justify the opposite inequality, we can also obtain for any
e > 0, we may choose Y € 9(f o \)(X) such that

d(0 0 N)(X)(H) < & + (Y, H)

by following the same argument as in the proof of [34, Theorem 3.5]. Since ¥ € 9(6 o A\)(X),
it follows from Proposition 2.2 that there are U € O™(X) and v € 90(A(X)) such that ¥ =
UDiag (v)UT. Since v = (vay,. .-, Va, ), We can choose a permutation matrix Q,, € Pl*ml such

that v,,, = Qmva,, With v,,, € R'fm| for any m =1,...,r. Set Q@ = Diag (Q1,...,Q,) and use
Fan’s inequality [13] to obtain

d(@o N (X)(H) < e+ (Y,H)=c+ (Diag(v),U HU) = + Z (Diag (v)aman Ua, HUs,,)

m=1

S € + Z <1704m’ A(Uc;rmHUOC'rn)) =& + Z <vaam7 )\(U(;rmHUam)>
m=1

m=1 =
= e+ (0, QN (X H)) < £+ dOO\(X))(QTN (X: H))
= e+ dOX)) (N (X; H)),

where the last inequality results from the fact that 6 is subdifferentially regular, and v €
00(A(X)) and where the last equality results from (2.8). Letting ¢ | 0, we get the opposite
inequality in (2.9). O

3 Twice Epi-Differentiability of Spectral Functions

The main objective of this section is to provide a characterization of twice epi-differentiability
of the spectral function g in (1.1) via the same property of the symmetric function 6 therein.
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To do so, we recall some second-order variational properties, important for our developments in
this section. Given a function f : X — R and z € X with f(z) finite, denote the parametric
family of second-order difference quotients for f at x for v € X as

f(&+tw) — f(z) — t(v, w)

142
5t

A} f(@,0)(w) =

with w € X, ¢ > 0.

The second subderivative of f at T for v is defined by
d*f(z,0)(w) = lir?ui)nf A f(z,0)(w'), we X.
w' —w
Following [43, Definition 13.6], a function f : X — R is said to be twice epi-differentiable at z
for v € X, with f(z) finite, if the sets epi A? f(z,v) converge to epid?f(Z,v) as t | 0; see [43,

Chapter 4] for the definition of a sequence of sets. The latter means by [13, Proposition 7.2]
that for every sequence ¢ | 0 and every w € X, there exists a sequence wy — w such that

d*f(z,0)(w) = lim Af f(z,0)(wy)- (3.1)
k—o0
The second subderivative was introduced in [11], where the concept of twice epi-differentiability

for convex functions was studied for the first time. The importance of the second subderiva-
tive resides in the fact that it can characterize the quadratic growth condition for optimization
problems; see [13, Theorem 13.24]. So, it is crucial for many applications to calculate it in
terms of the initial data of an optimization problem. This task was carried out for major classes
of functions including the convex piecewise linear-quadratic functions in [43, Proposition 13.9],
the second-order cone in [32, Example 5.8], the cone of positive semidefinite symmetric matri-
ces in [33, Example 3.7], and the augmented Lagrangian of constrained optimization problems
in [32, Theorem 8.3]. The second subderivative can also be leveraged in the study of stability
properties of optimization problems and generalized equations. To this end, it is vital to be able
to calculate the second subderivative and characterize twice epi-differentiability for important
classes of functions in order to study various stability properties of constrained and composite
optimization problems.

We aim in this section to provide a unified approach that simultaneously answers both
aforementioned aspects for spectral functions. We begin with the following result that gives
a lower bound for the second subderivative of the spectral function in (1.1). We should add
that a similar result was recently proved in [33, Proposition 5.3] for convex spectral functions.
Here, we extend this result by removing the convexity restriction. While its proof resembles
that of [33, Proposition 5.3], it requires careful modifications of the argument therein.

Proposition 3.1 (Lower estimate for second subderivatives). Assume that g : S® — R. is Isc
and has the spectral representation in (1.1) and Y € 0g(X). Let py > --+ > u, be the distinct
eigenvalues of X and U € O™(X). Then, for any H € S™ we have

Cg(X,Y)(H) = PO(MNX),v) (N(X; H)) +2 Z (Diag (1) apan: U, H(pimI — X)THU,,,),

m=1
(3.2)
where cuy,, m = 1,...,7, are defined in (2.1), andy € O0(A(X)) such that Y = UDiag (y)U" and
U= (Vays---,V,) = Qy for some Q € P% with v,,, € R‘f‘ml for any m = 1,...,r. Moreover,

for any such permutation matriz QQ, we always have

A2O(MX),v) (N(X; H)) = d?0(MNX),y) (QTN(X; H))

{dedf}
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Proof. Since Y € 9g(X), it follows from Proposition 2.2 that there are U € O™(X) and y €
00(A\(X)) such that Y = UDiag (y)U". Since ¥ = (Yay»- - - »¥a, ), We can choose a permutation

matrix Q,, € Sl®»l such that Vo, = @mYa,, With v, € lem| for any m = 1,...,r. Set
Q@ = Diag (Q1,...,Q,) and observe that

v = Qy € QIB(A(X)) = DIQA(X)) = HIACX)). (33) {subg)

Let H € S™ and pick sequences Hy, — H and ¢ | 0. Setting Ay A\(X)(Hy) := (MX + tHg) —
MX)) /te, we get

O(NX + tpHy)) — 0(MX)) — te (Y, Hy)
3
OANX) + Ay A(X) (Hy)) = O(NX)) =t (v, A AX) (Hy))
i
(0 AGAX) (Hy)) = (V. Hy)

1
otk

(0, Ay AX) (Hi)) = (Y, Hy)

1
3tk

— A2 09(M(X),0) (Ap AX)(Hy)) +

It follows from Y = UDiag (y)U " that

T

(Y, Hy) = (UDiag (y)U ", Hy) = (Diag (y), U HyU) = Y (Diag (y)amam: Uny, HkUs, )-

m=1
(3.4) {sdcy}
On the other hand, it results from (2.4) and Fan’s inequality [13] that

(v, Ay NX)(Hy)) = i $ Uj(/\j(X-f—tkt]:k) - X\;(X))

m=1jEam

= > Y vidy (Ua HiUa,, + t:U,, Hi(pmI — X) HyUs,, ) + O(8)
m=1jEam
> (Diag (W) aman Uny HiUap, + thUq, Hi(pnI — X) HpUs,, ) + O(t7).

m=1

v

Combining this with (3.4) brings us to

(v, Ay \(X) (Hy)) — (Y, Hy)
2t

> 2 Z <Diag (Y) amam Uo—zrmHk(/‘mI - X)THkUam> + O(tk).
m=1
This leads us to the estimate
A} g(XY)(Hy) = A7 0(ANX),v) (AyMX)(Hy))

+2 Z <Diag (y)amamn U;—mHk(:umI - X)THkUam> + O(tk)a
m=1

which in turn clearly justifies the lower estimate in (3.2) for the second subderivative of g at X
for Y since Ay, A(X)(Hy) — N (X; H) as k — oo.



To prove the last claim, pick @ € P% such that v = (vy,,...,%,) = Qy with v,,, € R‘f"”'
for any m = 1,...,r and observe that Q" = Q! = Diag (Pl_l, ..., P71) € P%. Thus, we obtain
for any w € R™ that

O(A(X) + tw') — 0(A(X)) — t{v,w')
$2

d2O(\(X),v)(w) = lilg(i)nf

1
w' —w 2

_ 1imiinf Q(A(X) + tQTw/) _ Hg/\(X)) _ t<y, QTw/>
tl0

1
3
> i PO ) ZIOCO) ZH) _ ), @7
w—=QTw

One can argue similarly to derive the opposite inequality d20(A(X),v)(w) < d20(A(X),y)(Q w)
for any w € R™, which confirms the claimed equality. O

Note that when the spectral function g in Proposition 3.1 is convex, the vector y therein
can be chosen as A\(Y'), which leads us to v = y, where v is taken from Proposition 3.1. In
this case, the matrix () will be the identity matrix and consequently, this result boils down
to [33, Proposition 5.3].

Our next goal is to investigate when the inequality in (3.2) becomes equality. Such a task
requires knowing more about the critical cone of spectral functions. Recall that the critical of a
function f : X — R at z for v € df(x) is defined by

Cy(z,v) = {w € X| df (z)(w) = (w,v) }.

Note that the critical cone of a function has a close relationship with its second subderivative.
To see this, taking (z,v) € gphdf such that d?f(z,v) is proper, we can conclude from [13,
Proposition 13.5] that dom d? f(z,v) C C¢(x,v). As shown later in this section, equality requires
some additional assumptions; [33, Proposition 3.4] for more details.

The following proposition presents a characterization of the critical cone of the spectral func-
tion, and extends [34, Proposition 5.4], where a similar result was obtained for convex spectral
functions. Since its proof is similar to that of [34, Proposition 5.4] with similar modifications
illustrated in Proposition 3.1, we only provide a sketch of its proof.

Proposition 3.2 (critical cone of spectral functions). Assume that g : S — R is Isc and
has the spectral representation in (1.1) and that Y € 0g(X). Assume further that one of the
following conditions is satisfied:

(a) g is subdifferentially regular;

(b) 8 is locally Lipschitz continuous at A\(X) relative to its domain and 'Y € 5g(X).
Then, we have H € Cy(X,Y) if and only if N'(X; H) € Cy(MX),v) and the matrices Diag (Y)amam
and UOTmHUam have a simultaneous ordered spectral decomposition for any m =1,...,r, where
am taken from (2.1) and U € O™(X), where Y = UDiag (y)U" for some y € 00(\(X)), and
where v is taken from Proposition 3.1.

Proof. Suppose that either (a) or (b) holds. Since Y € d¢(X), it follows from Proposition 2.2
that there is U € O™(X) and y € 90(A\(X)) such that Y = UDiag (y)U'. Take the matrix Q

{crit}



from Proposition 3.1 and observe for any H € S™ that

(Y,H) = (Diag(y),U"HU) =Y (Diag(y)amamn: Ua, HUa,,)
m=1

< D (Vans MU, HU,,,)) = (v, N(X5 H)) < dO(NX)) (N(X; H)) = dg(X)(H),

m=1

where the last equality results from [33, Theorem 3.5] when (b) holds and from Theorem 2.3 when
(a) is satisfied and where the last inequality follows from v € 99(A(X)) and [13, Exercise 8.4] in
both cases. The rest of the proof can be done as that of [33, Proposition 5.4], which was argued
for convex spectral functions. O

The next result consists of some useful observations that will be utilized in our characteri-
zation of twice epi-differetiability of spectral functions.

Lemma 3.3. Assume that g : S® — R is Isc and has the spectral representation in (1.1). If
(X,Y) € gphdg and Y = UDiag(y)U" for some y € 90(N(X)) and U € O™(X), then the
following properties hold.
(a) Twice epi-differentiability of 0 at \(X) for y amounts to that of 0 at A\(X) for v, where v
is defined in Proposition 3.1.
(b) If g is twice epi-differentiable at X forY, then it enjoys the same property at A(X) =
Diag (A(X)) for Diag (y).
(¢) The inequality
d2g(A(X), Diag (3))(Diag (1)) < d20(A(X), y)(w)

holds for any w € R™.

Proof. To prove (a), take the block permutation matrix @ € P% from Proposition 3.1
such that v = Qy. Take w € R™ and a sequence t; | 0, and assume that 6 is twice epi-
differentiable at A\(X) for y. So, we find a sequence wy, — Q" w such that A? O(N(X),y) (wg) —
d20(A(X),y)(QTw). It is not hard to see that

A O(N(X), 0) (Quy) = A O(A(X), y) (wg).
This brings us to

Jim AL O(AX), ) (Quy)

: 2
Jim A7 O(A(X), y) (wr)
= d*0(MX), ) (Q"w) = ?(A(X),v) (w),
where the last equality was justified at the end of the proof of Proposition 3.1. This demonstrates

that 6 is twice epi-differentiable at A(X) for v. The opposite implication can be justified similarly.
To prove (b), it can be checked directly from (2.7) that

{d29<A<X>, Diag(y))(W) = dg(X,Y)(UWUT) and (35)

AZg(X,Y)(W) = Afg(A(X), Diag (y))(UTWU)

for any W € S™ and any U € O"(X) such that Y = UDiag (y)U . Take H € S and a sequence
t 1 0. Since g is twice epi-differentiable at X for Y, there are sequences H, — UHU T such that

{tpd_g}

{n_ted}



A} g(X,Y)(Hy) = d*g(X,Y)(UHU"). Set Hy, := UT H,U and observe that A} g(X,Y)(Hy) =
A? g(A(X), Diag (y)) (Hy). This, together with (3.5), leads us to

lim A7 g(AX), Diag (y)) (Hy) = lim AF g(X,Y)(Hy)
— @g(X,V)(UHUT) = %g(A(X), Ding(y))(H).

which justifies (b).

Turning now to (c), we know from (2.7) that the symmetric function 6 can be represented as
the composite function § = go F with F'(x) := Diag (z) for any € R™. This allows us to use the
extensive theory of variational properties of composite functions (cf. [31,33,43]) to justify (c).
Note that since y € 0(A(X)), we deduce from [27, Theorem 5] that Diag (y) € dg(Diag (A(X)).
Using this and the fact that VF(A(X))*Diag(y) = y, we can view Diag(y) as a Lagrange
multiplier associated with y for the composite representation of . Therefore, a similar argument
as the proof of [13, Proposition 13.14] gives us the claimed inequality. O

After these preparations, we are now in a position to present our main result in this section
in which a characterization of twice epi-differentiability of spectral functions will be given via the
same property of their symmetric parts. We should add here that twice epi-differentiability for
some classes of eigenvalue functions, including the maximum and leading eigenvalue functions,
was justified first by Torki in [18]. The latter, however, did not provide a similar characterization
as the one below by relating it to the same property of the symmetric part of a spectral function.

Theorem 3.4. Assume that g : S® — R is Isc and has the spectral representation in (1.1)
and that 0 is locally Lipschitz continuous relative to its domain. If (X,Y) € gph 59 and Y =
UDiag (y)U" for some y € 59()\()()) and U € O™(X), then g is twice epi-differentiable at X for
Y if and only if 0 is twice epi-differentiable at A\(X) for y. Moreover, if one of these equivalent
conditions holds, then the second subderivative of g at X for'Y is calculated by

d?g(X,Y)(H) = d?0(MX),v) (N (X; H)) +2 Z (Diag (¥)amam: Ua. H(pmI — X)THU,,,),

m=1
(3.6)
for any H € S™ such that d>g(X,Y)(H) < oo, where v is defined in Proposition 3.1 and where
Qm, m = 1,...,7, are defined in (2.1) and where py > --- > p, are the distinct eigenvalues of

X.

Proof. Assume first that 6 is twice epi-differentiable at A\(X) for y and take H € S™. Our
goal is to demonstrate the validity of (3.1) for the following two cases: 1) d?¢g(X,Y)(H) = oc;
2) d%2g(X,Y)(H) < oo. For the first case, take a sequence tj | 0 and set Hy, := H for each k and
observe that

oo = d*g(X,Y)(H) <liminf A7 g(X,Y)(H) < limsup A g(X,Y)(H) < 00 = d*g(X,Y)(H).

k—o00

This implies that limj_,o A7 g(X,Y)(H) = d?g(X,Y)(H), which confirms (3.1) for this case.
Turing now to the second case, observe that given a sequence t; | 0, it suffices to construct a
sequence H, — H such that

Jim A} g(X,Y)(Hy) = d®0(N(X),v) (N (X; H))+2 Z (Diag (¥)amams Ua, H(pmI-X)THU,,, ),

m=1

where y and v are defined in Proposition 3.1. Indeed, doing so leads us via Proposition 3.1 to

lim A?kg(X, Y)(Hy) = d*g(X,Y)(H),
k—o0
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which proves (3.1) for the second case. According to Lemma 3.3(a), 6 is twice epi-differentiable
at at A\(X) for v. Thus, we find a sequence {w*}ren, converging to N (X; H), such that

A7 O(AX),v) (w*) = d*O(AMX),v) (N (X; H)). (3.7)

Note that w* has an equivalent representation w* = (wgl,...,wgr) with w’oim € Rlonl for

any m = 1,...,r. For each k and each m € {1,...,r}, we can find a permutation matrices
GF such that @ﬁm = G’fnwgm € R‘f’”'. Since the entries of G¥, are either 0 or 1, we can
assume by passing to a subsequence if necessary that for each m € {1,...,r} the sequence
{Gk Y hen is constant. For any m € {1,...,7}, set G,, := G% and define the block diagonal
permutation matrix G € P% by G := Diag(Gy,...,G,). It follows from w* — X (X; H) that
@ — GN(X; H). Since 0% € R\ x ... x R, we get GN(X;H) e R x ... x R} On
the other hand, we already have

N(X;H) = (MUJ, HUq,), ..., NUJ HU,,)) € R < xR (3.8)
Combining these and remembering that G is a permutation matrix allows us to conclude that
GN(X;H)=)XN(X;H), (3.9)

which in turn implies that @* — N (X; H). Moreover, since G € P% and 6 is symmetric, we
obtain for any k that
O(NX) + tgw®) = O(N(X) + tpa"). (3.10)

By d?¢(X,Y)(H) < oo and the lower estimate in (3.2), we get d20(A(X),v) (N (X; H)) < oo,
which coupled with (3.7) tells us that A(X)+#zw* € dom @ for all k sufficiently large. Combining
it with (3.10), we get for all k sufficiently large that

AMX) + tp@" € dom 6. (3.11)

Since d*g(X,Y)(H) < oo, we deduce from [13, Proposition 13.5] that dg(X)(H) < (H,Y),
which together with Y € 0g(X) yields H € Cy(X,Y). We thus conclude from Proposition 3.2
that the matrices Diag (¥)a,,a,, and UaTmH U,,, have a simultaneous ordered spectral decom-
position for any m = 1,...,r. Thus, we find for each m = 1,...,r an orthogonal matrix
P,, € Olenl(Diag (y)a,nan) N O (U] HU,,,) such that

Diag (¥)amanm = PnDiag (0)apman Py and Us HU,,, = PuA(Us HU,, )P, (3.12)
Take the matrix P,,, m = 1,...,r, and define the matrix
Ay, == Diag (PiDiag (wf )P, ... P,Diag (w® )P7) + H, keN, (3.13)
and

D := Diag (U, D1Uy,, ..., UJ D,Us,,)
where

~ 0 ifi,j € ay foranym=1,...,7,
Hij:

H;; otherwise,
with H := U HU and D, := H(pmI — X)TH for any m = 1,...,r, and then set

Ey :=U(A, —t;D)UT, keN. (3.14)
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Using the second identity in (3.12) and (3.8), one can easily see for each m = 1,...,r that
P,,Diag (w® )P, — P,Diag (MU, HU,,))P, = PnAU, HU,, )Py =U. HU,,,

which in turn results in By — UT HU = H. Since (Y,UHUT) = (Diag (y), H) = 0, the identity
Us UAU'U,, = PyDiag(wk P! m=1,...,r, brings us to

Am

(YUAU"Y =" (Diag (1)amam: Uay, (VAU U, ) + (Y, UHU™)

m=1

T T
= Y (Diag (4)amam PnDiag (wh )Py) = > (P Diag (v)ama Pm, Diag (w} )
m=1

m=1
r

= (Diag (va,, ), Diag (wh,,)) = (v,0"),

m=1
where the forth equality results from the first relationship in (3.12). Thus, we obtain
(v,w*) = (Y, E) (v,w") = (Y,UAUT)
1t N 1t
2k 5tk

= 2 (Diag (Y)ayan: Un,, (UDmU")Ua,,)
m=1

+2(UDiag (y)U ", UDUT)

= 2 (Diag ()amamn: U, H(pmI — X)THU,,,). (3.15) {ted_g2}
m=1

Take m € {1,...,r} and ¢ € ;. Appealing now to (2.4), we can conclude that

Ai( X+t E) — Ai(X)
= g, (tnPmDiag (wh, )Py, — t;(Us,, DmUa,, = Ua, UAU (] = X)TUAU  Ua,,) + 0(t5)) + O(8).-

As argued above, we have UA,U" — H, which ensures that
t2(Ud DiUq,, — Ud UAU (i — X)TUALU U,,,) = o(t7).
Thus, we arrive at
XNi(X + t1By) — M(X) = A, (te PnDiag (wf )P +o(t2)) + O(t}).
This, coupled with the Lipschitz continuity of eigenvalues, leads us for each m € {1,...,7} to

Ao (X +t1Ey) = Ao, (X) =ty = tp\(PmDiag (wf )P)) +o(t}) — ty@h,

07

=tk +o(t) -tk = o(t}).

Thus, we arrive at
MX + t:Ep) — M(X) — t@”® = o(t3). (3.16) {taylor_1}

Note that we can not guarantee that X + ¢, Ej € dom g. To resolve this issue, we can utilize [7,
Proposition 2.3] to obtain for any k that

dist(X + tx E,dom g) = dist(A(X + t;Ff),dom ),
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which together with (3.16) and (3.11) brings us to the relationships
domg — X )

dist (Ek, :
k

1
= dist(A(X + 1 Ey), dom6)
k

1 - ~
< = [IAX) + te@® + o(t3) — M(X) — t,@"||
k
= o(ty) for all ke N. (3.17)

Thus, for each k sufficiently large, we can find a matrix Hy € S™ such that X + ¢tz Hi € domg
and Hy — Ej = o(t). Using this observation, one can argue that
O(AN(X + tpHy)) — 0(NX)) — t(Y, Hy)
142
2k
(v,wF) — (Y, Hg)  O(NX + tHy)) — 0(MX) + tw")
14 + 142
2k 2%
<v,wk) - <Y, Ek> n O(tk) n Q(A(X + tka)) — G(A(X) + tk@k)

=A7 O(A\(X),v) (W) +
0 (AX), 0) (w") o, i ¥y

A7 9(X.Y)(Hy) =

=A7 O(M(X),v) (W) +

9

(3.18)
where the last equality results from (3.10). Using the fact that 6 is locally Lipshcitz continuous
at A\(X) with respect to its domain, we find ¢ > 0 such that for all k sufficiently large we have

O(NX + tiHg)) — 0(NX) + ta")| CIIMX + tiHy) — A(X) — tp@" |
CINX + tiEy) = MX) — tg@®[| + olt7)
o(t), (3.19)

<
<

where the last inequality results from Hjy — Ej = o(t;) and where the last equality comes from
(3.16). Passing to the limit in (3.18) and using (3.7) and (3.15) lead us to

T
A7 g(X,Y)(Hi) = P®0(MX),0) (N (X; H)) + 2 (Diag (¥)aman: U, H(pmI — X)'HU,,, ),
m=1
(3.20)
which ensures (3.1) for the second case and consequently justifies twice epi-differentiability of g
at X for Y. Moreover, it confirms the claimed formula for the second subderivative of g at X
for Y.

Turning now to the proof of the opposite implication, assume that g is twice epi-differentiable

{eq:indom}

{ted_g}

{eq:1lipth}

{eq:kinfy}

at X for Y. We again consider the following two cases: 1) d20(\(X),y)(h) = oo; 2) d20(\(X),y)(h) <

oo. For the first case, its verification can use a similar argument as the proof of the first case in
the previous implication. To ensure twice epi-differentiability of 6§ at A(X) for y in the second
case, observe first via Lemma 3.3(b) that g is twice epi-differentiable at A(X) for Diag (y). Pick
any h € R™ and denote H = Diag (h) € S™. It follows from twice epi-differentiability of g at
A(X) for Diag (y) that for any ¢ | 0, there exists a sequence {Hy}ren, converging to H, such
that

A2 g(A(X), Diag () (Hy) — d%g(A(X), Diag (4)) (H).

Suppose bt = (hay ... ha,) = Qh with ha,, = Qmha, € R, Q = Diag(Q1,....Qy),
Qm € Ploml. Let VF = Diag(VF,...,VF) with V£ € Oleml((Hp)a,an)- It can be checked
directly that

g(A(X) + tiHy) = g(A(X) + txDiag (Hk)ayars - - - » (Hi)ayan) + tOD(Hy))

= g(QVAX) (VM) Q" + txQDiag (A((Hi)aren): - - - A(Hr)ara,))Q ' + tQVFOD(Hy)(VF) ' Q1)

= g(A(X) + t,@Diag (A((Hi)arar) s - - -, A((Hp)ava,))Q " + tQVFOD(H)(VF)TQT),
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where OD(Hy) := Hy — Diag ((Hi)ayars - - - » (Hk)aya, ) denotes the off block diagonal part of Hy,
and where the last equality comes from the block diagonal structures of A(X), @, and Vj. Let
Hj, := QDiag (A(Hi)asan ) -+ AM(Hi)aa,))Q T +QVFOD(H)(VH) Q.

It can be checked directly that

d?g(A(X), Diag (y))(H) = lim A7 g(A(X), Diag () (Hy) = Jim A7 g(A(X), Diag (y)) (H,).

R R R (3.21) {eq:p4}
Let hy, be such that (hg)a,, = QumA((Hi)amam + te(Hi)a,, (tmI — AMX))1(Hy)a,, ) for any

m € {1,...,r}. Since H, — Diag (h), we know for all m = 1,...,r that
(Hi)a,, (T = M) (Hi)ai,, — 0 (3.22) {eq:15}
as k — oo, which implies that hy — h. It follows from the definition of hj that for k sufficiently
large,
AAX) + b ) — A(A(X) + teDiag (b)) = AA(X) + tefly) — MA(X)) — Q.

Moreover, using (2.4) again brings us to
Aars (NX) + b HE) = Ao (A(X)) = Ay (b (Hi ), + G (HR)S,, (1] = AX)) (H)a) + 0(13)-
Combining the above two equalities, we arrive at

MA(X) + tiHi) = MA(X) + tyDiag (hy)) = o(t7). (3.23) {eq:p2}

Since h € dom d?0(A(X),y), we can use Lemma 3.3(c) and (3.21) to ensure that A(X) +tpHy €
domg for k sufficiently large. Consequently, using [7, Proposition 2.3], (3.23), and € being
symmetric, we get for any k that
0 =dist(A(X) + txHy, dom g) = dist(A(A(X) + t5Hy)), dom 6)
= dist(\(A(X) + txDiag (hy)),dom ) + o(t3) = dist(A(X) + txhx, dom 8) + o(t3).
Thus, for each k sufficiently large, we can find [ € R" such that A\(X) + txlp € domé and
hy — Il = o(tx). Simple calculation then leads us to
OAX) + trli) — O(AX)) — tr(y, lk)
1
g(A(X) + t,Diag (Ix)) — g(A(X)) — t4(Diag (y), Diag (hi)) | o(ty)
312 ty
gAX) + tiHy) = OMX)) — ti(Diag (y), Hy) | g(AX) + tDiag () — g(AX) + ti Hy)
T i
1
2tk

AZONX), y)(I) =

1
2

+o(1).

(3.24) {eq:qtheta}
Since 6 is locally Lipschitz continuous at A(X) with respect to its domain, we obtain

|9(A(X) + tiDiag (hi)) — g(A(X) + teHr)| < UAA(X) + tiHy) = MA(X) + txDiag (7)),
which together with (3.23) yeilds

9(A(X) + tDiag (hx)) — g(A(X) + txFy) = o(£2). (325) {eq:p3}
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Moreover, we have

<Diag (y)a ﬁkz> - <y7 hk> _ <Qy> diag ()‘((Hk:)oqal)v s 7)‘((Hk)arar>)> — <Qy7 Qhk’> .
%tk = %tk (3.26) {eq:p5}

Combining (3.22) with the definition of hy, we can conclude for any sufficiently large k that

INHR) amam) = MR apan + te(Hi)a, (] = AX)) (Hy)a, )|
= [IM(H)aman) = M(H)aman + te(H)d, (] — AX)) (Hy)a,,) |
< [t (Hy) (e d — AX))T(H ), || = o(tr),
which, coupled with (3.26), tell us that
(Diag (y), Hy,) — (y, hi)
I

Combining this with (3.24), (3.21), and (3.25) implies that

= o(1).

A7 ON(X), y) (k) — d*g(A(X), Diag (y))(Diag (h)),

which together with (3.2) confirms that 6 is twice epi-differentiable at A(X) for y and hence
completes the proof. O

Theorem 3.4 provides a practical characterization of twice epi-differentiability of spectral
functions and can be viewed as a far-reaching extension of [18, Theorem 3.1] in which this
property was justified for some classes of eigenvalue functions. Note that Lipschitz continuity
of 0 with respect to its domain, assumed in Theorem 3.4, doesn’t impose a major restriction in
applications and often holds automatically.

{tep_dd}
Remark 3.5. Note that a characterization of directionally differentiability of the proximal
mapping of spectral functions can be found in [10, Theorem 3]. It is well-known that if the
spectral function g in (1.1) is Isc and convex, its proximal mapping can be calculated by
prox, (X) := argminyycga. {g(W) + 5[|W — X|*} = UDiag (proxys(A(X)))U ", (3.27) {prox_con}

where U € O"(X). Given an lsc and convex spectral function g with representation (1.1),
we infer from [10, Theorem 3] that prox, is directionally differentiable at X € S" if and only
if proxy is directionally differentiable at A(X). It also follows from [13, Exercise 13.45] that
twice epi-differentiability of g at X for Y € 0g(X) amounts to directional differentiability of
prox, at X +Y. One may wonder whether the combination of these two results can give us
the equivalence established in Theorem 3.4 for convex spectral functions. To explore such a
possibility, take (X,Y) € gphdg and assume that g is twice epi-differentiable at X for Y.
According to [13, Exercise 13.45], the proximal mapping prox, is directionally differentiable at
X +Y. Employing now [10, Theorem 3] implies that prox, is directionally differentiable at
AX +Y). Appealing again to [13, Exercise 13.45] indicates that 6 is twice epi-differentiable at
z for A(X +Y) — 2z with z = proxy(A(X +Y)). It is not hard to see from (3.27) and the spectral
representation of X that z = A(X). On the other hand, since Y € d¢g(X) and g is convex, there
exists U € O" such that X = UA(X)UT and Y = UA(Y)UT, which indicate that

X+Y=UAX)U"+UAUT =UNX)+AY)U'.

Thus we have A(X+Y) = AM(X)+A(Y). Combining these tells us that 6 is twice epi-differentiable
at A(X) for \(Y'). A similar argument can prove the opposite implication, which demonstrates
that for convex spectral functions, Theorem 3.4 can be concluded from [10, Theorem 3].
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The formula for the second subderivative, established in Theorem 3.4, deals with the domain
of this object and so one may wonder what can be said about this set. Under the hypotheses of
Theorem 3.4, we can conclude from [43, Proposition 13.5] that if d2g(X,Y") is a proper function,
then we always have the inclusion

domd®g(X,Y) := {H € 8" (X, Y)(H) < 0o} C Cy(X,Y). (3.28)

Note that equality happens to be valid in this inclusion in many applications. To elaborate
more on this, recall that for a function f : X — R, and Z € X with f(Z) finite and w € X
with df(Z)(w) finite, the parabolic subderivative (see [13, Definition 13.59]) of f at Z for w with
respect to z is defined by

f(@ +tw + 5t22') — f(z) — td f(7)(w)
iz |

A f(z)(wlz) = lign\iglf

2=z

It was shown in [33, Proposition 3.4] that if Y is a proximal subgradient in the sense of [13,
Definition 8.45] and if domd?g(X)(H | -) # 0 for all H € Cy(X,Y), the inclusion in (3.28)
becomes equality. One may ask when the condition domd2g(X)(H | -) # () holds. Indeed,
this condition does hold when the function g is parabolically epi-differentiable at X for any
H in the sense of [13, Definition 13.59]. The latter condition was extensively studied recently
in [34, Theorem 4.7] for spectral functions. Roughly speaking, it was shown that the latter
property holds for the spectral function g in (1.1) whenever the symmetric function 6 in (1.1)
enjoys this property. The latter automatically holds for many symmetric functions that appear
in applications. We record below a result that provides sufficient conditions for ensuring equality
in (3.28).

Proposition 3.6. Suppose that g has the spectral representation in (1.1) and Y is a prozimal
subgradient of g at X and that 0 is locally Lipschitz continuous with respect to its domain. If
8 is parabolically epi-differentiable at N(X) for N'(X; H) for any H € Tgom ¢(X), then we have
domd?g(X,Y) = Cy(X,Y).

Proof. It follows from [34, Theorem 4.7(a)] that ¢ is parabolically epi-differentiable at X for
any H € Tyomg(X). Since Cy(X,Y) C Thomg¢(X), the discussion above gives us the claimed
equality via [33, Proposition 3.4]. O

4 Applications of Twice Epi-Differentiability

This section is devoted to establishing several second-order variational properties of spectral
functions as an immediate consequence of Theorem 3.4. We begin by leveraging the latter
result to obtain a characterization of a generalized twice differentiability of functions, recently
introduced in [14, Definition 4.1]. To present its definition, recall that a function ¢ : X — R is
called a generalized quadratic form (GQF) on X if dom ¢ is a linear subspace of X and there
exists a linear symmetric operator L (i.e. (Lx,y) = (x,Ly) for any =,y € dom¢) from dom ¢
to X such that f has a representation of form

o(x) = (Lx,z) for all x € dom .

A function f: X — R is called generalized twice differentiable at x for v € df(x) if the second
subderivative d?f(z,v) is a GQF and twice epi-differentiable at z for v.
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Theorem 4.1. Suppose that all the hypothesis of Proposition 3.6 hold and that g is subdiffer-
entially reqular and Y = UDiag (y)U" for some y € 00(\(X)) and U € O™(X). Then g is
generalized twice differentiable at X for'Y if and only if 6 has the same property at A\(X) for y.

Proof. Assume first that 6 is generalized twice differentiable at A\(X) for y. By Theorem 3.4,
g is twice epi-differentiable at X for Y. Moreover, since d?0(A(X),y) is a proper function and a
GQF, it follows from (3.6) that d?g(X,Y) is quadratic for any H € domd?g(X,Y) = Cy(X,Y).
What remains is to show that Cy(X,Y) is a linear subspace of S". By assumptions and [33,
Proposition 3.4], we have dom d20(\(X),y) = Cp(A(X),y) is a linear subspace of R". Since  is
subdifferentially regular, we conclude from [19, Proposition 3.3] that Cy(A(X), y) = Nagr(x)) (¥)-
Thus, we infer from a well-known fact from convex analysis that y € ridd(A(X)). By [0,
Proposition 3.19], we have Y € ridg(X). This, together with the identities dom d?g(X,Y) =
Cy(X,Y) = Nyg(x)(Y), which result from Proposition 3.6 and [19, Proposition 3.3], tells us that
Cy(X,Y) is a linear subspace.

Assume now that g is generalized twice differentiable at X for Y. It follows from Theorem 3.4
that 6 is twice epi-differentiable at A\(X) for y. It remains to show that d?0(A(X),y) is a GQF.
To do so, we infer from the second part of the proof of Theorem 3.4 that

d*9(M(X),y)(w) = d*g(Diag (A(X)), Diag (y)) (Diag (w)) (4.29)

for any w € R™. On the other hand, Lemma 3.3(b), tells us that g is twice epi-differentiable at
Diag (A(X)) for Diag (y). Moreover, the proof of the latter result indicates that

d?g(Diag (\(X)), Diag (y))(H) = d*¢(X,Y)(UHU ")

for any H € S™. Combining these implies that g is generalized twice differentiable at Diag (A(X))
for Diag (y). This, along with (4.29), confirms that € is generalized twice differentiable at A(X)
for y and so completes the proof. O

Corollary 4.2. Suppose that g has the spectral representation in (1.1) and 6 therein is a poly-
hedral function. Then, if Y € ridg(X), then g is generalized twice differentiable at X forY.

Proof. It results from [13, Exercise 13.61] that 6 is parabolically epi-differentiable at A(X') for
any y € 06(A(X)). Moreover, we know from [0, Proposition 3.19] and Y € ridg(X) that there
exists y € ri@(A\(X)) such that Y = UDiag (y)U' and U € O"(X). According to [43, Proposi-
tion 13.9], 6 is twice epi-differentiable at A(X) for y and d*0(A(X),y) = d¢,(x(x),y). Combining
this, y € rif(A(X)), and Corollary 4.1 ensures that g is generalized twice differentiable at X for
Y. O

We proceed with exploring twice differentiability of spectral functions. Note that it was
proven in [28, Theorem 3.3] that the spectral function ¢ from (1.1) is twice differentiable at
X € S™ if and only if 6 enjoys this property at A(X). It is tempting to ask whether our
approach can be used to derive the latter result. We show below that this can be achieved when
the spectral function g is prox-regular. To this end, recall that a function f: R — R is called
semidifferentiable at z if it is finite at Z and the “liminf” in (2.6) is a “lim.” Furthermore, f is
said to be twice semidifferentiable at Z if it is semidifferentiable at Z and the “liminf” in

7 o fE ) = f(E) = df (@) (uwf
4 f(2)(w) ::h%nf rriw ;; z)(w')

., weX (4.30)

is a “lim.” In such a case, we refer to the left-hand side of (4.30) as the second semiderivative
of f at . It is known that the twice semidifferentiability has serious limitations to handle
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nonsmoothness in variational analysis; see [13, p. 590] for a detailed discussion. Below, we
provide a characterization of twice semidifferentiability of differentiable spectral functions.

Theorem 4.3. Suppose that 0 is locally Lipschitize continuous around X\(X), differentiable at
MX). Then the spectral function g from (1.1) is twice semidifferentiable at X if and only if 6
is twice semidifferentiable at \(X). If one of these equivalent conditions holds, then the second
semiderivative of g at X can be calculated for any H € S™ by

Qm

d*g(X)(H) = d*9(MX) (N (X; H)) + 2 i (Diag () aman: Ua,, H(pmI = X)'HU,,,),

m=1

where oy, m = 1,....7, are defined in (2.1), U € O"(X), and y = VONX)) and where
p1 > - > . are the distinct eigenvalues of X. Moreover, d?g(X)(H) = d?g(X,Vg(X))(H)
for any H € S™.

Proof. Assume first that 0 is twice semidifferentiable at A(X). To prove twice semidifferen-
tiability of g at X, take H € S™ and pick sequences t; | 0 and Hy — H, and observe that

O(NX + tpHy)) — 0(N(X)) — tx(Vg(X), Hy)
3
<y, wk> — <VQ(X), Hk> 9()\<X -+ tka)) — H(A(X) -+ tkwk)
+ lt + lt2
2'k 2'k

A7 9(X,Vg(X))(Hy) = = A7 0(AX), y) (w")

)

where Vg(X) = U Diag(y)U, y = VO(A(X)), and
(@")an = AUq,, HiUa,, + txUq, H (] — X) HUs,,) forall m=1,....r,

with the index sets ay,, taken from (2.1). It can be checked directly that w* — X/ (X, H). Since
0 is differentiable at A\(X), we get 50()\(X )) = {y}. Because 6 is symmetric, we conclude for
any permutation matrices P satisfying A(X) = PA(X) that Py € (/9\0()\(X)), which leads us to
Py = y. Thus, we can assume without loss of generality that y € R'fl‘ X oo X RLO‘T'. This
implies that for any m = 1,...,r, there exists u;, € R such that ya,, = umlq,,|, where 1),
is a vector in RI*m| with all entries being 1. Hence, the matrices Diag (yq,,) and UOTmH tUa,, +
tkUOTmH (pmI — X)THU,, are simultaneously diagonalizable for any m = 1,...,r. Appealing
to Fan’s inequality from [13] leads us to

<y7 wk> _ <Vg(X)7 Hk>

1
2
> et Yams AUa,, HiUay + U, H (pun! = X)THU,,,)) = (Vg(X), Hy)
2tk
- 1
,tk;
2

Diag(y), UT HyU) — (Vg(X), H, .
_ (Diag(y) k;ti V9O He) o SNy NUL ] — X)THU,))

m=1

(y, (X, Hy))) — (Diag(y),U " HU .
= I ) +2) " (Diag (¥)aman: U, H(pmI — X)THU,,, )
2 m=1

=2 (Diag () aman: Uny H (pm] — X)THU,,,).
m=1
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On the other hand, we can obtain from (2.4) that
MX + tpHy) — M(X) — tpw® = o(t3).

Thus, it follows from the local Lipschitz continuity of § around A\(X) and [17, Theorem 1.5], and
applying a similar argument as the proof of the estimate in (3.19) that

O(A(X + tyHy)) — 0(A(X) + tywh)
7

— 0.

Since 6 is twice semidifferentiable at A\(X) and differentiable at A\(X), we arrive at
Jim A? O(NX),y) = ®0NX))(H) + 2 (Diag (1)aman: Uny H(pmI — X)THU,,, ).
—00
m=1

Recall that the sequences Hj and t; were taken arbitrarily. Combining these tells us that g is
twice semidifferentiable at X and gives us the claimed formula for the second semiderivative of g
at X. The last claim about the equivalence of the second subderivative and second semiderivative
of g follows from the fact that g is differentiable and dg(X)(H) = (Vg(X), H).

Finally, if g is twice semidifferentiable at X, it follows from the composite representation of
0 in (2.7) and [32, Proposition 8.2(i)] that 6 is twice semidifferentiable at A\(X). O

The result above opens the door to characterize twice differentiability of spectral functions
that are prox-regular. To do so, we say that f has a quadratic expansion at Z if f is differentiable
at T and there exists a linear mapping A : X — X such that

_ _ | _ _ _
f(@) = f(@) + (Vf(@),2 = 7) + S{Az = 2),2 = 7) + of[l= — 7).
Recall also that a function f: X — R is called prox-regular at z for o if f is finite at # and
locally Isc around Z with v € f(Z), and there exist constants € > 0 and r > 0 such that

{f(:c’) > f(z) + (v,2" —z) = glla" —x||* forall o’ € B.(2) (4.31)

x
whenever (x,v) € (gphdf) NB.(Z,v) with f(z) < f(Z) +e.

The function f is called prox-regular at Z if it enjoys this property at Z for any v € df(z). We are
now in a position to provide a characterization of twice differentiability of spectral functions that
are prox-regular. We should note that this was obtained in [28, Theorem 3.3] without assuming
prox-regularity via a different approach. We, however, derive it as an immediate conclusion of
our second-order variational analysis of spectral functions. It remains as an open question how
to drop prox-regularity in the following result using our approach.

Corollary 4.4. Assume that g : S® — R has the spectral representation in (1.1) and that g is
proz-reqular at A(X). Then, g is twice differentiable at X if and only if 0 is twice differentiable
at AN(X). If one of these equivalent conditions holds, the second derivative of g at X can be
calculated for any H € S™ by

{prox}

(V2g(X)H, H) = (V2O(A(X))N'(X; H), N (X; H))+2 Z (Diag (y) amam: Uay, H (i =X) T HUL,,,),

m=1

where oy, m = 1,...,7, are defined in (2.1), U € O™(X), and y = VO(ANX)) and where
p1 > - > e are the distinct eigenvalues of X.
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Proof. 1If g is twice differentiable, then it follows from the composite representation 6 in (2.7)
that 6 is twice differentiable at A(X). Observe that in this case prox-regularity of g is not
required.

Assume now that 6 is twice differentiable at A(X). This requires that 6 be differentiable
around A(X) which implies that its gradient must be locally bounded around this point and
thus it is locally Lipschitz continuous around this point. It results then from [26, Theorem 1.1]
that g is locally differentiable around X. Moreover, twice differentiability of # at A(X) implies
twice semidifferentiablility of § at A(X) and d*6(A\(X)))(w) = (V20(A(X))w, w) for any w € R™.
By Theorem 4.3, ¢ is twice semidifferentiable at X. Appealing now to [13, Example 13.8]
confirms that g has a quadratic expansion at X. Since ¢ is prox-regular at X, we deduce
from [13, Corollary 13.42] that Vg is differentiable, which amounts to saying that g is twice
differentiable at X. O

Our next result provides a characterization of subdifferential continuity for spectral functions.
Recall that a function f : X — R is called subdifferentially continuous at z for v € 9f(z) if
the convergence (zy,vr) — (Z,0) with vy € 0f(xy) yields f(zr) — f(Z) as kK — co. When this
property holds for all subgradients v € df(Z), we call f subdifferentially continuous at Z. For
spectral functions, it was shown in [7, Theorem 4.2] that the spectral function g from (1.1) is
prox-regular at X if and only if 6 enjoys this property at A(X). A similar observation can be
made for subdifferential continuity as shown below.

Proposition 4.5. Assume that g : S® — R has the spectral representation in (1.1). Then, g is
subdifferentially continuous at X if and only if 0 is subdifferentially continuous at \(X).

Proof. Suppose first that 6 is subdifferentially continuous at A\(X). To show that g is subdif-
ferentially continuous at X, take Y € 0¢g(X). If (X, Yr) — (X,Y) with Y}, € 0g(Xk), we know
that there exists yy such that y; € 90(A\(Xy)) and A(Xg) — A(X). It is known from [7, Lemma
14] that there exists a permutation matrix P such that y, — Py with Py € 00(A\(X)). Since
6 is subdifferentially continuous at A(X), we know that O(A(Xy)) — 6(A(X)), which implies
9(Xk) — g(X). Thus, g is subdifferentially continuous at X. To show the opposite implication,
assume that g is subdifferentially continuous at X. We claim that g is subdifferentially continu-
ous at A(X) = Diag (A(X)). To see this, take Y € dg(A(X)) and U € O™(X), and assume that
(Xk, Vi) = (A(X),Y) with Yy, € 0g(Xk). In this case, it is not hard to see that

UYUT € 9g(X) and UYU' € dg(UXU").

for any U € O™(X). Since (UXRUT,UY,U") — (X,UYU) and since g is is subdifferentially
continuous at X, we get

9(X3) = g(UXRUT) = g(X) = g(A(X)),

which implies that ¢ is subdifferentially continuous at A(X). To show that € is subdifferentially
continuous at A(X), take y € 900(\(X)) and (xg,yx) = (AMX),y) with yx € 90(zy). It follows
from [26, Theorem 1.4] that

Diag (y) € dg(Diag (z)) and Diag(yx) € dg(Diag (x)).

Since (Diag (zy), Diag (yx)) — (A(X),Diag(y)) and since g is subdifferentially continuous at
A(X), we arrive via (2.7) at

0(xx) = g(Diag (z1)) — g(A(X)) = O(A(X)),

which confirms that 6 is subdifferentially continuous at A(X) and hence ends the proof. O
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Next, we are going to use our characterization in Theorem 3.4 to study proto-differentiability
of subgradient mappings of spectral functions. To achieve our goal, recall that the graphical
derivative of a set-valued mapping F' : X = Y at & for §y € F(Z), denoted by DF(z,y), is a
set-valued mapping from X into Y, defined by

gph DF('@ g) = TgphF(jag)'

If, in addition, for any n € DF(z,y)(w) and any choice of t; | 0, there exist sequences wy — w
and np — n with § + tynr € F(ZT + tywy), then F is said to be proto-differentiable at z for
y; see [13, page 331] for more details. One of the main sources of proto-differentiability in
variational analysis is subgradient mappings of various classes of functions.

Theorem 4.6. Assume that g : S® — R has the spectral representation in (1.1) and that 0 is
locally Lipschitz continuous relative to its domain and (X,Y') € gph dg. Suppose that g is proz-
reqular and subdifferentially continuous at X. Then Og is proto-differentiable at X forY if and
only if 90 is proto-differentiable at \(X) fory, where y € 00(N(X)) such that Y = UDiag (y)U "
for some U € O™(X).

Proof. Our plan is to combine Theorem 3.4 and [13, Theorem 13.40]. To this end, recall
that since g is prox-regular at X for Y, then Y € d¢g(X). Assume that 6 is proto-differentiable
at A(X) for y. It follows from [13, Theorem 13.40] that 6 is twice epi-differentiable at A(X)
for y. Appealing now to Theorem 3.4 tells us that ¢ is twice epi-differentiable at X for Y,
which together with [43, Theorem 13.40] confirms that g is proto-differentiable at X for Y. The
opposite claim can be proven similarly using Theorem 3.4. ]

We end this section with a characterization of directional differentiability of the proximal
mapping of spectral functions. This property shows great potential in establishing local superlin-
ear convergence of semismooth Newton method and forward backward envelop acceleration [24].
Recall that proximal mapping of a function f : X — R for a parameter value v > 0, denoted by
prox., is defined by

. 1 2
prox. (x :argmm{f w)+ —|lw—=x }
v () B (w) 27H I
Recall from [43, Exercise 1.24] that a function f : X — R is called prox-bounded if the function
f +al| - ||? is bounded from below on X for some a € R.

Corollary 4.7. Assume that g : S® — R has the spectral representation in (1.1) and that 0 is
locally Lipschitz continuous relative to its domain and (X,Y’) € gph dg. Suppose that g is proz-
regular and subdifferentially continuous at X and that g is proz-bounded. Then the following
statements are equivalent.
(a) For any~y > 0 sufficiently small, the proximal mapping prox., is directionally differentiable
at X +~Y.
(b) For any v > 0 sufficiently small, the proximal mapping prox,g is directionally differentiable
at N(X) + vy, where

Proof. According to [13, Exercise 13.45], twice epi-differentiability of g at X for Y amounts
to directional differentiability of prox,, at X +~Y for any v > 0 sufficiently small. The same
observation holds for 6. Since twice epi-differentiability of g and 8 are equivalent, it follows from
the discussion above that (a) and (b) are equivalent. O

As mentioned in Remark 3.5, when g is convex, Corollary 4.7 can be obtained from [10,
Theorem 3]. The above result, however, goes far beyond convexity and covers a large class of
spectral functions that are not necessarily convex.
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5 Illustrated Examples

In this section, we are going to apply our second-order variational theory for several impor-
tant classes of spectral functions to illustrate its efficacy in the study of important practical
optimization problems.

5.1 Second-Order Variational Properties of Leading Eigenvalues

Our first goal is to explore the second-order variational properties of the leading eigenvalue
functions by using theoretical results in Section 3. Recall from (2.3) that the eigenvalue
Ai—t;(x)+1(X), ranking first in the group of eigenvalues equal to \;(X) is called a leading eigen-
value of X. To express this class of functions in the form of the spectral functions in (1.1), define

the i-th order statistic function ¢; by ¢;(z) := \;(Diag (x)) = i-th largest element of {x1,...,x,}.

It is not hard to see that all the leading eigenvalue functions have the spectral representation
9(X) == ¢;(AMX)) with either i =1 or ¢;—1(A(X)) > ¢i(AN(X))

for any X € S™. The leading eigenvalue function has important applications in various fields.
For example, the largest eigenvalue is usually used in the principal component analysis for
dimension reduction [23]. The Fiedler value, which is defined as the second smallest eigenvalue,
measures graph connectivity and is applied for image segmentation or community detection in
social networks [22]. Other applications includes neural network [36,37], signal processing [15];
see [1,12,15,39] for more applications. Such a representation was well studied in [27, Section 9]
through which some first-order variational properties of this function were explored. Our main
objective is to demonstrate that our developments in previous sections allow us to characterize
second-order variational properties of the leading eigenvalues. We should add here that some of
these properties were studied before in [1&] using a different approach and without appealing to
the spectral representation of the leading eigenvalue functions. We begin by recording some of
the first- and second-order properties of the i-th order statistic function.

Proposition 5.1. Suppose that x € R™ and ¢; is the i-th order statistic function ¢; where either
i =1 or ¢i—1(x) > ¢i(x). Then the following properties are satisfied.
(a) For any z = (21,...,2n) sufficiently close to x = (z1,...,x,), we have ¢;(z) = max{z;|i €
I(z)}, where I(z) = {j € {1,--- ,n}|z; = ¢i(x)}.
(b) ¢; is locally Lipschitz continuous and subdifferentially regqular at x. Moreover, we have
d¢i(z)(w) = max{w; | i € I(x)} for any w = (w1, ..., wy) and d¢;(x) = conv {e;|i € I(z)}.
(¢) The function ¢; is twice epi-differentiable at x for any v € d¢;(x).
(d) The function ¢; is prox-requalr and subdifferentially continuous at z for any v € 0p;(z).

Proof. The claim in (a) falls directly from the definition of ¢;. The claims in Part (b) are

immediate consequences of (a); see also [27, Theorem 9]. The formula for d¢;(x) results from
the equivalent local representation of ¢; from (a) and the well-known formula for the pointwise
maximum of convex functions; see also [27, Proposition 6]. The formula for the subderivative of

¢; results from [13, Exercise 8.31]. Part (c) follows from (a) and [13, Example 13.10]. Finally, (d)
falls out directly from the local representation of ¢; as a polyhedral function together with [13,
Example 13.30]. O

Using the properties of the i-th order statistic function ¢;, listed above, we first calculate
the subderivative of these functions.
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Corollary 5.2. Suppose that X € S™ and that puy > --- > p, are the distinct eigenvalues of
X. Then, for any i € {1,...,r}, the subderiavative of the leading eigenvalue function \; can be

calculated by
N(X, H) =dN(X)(H) = Al(U;HUai) (5.32)

for any H € S™, where the index sets c; comes from (2.1). Moreover, \; is subdifferentially
reqular at X and its subdifferential at this point has a representation in the form

OXi(X) = {Ua,Diag (y)a,0; U, | U € O™(X), y € 9¢i(A(X))}. (5.33)

Proof. It is easy to see that for any i € {1,...,r}, the leading eigenvalue function \; has the
spectral representation as (1.1) with 6 being the i-th order statistic function ¢;, where either
i=1or ¢i_1(x) > ¢i(x). To justify (5.32), it follows from Theorem 2.3 that

dN(X)(H) = dgi(MX))(N(X, H))
= max{\,(Us HUy,) | s € a;} = A\ (U, HU,,).

By Proposition 2.2, the subdifferential of A\; at X has a representation of the form
ONi(X) = {UDiag (y)UT |U € O™(X), y € d¢pi(MX))}.

By Proposition 5.1(b), y € 9¢;(A(X)) amounts to y € conv {e; |7 € a;}. Thus, we get

(e 70

Y =UDiag AY)U" =) M(WNUT = > AUV = Us, AY ) a0, U,
=1

seoy

Combining these confirms (5.33). Finally subdifferential regualrity of \; at X was taken from [27,
Corollary 4] along with the fact that in the spectral representation of \;, the symmetric function
0 = ¢; is subdifferentially regualr according to Proposition 5.1(b). O

Next, we characterize the twice epi-differentiablity of the leading eigenvalues. It is worth
mentioning that although Proposition 5.1(a) shows that ¢; can be written locally as a polyhedral
function, that local representation is not symmetric. Thus, existing results in [34] are not
applicable here.

Theorem 5.3. Suppose that X € S™ and that py > --- > u, are the distinct eigenvalues of X.
Then, for any i € {1,...,r}, the leading eigenvalue function \; is twice epi-differentiable at X
for any Y € o\(X) and

A2\ (X,Y)(H) = Soy(x,y)(H) + 2(Y, H (il — X)TH> for all H € S™,

where U € O™(X) such that Y = UDiag (y)U " for some y € 0¢;(M\(X)).

Proof. It is easy to see that for any i € {1,...,r}, the leading eigenvalue function \; has the
spectral representation as (1.1) with 6 being the i-th order statistic function ¢;, where either
i=1or ¢;—1(x) > ¢i(x). It follows Proposition 5.1(b) that A; is locally Lipscitz continuous and
subdifferentially regular at X. Appealing now to Proposition 5.1(¢) and Theorem 3.4 confirms
that \; is twice epi-differentiable at X for Y. To justify the claimed formula for the second
subderivative of \;, we proceed with two Claims.
Claim 1: We have dom d?)\;(X,Y) = Cy,(X,Y).

To justify this claim, we can conclude from Proposition 5.1(a) and [34, Theorem 4.7(a)]
that A; is parabolically epi-differentiable at X for any H € C),(X,Y) in the sense of [13,
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Definition 13.59]. This, coupled with Proposition 3.6,, ensures the claim about the domain of
d2N(X,Y).
Claim 2: The second subderivative of A\; at X for Y has a representation of the form

(X, Y)(H) = dc,x,v)( +2Z<A asas: Un H(psI — X)1HU,,)

for any H € S™.

To verify this claim, it follows from Y € OA;(X) and Proposition 5.3 that Y = Uy, Diag () a,a, U,
for some y € 9¢;(A(X)). Recall from Claim 1 that domd?)\;(X,Y) = C,,(X,Y). Take
H € domd?g(X,Y) and conclude that d?g(X,Y)(H) < oo. Using the formula for the sec-
ond suderivative from Theorem 3.4 then leads us to N(X;H) € domd?d(A\(X),y). On the
other hand, we know from Proposition 5.1(a) that d*0(A(X),y) = d*h(A(X),¥y) = dc,(\(X).w):
where h(z) := max{z;|i € I(\(X))} for any z = (21,...,2,), and where the last equality re-
sults from h being a polyhedral function together with [13, Proposition 13.9]. Therefore, we get
d?0(A\(X),y)(N(X;H)) = 0. combining this with the formula for the second suderivative from
Theorem 3.4 confirms that for any H € domd?g(X,Y), we have

d?g(X, —22(1\ asass Ua, H(psI — X)THU,,).

If H ¢ domd?g(X,Y), we conclude from the equality dom d?);(X,Y) = C),(X,Y) that d®>)\;(X,Y)(H) =
oo, which proves the claimed formula for d?)\;(X,Y) in this claim.

To finish the proof, recall that Y = U,,Diag (¥)a;a; UOZ_ for some y € 0¢;(A(X)). This implies
that A(Y)a.a, =0 for all s € {1,...,7} \ {a;}. Combining these and Claim 2, we arrive at

d2g(X, Y)H) = 5Cg(X,Y)(H) + 2<A(Y)aia“ U;H(uif - X)THU%>
= e, cxy)(H) +2(Y, H(ul — X)'H)

for any H € S™, which completes the proof. ]

It is worth mentioning here that twice epi-differentiability of the leading eigenvalue functions
was studied before in [18, Theorem 3.2]. Here, we obtain it via a different approach, which is
much simpler than deriving it from the definition directly.

5.2 Second-Order Variational Properties of Statistic Regularizer

We continue to study second-order variational properties of some important regularization terms,
used often in statistics to analyze eigenvalue optimization problems such as the largest eigen-
value gaps. This again demonstrates the great potential of our established theory in practical
applications.

Example 5.4 (largest eigenvalue gap). Suppose that X € S™. The largest eigenvalue gap of X
is defined by

9(X) = max {\z(X) —)\k_H(X)} k=1,...,n}.

The largest eigenvalue gap of the Laplacian matrix is frequently used in statistics to choose the
number k of clusters in spectral clustering; see [30] and [19, Section 8.3] for more details. It is
also widely used in quantum mechanics to determine the mixing time of quantum walks [16]. Tt
is easy to see that g has the spectral representation in (1.1) with

0(x) := max {(z, ") i=1,. -1},
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where e“t! ¢ R™ is the vector whose i-th component is 1, i + 1-th component is -1 and the
remaining components are 0. Note that 6 is the fussed graphical Lasso regularization term
and its proximal mapping was computed in [51]. Since € is a polyhedral function, it follows
from [13, Proposition 13.9] that such 6 is twice epi-differentiable at any x € R" for any y € 06(z).
Using Theorem 3.4, we conclude that g is also twice epi-differentiable at X for any Y € dg(X).
It is also worth mentioning that our argument above can be applied to any polyhedral function
0. This tells us a similar conclusion can be reached about twice epi-differentiability of a wide
range of functions appearing in different optimization problems such as positive semidefinite pro-
gramming problems and the fastest mixing Markov chain problem [2]. In such a case, according
to Corollary 4.7, prox, is directionally differentiable, which allows us to apply fast algorithms
like the generalized Newton method and forward-backward envelop acceleration [24] to solve the
optimization problem with such a regularizer g.

Example 5.5 (Minimax Concave Penalty (MCP)). The MCP function was introduced in [50,
equation (2.1)] for the sparse regression. A frequently used MCP function (cf. [29,50]) has the

form )
ct| — £ if |t| < ac
P(t) = ac2 20 . ’
“ if [t| > ac,

where a > 1 and ¢ > 0 are two given constants and ¢ € R. It is usually regarded as a smoothing
function for the lp-norm [16,50]. It can also be composed with an eigenvalue function to form
a spectral function in applications. For instance, in the robust PCA (cf. [29]), it is common
to consider the spectral function g(X) = > ; #(Xi(X)). Indeed, all the penalty functions
in [29, Table 1] can be used in a similar way to construct a spectral function to deal with the
low rank optimization problems. Define the function 6 : R® — R by

0(1'17 s 7xn) = ¢(‘T1) +...t (b(xn)

Clearly, 0 is symmetric and g = 6 o A, which tells us that g is a spectral function. It is easy to
see that 6 is differentiable at any = = (z1,...,2,) € R™ when a; # 0 for all i = 1,...,n. At
x = 0, 6 enjoys the following properties:

e 0 is Lipschitz continuous around 0 and 0¢(0) = [—c¢,c]. This, along with [13, Propos-
tion 10.5], shows that 06(0) = [—c¢, ¢]™.

e Since ¢ can be equivalently expressed as ¢(t) = max{ct — %, —ct — %} locally around

0, it is fully amenable at 0 € R in the sense of [13, Definition 10.23]. According to [13,

Example 10.26], 6 enjoys this property at 0 € R" as well and therefore is prox-regular and

subdifferential continuous at 0.

e By [13, Example 7.28], ¢ is subdifferentially regular at 0. It follows then from [13, Propo-
sition 10.5] that # is subdifferentially regular at 0 € R™. Employing now [27, Corollary 4],
we can conclude that g is also subdifferentially regular at 0 € S™.

e It follows from [13, Corollary 13.15] that € is twice epi-differentiable at 0 € R for any
v € 0¢9(0) and

w2

d26(0, 0)(w) = by o () ~

where the last equality comes from [43, Example 13.16]. Note that the critical cone Cy(0,v)
can be efficiently calculated using the representation Cy(0,v) = Nyg(0)(v). Because of the
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definition of 6, the latter tells us that 6 is twice epi-differentiable at 0 € R" for any
y=(y1,...,Yn) € 00(0) and

d?0(0, y)(w) = d*¢(0,y1)(w1) + ... + d*¢(0, yn ) (wn),

for any w = (wy,...,w,) € R™

Combining these properties and Theorem 3.4 tells us that the spectral function g is twice epi-
differentiable at X := 0 for any Y € 0g(X). A similar argument can be made for any = =
(x1,...,2n) € R™ when one of x; = 0. Note that for any z € R, it is easy to see that for
sufficiently small + that

0, z < e,
prox. ,(z) = q sgn(z) - e ([#] =ve) ye <z <ac,
x x > ac.

It can be checked directly that prox,y(x) = (prox,4(z1),...,prox,4(z,)). Since ¢ is prox-
bounded, we derive from Corollary 4.7 that prox,, is directionally differentiable, which can be
used to design efficient methods for solving eigenvalue optimization problems using the general-
ized Newton method in [24].

6 Conclusion

In this paper, we explore the second-order variational properties of a spectral function whose
symmetric part is not necessarily convex. We prove twice epi-differentiability of spectral func-
tions amounts to that of their symmetric parts. By applying this theoretical equivalence as a tool,
we characterize several variational properties of spectral functions inclduing generalized twice dif-
ferentiability, twice semidifferentiability, proto-differentiability, and directional differentiability
of their proximal mappings. As an immediate consequence, we obtain twice epi-differentiability
of the leading eigenvalue functions and the largest eigenvalue gap. The established theory can
be leveraged to solve practical optimization problems using the generalized Newton method or
forward-backward envelop acceleration method, which is a subject for our future research. It
is very likely that our second-order analysis in this paper can be extended to singular value
spectral functions and it is a subject of our ongoing research.
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