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Abstract We develop a stratification framework for nonlinear semidefinite programming (NLSDP) that ex-
poses the geometric structure underlying the generally nonsmooth Karush-Kuhn-Tucker (KKT) system. By
exploiting the inertia stratification of the symmetric matrix space S™ and lifting it to the primal-dual space, we
derive the corresponding stratum-wise variational analysis. In particular, we introduce stratum-restricted strong
metric regularity and provide an exact characterization in terms of two verifiable weak-form conditions, namely
the weak second order condition (W-SOC) and the weak strict Robinson constraint qualification (W-SRCQ).
Moreover, the W-SRCQ is interpreted geometrically via transversality, which implies its genericity in the ambi-
ent space and its stability along individual strata. By combining the stratum-wise theory with an across-strata
propagation analysis, we further show that classical strong-form regularity conditions are equivalent to the lo-
cal uniform validity of their stratum-restricted counterparts. On the algorithmic side, we propose a globalized
stratified Gauss—Newton method for minimizing a nonsmooth least-squares merit function, which incorporates
stratum-tangential Levenberg—-Marquardt steps, normal escape directions, and an eigenvalue-triggered correc-
tion mechanism. It is proved that the resulting iterates converge globally to a directionally stationary point.
Furthermore, under the W-SOC and the strict Robinson constraint qualification (SRCQ) at a KKT pair, the
method identifies the active stratum and attains local quadratic convergence. These regularity requirements are
weaker than the standard nondegeneracy assumptions commonly imposed in the NLSDP literature.
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1 Introduction

Consider the nonlinear semidefinite programming (NLSDP) problem

min  f(z) Q)
st. g(x) ST,

where X is a Euclidean space, the objective function f : X — R and the constraint mapping g : X — S™ are twice
continuously differentiable, and S} denotes the closed convex cone of symmetric positive semidefinite matrices.
The NLSDP (1) naturally includes both classical nonlinear programming and linear semidefinite programming
as special cases. Representative applications include certified trajectory optimization in robotics [37], network
design and control in transportation systems [17,46], and structural optimization and material design [54,
Chapter 10]; further examples arise in control and systems theory [38] and robust optimization [25]. From a
theoretical standpoint, NLSDP serves as a central model for modern variational analysis, perturbation theory,
and numerical optimization; see, e.g., [7] and the references therein.

A primal-dual pair z = (z,y) € XxS" is a Karush-Kuhn-Tucker (KKT) pair for (1) if it solves the nonsmooth
equation

Vi(z)+ Vy(z)y
—g(z) + s (G(2))

where Hgi : S® — S™ denotes the metric projection onto the positive semidefinite cone S, the symbol V denotes
the gradient (i.e., the adjoint of the differential), and G(z) := g(x) + y. The inherent nonsmoothness of the
KKT system (2) stems exclusively from the projection operator Hgn . Although globally Lipschitz continuous
and directionally differentiable, this operator fails to be Fréchet differentiable at any matrix possessing zero
eigenvalues. Consequently, even if the underlying problem functions f and g are entirely smooth, the composite
KKT mapping F' remains nonsmooth, thereby precluding the direct application of classical smooth Newton
methods.

Semismooth Newton-type methods [49,48] constitute a standard approach for solving the nonsmooth KKT
system (2). Their local superlinear or quadratic convergence is typically established under strong regularity [50,
Section 2]. For the NLSDP (1), Sun [55] proved that, under the Robinson constraint qualification (RCQ, Def-
inition 1), strong regularity at a local minimizer is equivalent to constraint nondegeneracy (Definition 3) to-
gether with the strong second order sufficient condition (S-SOSC, Definition 6). These strong-form assumptions,
however, are frequently violated in degenerate regimes. More recently, Feng et al. [27] relaxed the classical re-
quirements for superlinear or quadratic local convergence by introducing the weak strict Robinson constraint
qualification (W-SRCQ), Definition 4) and the weak second order condition (W-SOC, Definition 7), accompanied
by a correction mechanism. Despite these advances, two issues remain. First, the relationship between the weak
conditions and the classical perturbation/regularity theory of NLSDP has not been fully clarified, and geometric
interpretations and stability properties are largely missing. Second, the correction mechanism in [27] is local,
and a globalization strategy supported by a complete global convergence theory is not yet available. We address
both issues in the present work.

In recent years, solving (1) in regimes where low-rank solutions are expected has attracted considerable
attention. A representative geometric approach is manifold optimization on the fixed-rank manifold

F(z) = =0, (2)

M, :={X €8} | rank(X) = r},

which is a smooth Riemannian submanifold of S™. This setting permits intrinsic algorithms such as the Rieman-
nian Newton method, which attains local quadratic convergence under standard assumptions on the retraction
and the nonsingularity of the Riemannian Hessian [1]. A limitation is that the rank r must be specified in
advance; otherwise, one encounters the manifold identification issue [62,29]. Alternatively, the Burer—Monteiro
factorization X = RR'T with R € R™*" converts the low-rank SDP into a nonconvex problem in Euclidean
space [10,11]. Under rank conditions such as r(r + 1)/2 > m (with m being the number of affine constraints),
the BM formulation enjoys favorable landscape properties for generic data [9]. On the other hand, choosing r
overly large may lead to ill-conditioning and increased computational costs.

In this paper, rather than optimizing a smooth function over a prescribed manifold, we analyze the nons-
mooth KKT system by decomposing the ambient space into smooth manifolds on which the relevant mappings
are smooth. This viewpoint is related to the theory of partial smoothness [40], where Clarke regularity and
normal sharpness yield a tractable local geometry along an active manifold. In the NLSDP setting, normal
sharpness is typically absent due to the interaction between nonconvexity and nondifferentiability. To this end,
a finer geometric description is required, and it is provided by a stratification framework for (1).
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Stratification is a mathematical technique for decomposing a singular space (e.g., a nonsmooth set or an
algebraic variety) into a disjoint union of smooth manifolds, termed strata. Originally developed to study singu-
larities of mappings and spaces, it has become a fundamental tool in algebraic geometry [59,60,30], singularity
theory [4,42], and nonsmooth optimization [23,34]. The formal concept emerged in the mid-20th century through
the seminal works of Hassler Whitney, René Thom and John Mather. Whitney [59,60] introduced geometric
regularity conditions guaranteeing that a stratified space admits a locally trivial structure along each stratum.
Thom [57] subsequently showed that these conditions provide the precise geometric prerequisites for topological
rigidity. Mather [42] later formalized this theory by introducing control data and establishing the stability of
stratified mappings. This framework has since been generalized to broader classes of sets, such as definable sets
in o-minimal structures, enabling its application to a broad class of functions and constraints in applied math-
ematics. In particular, stratification plays a central role in tame optimization. While a comprehensive review
of this extensive literature is beyond the scope of this paper, we refer interested readers to [34] for a detailed
exposition.

In this paper, we do not use stratification as a modeling assumption on the feasible set. Instead, we employ it
as an analytical tool for the KKT system. Specifically, when restricted to the set of symmetric matrices with fixed
inertia, the metric projection Hsi becomes smooth. This property naturally induces the inertia stratification
of S™ into smooth manifolds of matrices with prescribed inertia. Through the mapping G(z) = g(z) + y, this
structure is lifted to a stratification of the primal-dual space X x S™. When restricted to an individual stratum,
the KKT mapping becomes smooth and admits an explicit differential. This structural insight is the basis of
both our variational analysis and our algorithmic design. It enables the design of a globally convergent Newton
method that achieves local quadratic convergence under significantly weaker conditions, and it also provides a
new geometric viewpoint for revisiting the perturbation theory of NLSDP.

A fundamental departure of the present framework from the classical literature lies in the domain where reg-
ularity and second-order conditions are evaluated. Traditionally, conditions such as the SOSC, S-SOSC, SRCQ,
and constraint nondegeneracy are imposed at a KKT pair and then used to derive local stability and local
convergence rates. In contrast, the present framework extends these conditions, together with their weak-form
counterparts, to arbitrary primal-dual pairs. This makes it possible to characterize the behavior of manifold dif-
ferential dF, even at non-KKT pairs. Moreover, these extended conditions describe the local geometric landscape
of the lifted stratum.

This perspective leads to a refined perturbation theory for the NLSDP (1). Perturbation analysis describes
the sensitivity of stationary points and multipliers with respect to data perturbations and provides the basis for
error bounds and local convergence rates; see, e.g., [22,7]. A central object is the KKT solution mapping together
with its regularity properties, such as strong regularity, which yield quantitative Lipschitz stability estimates.
In nonlinear programming, strong regularity admits characterizations in terms of the S-SOSC and the linear
independence constraint qualification (LICQ) [50,35,8,21]. For the NLSDP (1), Sun [55] established that, under
the RCQ), strong regularity at a local minimizer is equivalent to the S-SOSC and constraint nondegeneracy. These
results, while fundamental, treat the KKT system as a single nonsmooth equation and therefore lead naturally
to neighborhood conditions on generalized Jacobians or to error-bound-type assumptions that are often difficult
to verify. This issue is reflected in the analysis of augmented Lagrangian and Newton-type methods, where
convergence rates typically hinge on error bounds or calmness properties of the KKT solution mapping.

Our analysis employs the stratification framework at two levels. Within a fixed stratum, the smoothness of
IIs» allows the KKT mapping to be viewed as a smooth equation on a manifold, and the corresponding manifold
differential admits a closed form. Building on this observation, we introduce stratum-restricted strong metric
regularity, tailored to the geometry induced by the inertia stratification. It is shown that, on each stratum, this
regularity admits an explicit characterization and is equivalent to the weak conditions of [27] under the weak
second order necessary condition (W-SONC). Moreover, stratum-restricted strong metric regularity is proved to
be necessary for the superlinear convergence of semismooth Newton methods: if it fails, then every element of the
Clarke generalized Jacobian d¢ F'(Z) is singular. A transversality-based interpretation further yields geometric
insight into stability and genericity within a given stratum. Beyond individual strata, we investigate how these
properties propagate across adjacent strata. This, together with the stratum-wise analysis, yields a refined
perturbation theory: weak-form conditions remain stable under partial-inertia-preserving perturbations, whereas
classical strong-form conditions correspond to the uniform validity of the weak conditions over a neighborhood.
Finally, since the stability of the KKT solution mapping also controls the local behavior of augmented Lagrangian
and other primal-dual methods, the proposed stratum-restricted framework provides a route to relaxing the
assumptions used in the analysis of algorithms for (1) and related nonpolyhedral problems.

On the algorithmic side, we leverage the stratification framework to develop the Stratified Gauss—Newton
(SGN) method. The method addresses the KKT system (2) by minimizing the nonsmooth least-squares merit

1

function ¢(2) := 3||F(2)||?. It combines three components: (i) a Levenberg-Marquardt step tangent to the cur-
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rent stratum; (i) normal steps intended to escape stratum-confined stationarity; and (iii) an eigenvalue-triggered
correction mechanism that updates the inertia. A merit-function acceptance rule yields a monotone decrease
of ¢ and guarantees global convergence to a directionally stationary (D-stationary) point (Definition 16). Fur-
thermore, by combining the stratified perturbation theory with the local analysis, it is shown that, under the
W-SOC and the SRCQ), the iterates eventually identify the active stratum and attain quadratic convergence.

The remainder of the paper is organized as follows. Section 2 reviews the metric projection onto S% , standard
regularity conditions for NLSDP, and basic material from differential geometry and stratification theory. Sec-
tion 3 introduces the inertia stratification of S, proves that ITs» is C*°-smooth on each stratum, and derives its
explicit differential. Moreover, a stratum-wise variational theory is developed to analyze regularity both within
and across strata, including the characterization of stratum-restricted strong regularity via the W-SOC and
the W-SRCQ and its geometric interpretation via stability, genericity, and transversality. Section 4 presents the
stratified Gauss—Newton method and establishes global convergence together with local quadratic convergence.
Section 5 reports numerical results, and Section 6 concludes the paper. Technical proofs are deferred to the
appendices.

2 Preliminaries

We first establish the notation used throughout the paper. Let X be a Euclidean space. We denote the space of

n X n symmetric matrices by S”, and the cone of symmetric positive semidefinite matrices by S. The metric

projection onto S7 is denoted by HSK . For a smooth mapping F between Euclidean spaces, F'(z) denotes its

Fréchet derivative (Jacobian), and VF(x) denotes its adjoint (or gradient, if F' is real-valued). For a directionally

differentiable function f, f’(x;d) denotes its directional derivative at = along the direction d. Additional notation

is summarized as follows:

— Aj;j: the (4, )-th entry of a matrix A € R™*™.

— A;: the i-th column of A € R™*™,

— Aqp: the submatrix of A consisting of the rows and columns indexed by the sets o and 3, respectively.

— o: the Hadamard (elementwise) product of matrices; for A, B € R™*™, (Ao B);; = A;;B;;.

Diag(+): the operator mapping a vector to a diagonal matrix whose main diagonal is given by the vector.

— diag(-): the operator extracting the main diagonal of a matrix into a vector.

lin(C): the linearity space of a closed convex set C' C X (i.e., the largest linear subspace contained in C).

aff(C): the affine hull of C (i.e., the smallest affine set containing C).

— My 4 (or M): the manifold of symmetric matrices in S™ with exactly p positive and ¢ negative eigenvalues.

— M, (or M): the preimage G=1(M, ,) (see (23)).

— Im(-): the image of some map

— @: the direct sum of vector spaces.

— » (%) and > (=<): the Loewner partial order. A = B (A < B) means A — B is positive (negative) semidefinite;
A= B (A < B) means A — B is positive (negative) definite.

2.1 Variational properties of Hgi

This subsection reviews fundamental properties of the metric projection IIgn . For a given matrix A e S”, let
its eigenvalues (counted with multiplicities) be ordered as

A(A) 2 A2(A) = -+ = An(A).

Let A(A) be the vector of these ordered eigenvalues, and define A(A) := Diag(A(A)). We partition the index set
{1,...,n} into a(A), B(A), and y(A) according to the signs of the eigenvalues:

a(A) :={i[Ai(A) >0}, B(A):={i[X(A) =0} and ~(A):={i|Ai(4) <0} (3)

When the context is unambiguous, we suppress the explicit dependence on A and simply write o, 8, and 7.
The positive and negative inertia indices of A are denoted by p := |a| and ¢ := ||, respectively. The eigenvalue
decomposition of A takes the block form

A(A)oa 0 0 Pl
A= [P, Ps P, 0 0 0 PJ, (4)
0 A(A)yy | | P
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where the orthogonal matrix P € O is partitioned accordingly. Let O™(A) denote the set of all such orthogonal
matrices P satisfying (4). We refer to the tuple (o, 8,7, p, q, P, ) as an indezed eigenvalue decomposition (IED)
of A.

Remark 1 We refer to an IED rather than the IED because the orthogonal matrix P € O™(A) is generally not
unique. Nevertheless, our subsequent constructions and analytical results are invariant to the specific choice of
P.

The metric projection of A onto S7} is explicitly given by Hgi(A) = Py A(A) o P . Furthermore, sy is
globally Lipschitz continuous and directionally differentiable (i.e., B-differentiable [5,6]) and strongly semis-
mooth [56], although it is generally not Fréchet differentiable. Specifically, the directional derivative of Hgi at
A along the direction H € S™ is formulated as

?[aa Haﬁ Ea’y © ﬁa'y
I, (A; H) = P HL;N Hypi(Hps) 0 P, (5)
ELoHL 0 0

where P € O"(A), H:= PTHP, and the symmetric weight matrix = € S™ has entries defined by
max{\;(A),0} —max{\;(A),0}
U Xi(4) = X (4) Y
adopting the convention that 0/0 := 1.

=1,...,n, (6)

2.2 Regularity conditions

In this subsection, we collect several variational notions and regularity conditions that will be used throughout
the paper. A comprehensive account of the background material can be found, e.g., in [51,7].

We begin with the tangent cone. For a closed convex set I C S™, the tangent cone to K at y € K is defined
by

Tic(y) :={d € S™ | 3ty | 0 such that dist(y + txd,K) = o(ty)}. (7)

When K is a smooth embedded submanifold M of a Euclidean space X, the variational tangent cone T ()
coincides with the classical tangent space 7, M. To keep track of whether we are working in the variational or
differential-geometric convention, we retain both notations: we write 7x(y) for the tangent cone to a set K at
y, and TaM for the tangent space to a manifold M at A. In particular, switching the positions of the set and
the base point will always indicate the intended geometric context.

We next recall the Robinson constraint qualification (RCQ) for (1). Let « be a feasible solution of (1). As
shown in [7, Theorem 3.9 and Proposition 3.17], the RCQ stated below is equivalent to the nonemptiness and
boundedness of the associated Lagrange multiplier set M (x).

Definition 1 The Robinson constraint qualification (RCQ) holds at a feasible point z if
9' (@)X + Tsr (g(x)) = S™

We next introduce the strict Robinson constraint qualification (SRCQ) at a primal-dual point. This condition
can be viewed as an extension of the classical SRCQ formulated at KKT pairs; see, e.g., [7, Proposition 4.50]
for the standard form and its consequences.

Definition 2 For z = (z,y) € X x §" with an IED (a, 8,7,p,q, P, \) of G(z), the strict Robinson constraint
qualification (SRCQ) holds at z if

g(@)X+{PBPT € 8" | Byy =0, By, =0, By, =0} =S".

By exploiting IED of G(z), one can directly verify that, when z = (z,y) is a KKT pair, Definition 2 reduces
to the classical SRCQ. In particular, under this classical SRCQ, the Lagrange multiplier set M (T) is a singleton;
see [7, Proposition 4.50].

Following the characterization in [55, (36)], we also introduce an extension of constraint nondegeneracy that
is formulated at a primal-dual pair and hence explicitly involves the multiplier variable. This explicit dependence
is immaterial in the classical setting, since classical constraint nondegeneracy implies multiplier uniqueness and
the dual variable can be suppressed. By contrast, once one allows situations where multiplier uniqueness may
fail, keeping the dual variable becomes natural and, for our purposes, essential. Moreover, at a feasible point
x, the classical constraint nondegeneracy is equivalent to its extended version in Definition 3 evaluated at any
(z,y) satisfying the complementarity condition S} > g(z) Ly € S™.
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Definition 3 For z = (z,y) € X x §" with an IED («, 3,7,p,q, P, A) of G(z), the constraint nondegeneracy
holds at z if
'(x)X+{PBP" | B€S", Bgzg=0, Bg, =0, By, =0} =5". (8)

We will also make use of the weak strict Robinson constraint qualification (W-SRCQ) and the weak second
order condition (W-SOC) proposed recently by Feng et al. [27]. These notions are originally formulated at KKT
pairs of (1) and serve as relaxed regularity/second order requirements in that setting. Since our subsequent
sensitivity analysis involves general primal-dual points (not necessarily satisfying the KKT conditions), we
extend both concepts to arbitrary primal-dual pairs.

We begin with the extension of the W-SRCQ. As shown in [27, Lemma 1], the definition below reduces to
the original W-SRCQ at any KKT pair; cf. [27, Definition 7].

Definition 4 For z = (z,y) € XxS" with an IED (a, 8,7, p, q, P, A) of G(z), the weak strict Robinson constraint
qualification (W-SRCQ) holds at z if

'"(x)X+{PBP" | B€S", Bg, =0, By, =0} =S". (9)

To formulate second order conditions at a general primal-dual point, we associate with z = (z,y) the
quadratic form below (defined via an IED of G(z)):

(Vg(z)*v,) P]?

ig’

Q. (v;) = (v, V2, L(z,y)vy) + QZZ (10)

iEx JEY

When (z,y) is a KKT pair of (1), it is well known [55, (28)] that
Q.(v) = {va, VA L@ Dva) = o (7, T (9(2),9' (@)e))

where o(-,-) denotes the support function and Tsé is the second order tangent sets [7, (3.50)] to S'}.

Using Q., we now state second order sufficient conditions at an arbitrary primal-dual pair. The following
SOSC is adapted from [7, (3.276)]; one readily checks that it reduces to the classical SOSC when (z,y) is a
KKT pair.

Definition 5 For z = (x,y) € X x S™ with an IED («, 8,7,p,¢, P,\) of G(z). The second order sufficient
condition (SOSC) holds at z if
Q.(vy) >0, Vv, €C(z)\ {0}, (11)

where C(z) is given by
C(z) := {vx eX| [PT(Vg(x)*vz)P]gg =0, [PT(Vg(x)*vI)P]ﬁ,Y =0, [PT(Vg(x)*vx)P]w = 0} . (12)

We also require a stronger variant based on the outer-approximation set used in [55]. Specifically, relying on
the explicit expressions for app(Z,7) in [55, (38)], we extend the strong SOSC (S-SOSC) from [55, Definition 3.2]
to arbitrary primal-dual pairs. Again, the definition below reduces to the original one whenever (zZ,7) is a KKT
pair.

Definition 6 For z = (z,y) € X x S" with an IED (a, 3,7, p, q, P, \) of G(z), the strong second order sufficient
condition (S-SOSC) holds at z if
Q.(vz) >0 Vo, €app(2) \ {0}, (13)

where app(z,y) is given by
app(2) := {v, € X | [PT(Vg(2)*v;)Plg, = 0, [PT(Vg(w)*v;)Plyy =0} . (14)

We now turn to weak second order conditions in the sense of [27]. Motivated by the characterizations in [27,
(31) and (34)], we define the extended W-SOC as follows.

Definition 7 For z = (z,y) € X x S" with an IED («, 8,7, p, q, P, A) of G(z), the weak second order condition
(W-S0C) holds at z if

Q.(vz) 20 VYuw, € appl(z) \ {0}, (15)
where appl(z) is given by

appl(2) = {v, € X | [PT(Vg(a)vs)Plas = 0, [PT(Vg(2)*va)Pls, = 0, [PT(Vg(a)*vs)Ply, =0} (16)



Stratification for Nonlinear Semidefinite Programming 7

Remark 2 In Definition 7, we modify the W-SOC from a strict inequality (“> 0”) as originally proposed in [27]
to a non-vanishing condition (“# 0”). This adjustment streamlines the exact equivalence established later in
Theorem 2. By the intermediate value property of continuous functions, this condition ensures that the quadratic
form maintains a constant sign. Furthermore, under standard assumptions at a KKT pair (e.g., if (1) is convex
or satisfies the weak second order necessary condition), our definition naturally reduces to “> 0”, recovering
the formulation in [27].

It can be verified directly from the definitions that
constraint nondegeneracy =— SRCQ = W-SRCQ

and
S-SOSC = SOSC = W-SOC.

Finally, we introduce a weak second order necessary condition (W-SONC), which extends the notion in [28,
Definition 1] from KKT pairs to general primal-dual points and will be used in our subsequent analysis.

Definition 8 Let z = (z,y) € X x S" with an IED (o, 8,7, p, q, P, \) of G(2). The weak second order necessary
condition (W-SONC) holds at z if
Q.(vy) >0 VYu, € appl(z),

where appl(z) is defined in (16).

Remark 3 In [28], the “W-SOC” refers to the weak second order nmecessary condition. In the present paper,
however, we reserve “W-SOC” for the condition in Definition 7, which is introduced for our regularity analysis
and should not be confused with a second order sufficient condition. To avoid ambiguity, we therefore refer
to the weak second order necessary condition in Definition 8 as W-SONC. There is also a minor difference
between Definition 8 and [28, Definition 1]. The latter is stated in terms of lin(C(x)), whereas we use the set
appl(z). From a practical standpoint, explicitly computing lin(C(x)) can be inconvenient, while appl(z) provides
a tractable surrogate that preserves the variational information needed in our analysis. This choice is consistent
with the use of the outer-approximation set app(z) in [55]. We refer to [28] for a detailed discussion of the
W-SONC at KKT pairs, which is not central to our development. We only emphasize one key point: even in
nonlinear programming, barrier methods [31] and augmented Lagrangian methods [3] may produce limit points
that violate the classical second order necessary condition, whereas such limit points are still guaranteed to
satisfy the W-SONC (see [2]).

Remark 4 Suppose that problem (1) is convex, i.e., f is convex and g is matrix-concave, meaning that
g(tzy + (1 —t)x2) = tg(z1) + (1 —t)g(xa) Vai,22€X, t€0,1].
Then, for any z € X and any y € S™, we have
Vi L(z,y) = 0.
Consequently, the W-SONC holds automatically at every z = (z,y) € X x S™.

Remark 5 1t is worth emphasizing that the extended regularity conditions in Definitions 2—8 are defined at an
arbitrary primal-dual pair z via an TED of G(z). At non-KKT pairs, they should not be viewed as standalone
optimality conditions. In particular, by themselves they do not imply primal feasibility, complementarity, sta-
tionarity, or the identity F'(z) = 0. This level of generality is essential for the analysis in Section 3. Indeed,
the stratified variational analysis is carried out on the lifted strata, and therefore necessarily involves arbitrary
primal—dual pairs, not only KKT pairs. The following elementary example shows that the S-SOSC from Def-
inition 6 and the constraint nondegeneracy from Definition 3 may hold simultaneously at a non-KKT pair.
Consequently, the weaker conditions the SOSC, W-SOC, SRCQ, and W-SRCQ may also hold at a non-KKT
pair. Consider the scalar problem
. 1 2 ,_ 1
min 5(3:—2) st. g(x):=z€S,.

For any primal-dual pair z = (z,y) € R x S!, since ¢'(x) = 1 is surjective, constraint nondegeneracy holds
automatically at z. Moreover,

QZ(Ui) = <’U£E?V;2va(xay)U$> = ’Ui > O va # 07

so the S-SOSC also holds at z. Hence, both the S-SOSC and constraint nondegeneracy are satisfied at every
primal-dual pair z, including non-KKT pairs. In conclusion, these extended regularity conditions alone are
not intended to characterize optimality or stationarity. Rather, they provide the appropriate geometric and
variational framework for the stratum-wise analysis developed later and, when combined with additional first-
order information, can be used to lead to stronger conclusions.
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From this point onward, unless stated otherwise, the terms SRCQ, constraint nondegeneracy, W-SRCQ),
SOSC, S-SOSC, and W-SOC are understood in their extended senses.

The constraint qualifications and second order conditions introduced in Definitions 1-8 will be referred to
as problem-level regularity conditions, in the sense that they are formulated directly in terms of the problem
data (derivatives and spectral information) and can, at least in principle, be checked without solving auxiliary
variational systems. In contrast, we call the conditions introduced next solution-level regularity conditions,
since they are typically expressed through properties of set-valued mappings and often involve solving equations
and/or evaluating distances, which can be substantially more demanding computationally. These solution-level
notions coincide with the conventional meaning of regularity in variational analysis. Nonetheless, we also view
the above constraint qualifications and second order conditions as regularity conditions, because they capture
the geometric structure underlying a well-behaved local solution mapping. Among solution-level conditions, the
most prominent one is the strong metric reqularity, which we recall next.

Definition 9 We say a set-valued mapping @ : X =3 Y is strongly metrically reqular at (T,7), if g € ¢(T), and
there exist constants k > 0 and neighborhoods U of T, V of 7, such that for all x € U and y € V, the following
inequality holds

dist(x, &~ (y)) < & - dist(y, ¢(x))

and ¢~ (y) NU is a singleton for every y € V.

It is well-known that, at a KKT pair of (1), the strong metric regularity of the KKT natural mapping
F we considered is equivalent to the strong regularity [50] of the KKT system formulated as a generalized
equation [22]. Moreover, under the RCQ at a local optimum, this strong regularity is in turn equivalent to
the simultaneous satisfaction of the S-SOSC (Definition 6) and constraint nondegeneracy (Definition 3) [55],
whereas strong metric subregularity corresponds to the conjunction of the SRCQ and the SOSC [20].

Metric regularity is a weaker property, as it does not require the inverse mapping to be single-valued.

Definition 10 We say a set-valued mapping @ : X = Y is metrically regular at (Z,7), if § € &(T), and there
exist a constant x > 0 and neighborhoods U of Z, V of 7, such that for all x € U and y € V, the following
inequality holds:

dist(x, 7 (y)) < s - dist(y, D(z)).

Although metric regularity is, in general, weaker than strong metric regularity for an arbitrary set-valued
mapping, the two properties coincide for the KKT (natural) mapping associated with several important non-
polyhedral conic programs. In particular, such an equivalence has been established for nonlinear second order
cone programming [13], for NLSDP [12], and, more broadly, for C?-cone reducible conic programs [41].

Another closely related notion is the local error bound. Various error bound formulations appear in the
literature, and a systematic discussion is beyond the scope of this paper. We record one standard version below,
noting that it follows directly from metric regularity.

Definition 11 Let F : X — Y be a single-valued mapping, and let T € X satisfy F(Z) = 0. We say that the
equation F'(z) = 0 admits a local error bound at T if there exist a constant x > 0 and a neighborhood U of T
such that for all z € U,

dist (2, F~(0)) < k- [|F(2)].

2.3 Manifolds and stratification

This subsection briefly reviews essential concepts from differential geometry and stratification theory used
throughout the paper. For standard definitions regarding smooth manifolds (e.g., local charts, tangent spaces,
tangent maps, tangent bundles, Riemannian metrics, and exponential maps), we refer the reader to comprehen-
sive texts such as [39,1].

We first clarify a potential notational ambiguity. Let M be a manifold embedded in a Euclidean space Y, and
let p € M. Under the canonical identification 7,Y 22 Y, we identify any tangent vector v € 7,Y with an element
of Y. This natural identification permits the vector sum p + v within the ambient space Y. To distinguish the
underlying geometries, we use dh, to denote the differential of a mapping between manifolds, and reserve h'(z)
for the Fréchet derivative of mappings defined on Euclidean spaces. In accordance with standard optimization
conventions, the adjoint of the linear operator h'(z) is denoted by Vh(x) := (h'(x))*.

Next, we recall the concept of transversality from differential topology (see, e.g., [33, Chapter 3.2]). This
topological concept, which slightly generalizes the definition typically employed in variational analysis [7], for-
malizes the geometric intuition of a smooth map intersecting a submanifold in a “regular” manner.
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Definition 12 ([33, Chapter 3.2]) Suppose h : M — N is a smooth mapping between smooth manifolds M
and N, where N/ C N is a submanifold of A/. We say h intersects with N' transversally at x in N, or simply
h is transverse to N at x in N, denoted by h M, N’ in N, whenever h(z) € N,

where dh,, is the differential of h at x and T denotes the tangent space. Moreover, for a given closed subset £
in M if (17) holds whenever x € £ and h(xz) € N, then we say h intersects with N’ transversally along L in
N, denoted by h thz; N in A/. We also simply denote h h N’ in N if L = M.

Stratification is a fundamental notion in topology and singularity theory. It is well-known that smooth
manifolds provide a flexible framework that covers many nonlinear spaces, such as orthogonal groups and
Grassmannians. However, sets with singularities lie outside the class of manifolds. The concept of a stratified
space is designed as a natural extension of the manifold framework to accommodate singular sets, such as
real algebraic varieties [59,60], which arise frequently in polynomial optimization and related areas [34]. For
background on (Whitney) stratifications, we refer the reader to [59,60,42,43]. In the present work, the following
basic definition will suffice for our subsequent developments.

Definition 13 Let X be a Euclidean space and X C X a closed subset. A stratification of X is a locally finite
partition S = {S;}ier of X into connected embedded C* submanifolds (typically k > 1) S; (called strata) such
that

1. Frontier condition: For any two strata S;, S; € S, if §; N S; # 0, then S; C S, where S; means the closure
of §;. This implies the boundary S; \ S; is a union of strata.
2. Local finiteness: Every point x € X has a neighborhood in X intersecting finitely many strata.

A topological space with a stratification structure is called a stratified space.

Roughly speaking, a stratification may be viewed as a decomposition of a given set into smooth pieces
together with their well-organized boundaries. In Section 3, we shall introduce a stratification of the Euclidean
space S™ tailored to our purposes, even though S™ is itself a linear space and hence a smooth manifold without
singularities.

3 The inertia stratification of S™

In this section, we study a stratification of the symmetric matrix space S™ based on eigenvalue inertia. Specifi-
cally, S™ is decomposed into finitely many smooth strata comprising matrices with prescribed inertia. We refer
to this partition as the inertia stratification (see (19)). This structure is naturally suited for semidefinite opti-
mization: the cone S is the union of strata with zero negative inertia, and the metric projection Ugi is smooth
when restricted to any individual stratum.

While S™ admits infinitely many stratifications in the sense of Definition 13, we focus on the inertia-based
partition because it admits a natural geometric description and often appears implicitly in related literature.
For completeness, we rigorously define this structure and summarize its essential geometric properties.

For given integers p,q € Z with p + ¢ < n, we define the set

My.q = {A€S" [|a(A)] =p, V(A)| = q}. (18)

When the context is clear, we simply write M in place of M,, ;. As shown in [32], each M,, , is a smooth embed-
ded submanifold of S™ with dimension dim(M, ) =n(p+q) — 3(p+q)(p+g— 1). The family {M, ;}o<ptq<n
yields a finite disjoint decomposition of S™:

s'= |J My (19)

0<p+g<n

This decomposition satisfies the frontier condition and local finiteness required by Definition 13. Hence, it forms
a stratification of S”—referred to as the inertia stratification'—and each M, , is termed a stratum of S™.

Figure 1 illustrates the stratification of S2 ~ R3. This space decomposes into three 3-dimensional strata, two
2-dimensional strata, and the trivial zero-dimensional stratum {0}. Moreover, the adjacency among these strata
ensures that the closure of any stratum is precisely the union of itself and all strata of strictly lower dimensions,
consistent with the frontier condition in Definition 13.

! The family {Mp,q}to<ptq<n formally constitutes a Whitney stratification of S (see, e.g., [59,60,42] for definitions). This
follows from the canonical Whitney stratification of the real algebraic variety of symmetric matrices with prescribed inertia, defined
by the vanishing of suitable minors. We refer to [59,60] for a rigorous treatment. Moreover, Olikier [45] shows that the inertia
stratification satisfies certain regularity properties naturally suited for first order optimality analysis.
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Fig. 1: The inertia stratification of S2.

Remark 6 The inertia stratification framework and our subsequent analyses extend seamlessly to NLSDPs with
multiple SDP constraints g;(x) € S'}* for i = 1,...,¢ (which inherently encompass polyhedral constraints of the
form hg(z) = 0 and hr(z) > 0). Indeed, the product space X x §™* x --- x S™ inherits a stratification whose
strata take the form

Mm,m,m,qnn,qz = {(:c,yh cee ,ye) | gi(l‘) +Yyi € MPini7 i=1,... 75}'

Because this set is the preimage of the product manifold M, 4 X --- X My, 4, under the smooth submersion
(1, ye) = (91(x) + y1,. .., ge(x) + yo), it is a smooth embedded submanifold. Geometric objects such as
tangent spaces and manifold derivatives can be computed componentwise. To streamline the presentation, we
focus exclusively on (1).

Before examining further properties of the inertia stratification, we recall a convenient representation of the
tangent space TaM, , at a point A € M, .. It is well established (see, e.g., [32]) that

TaMpe={H=X"A+AX €S" | X e R""}. (20)
The next proposition provides an alternative characterization based on the eigenvalue decomposition (4).
Proposition 1 Let (o, 8,7,p,q, P, \) be an IED of A € M, ,. Then, we have
TaMypq={H €S" | (PTHP)gs = 0}. (21)

Proof Let R denote the right-hand side of (21). For any given H € Ty M, 4, it follows from (20) that H =
XTA+ AX for some X € R**™. Defining H := P" HP, we obtain

_ Aaa 00 Ao 00
H=P'X'P| 0 Agg O |+ | 0 Agg O | PTXP.
0 0 A, 0 0 Ay,

Since Agg = 0, this yields Hgg = 0, implying TaM,, , C R. Conversely, the dimension of R is clearly dim(R) =
n(p +q) — %(p + q)(p + ¢ — 1). Because dim(74M,, ;) precisely matches this value [32, Proposition 2.1], we
conclude that TAM, , = R. O

Having established the stratified structure and characterized its tangent spaces, we shall analyze the differ-
entiability of the metric projection I along the strata. Specifically, when restricted to a fixed stratum M, 4,
the mapping Hgi : My g — My o is not only differentiable with an explicit closed-form differential, but is C'**°-
smooth, strengthening previously known C!-differentiability results (see Remark 8). These regularity properties
fundamentally underpin the variational analysis and algorithmic developments in the sequel. As the proof relies
on analytic functional calculus for symmetric matrices, it is deferred to Appendix A.
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Theorem 1 For any stratum M = M, 4, the restriction of Hgi to M, denoted by Hsﬂ/\/t M — S", is a
C>-smooth map. Moreover, for an arbitrary A € M with an IED («a, 8,7, p,q, P, \), the manifold differential
§a = d(Isn [m)a : TaM = T, (4)S™ at H € TaM is explicitly given by

+

Hoo HozB :(X'y © Ha'y
Ea(H)=P| HJ 0 0 PT, (22)
Hy,0Z,, 0 0

where H := PTHP.

Remark 7 1t is straightforward to verify that ITsn maps M, q onto M, o, which is smoothly embedded in S".
Because Hgi : My g — S™is a C* map, standard properties of smooth embeddings ensure that the corestriction
Hgi : Myp,q — My is also C°°-smooth. Hereafter, we suppress the explicit restriction notation |4, , and simply
write Ign depending on the context.

Remark 8 The C*°-smoothness established in Theorem 1, alongside the closed-form differential (22), refines
existing results for the metric projection Hgi along the strata. While the C!-differentiability of Hgi relative to

M, 4 can be deduced via Léwner functional calculus or the theory of C'-partly smooth mappings (see, e.g., [40,
Example 4.14] and [24, Proposition 9.7]), Theorem 1 advances this literature by establishing full C*°-smoothness
and providing an explicit manifold differential formula.

The nonsmoothness of the KKT mapping /() in (2) stems exclusively from the projection term IIs» (G(2)).
To isolate and exploit the hidden smooth structure, we lift the inertia stratification of S™ to the primal-dual
space X x S™ via the mapping G. For each pair (p,q) with 0 < p+ g < n, we define

My =G M,y = {2=(2,y) €XxS" | G(2) = g(x) +y € M, 4} (23)

Since G is a smooth submersion (see, e.g., [39, Chapter 4]), it follows from [39, Corollary 6.31] that each ./T/lJp’q
is a smoothly embedded submanifold of X x S™. Consequently, the finite disjoint union

Xx 8" = U /Y/lvp’q

0<p+q<n

constitutes a stratification of X x S™, which we continue to call the inertia stratification. When the indices p
and g are clear from context, we simply write M for ./\/lp a

By Theorem 1, while F' is globally nonsmooth on X x S™, its restriction to any fixed stratum .//\/lvpﬂ is

completely C*°-smooth. The following lemma characterizes the tangent space of /Y/lvp,q and facilitates the com-
putation of the manifold differential of F. For brevity, we omit the straightforward proof.

Lemma 1 Fiz (p, )wzth0<p—|—q<n and let M := M, qand/\/l Mpq—G YM). For any z = (z,y) €
./\/l the tangent space 'T/Vl can be represented as

ToM = {(va,v,) € X x S | Vg(2)*vz + vy € Ty M}. (24)
In particular, the linear mapping ¢, : T.M = X x Ty M given by
2 (Vg,vy) 1= (vx, Vg(z) v, + vy) (25)
is a linear isomorphism with inverse ¢ : X x TayM — '7;.7\2 given by
o> (ve, H) = (ve, H = Vg(a)v,). (26)

For notational convenience, we identify a tangent vector v € 7'2]\/7 with the pair (vy,vy) when viewed within
the ambient space X x S™, and with (v, H) when mapped via the isomorphism ¢,. Moreover, the assignments
2+ ¢, and z — ¢ 1 are smooth (in the standard sense of smooth maps into the space of linear operators).
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Applying the chain rule alongside the differential of Hgi restricted to M (Theorem 1), Lemma 1 yields

an explicit representation for the manifold differential of F' along M. Specifically, for z = (z,y) € M and
v = (vg,vy) € T.M, we set
H :=Vg(x) v, + vy € Tg)M.

Then, the manifold differential evaluates to

2
dF, (vg,v,) = V2, L(z)vy + Vg(x)vy ]

_—Vg(x)*vx + gG(z) (dGz(Uzv vy))

[V2,L(2)vy + Vg(z)(H — Vg(z)*v,)
A 27

[(V2,L(2) — Vg(z)Vg(z)*)v, + Vg(ﬂf)H}
—Vg(x)*ve + Eaz) (H) .

Equivalently, with respect to the coordinates (v;, H) € X x Tg(.)M induced by (25), this linear operator admits
the following block matrix representation:

_ [VieL(z) = Vg(@)Vg(2)* Vg(2)] [va
iF 0 1) = [0 LSt Sata] [] -

The remainder of this section comprises two subsections. We first conduct a variational analysis restricted
to a fixed stratum. Subsequently, we investigate the propagation of these regularity properties across adjacent
strata. Together, these theoretical developments lay the foundation for designing globally convergent algorithms
with rapid local convergence rates under conditions significantly weaker than classical requirements.

3.1 Variational properties on stratum

In this subsection, we first characterize stratum-restricted strong metric reqularity (Definition 14) on a fixed
stratum. To describe the geometric behavior of the KKT mapping along directions confined to that stratum, we
subsequently analyze a related transversality condition, which yields a geometric interpretation of the proposed
regularity framework.

8.1.1 Stratum-restricted strong metric reqularity

We introduce a natural stratum-restricted extension of strong metric regularity (Definition 9). This localized
property is significantly weaker than its classical ambient-space counterpart, particularly in the presence of
degeneracy.

Definition 14 Let X be a stratified space. A set-valued mapping @ : X = Y is said to be stratum-restricted
strongly metrically reqular on a stratum M C X at (Z,7) if T € M, 7 € ¢(T), and there exist a constant £ > 0
and neighborhoods U of T and V of 7 such that for all x € Y N M and y € V N H(M), the following inequality
holds:

dist(z, &' (y) N M) < k- dist(y, &(2)),

and (&~ 1(y) N M) NU is a singleton for every y € V N H(M).

Remark 9 In our setting, because I is single-valued and smooth on /\/l the stratum-restricted strong metric
regularity of F' on M at (%, F'(Z)) implies that the restriction F'| 77 acts locally as a Lipschitz homeomorphism
near Z.

The next lemma enables us to characterize the second order form Q. in second order conditions by con-
trolling the behavior of (v, H) on the a7y-blocks, which will be essential throughout this paper for connecting
nonsingularity with second order conditions.

Lemma 2 For z = (x,y) € X x S" with an IED («, 8,7,p,q, P,\) of G(z). Then, for any v, € X and H € S™
satisfying

(—Vg(x)*vz + gc(z) (H))a’y =0,

the following identity holds:
2

(S (H), H = &) (H —222 PT (Vg(z)*v )P)U.

i€a JEY
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Proof Let H= PTHP, we have
o H, H—Eqz)H)

Haa ﬁaﬁ Say © Ha’y 0 NO (Ea'y :Oé,y) o Ha'y
~(P| Hl, 0 0 P, P 0 Hpss Hp, PT)
HI o=l 0 0 H,, (EM — Za) " HY, a,
:2<EO£"‘/ e Ha’y, (Ea’y ._,a,-y O OL’Y = 2 Z Z ’Lj
1teY je’Y
/\i - /\j 2 T 2
=2> .2 o _A ) (PT(=Vg(a) —222 (PT(Vg(x)v.)P)?..
ica jE’y ' ica jey

Here, E,., € Rl*I*1| denotes the all-ones matrix, and the fourth equality follows from the condition (—Vg(z)*v,+
SG(Z)H)(X’Y =0. O

Building on the definitions of the W-SOC and W-SRCQ), and utilizing the manifold differential of the KKT
mapping F' given in (28), we present the main result of this subsection. This theorem provides a comprehensive

characterization of the stratum-restricted strong metric regularity of F' on M.

Theorem 2 For z = (z,y) € X x S", the following statements hold:

(a) if the W-SOC and the W-SRCQ hold at z, then the manifold differential dF, : T.M — X x S™ given by (28)
18 1njective;

(b) if dF, is injective, then the W-SRCQ holds at z;

(c) if dF., is injective and, in addition, the W-SONC holds at z, then the W-SOC holds at z.

Proof Let («, 8,7,p,q, P,\) be an IED of G(z).
(a) Suppose the W-SOC and the W-SRCQ hold at z. Assume that (vg,vy) € T.M satisfies dF. (vg,vy) = 0.
By (28), we have
2 _ *
VL) SVt Vaa] 1] o)
—Vyg(x) §a(z)

where H = Vg(z)*v, + vy € Tg(z)M. The second block row implies —Vg(x)* v, 4 () (H) = 0. Utilizing the
explicit formula for {g(.) in (22) and the matrix = in (6), this relation translates to
[PT(Vg(x)*vm)P] = [PTHP] i ificaandjeaUpf,
0 ifi,j € U,
[PT(VQ(I)*’U;B)P] ==y [PTHP] ifi€aandjer.

By (16), this immediately guarantees v, € appl(z). Taking the inner product of the first block row of (29) with

v, yields
0= (vz, Vi L(2)vs — Vg(2) V(@) ve + Vg(z)H)

= (vz, VixL(z)vz> +(Vg(z) vz, =Vg(z) v, + H)
= (2, V2, L(2)v2) + (€a(z) (H), H — €y (H))
- Qz(va:);

where the last equation follows from Lemma 2 as —Vg(z)*v, + {g(z)(H) = 0. Because the W-SOC holds at z,
this equality strictly enforces v, = 0. Consequently, the system (29) collapses to

Vy(z)H =0,
{—sG(Z>(H> = 0. (31

Together with the structure of {¢(.) in (22) and the W-SRCQ condition at z, this implies H = 0. Thus, dF, is
injective.
(b) Suppose dF, is injective. If the W-SRCQ fails at z, Definition 4 ensures the existence of a nonzero matrix

H € Tg(,)M satistying
{Vg(a:)H =0, (32

(30)
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This directly implies that (0, H) € X x Tg(-)/M is a nontrivial solution to (29), contradicting the injectivity of
dF,.

(c) Suppose dF, is injective and the W-SONC holds at z. Define a linear operator By : S” — S™ such that
for any H € S™,

Haa Haﬁ E(;% © Hoz’y

By(H) =P HI, 0 0 PT,
H(I,Y o (E(;,Yl)T 0 0

where H = PTHP and = ;A} denotes the elementwise reciprocal of Z~. We further construct the linear operator

B : X — S" by B(v;) = Bo(Vg(z)*v,). By construction, —Vg(z)*v, + {g(2) (B(vg)) = 0 for all v, € appl(z,y).
Because dF, is injective, it follows that any v, € appl(z,y) satisfying

1B {VixL(z)ggg)(f)Vg(x)* Vgcgi))} {é] vy = 0

must be zero (i.e., v, = 0). Following the identical computational steps as in (30), we obtain

<% 1 B*] [VimL(z)ggzcg)(f)Vg(x)* —szgcgﬂ {é ] vx> = Q.(vx). (33)

Consequently, the self-adjoint linear operator forming the quadratic form in (33) is positive semidefinite (due
to the W-SONC) and nonsingular on appl(z,y). Therefore, it must be strictly positive definite on appl(z,y),
confirming that the W-SOC holds at z. ]

When z = (Z,7) is a KKT pair of (1), the following result characterizes the stratum-restricted strong metric
regularity of F' at Z.

Theorem 3 Let Z = (7,%) be a KKT pair of (1) with an IED («,3,7,p,q, P,\) of G(Z). The following two
statements are equivalent:

(a) the manifold differential dFs is injective;

(b) the KKT mapping F defined by (2) is stratum-restricted strongly metrically regular on M at (Z, F(Z)).

Moreover, if the W-SONC holds at Z, they are further equivalent to:
(¢) The W-SOC and the W-SRCQ hold at Z.

Proof (a)=>(b): By [39, Proposition 5.18], there exists a neighborhood 4 C M of Z and a submanifold ¢’
containing F(%), embedded in X x S™, such that F is a diffeomorphism from U onto U’. Denote the restriction
of F to U by Fy. Consequently, (F;)~! is single-valued and smooth on U’, which yields (b).

(b)=(a): By Remark 9, statement (b) implies there is a neighborhood, still denoted by U C M, of % that
Fy is bijective and F, ! is Lipschitz. We show that dFs is injective by contradiction. Suppose not. Then there
exists 0 % v € TeM such that dFz(v) = 0. Choose a smooth curve ¢: (—¢,e) > U C M such that ¢(0) =z and
'(0) = v. Since F|z; is smooth, we have

F(c(t)) — F(z) = tdFz(v) + o(t) = o(t).
So
le(t) = 2|l = 1B (F(e(®))) = Fyi ' (FE) < LIF(e(t)) = FE)I| = oft), (34)

where the inequality follows from that £}, ! is Lipschitz.

However, the smoothness of ¢(t) implies that ¢(t) —Z = t v+ o(t), which contradicts (34) as v # 0. Therefore,
dF% is injective.

Finally, the equivalence to (c) under the W-SONC follows directly from Theorem 2. (]

Next, by Theorem 3, we immediately obtain the stratum-restricted analogue to the classical local error
bound (Definition 11).

Corollary 1 Let z be a KKT pair of (1). If the W-SOC and the W-SRCQ hold at Z, then there exist a constant
Cres > 0 and a neighborhood U € M of Z such that (F| )~ (0) NU = {z} and

|F(2)|| > Cresllz —Z|, Yzel. (35)

We refer to (35) as the stratum-restricted local error bound.
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At KKT pairs, the examples provided in [27] illustrate that the W-SOC and W-SRCQ are significantly
weaker than classical regularity assumptions. Specifically, [27, Example 2| demonstrates that even when the
W-S0C and W-SRCQ hold, every matrix within the Bouligand generalized Jacobian may still be singular.
Furthermore, [27, Examples 3-7] detail several scenarios where classical strong regularity fails completely while
the W-SOC and W-SRCQ remain valid.

The following simple semidefinite program highlights that the W-SOC and W-SRCQ are strictly weaker
than problem-level regularity conditions conventionally imposed in the literature. Crucially, this example also
demonstrates that while the standard local error bound condition (Definition 11) fails, the stratum-restricted
local error bound (35) remains active.

Ezample 1 Consider the following instance of (1):

min 7
zERS
1 0 O Zq + Is
st 0 x4 —2x5 0 T3 c S4 (36)
o 0 0 0 To +

T4+2T5 Tz T2 T1

Clearly, T = (0,0,0,0,0) " is an optimal solution with a corresponding Lagrange multiplier 7 = Diag(0,0,0, —1).
Direct verification confirms that both the W-SOC and W-SRCQ hold at (Z,y), whereas the SOSC and SRCQ
fail. Consequently, neither the S-SOSC nor constraint nondegeneracy holds. As shown in [27, Proposition 5],
this causes the standard generalized Jacobians Uy and Uz of F' to be degenerate, severely compromising the
stability of standard semismooth Newton methods. Moreover, considering the perturbation trajectory

00 0¢t2
0—t00
yO=10000l"
2001

t>0,

a direct calculation yields | F(Z, y(t))|| = ©(t?), whereas the distance to the solution set is dist ((Z, y(t)), F~1(0)) =
O(t) (where O(-) denotes the exact asymptotic order). Thus, the classical local error bound condition collapses
at (T,7).

Conversely, let Z = (Z,y). By the differential formula (27), any tangent vector v € M satisfying dF(v) = 0
must satisfy the coupled system:

vy + Hyy

1
2v9 4+ 2H3y gll v H_12v —’1:)13 nr vsvf+ 2t
Qs + 2Hoy =0 and H21 4 . 5 0 Us =0,
3 Hap + 2H o X
V4 + U5 + Hao +2H1y vitvs+35Hu vz v U1

Vg + 31}5 - H22 + 2H14

where we utilized the isomorphism v + (v,, H) from Lemma 1, with v, = (v1,v2,v3,v4,v5)" and H = (Hi;) €
Ta(z)M. Leveraging the geometric characterization gz M = {H € S* | Hyy = Hag = Hsz = 0}, one readily
verifies that the trivial solution v = 0 is unique. Thus, dF% is strictly injective, which, by [39, Proposition 5.18]
and Corollary 1, rigorously guarantees the validity of the stratum-restricted local error bound.

By continuity, the injectivity of dF, persists within a local neighborhood. This localized robustness establishes
two critical properties for our subsequent algorithmic analysis: the uniform boundedness of the inverse of the
associated normal matrix, and the local uniqueness of the solution along the stratum.

Corollary 2 Let (a, 8,7,p,q, P,\) be an IED of G(z) at z = (z,y) € X x S". If the W-SOC and the W-SRCQ
hold at z, there exists a neighborhood U C M of z such that for all 2’ € U,

(a) the manifold differential dF.. is injective;
(b) there exists a constant Cyy, > 0 depending only on z such that ||(dF}dF, )~ || < Cup.

Proof (a): Because 2’ € M , the active manifold M at 2’ is identical to that at z, preserving the index sets «, 3,
and 7. By Theorem 2, dF, is injective. A standard continuity argument guarantees that dF.,, remains injective
for all 2’ € M sufficiently close to z.

(b): The injectivity of dF, guarantees that the self-adjoint operator dF;dF, is invertible. By continuity,
the inverse (dF},dF.)~! exists and its operator norm remains uniformly bounded over a sufficiently small

neighborhood U C M. O
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The Clarke generalized Jacobian [15] plays a central role in the convergence theory of classical semismooth
Newton methods. We now demonstrate that at a KKT pair Z, the failure of the manifold differential dF% to be
injective renders every matrix in the Clarke Jacobian d¢ F(Z,7) singular. This confirms that stratum-restricted
strong regularity is an essential prerequisite for the superlinear convergence of such methods.

To formalize this, we recall the structural characterization of OcF. By [47, Lemma 11], given an IED
(o, B,7,p,q, P,\) of A € S"™ an operator V € 301781 (A) if and only if there exists W € 30175‘5‘ (0) such that

for any H € S™,

| Hea Hos ZoyoHay|
V(H)=P |  Hpo W(Hgp) 0 P, (37)
EaoH,, 0 0

where 5 is defined via (6) and i =P HP. Furthermore, [55, Lemma 2.1] states that U € ¢ F(7,7) if and
only if there exists V € dcIls» (9(T) + ) such that for any vector v = (vg,vy) € X x S,

V2, L(Z,9)vs + Vg(T)vy

Uv = —Vg(@)*ve + V(Vg(T)*vs + vy)

(38)
Proposition 2 For z = (z,y) € X x S", if the manifold differential dF, is not injective, then there exists a
nonzero vector v € T, M such that

Uv =10 for every U € Oc F(x,y).

Proof Because dF, is not injective, there exists a nonzero tangent vector v = (vy,vy) € TZM such that dF,v = 0.
By (38), for any arbitrary element U € OcF'(z,y), there exists a corresponding V € dc1ls» (G(z)) such that
uv _ vixL(xﬂ y)vil) + Vg(x)vy
| =Vg(@)tvg + V(Vg(2) vg + vy)
_ (V2. L(z,y) — Vg(x)Vg(z)*) v, + Vg(z)H
—Vyg(z)*v, + V(H) ’

where H = Vg(x)*v; +vy. Given an IED (o, 8,7, p, ¢, P, A) of G(z), (37) implies the existence of W € dc 11 s (0)
+
such that

Haa H,O‘VB Ea’yoH(l’y

V(H)=P | Hgo W(Hz) 0 P,
ZaoH,, 0 0

with H = PTHP. Since v € 7;.//\/7 , Lemma 1 and Proposition 1 imply that H ss = 0. Consequently, the action
of V simplifies identically to the manifold differential operator:

V(H) = &) (H).

Invoking (28), we conclude that
U(Vg, vy) = dF; (g, vy) = 0.

Thus, the same nonzero vector v lies in the null space of every U € Oc F(x,y), completing the proof. O

By Theorem 2, the above result generalizes [27, Proposition 6], which establishes for convex SDPs that the
existence of a nonsingular element in 9o F(Z) implies the W-SOC and the W-SRCQ. In this convex setting, the
W-SONC required in Proposition 2 is automatically satisfied, as shown in Remark 4. Moreover, [27, Proposition
4] proves that the W-SOC, in conjunction with the W-SRCQ, implies the existence of a nonsingular element
in ¢ F(Z). Strictly speaking, the W-SOC used there is formulated with “> 0”7, whereas here we only require
“#£ 0”. However, under the additional W-SONC assumption, the two formulations coincide in the present setting.
Hence, the conclusion of [27, Proposition 4] still applies, which immediately yields the following corollary.

Corollary 3 At a KKT pair Z = (Z,7) of (1), if the W-SONC holds at Z, then the following statements are
equivalent:

(a) the W-SOC and the W-SRCQ hold at Z;

(b) the manifold differential dFz is injective;

(c) the KKT mapping F is stratum-restricted strongly metrically reqular on M at (z,F(%2));
(d) there ezists a nonsingular element in Oc F(Z).
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In particular, if (1) is a convex program, then the W-SONC' holds automatically, and thus the above equivalence
holds.

Remark 10 Proposition 2 and Corollary 3 yield an important algorithmic consequence. At a KKT pair Z, if the
W-SONC holds, which is satisfied automatically when (1) is convex, but the W-SOC and the W-SRCQ do not
hold simultaneously, then the stratum-restricted strong metric regularity fails. As a result, every element of
the Clarke generalized Jacobian ¢ F(%Z) is singular. Therefore, any semismooth Newton system built from an
element of O¢ F(Z) is necessarily degenerate. This shows that the stratum-restricted strong metric regularity is
a necessary condition for Newton-type methods to achieve superlinear convergence.

3.1.2 Transversality, stability and genericity

Having established the exact correspondence between the W-SOC, the W-SRCQ), and the stratum-restricted
strong metric regularity of the KKT mapping of the NLSDP (1), we now explore the underlying geometric
properties of the W-SRCQ on a fixed stratum.

For the NLSDP (1), it is well-known that constraint nondegeneracy holds at a feasible point z if and only
if the constraint mapping ¢ intersects the manifold M, o transversally (see [7, (4.182)]). In the same spirit,
we geometrically interpret the W-SRCQ (Definition 4) in terms of a transversality relation and investigate its
stability and genericity within a prescribed stratum.

To cast the W-SRCQ as a transversality condition (Definition 12), we first define a parametric family of

submanifolds over a local neighborhood. For each z = (z,y) € X x S”, suppose z € M,, 4, we define

U = My N B(ITs; (G(2)), @) (39)

where §(z) is the the minimal non-vanishing eigenvalue modulus of G(z) defined by
0(2) = min{|Xi(G(2))| | Xi(G(2)) # 0}, (40)

and the open ball B(A,r) is defined by B(A,r) := {A" € S* | ||A — A’||2 < r}. So U, is actually an open
submanifold of M, o. Then we define

N, :=U, + s (G(z)) -1, (41)

where S™ denotes the cone of negative semidefinite matrices. The geometric interpretation of classical constraint
nondegeneracy (Definition 3) via A, is established in the following proposition. After that, we will construct
our target manifolds based on N, to give the geometric interpretation of W-SRCQ.

Proposition 3 Let («, 8,7,p,q, P,\) be an IED of G(z) at z = (x,y) € X x S™. The following statements are
equivalent:

(a) g thy N, in S™;

(b) the constraint nondegeneracy holds at z = (z,vy).
Proof Directly computing the tangent space E(@J\fz yields
ToyNz = Tigy (aenUs = Titgy (02 Mo
={PBP" |B€S", Bgzg=0, Bg, =0, B,, =0}
Therefore, the transversality condition g th, N, evaluates exactly to
¢ (x)X+{PBP" | BES", Bgg =0, Bg, =0, By, =0} =S",
which recovers Definition 3. O

Remark 11 When z = (z,y) is a KKT pair of (1), one can verify that N, = U, which is an open set in M, g.
In this case, the condition g t, A, S™ or equivalently, g h, M, o in S™ coincides with the classical constraint
nondegeneracy condition formulated in [7, Definition 5.70].

The subsequent lemma demonstrates that for z € Mvp,q, the set AV, is embedded in the translated stratum
M, 4 — y near g(z). The proof is deferred to Appendix B.
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Lemma 3 Let z € Mvp,q and set A := G(z) € My, 4. Denote
Ay =15y (A) € Mpo and A_ = IIsn (A) € Mo,
so that A=Ay + A_. Then U, defined in (39) by

U, :=Mpon B(HSQ (G(2)), @)

is an open neighborhood of Ay in My o such that U, + A_ is smoothly embedded in M, 4.

To encompass the W-SRCQ, we expand N, by attaching the normal bundle of M,, ;. For z = (z,y) € M, ,
and each point A € Y —y C N, N (M, 4 — y), the normal space to My, , —y in S™ is given by

Na(Myp g —y)={H eS" | (PTHP);; =0 for all (i,j) ¢ B x B},
where («, 8,7,p,q, P,\) is an TED of A + y. We define the corresponding geometric union:

DN. = | (A+NaMypg—y)) ={A+ W |AEN., W e Na(M,q—y)} CS™ (42)

AeN,

It turns out that DN, forms a smooth manifold. The main result of this subsection formally links the W-SRCQ
to transversality against the family {DN }.

Theorem 4 For the NLSDP (1), let z = (z,y) € X x S™ possess an IED («, 8,7,p,q, P,\) of G(2) associated
with My, 4. The following statements are equivalent:

(a) g My DN, in S™;
(b) the W-SRCQ (Definition 4) holds at z = (x,y).

For clarity, we informally outline why the transversality condition reduces to the W-SRCQ, deferring the
rigorous differential-topological arguments (including the verification that DA, constitutes a smooth manifold)
to Appendix B. By construction, DN, attaches the normal space Ny M, , to each point A € N. At the base
point g(x) = G(z) — y, the tangent space splits as

To@)PN= = Ta(z) (DN: +y) = TNz @ Nay My
={PBP'" |B€S", Bg, =0, By, =0}.

Consequently, the transversality relation g h, DN, in S” algebraically evaluates to
dg,(X) + {PBP'" | B€S", Bg, =0, B,, =0} =8", (43)

which is exactly the W-SRCQ condition.

Figure 2 conceptually visualizes this transversality mechanism. The ambient space depicts S™. The light blue
plane represents the translated stratum M, ; — y, while the dark blue line denotes the embedded submanifold
N, C M, — vy (see (41)). The yellow vertical extensions illustrate DN, (see (42)), formed by restricting the
normal bundle of My, ; —y in S™ to its submanifold NV.. The red and green planes represent the images of two
distinct constraint mappings, g1 and gs. In the left subfigure, g1 M, N, guarantees that both classical constraint
nondegeneracy and the W-SRCQ hold at z. In the right subfigure, go M, DN, holds, yet g» fails to intersect N,
transversally. This geometry captures a scenario where the W-SRCQ is satisfied despite the failure of constraint
nondegeneracy.

The following corollary formalizes the geometric intuition that constraint nondegeneracy is a boundary case
of the W-SRCQ when the stratum achieves maximum dimension.

Corollary 4 Suppose z = (z,y) € Mp,q with p + ¢ = n. Then, the W-SRCQ holds at z if and only if the
constraint nondegeneracy holds at z.

Proof When p+q = n, the stratum M,, , is an open submanifold of S™. Consequently, the normal space collapses
to Ny(a)(Mpq —y) = NgyMpq = {0}. This dictates that DN, = N. The equivalence follows immediately
from Proposition 3 and Theorem 4. ([l
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M| (|

Mp,q ¢} 92 Nz DN,

Fig. 2: Geometric visualization of transversality: W-SRCQ vs. Constraint Nondegeneracy.

This corollary shows that constraint nondegeneracy can be viewed as a special case of the W-SRCQ. Nev-
ertheless, constraint nondegeneracy occupies a distinguished position in the theory. In the next subsection we
shall see that it plays a particularly important role when one investigates variational properties across different
strata. On the other hand, the classical transversality characterization of constraint nondegeneracy [7, (4.182)]
implies that constraint nondegeneracy is stable under small perturbations. This naturally raises the question of
whether an analogous stability property holds for the W-SRCQ. The following theorem answers this question
in the affirmative and establishes the stability of the W-SRCQ along the stratum M, , via its transversality
characterization.

Theorem 5 If the W-SRCQ holds at z = (x,y) € ./\7,“1, then there exists a neighborhood Uc ./K/lvpyq of z such
that the W-SRCQ holds at every point in U.

We outline the geometric rationale here, deferring the rigorous proof to Appendix B. Fundamentally, transver-
sality encodes a first order full-rank (nonsingularity) condition, requiring the Minkowski sum of the respective
tangent spaces to span the ambient space. Because full-rank conditions characterize open sets in the space of
linear operators, they inherently persist under sufficiently small data perturbations. Thus, defining the W-SRCQ
via transversality immediately secures its local stability.

Remark 12 A refined perturbation analysis across strata is provided in Section 3.2.1, where the stability of the
W-SRCQ along a fixed stratum emerges as a direct consequence of Proposition 4. We introduce this geometric
derivation here to expose the transversality structure of the W-SRCQ, highlighting its deep conceptual parallel
to classical constraint nondegeneracy.

We conclude this subsection by establishing the genericity of the W-SRCQ, mirroring the classical genericity
of constraint nondegeneracy. Fix integers p,q € Z; and let g : X — S™ be a smooth mapping. Introducing a
translation parameter b € S™, we define the perturbed mapping

go(2) = g(z) +b, zeX,

and construct the corresponding shifted quantities for z = (z,y) € X x S analogously. The following theorem,
whose proof resides in Appendix B, confirms that the W-SRCQ is a generic property over the perturbation
space.

Theorem 6 For a generic perturbation parameter b € S™, the W-SRCQ holds at every pair z = (x,y) satisfying
the complementarity condition S% > gy(x) Ly € S™.

Remark 13 Having securely grounded the W-SRCQ in a transversality framework, an analogous geometric
interpretation for the W-SOC can be derived via the dual characterization established in [27, Section 4], provided
the primal problem (1) is a convex quadratic program. While a primal geometric formulation for the general
W-SOC and S-SOSC could theoretically be developed, its complexity would likely preclude practical utility. We
therefore leave this as a direction for future research.
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3.2 Variational properties across strata

Having characterized the variational behavior within a fixed stratum, this subsection investigates how these
properties propagate across different strata. We demonstrate that the problem- and solution-level regularity
conditions exhibit natural topological openness and closedness properties, governed strictly by the adjacency
relations among strata. Furthermore, we establish that classical strong-form regularity conditions are mathe-
matically equivalent to the local uniform validity of their weak-form counterparts.

Notice that in the previous section we used Z to denote KKT pairs and z for an arbitrary point in X x S™.
In this section, we adopt a different convention: we use Z to denote a target point in X x S™, and z for points
near zZ, for the sake of simplicity, as we are concerned with perturbations of arbitrary points in this section.

3.2.1 The W-SRCQ across strata

We first examine the perturbation properties of the W-SRCQ across strata. Proposition 4 establishes a stratified
openness property: the W-SRCQ remains locally stable under small perturbations that preserve the negative
inertia index.

Proposition 4 Let z = (Z,7) € X x S”, and let q be the negative inertia index of G(Z). If the W-SRCQ holds
at Z, then there exists a neighborhood U of Z such that the W-SRCQ holds at all z € U for which the negative
inertia index of G(2) is q.

Proof Let («, B8,7,p,q, P,\) be an IED of G(Z). Suppose, for the sake of contradiction, that the assertion fails.
Then, there exists a sequence z” = (z¥,y”) € X x S™ such that z¥ — Z, the negative inertia index of G(z") is
exactly ¢, and the W-SRCQ fails at each 2¥. Let (¥, 8%, 7,p", ¢, P¥, \") be an IED of G(2"). Because 2¥ — Z,
we have G(z¥) — G(Z). By [14, Lemma 3|, passing to a subsequence if necessary, we may assume PY — P’
for some P’ € O"(G(z)), and that the index set satisfies 3V = 8’ for all v with some fixed index set 5. By
eigenvalue continuity, we must have 5’ C .

Since the W-SRCQ fails at z", there exists 0 #= W" € S™ such that

W, ¢ @) u)y=0 YueX and (WY, P'B(P")')=0 VBeS": Bg, =0, B,, =0.

By compactness, we may assume ||W¥|| =1 and W*¥ — W # 0, and hence, letting v — oo and using ¢'(z”) —
¢ () and P¥ — P’ we obtain

(W, d@)u)=0 YueX and (W,P'B(P)")=0 VBecS": Bg, =0, By, =0,

which implies
d @)X+ {P'B(P)" | Bgr, =0, B,, =0} #S™

Since P’ € O™"(G(%)) and 8’ C 3, this contradicts the assumption that the W-SRCQ holds at Z. The proof is
then completed. O

This proposition shows that, locally, the validity of the W-SRCQ propagates to higher-dimensional strata as
long as the negative inertia index remains fixed, a behavior we interpret as a form of openness. By contrast, an
analogous openness property for constraint nondegeneracy (Definition 3) holds without imposing any restriction
on the negative inertia index.

This proposition demonstrates that the validity of the W-SRCQ propagates locally to higher-dimensional
strata, provided the negative inertia index is fixed. In contrast, an analogous openness property for constraint
nondegeneracy (Definition 3) holds unconditionally regarding inertia indices.

Corollary 5 Letz = (z,y) € XxS". If the constraint nondegeneracy holds at Z, then there exists a neighborhood
U of Z such that the constraint nondegeneracy holds at all z € U.

Proof Let («, 8,7,D,7, P, ) be an IED of G(Z). Suppose, for the sake of contradiction, that the assertion fails.
Then there exists a sequence z” = (z”,y”) — Z such that constraint nondegeneracy fails at each 2¥. Let
(o, B, 7", p",q", P¥,\’) be an IED of G(z¥). Because 2z — Z, we have G(z¥) — G(Z). By [14, Lemma 3],
passing to a subsequence if necessary, we may assume P¥ — P’ for some P’ € O"(G(%Z)), and that o = o’ for
all v with some fixed index set o/. By eigenvalue continuity, we must have o/ D a.

By (8), the failure of constraint nondegeneracy at z¥ implies there exists 0 # W" € S™ such that

(WY, ¢'(«")u)y =0 YueX and (WY, P'B(P")T)=0 VB€S": Bgpg =0, Bgvy =0, By, =0.
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Passing to a subsequence, assume ||W¥|| =1, WY — W # 0, and letting v — oo yields
<W, g'(T)u> =0 VueX and <W, P/B(P/)T> =0 VBeS": Bgigr =0, Bgry =0, By, =0,

and hence

g @X+{P'B(P)" | Byrg =0, By, =0, By, =0} #S™
Since P’ € O"(G(Z)) and ' C B (equivalently, o’ O «), this contradicts constraint nondegeneracy holds at Zz.
The proof is then completed. (I

The following result is an immediate consequence of Corollary 5. It demonstrates that constraint nondegen-
eracy holds if and only if the W-SRCQ holds collectively across all relevant strata in a local neighborhood.

Theorem 7 Let Z = (7,7) € X x S". The following statements are equivalent:

(a) the constraint nondegeneracy holds at (T,7);
(b) the W-SRCQ holds at every pair (z,y) sufficiently close to (Z,7);
(c) the W-SRCQ holds at every pair (T,y) with y sufficiently close to .

Proof (a) = (b): By Corollary 5, (8) holds for all (x,y) sufficiently close to (Z,¥), which directly implies the
validity of the W-SRCQ (9).

(b) = (c): This implication is trivial.

(¢) = (a): Let (o, 8,7, p,q, P, A\) be an IED of G(Z), and define the perturbed multiplier

000
y'=g—-P|0tIo| PT,
000

where ¢ > 0 is sufficiently small to ensure y' is close to §. By assumption, the W-SRCQ holds at (Z,y?).
Invoking (9) at y' immediately recovers (8) at 7, proving the constraint nondegeneracy at (Z,7). |

Because the classical constraint nondegeneracy ([7, Definition 5.70]) is a special case of the extended formu-
lation (Definition 3), the preceding theorem yields an analogous characterization for the classical setting. We
omit the proof, which follows directly from the proof of Theorem 7.

Corollary 6 Let T be a feasible point of (1) andy € M(Z). Then the following statements are equivalent:

(a) the constraint nondegeneracy ([7, Definition 5.70]) holds at T;
(b) the W-SRCQ holds at every pair (x,y) sufficiently close to (T,7);
(c) there exists y strictly complementary to g(T), such that the W-SRCQ holds at (T, y).

Complementing the openness property in Proposition 4, the next result establishes a stratified closedness
property for the W-SRCQ. Specifically, the validity of the W-SRCQ within a local neighborhood of a stratum
extends to the boundary along directions that preserve the positive inertia index.

Prop051t10n 5 LetU be an open set in X x S™ and let ./\/lp q be a stratum of S". If the W-SRCQ holds at every
zeUuUn /\/lp q for some p,q, then the W-SRCQ holds at every z € U N /\/lp ¢ for all ¢ such that 0 < ¢’ <gq.

Proof Fix ¢’ such that 0 < ¢’ <gq. For any z = (z,y) €U N /\/lp7q/ with an IED (o, 8,7/, p,¢’, P, \) of G(2), we
define the perturbation direction

0000

000 0| 51

A=P 00-10 L

0000
where the block partition matches dimensions p, n —p — ¢, ¢ — ¢, and ¢/, and I is the identity matrix of order
q — ¢'. The trajectory z' = (z,y + tA) resides strictly in the stratum M, , for all ¢ > 0, and 2 — z as ¢ | 0.
Because U is an open neighborhood of z, there exists ¢5 > 0 such that 2¢ € U for all ¢t € (0, y]. By hypothesis,
the W-SRCQ holds at each z! on this segment.

According to (9), the W-SRCQ at z' asserts that

()X + {PBPT | BeS", Bg, =0, B,, =0} =S", (44)

where 8 = {p+1,...,n—q} and vy ={n—q+1,...,n}. Because 8 C ' and v D v/, the subspace corresponding
to the W-SRCQ at z,

{PBPT | B€S", Bgy =0, By =0},
is strictly contained within the corresponding subspace in (44). Therefore, the subspace addition naturally spans
S™, verifying that the W-SRCQ holds at z. (]
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3.2.2 The W-S50C across strata

By exploiting the primal-dual relationships between the W-SOC and the W-SRCQ established in [27, Section 4],
a dual counterpart to the results in Section 3.2.1 can be developed. For general (possibly nonconvex) instances
of (1), analogous conclusions follow via similar arguments. Specifically, Proposition 6 establishes a stratified
openness property for the W-SOC. As the dual analogue to Proposition 4, it requires the positive inertia index
p to remain invariant, rather than the negative inertia index.

Proposition 6 Let Z = (Z,7) € X x S", and let p be the positive inertia index of G(Z). If the W-SOC holds
at Z, then there exists a neighborhood U of Z such that the W-SOC holds at every z € U for which G(z) has
positive inertia index p.

Proof Let (a, B8,7,p,q, P,\) be an IED of G(Z). Suppose, for the sake of contradiction, that the assertion fails.
There exists a sequence z¥ = (¥, y”) — Z such that the positive inertia index of G(z") is p, but the W-SOC fails
at each z¥. Let (o, 5%,vY,p,¢”, P, \”) be an IED of G(z¥). Because z” — Z, we have dist (P”, (’)"(G(Z))) — 0.
By [14, Lemma 3|, passing to a subsequence if necessary, we assume P¥ — P’ for some P’ € O"(G(z)), and
(8Y,~4%) = (B',7') for all v. By eigenvalue continuity, v’ D +.

The failure of the W-SOC at z” implies the existence of a vector d¥ € X with ||d”|| = 1 such that

—\V 5
(d”,V2,L(z")d") +2> > Tj [(P")T(Vg(a")*d")P"] . =0,

i€a jey’ K
while satisfying the index block conditions:

[(P) " (Vg(a")*d")P"] 4,5 =0, [(P") " (Vg(a")"d")P"]

o —0 and [(P")T(Vg(a*)'d")P"],, =0.

By Y

Taking a further subsequence such that d¥ — d*° € X (with ||d*°|| = 1), and passing to the limit as v — oo, we
obtain

(@, V2 L) +2 30 3 =2 [P (Vyl@y ¥ =0,

icajey

along with the limit block conditions:

[(P)T (Vg(@) d>®)P] 4, =0, [(P)T(Vg(x)'d™)P']

o —0 and [(P)T(Vg(@)d*)P],,, =0.

By Yy

Because P’ € O"(G(2)), Y 27, Uy ={1,...,n}\ a, and \; = 0 for all j € 4"\ ~, this strictly contradicts
the assumption that the W-SOC holds at Z. O

Recall from Section 3.2.1 that the openness property of the W-SRCQ (Proposition 4) and the constraint
nondegeneracy (Proposition 5) lead to Theorem 7, which characterizes constraint nondegeneracy via the local
collective validity of the W-SRCQ. For second order conditions, however, the picture is more subtle: the strong
second order sufficient condition (S-SOSC) is not, in general, stable in the same stratified sense. Consequently,
establishing a dual analogue of Theorem 7, that is, relating the S-SOSC to the local collective validity of the
W-SOC, requires additional assumptions and more delicate technical tools. Observe that if a self-adjoint linear
operator @ on a Euclidean space X satisfies

(Qu,z) #0 Vz e H\ {0},

for some subspace H C X, then by continuity of the mapping x — (Qz, z) and compactness of the unit sphere
in ‘H, there exists a constant ¢ > 0 such that

(Qx,x)| > c|z||* VzeH.

Hence, if the W-SONC and W-SOC hold at some z, then the right-hand side in (15) can be changed to c||v,||?
for some fixed ¢ > 0. Motivated by this elementary fact, we introduce a uniform version of the W-SOC in a
neighborhood of a given point Z € X x S™.

Definition 15 Let z = (7,7) € X xS™. The W-SOC is said to hold uniformly on a neighborhood U of % if there
exists a constant ¢ > 0 such that, for every z = (z,y) € Y with an IED (a, 8,7, p,q, P, \) of G(z), we have

Q. (vz) = cllvg||> Vv, € appl(z,y), (45)

where appl(z,y) is defined in (16).
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With Definitions 15 in place, we can now establish the desired relationship between the S-SOSC and the
uniform validity of the W-SOC.

Theorem 8 Let z = (7,7) € X x S"™. The following statements are equivalent:

(a) the S-SOSC holds at Z;
(b) the W-SOC holds uniformly on a neighborhood of Z;
(c) the W-SOC holds uniformly for (Z,y) with y in a neighborhood of 7.

Proof Let (@, 8,7, P, G, P, \) be an IED of G(%).

(a) = (b): We argue by contradiction. Suppose that there exist a sequence z¥ = (z¥,y") — Z and scalars
¢” ] 0 such that the uniform W-SOC fails at each 2”. Let (o, 8”,7",p",¢”, P”,\") be an IED of G(z"). By [14,
Lemma 3], passing to a subsequence if necessary, we may assume P¥ — P € O”(G( ), (¥, 8”,9") = (a, B,7)
for all v, and \¥ — \. Without loss of generality, « D @, # C 3, and v D 7.

The failure of the uniform W-SOC guarantees the existence of d¥ € X with ||d”|| = 1 such that

(4", V2, L(z")d" T(Vg(a) d)P*];, < e (46)

and d¥ € appl(z¥), satisfying:
[(P*)T (Vg(a") )P, =0, [(P) (Vg(a*)'a)P], =0, [(P")7(Vg@")'d")P’] =0  (47)

Yy

Fori € a\ @ and j € %, we have A} | 0 and \} — Aj < 0, making the ratio =} /AY — +oc. Because the
quadratic sequence in (46) is bounded, this enforces

[(P”)T(Vg(x”)*d”)P”]l,j -0 Vica\a, j€7. (48)
Restricting the sum to @ and 7, we maintain
14 v 1% _AV 14 V\* JU 17 2 v
(d, V2, L(z")d >+2ZZ A; [(P)T(Vg(a") d")P"];, < . (49)
i€Q@ jJEY K

Assuming d¥ — d*° with ||d*°|| = 1, we pass to the limit in (47), (48), and (49) to obtain

(d°, V2, L(z)d>®) +2ZZ LIPT(Vg(@)*d>)P]; <0,
i€a jE7 Ai

[PT(Vy(@)*d®)P],, =0, [PT(Vg(@)d=®)P], =0, [PT(Vg(@)"d*)P] =0,
and [PT(Vg(T)"d*)P|, =0 Vica\a@, je7.

These conditions guarantee that d*° € app(z). However, the resulting nonpositive quadratic form directly
contradicts the S-SOSC at z, confirming (a) = (b).
(b) = (c): This implication is trivial.
(c) = (a): Define the block matrix
000 .
A=P|0I0| P ,
000
corresponding to dimensions p, n — p — g, and q, where I is the relevant identity matrix. The sequence 2! =
(Z,7+tA) — 7z as t | 0. By assumption, there exists tg > 0 such that the W-SOC holds uniformly at 2¢ for all
t € (0,tp]. Thus, there exists a constant ¢ > 0 such that

(v, V2, L(2")v, +2ZZ (T)*v +2 Z > — JT (Vg(@)*v,)P); = clloa]* (50)
i€a jEY Ai i=p+1j€5
for all v, € appl(z") = {v, € X| r (Vg ]77 =0}.

If the S-SOSC falls at z, there exists a nonzero d € app(E) such that

(d, V2, L(z)d) + 222 Vg(@)*d)P];, <0. (51)

€@ jEF Ai



24 Chenglong Bao et al.

Because d € app(z), it satisfies P T,, 0 and [P (Vg( )*d)P]
appl(z!). Substituting v, = d into (50) and lettlng t $ 0 yields

(d,V2,L(z +2ZZ JT (Vy(z T > ¢|\d||® >0,

ica jEy Ai

3y = 0. Consequently, d €

which contradicts (51). Thus, the S-SOSC must hold at Z. O
We finalize this subsection by establishing the stratified closedness of the uniform W-SOC.

Proposition 7 Let U be an open set in X x S™ and let an be a stratum. If the W-SOC holds uniformly at
every z € U N M, , for some p,q, then the W-SOC holds uniformly at every z € U N M, 4 for all 0 < p’ < p.

Proof For0 <p' <pandz = (z,y) € Z/{ﬂ./,\/lvp/7q with an IED (¢, 8, 7,9, ¢, P, \) of G(z), define the perturbation

direction
0000
_ 0100| 1
A=r 0000 P

0000

partitioned according to dimensions p’, p—p’, n—p—q, and ¢, where I is the identity matrix of order p—p’. The
sequence z' = (z,y + tA) resides strictly in M, , for ¢ > 0, converging to z as ¢ | 0. Since U is open, 2z € U for
sufficiently small ¢ € (0,tg]. Let « = {1,...,p} and 8 = {p+1,...,n—q}. The tuple (o, 8,7, p, ¢, P, \+t diag(A))
serves as a valid IED for G(z"). Note that « 2 o/ and 8 C f'.

By assumption, the uniform W-SOC at 2! guarantees a constant ¢ > 0 such that

(ve, V2, L( )0, +ZZZ (Vg(a) v 2 ) Z LIPT(Vg(2) va)P];, > cllva|* (52)

ica’ jEY i€a\a’ JEY
for all nonzero v, € appl(z'), where

appl(z') = {v, € X| [PT(Vg(a)*va)P] ,, = 0. [PT(Va(2)*0,)P], =0, [PT(Vg(x)*0,)P], =0}

pp By Y

Because 8 C 3, we inherently have appl(z) C appl(z!).
If the W-SOC fails at z, there exists a nonzero vector d € appl(z) such that

(V2 L)) +2 3 37 S [PT (V) P < el (53)

ica’ jEY

Because d € appl(z), the cross terms satisfy [P'(Vg(x)*d)P] ,; =0foralli€a\a and j € . Substituting
v, = d into (52) and letting ¢ | 0 yields a strict contradiction against (53). This verifies that the W-SOC
uniformly extends to z. 0

3.2.8 The problem-level reqularity across strata

A foundational result established in [55] elegantly links problem-level constraint qualifications to solution-level
strong metric regularity for the NLSDP. In Section 3.1, we derived a purely stratum-restricted analogue to this
equivalence. We now integrate the across-strata perturbation results from Sections 3.2.1 and 3.2.2, demonstrating
that strong-form problem-level conditions at a point naturally equate to the local uniform validity of their weak-
form counterparts across a neighborhood.

Theorem 9 Let T be a local minimizer of (1) satisfying the RCQ, and let y € M(Z). The following statements
(a)-(d) are equivalent, and each implies (e):

(a) the S-SOSC and the constraint nondegeneracy hold simultaneously at (Z,7);

(b) every element in the Clarke generalized Jacobian Oc F(T,Y) is nonsingular;

(c) the KKT mapping F is strongly metrically reqular at (T,7);

(d) the W-SOC holds uniformly, and the W-SRCQ holds at every pair (x,y) sufficiently close to (T,7);
(e) for every (x,y) sufficiently close to (T,7), the manifold differential dF\, ) is injective.
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Proof The equivalence (a) < (b) < (c) is classically established in [55, Theorem 4.1]. The equivalence (a) < (d)

follows directly from Theorem 7 and Theorem 8. Finally, the implication (d) = (e) was proved in Theorem 2.
(]

Remark 14 If statement (e) is strengthened to the following uniform version:

(¢') for every (x,y) sufficiently close to (T,7), the manifold differential dF\, ) is uniformly injective and
positively (or negatively) oriented,

then this uniform condition (e’) is in fact equivalent to statements (a)—(d) in Theorem 9. Here, “uniformly
injective” means that there exist a constant x > 0 such that for z sufficient close to (Z,7):

|dF.h| > k||h]| VheT.M.

Roughly speaking, “positively (or negatively) oriented” means the determinants have the same sign. A precise
formulation, however, is more subtle in the present setting: it must characterize the orientation of dF, as a
map onto its image space, while also accounting for the compatibility of these orientations across neighboring
strata. We therefore do not pursue the exact definitions or the corresponding proofs here, as they would require
additional topological machinery and would lead us too far from the main line of development. We leave this
refinement for future work. What is most important for the purposes of this paper is that Theorem 9 shows
the classical strong-form regularity conditions to be equivalent to the local uniform validity of their stratum-
restricted weak counterparts.

Remark 15 If the constraint mapping ¢ is affine, the requirement of uniform validity over a local neighbor-
hood can be safely relaxed to pointwise validity. In such cases, the quadratic bound (52) is satisfied globally,
immediately yielding the requisite theoretical equivalences.

Remark 16 From a primal-dual perspective, it is natural to ask why statement (d) demands a uniform version
of the W-SOC, whereas no such uniformity is required for the W-SRCQ. We offer an intuitive geometric
explanation here, leaving a rigorous analysis for future work. The W-SRCQ is governed by the affine structure
of the linearized constraint mapping Vg(z)*; as noted in Remark 15, this affine nature automatically enforces
uniformity once the condition holds pointwise locally. In contrast, the W-SOC (the dual analogue of the W-
SRCQ) loses this affine characteristic due to the inherent spectral nonlinearity of the nonpolyhedral cone S7}.
Consequently, an explicit uniform formulation is mathematically indispensable.

4 A globalized Gauss—Newton method based on stratification

In this section, we leverage the stratification framework to develop a globally convergent Newton-type method
with rapid local convergence for solving the KKT system (2). By restricting the nonsmooth KKT mapping F
to individual strata, our approach systematically resolves the inherent nonsmoothness. Specifically, to compute
a KKT pair of (1), we consider the unconstrained least-squares reformulation:

) 1
min ¢(2) i= 5 IF)I? (54)

s.t. zeXxS™

Because the nonsmoothness of F' is resolved only by restricting it to a fixed stratum, any global method must
be capable of navigating seamlessly between strata of varying dimensions. Accordingly, our algorithm integrates
three complementary mechanisms:

— Tangential steps along a stratum: Compute a Levenberg—Marquardt step tangent to the current stratum,
implemented via a line-search-compatible retraction to ensure monotonic descent of .

— Normal steps for stratum escape: Exploit explicitly constructed normal directions to escape from stationary
behavior confined solely to a local stratum. These steps are accepted without a line search.

— FEigenvalue-triggered stratum correction: When a sufficiently small eigenvalue is detected, deploy a correction
mechanism to identify a lower-dimensional stratum harboring a more appropriate inertia.

Under mild assumptions, we establish the global convergence of the proposed method and rigorously prove
its superlinear or quadratic local convergence. Crucially, the regularity prerequisites guaranteeing the local
convergence rate are significantly weaker than the classical nondegeneracy assumptions typically imposed on
existing Newton-type frameworks.
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4.1 The algorithm formulation

We first outline the proposed algorithm at a conceptual level, deferring precise analytical definitions to subse-
quent discussions. We refer to the method as the Stratified Gauss—Newton method (SGN; see Algorithm 1). At
each iteration, the current iterate z* is first potentially corrected to Z*, aiming to project it onto a stratum
where the desired solution point satisfying the requisite regularity properties may stay. Starting from z*, we
compute a stratum LM-normal step, denoted by SLMN(z*) (see Algorithm 2), and apply an acceptance test
based on the sufficient decrease of the merit function . This mechanism strictly enforces a monotonic decrease

in the sequence {p(z*)}, rigorously precluding any potential residual inflation induced by the correction step.

Algorithm 1 Stratified Gauss—Newton Method with correction (SGN)

1: Initialize: 20 € X x S”, correction threshold § > 0, and tolerance € > 0.
2: for k= 0,1,... while s(2*) > ¢ (Definition 17) do
Compute the corrected point 2* from 2* via (76) using the threshold §.
if ©(SLMN(2*)) < ¢(z*) then
21« SLMN(zF)
else
21« SLMN(zF)
end if
end for

©OIDG AW

Algorithm 1 relies on three functional subroutines: a stationarity-measure function s(-) (see Definition 17), a

stratum LM-normal step SLMN(+) (see Algorithm 2), and a correction step (-) (see (76)). We detail and analyze
these components in the following subsections.

4.1.1 The directional stationarity and stationarity measure

A suitable stopping criterion is essential for practical iterative algorithms. Conventionally, the gradient norm
of the merit function serves this purpose. Due to the nonsmoothness of ¢, however, we must adopt the broader
concept of directional stationarity. We first recall its standard definition in nonsmooth optimization (see, e.g., [26,
Section 8.2]).

Definition 16 Let ¢ : R® — R be a locally Lipschitz continuous and directionally differentiable function. A
point z* € R™ is called a directionally stationary point (or simply D-stationary point) of ¢ if

¢ (2%50) >0 YoeR™

Since problem (54) is unconstrained, it is natural to use its objective function ¢ as the merit function. It
follows directly from the definition that every KKT pair of (1), or equivalently, every global minimizer of (54),
is a D-stationary point of ¢. We now compute the directional derivative of ¢. While previous sections restricted
the tangent vector v = (vg,vy) to T, M, 4, we now consider an arbitrary direction v € X x S™ (not necessarily
tangent to a fixed stratum), retaining the notation v = (v, v,) for uniformity.

Fix z = (z,y) € X x S", and let G(z) admit an IED (o, 8,7, p, ¢, P, A). Recall the orthogonal decomposition
of the ambient matrix space:

§" = Ta(:)Mp.q © NoMp.g, (55)

where _ _ _
Ta(Mpg={PHP" | H€S", Hgg =0}

and
NexMypg={PHPT | He S", Hjj =0 for all (i,7) ¢ 8 x 3}

The following lemma lifts this decomposition to X x S™ in a manner compatible with the coordinate isomor-
phism ¢, defined in (25).

Lemma 4 For an arbitrary z € X x S™ with G(z) admitting an IED («, 8,7,p,q, P, \), and for any direction
v = (vg,vy) € X xS, the isomorphism ¢, defined in (25) induces an orthogonal decomposition ¢,(v) = w1 +us,
where

Vg :
uy = [HJ € X xTaMpg,  with Hy € Tz Mp.g,
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and

Uy = { 0 :| € {0} x Ng(z)Mp7q, with Hy € NG(z)Mp,q-

Defining the normal pullback Nzﬂp,q => ({O} X Ng(z)./\/lnq), the ambient space uniquely decomposes as the
direct sum

Xx 8" = Tzﬂp,q 69-N‘z/(/tvzu,q-
Consequently, we obtain the unique decomposition v = v1 + v, with v, € 7;//\\/1/10,(1 and vy € Nz/f\/lvpﬂ,

Proof The verification is straightforward that the mapping ¢, established in Lemma 1 naturally extends to the
entire ambient space X x S™ via identical mapping rules:
Qj)z(vwvvy) = ('Uwa v.g(x)*vz + 'Uy)a
¢ (vg, H) = (vz, H = Vg(x)*vs).

These constitute a pair of linear isomorphisms on X x S™. Leveraging (55), the product space decomposes
identically as

X x §" = (X x TayMpq) & ({0} x Ngz)My.q)- (56)
Projecting ¢.(v) onto these respective subspaces yields the vectors u; and us. Applying ¢;! yields v; =
¢ (u1) € TMp 4 and va = ¢ H(uz) € NoM,, . O

Remark 17 For readers familiar with Riemannian geometry, the above construction can be interpreted as twist-
ing the Riemannian metric on X x S” via the map g. Consequently, A, M is indeed normal to 7, M with respect
to this twisted metric. This perspective also highlights a general guiding principle: an appropriate choice of Rie-
mannian metric can induce an appropriate decomposition that aligns naturally with the underlying structure
of the problem.

We now are able to compute the directional derivative ¢'(z;v) at z = (z,y) € X x S for an arbitrary
direction v € X x S™. The next proposition provides an explicit formula and its proof is deferred to Appendix C.

Proposition 8 For an arbitrary z € X x S™ with G(2) admitting an IED («, 8,7,p,q, P, \) and any direction
v = (vg,vy) € X X §", the directional derivative of ¢ at z along v evaluates to

¢ ei0) = (arz (PG i | ) + (Voo (R 0). T (1)) + (Voo () + o), Ty () (57

where Fy(2) = V,L(z,y) = Vf(z) + Vg(z)y, Fa2(z) := —g(z) + s (G(2)), and Hy and Hy are defined in
Lemma 4.

Proposition 8 provides the algebraic foundation to rigorously characterize the D-stationarity of . We first
define two critical normal directions. Let z = (z,y) € M, , with an IED (a, ,7,p,q, P, A). Recalling the
tangent-normal orthogonal split of S, we define the respective projection operators mapping an arbitrary
matrix H € S" onto these subspaces:

-Elfaa ﬁaﬂ E'a'y 0 ~0 0
mlgn(H):=P |Hgo 0 Hg, | PT and wlg.(H):=P |0Hg 0| P, (58)
H,, Hyg H,, 00 0

where H = PTHP. Using these projections, we further define two specific normal descent directions Wi (z) and
Wg(z) S Ng(z)./\/lp’q:

Wi(2) = I~ (V@) Fa(2)) ) (59)

and
Wa(2) = Igy (—szn (Vg(a) Fi(2) + FQ(Z))). (60)

Proposition 9 Recalling the definitions of Fi and Fy in Proposition 8, a point z = (x,y) € X x S" is a
D-stationary point of ¢ if and only if the following three conditions hold simultaneously:

(a) dF (F(2)) = 0;

(b) Wi(z) =0, or equivalently, 72 g. (Vg(z)* Fi(z)) € S™;

(c) Wa(z) =0, or equivalently, WESTL (Vg(z)*Fi(z) + Fa(z)) € ST
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Proof Because dF; (F(z)) € T.M, the inner product (dF;(F(2)),[vs, H{]") > 0 holds for all valid tangent
pairs if and only if dF7} (F (z)) = 0. Furthermore, by the geometric properties of metric projection onto the
closed convex cone S7, the condition (Vg(z)*Fi(z), IIs» (H2)) > 0 holds universally for all Hy if and only if
the normal projection ﬂgg (Vg(z)*Fi(z)) strictly resides in S™. This geometrically forces W1 (z) = 0. A similar
argument applied to the third term ensures Ws(z) = 0. O

Remark 18 Notice that condition (a) in Proposition 9 corresponds exactly to the classical first order stationarity
condition for the stratum-restricted subproblem of (54).

The next theorem provides conditions under which a D-stationary point is also a KKT pair, thereby con-
necting our global convergence result with the local convergence rate analysis in Section 4.2.

Theorem 10 Let z = (z,y) € /\//vlnq with an IED (a, B,7,p,q, P,\) of G(z). If the SOSC and the SRCQ hold
at z, then the following are equivalent:

(a) z is a D-stationary point of p(z);
(b) z is a KKT pair of (1).

Proof Obviously, a KKT pair is a D-stationary point. Now we suppose z is D-stationary for ¢, Proposition 9
implies that
dF}(F(z)) =0, Wi(z)=0 and Wa(z)=0. (61)

Recall that we write F(z) = (F1(z); F5(2)) in Proposition 8, and here we further abbreviate it as (Fy; Fy) for
simplicity. Define U := Vg(x)*Fy € S". Recalling the orthogonal decomposition S" = T (.)My.q © Ne(z)Mp.,q
given in (55), we decompose

U=Ur+Uy and Fy,= (FQ)T + (FQ)N

In view of the IED («, 8,7, p, q, P, \) of G(z), the normal components admit the block representations

000 000
Ur=P|ONO|P" and (Fo)Ay=P|0MO|PT, (62)
000 000

where N and M are given by
N:=(P"UP)ss €SPl and M := (PTFyP)s5 € SIAL.

By Proposition 9, Wi (z) = 0 is equivalent to wf,sn (U) € S™, i.e., N < 0. Similarly, Wa(z) = 0 is equivalent to
2o (U+ Fp) €S}, ie., N+ M = 0.
Expanding the equation dF} (Fy, F3) = 0 using (27) (and the definition of the adjoint) gives

(V3.L(2) = Vg(x)Vg(x)")Fi — Vg(z)F2 = 0, (63)
Ur + &c(x) (F2) = 0. (64)
Taking the inner product of (63) with F} and noting that U = Vg(z)*F; yields
(F1,V2,L(2)F\) — (U, U 4+ F,) = 0. (65)
Using the orthogonal decomposition, we have
(U, U+ Fs) = (Ur, Ur + (F2)7) + (Upnr, Un + (F2)pr)- (66)

Then, substituting (64) and (66) into (65), together with the relations (Ur, (F2)ar) = 0 and (Unr, Uy + (F2) ) =
(N, N + M), both of which follow from (62), we arrive at

(F1, V3, L(2)F1) + (Ec()(F2), Fa — Eg) (F2)) — (N, N + M) = 0. (67)

Since N <0 and N + M > 0, we know
(=N, N+ M) >0. (68)

As (64) implies (—Vg(z)*(—F1) + fg(z)(Fg))M =0, by Lemma 2 and (68), we deduce from (67) that

Q.(—F1) <0, (69)

where Q, is the quadratic form defined in (10).
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Next we show that F; = 0. We first claim that —F} lies in the critical cone C(z) associated with (1) (see (12)
for definition). Indeed, by (64) and the explicit form of £g(,) in (22), we know [P T (Vg(z)*(—F1))P]g, = 0 and
[PT(Vg(z)*(—=F1))P)y, = 0. Moreover, since W?,Sn (U) € S™, (PT(Vg(z)*(—F1))P)ss is positive semidefinite.
Hence —F; € C(z). Therefore, by SOSC (Definition 5) and (69), we have F; = 0.

Next we show that F» = 0. Suppose to the contrary that Fy # 0. Since F; = 0, we have U = Vg(z)*F; =0
and hence N = 0. From N + M = 0 it follows that M > 0, namely, (PTFQP)ﬂB = 0. Moreover, (63) reduces to

Vg(z)F, = 0. (70)

In addition, (64) becomes {g(.)(F2) = 0. By the explicit form of {g(.) in (22), this implies that the a-blocks of
PT F,P vanish.
By the SRCQ condition in Definition 2, there exist xg € X and Yy € {PBPT e S

Bgs = 0, Bgy =
0, Byy = 0} such that Vg(z)*zo + Yo = —F». Taking the inner product with F» gives

0> (—Fy, Fy) = (20, Vg(2)F2) + (Yo, Fa).
Using (70), the first term vanishes. Since Y € {PBPT e s ’Bﬁg =0, Bgy =0, By, = O} and Fy has zero

a-blocks, a positive semidefinite (and nonzero) 88-block, and arbitrary other blocks consistent with symmetry,
we have (Yp, Fp) > 0. Consequently, 0 > (—Fy, F») > 0. The contradiction proves Fy = 0. Hence F(z) = 0, and
the proof is complete. O

Remark 19 Although the classical SOSC and SRCQ ensure local optimality and uniqueness of the multiplier,
here they are formulated for an arbitrary primal-dual pair (see Definition 5 and Definition 2), and hence do not
imply that the pair is a KKT pair. As illustrated in Remark 5, these two conditions can hold simultaneously
at non-KKT pairs. The content of Theorem 10 is that D-stationarity of the merit function ¢ provides precisely
the additional first order information needed to close the gap.

Motivated by the exact geometric equivalence established in Proposition 9, we naturally quantify proximity
to D-stationarity via the norms of these critical vectors.

Definition 17 For any z € X x S", the D-stationarity measure of ¢ at z is the scalar function

s(2) = max{[W1 ()], [W2(2)], WM ()]},
where W (z) and W(2) are defined in (59) and (60), and v (z) is the stratum-LM direction formally introduced
in (74).

Remark 20 Because the definitions of W7, Ws, and v depend intrinsically on the active tangent space ’Tz//\/lvp,q,
the measure s(z) is not globally continuous. As the eigenvalues of G(z) cross zero, the dimension of the tangent
space changes discretely, inducing structural jumps in the stationarity measure.

4.1.2 The SLMN descent step

Globalizing the algorithm requires identifying descent directions for the unconstrained problem (54). Motivated
by the stratified geometry of X x §”, we utilize two distinct classes of directions: tangential directions that
reduce the residual while locked onto the current stratum, and normal directions that force transitions across
strata. Combining these yields the stratum LM-normal step (SLMN). At an iterate ¥, the SLMN step integrates
these components to guarantee monotonic descent of the merit function ¢(z) = L||F(2)||?. The procedure is

2
formalized in Algorithm 2.

Tangential direction. We first compute a search step that navigates the current stratum /f\/lvpﬂ to minimize
the residual. We consider the strictly stratum-restricted subproblem:

min  (z). (71)
zEMyp 4

A standard Gauss—Newton step minimizes the linearized quadratic model of ¢ over the local tangent space:
. 1 k 2
min  pg(v) = §HF(Z )+ dF.x(v)]|". (72)
U€7—zk Mp,q
This convex quadratic program resolves to the normal equation:
AF5dF.(v) = —dF5F(2Y), ve TaM,,. (73)

By Theorem 2, if the W-SOC and W-SRCQ hold at z¥, (73) admits a unique solution. To ensure global
convergence, we apply Levenberg—Marquardt (LM) regularization when far from optimal regions.
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Definition 18 The stratum-LM direction for ' at z € X x S™ is defined as
VMM (2) i= —(u(2)] + dFFdF,) dF F(z2), (74)

where ju(z) := ||F(2)||? serves as the dynamic regularization parameter, and I denotes the identity operator on

T-M.

Remark 21 Building upon the classical Levenberg-Marquardt methods (see, e.g., [61]), it is straightforward to
construct a local algorithm that solves (71) quadratically, provided that the algorithm starts sufficiently close
to a KKT pair z, lies on M, and the W-SOC and W-SRCQ hold at Z. This result will be incorporated into the
local analysis of our global algorithm, as detailed in Proposition D.3.

Once the stratum-LM direction is computed, the corresponding step is obtained by z**! = R_x(v*), where
R.. is a retraction map that projects z* 4tv* back onto the current stratum /K/lvp_’q. We will discuss this retraction
operation in more detail below.

For a general manifold M, a classical candidate for retraction is the Riemannian exponential map, which was
used in [53] to establish the local quadratic convergence of the Riemannian Newton method. However, computing
the Riemannian exponential directly is often intractable due to the need to solve geodesic equations explicitly. A
more practical alternative is the metric projection onto M, which is well-defined and locally smooth, provided
the projection is unique [58,1]. In this work, rather than directly applying the metric projection on M, ,, we
introduce an induced retraction. Specifically, we first define a retraction on M, , using the metric projection,
and then extend it to .//\/lvp,q. This approach leverages the computational efficiency of the metric projection on
My, 4, which can be computed via truncated SVD, instead of projecting onto the more complicated manifolds

M., 4. It should be noted that while a direct projection-based retraction is feasible, the induced retraction also
offers computational benefits, particularly for evaluating ¢(-), which is essential for line search procedures.

We begin by introducing a retraction for M = M, , and then extend it to M = M, 4. Since My, , is a C°
smooth submanifold of S, it follows from [1, Lemma 3.1] that the mapping Rxq : TM — M,

Rpm(A, H) = argmin||M — (A + H)|?
MeM

is well defined and constitutes a smooth retraction on M. It is well known that this retraction can be computed
explicitly via spectral truncation. . . . .
Next, we define the retraction R : TM — M for M as follows: for a tangent vector v = (Vg,vy) € TM

at z = (z,y) € M,
Riz(z,0) = (x + va, Rm(A H) — g(x + va)), (75)

where A = G(z) = g(z) +y € M since z = (z,y) € M, and H = VG(2)*(v) = Vg(z)* (vz) + vy € TaM. We

also define the notation Ry  (v) := R;(z,v), and simplify to R, (v) when M is clear from the context.

Remark 22 For readers familiar with fiber bundles, the retraction Rz ; on M can be interpreted as performing
retraction along both the fiber and base directions of the fiber bundle induced by the submersion G : M — M.

Proposition 10 Rjy; is a smooth retraction.

Proof Verifying the definition is routine. First, for any z € M , denoting A = g(z) + y, by the definition of R,
we have
Rj7(2,0) = (2 + 0, Rpm(A,0) —g(z +0)) = (z,A — g(2)) = (z,y) = 2

and for any v = (vg,vy) € 7.M since d(Rz; 4)o = id, we have

d(Ry7)o(vz,vy) = (Vz, d(Rpg,4)0 (Vg(2) (vs) + vy) = Vo(2)* (v2)) = (va, vy).-
Finally, the smoothness of R 7 follows from the smoothness of R . O
Normal direction. The stratum LM direction remains within the current stratum, but to move between strata,

we shall follow normal directions to escape from a “bad” stratum that does not contain a solution of (54). These
directions come from (59) and (60) we defined above.

Since Wi(z) € Ng(z)Mp,q, then by the definition of ¢, in (25) and definition of J\/‘z./z/lvpyq in Lemma 4, an

explicit calculation shows
0 -1 0 v n
wi] =9 (it |) =0 €057
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W,O(z)} . These normal directions [Wzo(z)} are used to transition to higher-

dimensional strata. The following lemma characterizes how (z) varies along these directions.

and we can discuss the step z + [

Lemma 5 Let z = (z,y) € X x S™. If W1(z) # 0, then ||Vg(z)W1(z)|| # 0, and the exact line search minimum
satisfies

argmin ¢ | z + 0 = —HWI(Z)HQ
>0 tWh(2) IVg(x)Wi(2)[*’
achieving a guaranteed reduction:

p(2) — ming (Z + {tW?(z)D - ;%%'

Analogously, if Wa(z) # 0, the optimal stepsize and the corresponding reduction are

argmin z 0 = HW2(Z)H2
20 S0( " [tWﬂz)D [W2(2)[1? + [Vg(z)W2(2)]]?

and

z)—miny | 2 0 :1 [Wa(2)|I*
#(2) “”( * LWMD 2 W2 + V@ Wa ()]

Since ¢ (z +t {WO(Z)]> is a quadratic function of ¢, the conclusion is obtained by direct computation
K3

again. Its detailed proof is deferred to Appendix C. With the construction of the directions, the following is the
precise form of our descent step algorithm SLMN(z*).

Algorithm 2 Stratum LM-normal step (SLMN)

1: Input: Current iterate z¥ € X x S™, line search parameters n € (0,1/2) and p € (0,1).

2: Compute Candidate Steps:
o If WF := Wi(z") # 0 (see (59)), construct the first normal step:

S Wi [ Ok} .
! IVg(zF) W2 Wy

o If Wk := W5 (zF) # 0 (see (60)), construct the second normal step:

w2 ]
[WEIE + Vo) WE[2 (W

2 :zk-‘r

e Perform a manifold Armijo backtracking line search along the tangent direction v¥ := v"M(2*) (see (74)). Find the smallest
integer jr > 0 such that ) )
e(R.k(pR07)) = o(27) < mp?h ! (2% 0F),

and construct the retracted tangent step z§+1 =Rk (pTRvP).

3: Output: Select the candidate yielding the maximal objective reduction:

SLMN(z") « arg min p(z),
ze{zf+1,z§+l,z§+l}

where undefined branches are strictly excluded from the comparison.

In Algorithm 2, zf“ and zé“ are computed based on Lemma 5, resulting in a decrease in the function
value. That WF # 0 implies Vg(z¥)WF # 0 guarantees that zf“ is well-defined. The line search step clearly
leads to a decrease in ¢, provided that jj exists, which is proved in Proposition C.1. Therefore, we can conclude
that SLMN always results in a decrease of ¢ at non-D-stationary points.
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4.1.8 The correction strategy

While Algorithm 2 navigates efficiently within a given stratum, traversing near boundaries naturally obscures
the differential information characterizing the optimal adjacent stratum. To overcome this issue, we incorporate
an eigenvalue correction strategy proposed in [27], drawing structural inspiration from globalization techniques
for smooth functions on stratified spaces [45]. Provided the target solution satisfies adequate regularity, this
operator controls the sequence into the correct active stratum.

Given a threshold § > 0 and an iterate z = (z,y) € X x S™ with an IED («, 5,7, p, ¢, P, A) of G(z), we define

the corrected point by
Z:= (x, y— Z

i€6(z

where the threshold-active index set is defined as 6(z) := {i | [X;(G(2))| < 4}.

We observe that the operator = can be viewed as a locally smooth mapping from X x S™ to itself, a property
that follows directly from the smoothness of the Lowner operator.

Crucially, the following lemma establishes that the decrement terms derived in the preceding two parts
constitute the dominant contribution, thereby ensuring the validity of our subsequent arguments.

Xi(G(2)) P,»PZ-T) , (76)
)

Lemma 6 Suppose a sequence {z*} converges to a limit 2 € M. Then, for sufficiently large k, we have
125 =28 < O(l1z" — =),

which directly implies
125 — =] < O(Jl2* — =|).

Proof Define the respective index sets of = a(G(z¥)), @* = a(G(z¥)), and a>® = a(G(2>)). Analogous
definitions apply for 3 and 5. Because the correction Z* precisely preserves the z-component of ¥, their distance
reduces to

12 — 24| = || (¥, G(ZF) - g(a*)) — (¥, G(=) - g(a*)) | = IG(E) — G4 (77)
Decompose the respective matrices using the bases P*¥ and P>:
AE 00 A2 00
GE*)Y=P*| 0 Ogr 0 | (P")T and G(z®)=P®| 0 0p= 0 [(P®)T.
0 0 A4 0 0 A

By construction, G(2*) matches G(z*) except that specific elements within A%, and /1’;,c falling below the
threshold ¢ are zeroed out. The residual difference is:

A 000
G(z")—GEF)=PF| 0 0g 0 | (PM)T.
0 0 Ak

Because G(2*) — G(2*), eigenvalue continuity dictates that the limit matrix retains at least as many zero
eigenvalues; thus, the index sets eventually satisfy the strict inclusions o D aF = o™ and v* D FF = 4.
For sufficiently large k, the eigenvalues corresponding to the non-truncated @*-block are strictly bounded from
below by ¢, because they converge to the positive eigenvalues of G(2°°) (which satisfy §(2°°) > ). Conversely,
the eigenvalues indexed by a* \ @* strictly converge to zero. Thus, they eventually fall beneath the threshold
d and are cleanly truncated. A symmetric logic applies to the negative indices. Consequently, the truncated
eigenvalues A* concentrate entirely within the limiting zero-block 3% (or equivalently 3*). Standard eigenvalue
perturbation theory yields:

IG(R) = GEM) = [14¥] = [[45(G(=9)) = A= (G(=))|
< A(GEY) = AGEZ))I < 1GEF) = GE < O(1F — 2))). (78)

Substituting (78) into (77) establishes the primary bound. Applying the standard triangle inequality |2 —2>°|| <
| 2% — Z¥|| + ||2* — 2°°|| completes the proof. O
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4.2 The convergence analysis

This subsection establishes the rigorous convergence analysis of Algorithm 1. The global convergence properties
are stated below and we defer the technical proof to Appendix C. To systematically quantify the spectrum, we
define the minimal non-vanishing eigenvalue modulus for any z € X x S™ in (40) by

0(2) = min{|Xi(G(2))| | Xi(G(2)) # 0}.

Theorem 11 Let € = 0 and let 2° be an arbitrary initial point. Then Algorithm 1 either terminates finitely at
a D-stationary point of ¢ or generates an infinite sequence whose every accumulation point z*° with 6(2%°) > 0
is a D-stationary point of .

Remark 28 Theorem 11 theoretically assumes that the hyperparameter § is scaled relative to the unknown
accumulation point. One could circumvent this dependency by deploying a partial correction sweep over all
admissible truncation thresholds (paralleling the methodology in [45]). However, while ensuring parameter-
free globalization, such an approach introduces substantial complexity to the local convergence analysis. We
prioritize mathematical clarity here, leaving hyperparameter-free implementations for future refinement.

We next establish the local quadratic convergence rate of the SGN method (Algorithm 1). The detailed
proof is deferred to Appendix D. The analysis relies fundamentally on the stratification geometry developed
in Section 3. In particular, under the W-SOC (Definition 7) and the SRCQ (Definition 2), we show that the
iterates eventually identify the active stratum and then enter a locally quadratically convergent regime. These
assumptions are still substantially weaker than the classical nondegeneracy conditions typically required in the
local analysis of Newton-type methods for NLSDP. At the same time, the strengthening from the W-SRCQ to
the SRCQ is essential here: as illustrated later in Example 1, the W-SOC together with the W-SRCQ alone
does not suffice to guarantee local quadratic convergence of the globalized algorithm, since the iterates may fail
to identify the correct active stratum.

Theorem 12 Suppose z*° is an accumulation point of the sequence generated by Algorithm 1. If the correction
threshold bound satisfies 0 < & < 6(z°°) and z*° is a KKT pair at which the W-SOC and the SRCQ hold
simultaneously, then the whole sequence converges quadratically to z°° in the sense that for all sufficiently large
k,

[25F =zl < O([l2% — 2%1?).

Moreover, for all sufficiently large k, the sequence {z*} lies in the active stratum containing z>.

Remark 24 The main difference between our method and conventional manifold optimization is that we do not
solve a given smooth problem subject to a manifold constraint. Instead, we decompose a nonsmooth problem
in Euclidean space into smooth subproblems on strata from a stratification perspective. As mentioned in the
introduction, this idea is also central to the concept of partial smoothness [40], where smoothness is imposed
only after restricting to an active manifold (termed “restricted smoothness” in [40, Definition 2.7(i)]). Partial
smoothness, however, also requires a “normal sharpness” property [40, Definition 2.7(iii)]. For the merit function
® given in (54), this property fails, so the partial smoothness theory is not directly applicable here.

Remark 25 From a different perspective, Deng et al. [18] recently proposed a manifold based primal-dual semis-
mooth Newton method for (1). Their approach also combines the correction idea of [27] to drive the sequence
toward the active manifold. Superlinear convergence was established (see [18, Theorem 10]) under an error bound
condition together with an assumption that the iterates eventually lie on the active manifold. In contrast, the
present approach does not require the error bound to hold over the entire ambient space, nor does it rely on the
prior existence of iterates on the active stratum. Instead, by investigating the stratification, we have distilled
an equivalent condition required for the convergence of Newton’s method applied to the manifold-restricted
subproblem, which is shown to be significantly weaker than classical regularity conditions. Furthermore, by
exploiting the variational properties induced by the stratification, the proposed algorithm, through a specific
design, drives the iterates toward the active stratum and ultimately achieves manifold identification.

A natural question is why Theorem 11 establishes convergence only to D-stationary points, whereas The-
orem 12 assumes that the limit point z*° is a KKT pair. Although this assumption is standard in the local
analysis of Gauss—Newton-type methods, the following corollary shows that, in our setting, the gap can be
closed by combining Theorems 10, 11, and 12.

Corollary 7 Suppose that z°° is an accumulation point of the sequence generated by Algorithm 1. If the correc-
tion threshold satisfies 0 < 6 < §(2°°), and both the SOSC and the SRCQ hold at 2°°, then the whole sequence
converges quadratically to 2>°. Moreover, z*° is a KKT pair, and, for all sufficiently large k, the iterates {z*}
lie in the active stratum containing z°°.
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Proof By Theorem 11, any accumulation point z°° satisfying the correction threshold condition is a D-stationary
point. If, in addition, the SOSC and the SRCQ hold at 2°°, then Theorem 10 implies that 2> is a KKT pair.
Since the SOSC implies the W-SOC, Theorem 12 then yields quadratic convergence of the whole sequence to
z%°. |

Remark 26 The significance of Corollary 7 is that it bridges the gap between global and local analyses, which
are typically treated separately even in the classical smooth Gauss—Newton literature. Indeed, for such methods
applied to ¢(z) = 1|[F(z)||? with smooth F, the global convergence usually yields merely the first-order condition
F'(2)*F(z) = 0, while the local superlinear or quadratic convergence is typically established only near zeros
of F under suitable regularity conditions [19,44,63]. In our setting, global convergence likewise yields only D-
stationarity, but the stratification framework enables us to characterize when such a point is already a KKT

pair.

5 Numerical experiments
5.1 Instances satisfying the proposed condition

In this section, we present two examples to illustrate the behavior predicted by the convergence analysis in
Section 4.2. In both examples, Algorithm 1 achieves global convergence and eventually attains a quadratic local
convergence rate under the W-SOC and the SRCQ, despite the failure of the classical strong-form assumptions.
As reported in [27, Section 6], the classical convergence theory for semismooth Newton methods is not applicable
to these problems due to the degeneracy of the generalized Jacobian. In fact, even the method itself may not
be executed.

The first example is adapted from [27, Example 6]. Although simple, it highlights a typical situation in which
the classical SOSC fails because the solution set is not isolated, while the W-SOC still holds and is sufficient for
fast local behavior. In [27], the local quadratic convergence of a semismooth Newton method is demonstrated
by selecting a specific Bouligand generalized Jacobian element Uy. In contrast, Algorithm 1 does not require an
a priori choice of generalized Jacobians and is designed to be globally convergent.

Example 2 Consider the following convex quadratic SDP:

. 1 1 1
i, §||X11 —1I|% + §HX12||2F + §||X21||%7

st. X eSY,

(79)

X1 X2
X1 Xoo

_ I 0 Iy
S{|:OX22:| |X22€S+}.

At any optimal solution X € S, the unique Lagrange multiplier is Y = 0. One can verify that the W-SOC and
constraint nondegeneracy hold at (X,Y), whereas the SOSC fails because the solution is not isolated.

We test this instance with dimensions /1 = I = 100 and a correction threshold § = 0.2, initialized from
a randomly generated starting point. Figure 3 explicitly demonstrates both the global convergence and the
asymptotic quadratic convergence rate of Algorithm 1.

where the variable is partitioned as X = [ ] with X171 € S" and Xa9 € St2. The optimal solution set is

given by
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Fig. 3: Convergence of Algorithm 1 for Example 2.

Two features are worth noting. First, the upper-right panel of Fig. 3 indicates that the stationarity measure
s(z) (Definition 17) need not be monotone, even though the merit function is forced to decrease by the acceptance
test. Second, the lower-left panel of Fig. 3 shows that the stratum-identification phase may exhibit a visible
plateau: the iterates move slowly as the algorithm explores nearby strata. Although the iterates evolve only
marginally during this phase, the eventual identification of the correct stratum triggers a sharp acceleration
in convergence. This behavior matches the design goal of SGN: identification enables the method to exploit
stratum-restricted regularity even in the absence of classical regularity.

The second example is adapted from [27, Example 5] (see also [20, Example 3] and [64]). It includes an
additional inequality constraint, which is handled by the product stratification discussed in Remark 6.

3/2 -2

Ezample 8 Let B = [_2 3

} and b= B~1/2 [E)_/ﬂ . Consider the following dual SDP:

1
— ZJJAY —b|? = (1,Y
max - oA 7= (1,Y)

st. (B,Y)<1, (80)
Y €S2,

where the linear operator is defined as AY = BY/2Diag(Y) for all Y € S?, and FE is the matrix of all ones. As
demonstrated in [20], the resulting KKT solution mapping for this problem lacks calmness. The unique optimal
(1) 8} with the unique corresponding multiplier 7 = (0,0) € R x S2. It is straightforward to verify
that both the W-SOC and constraint nondegeneracy hold at the KKT pair Z = (Y, %), whereas the S-SOSC
fails.

We test this instance using § = 0.2, initializing from a randomly generated point sufficiently distant from the
optimal solution to clearly observe the transition into the asymptotic quadratic convergence regime. Figure 4
corroborates the global convergence and local quadratic convergence of Algorithm 1.

solution is Y = [
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Fig. 4: Convergence of Algorithm 1 for Example 3.

In particular, the figure tracks the evolution of the active-stratum indices (p,q) associated with the PSD
constraint and (p’, ¢7) associated with the inequality constraint. As evidenced by the lower-left panel of Figure 4,
the iterates typically exhibit a clear phase transition: convergence is slow while the algorithm remains on
incorrect strata, and the quadratic regime appears once the correct stratum is identified.

5.2 An instance violating the proposed condition

Next, we apply the proposed algorithm to the instance defined in Example 1. As shown therein, the W-SOC
and the W-SRCQ are satisfied at (7,7), where the optimal solution is # = (0,0,0,0,0) " with the correspond-
ing multiplier § = Diag(0,0,0, —1). However, the SOSC and the SRCQ fail at this point. Consequently, the
assumptions of Theorem 12 are not satisfied, and the local quadratic convergence is not guaranteed.

More importantly, numerical experiments show that the convergence rate of Algorithm 1 may degenerate to
linear even when the initial point is sufficiently close to (Z,7), as illustrated in Figure 5.
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Fig. 5: Convergence of Algorithm 1 for Example 1.

It can be observed that Algorithm 1 fails to identify the correct stratum .//\/lvm on which (z,7) lies. This
indicates that W-SRCQ and W-SOC alone are not sufficient to ensure quadratic convergence, even locally. This
observation further justifies our strengthening of the W-SRCQ to the SRCQ in the convergence rate analysis.

A more theoretical explanation for this behavior follows from a finer regularity analysis of (36). Indeed, there
exists a sequence of KKT pairs of (36) converging to (Z,y) for which the W-SOC fails. According to Remark 10,
quadratic convergence of semismooth Newton-type methods is generally not available in a neighborhood of such
points. Hence, even when the initial point is sufficiently close to (Z,7), the generated iterates may drift toward
these unfavorable nearby KKT pairs, in which case only linear convergence can be expected asymptotically.

Moreover, if the initial point is randomly chosen near (Z,%) but lies on the correct stratum M, 1, quadratic
convergence is also attained, as shown in Figure 6. This observation is consistent with the statement in Re-
mark 21.
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Fig. 6: Initial point on stratum /T/l/l,l

6 Conclusion

This paper develops a stratification-based framework for nonlinear semidefinite programming. By decomposing
S™ through the inertia stratification and lifting this structure to the primal-dual space, we reveal a hidden
smooth geometry within the inherently nonsmooth KKT system: the metric projection onto S is C"*°-smooth
on each stratum, and the KKT mapping admits an explicit manifold differential when restricted to a fixed
stratum. This leads to a clear separation between analysis within a stratum, where standard smooth-manifold
calculus applies, and analysis across strata, where perturbations are governed by the adjacency structure of
the stratification. Within this framework, we demonstrate that weak and verifiable problem-level regularity
conditions are equivalent to solution-level strong metric regularity in a stratum-restricted sense. Furthermore,
the classical strong-form regularity conditions are proven to be equivalent to the local uniform validity of these
stratum-restricted properties near a local minimizer satisfying the RCQ. The transversality interpretation fur-
ther clarifies the geometry of W-SRCQ and yields stability and genericity results on a fixed stratum that parallel
the classical theory for constraint nondegeneracy. The stratification viewpoint also informs algorithm design. We
propose a globally convergent stratified Gauss—Newton (SGN) method, combined with Levenberg—-Marquardt
steps with explicit normal moves and an eigenvalue-triggered correction mechanism. The resulting scheme guar-
antees descent of the least-squares merit function while allowing controlled transitions between strata. Under
mild assumptions, it converges globally to D-stationary points and attains local quadratic convergence to KKT
pairs under W-SOC and SRCQ, with eventual identification of the active stratum.

Beyond its specific application to the KKT system, the proposed stratification framework may provide a
new geometric perspective on NLSDP and, more broadly, on nonpolyhedral matrix optimization. From a theo-
retical standpoint, an important direction for future research is revisiting other central concepts in perturbation
analysis, including the robust isolated calmness, the Aubin property, and other related concepts. We antici-
pate that leveraging this stratified geometric perspective, underpinned by stratum-wise smoothness, will yield
sharper characterizations of these classical properties. On the algorithmic side, this stratification framework
may suggest a new approach for degenerate regimes, where classical nondegeneracy assumptions are too restric-
tive, and it motivates extending the analysis beyond Newton-type schemes to other NLSDP solvers, notably
augmented Lagrangian methods. Finally, it is of practical interest to remove the dependence on the eigenvalue-
threshold parameter 4, for instance, through partial-correction strategies that retain both robust globalization
and transparent local rate guarantees.
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A Smoothness of H§1 on the fixed-index manifold

In this appendix, we prove the C°°-smoothness of the metric projector Hsn when restricted to a fixed-index
stratum M, 4, and we derive the differential formula in Theorem 1. Equivalently, one may view this as a
stratum-wise smoothness result on the constant-rank manifold

M, :={A € S" | rank(A) = r}, r=1,...,n,

since M, decomposes into r + 1 connected components

-
M, = U Mpr—p.
p=0
For notational simplicity, we suppress the indices p, ¢ and write M for the fixed stratum under consideration.
The C*°-smoothness of IIsy on M, , guarantees that the normal directions Wi(z) and Wa(z) defined in
Proposition 9 are smooth on ./,\/lvp,q (which is formally established in Lemma C.4). Concurrently, this property
ensures that the retraction R 7 introduced in Section 4.1.2 preserves this smoothness on M, ;. For notational
brevity, we suppress the subscripts p, g and denote the relevant manifolds simply as M and M, as the specific
indices are mathematically immaterial to the local analysis. The subsequent proofs rely on analytic functional
calculus. We briefly recall the relevant facts and refer to [16, Chapter VII] or [52, Sections 2.2-2.3] for background.
Recall that in complex analysis, the classical Cauchy integral formula provides an integral representation of
a scalar analytic function f(¢) evaluated at ¢ € C via the contour integral:

ro =L [ 1)

27 Jpz—¢C

dz,


https://api.semanticscholar.org/CorpusID:257771438
http://link.springer.com/10.1007/978-3-642-02431-3

Stratification for Nonlinear Semidefinite Programming 41

where the contour I" encloses (. This representation facilitates differentiation under the integral sign, thereby
guaranteeing infinite differentiability. Analogously, for a symmetric matrix A € S”, analytic functional calculus
defines the matrix-valued function f(A) for an analytic function f via the contour integral:

1) = 3= [ 1T - )7

where the contour I C C strictly encloses the spectrum (i.e., the set of eigenvalues) of A, and (21— A)~! denotes
the resolvent matrix. This construction directly mirrors the scalar Cauchy formula. For a rigorous treatment,
we refer the reader to the classical text on functional analysis by Conway [16, Chapter VII] or to Simon [52,
Sections 2.2 and 2.3] for a detailed exposition.

Theorem A.1 ([16, Chapter VII]). Let f be an analytic function on an open set 2 C C containing the
spectrum of A € S™, and let the boundary I' = 012 enclose this spectrum. Then, the matriz-valued function

14) = 5 [ 1T -2

depends analytically on A. In particular, the mapping A — f(A) is C*-smooth and locally expressible as a
convergent power series on the domain of symmetric matrices whose spectra lie within §2.

To establish the smoothness of the metric projection, we construct three auxiliary functions. Fix A € M.
Since the inertia indices |a(A4)|, |8(A)[, and |y(A)| are structurally constant on the stratum M, we can select
three mutually disjoint open disks D1, Do, D3 C C enclosing the positive eigenvalues, the negative eigenvalues,
and the origin, respectively. Define D := D, UD,UD3. By the continuity of eigenvalues, there exists a sufficiently
small neighborhood of A in M such that the positive, negative, and zero parts of the spectrum for any matrix
in this neighborhood remain within Dy, Dy, and Ds, respectively. We define the following scalar functions on
D:

z, 2z € Dx, 1/z, z € Dy U Ds,
z) = z) = and z) =
f+( ) {O, z € Dy U Dg, fT( ) {0, z € D3, pO( )

Since D1, Ds, and D3 are disjoint, these piecewise definitions are analytic on the open set D. Applying Theo-
rem A.1, the induced matrix functions fy(A), f;(A), and po(A) are well-defined and depend analytically on A
within this local neighborhood. We are now in a position to prove Theorem 1.

0, z€ DyUDsy,
1, zé€ Ds.

Proof (of Theorem 1) For any A € M C S™, consider the local exponential chart with respect to the induced
Riemannian metric on the embedded submanifold M in S”

expy U = U

which maps from a neighborhood U C Ty M of the origin to a neighborhood U’ C M of A. Since the induced
matrix-valued function M — fi (M) is analytic (and hence C*°-smooth) on an open subset of S” containing
U’, the composition v — f (epr(v)) smoothly maps U into S™. For any matrix Aecu'n M, it is clear that
sy (Z) = f+(ﬁ), since both operations identically isolate the positive eigenspace of the matrix from others.
Consequently, the local coordinate representation v — Hsi (exp A(v)) is smooth, which guarantees that the
restriction Ilsn [a : M — S is C*°-smooth.

Next, we shall derive the explicit manifold differential formula (22). For any A € M and tangent vector
H € Ty M, the directional derivative calculated in [56] dictates that

EIM“ ﬁaﬁ Say© ﬁav Hoo o Hap Zavy 0 Haxy
It (A;HY=P | Hyy Igs(0) 0 Pl =prP| Hl, 0 0 PT,
+ - + ~ -
Hl oZl 0 0 HJl o=, 0 0

where H = PTHP. The second equality strictly follows from the geometric restriction H 33 = 0 established
in Proposition 1 for tangent vectors, which vanishes the nonsmooth block since HSW(O) = 0. Because the

restriction of Hsi to the smooth manifold M is smooth, its directional derivative coincides with its Fréchet
differential on the manifold, yielding:

A5 |) 4 (H) = IThy (A; H).

This completes the proof. O
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The next lemma is used to justify the smoothness of the normal projection operator wf,sn in (58) along a
fixed stratum, which will be used in the proof of Lemma C.4.
Lemma A.1. For z € M, ,, define the piecewise constant (and thus analytic) indicator function

( ) 0, we DyUDsy,
w) =
bo 1, we Ds,

where the mutually disjoint open disks Dy, Do, and D3 enclose the positive, negative, and zero eigenvalues of
G(z), respectively. Then, for any fized matriz H € S™, the normal projection operator 7r§7§n St — NG(z)Mp,q
defined according to Lemma /4 satisfies the algebraic identity:

w2 sn (H) = po(G(2)) Hpo (G(2)).

In particular, because G(z) is smooth with respect to z, the smoothness of po (G(z)) implies the C'*°-smoothness
of the operator 7r§7sn (H) with respect to z.

Proof Tt suffices to verify the matrix identity Wfﬁn (H) = po (G(z))Hpo (G(z)) Let (o, B,7,p,9, P,\) be an IED
of G(z), and block-partition the orthogonal eigenvector matrix as P = [Pa Py Py]. The columns of F,, Pg,
and P, form orthonormal bases for the eigenspaces of G(z) corresponding to the positive, zero, and negative
eigenvalues, respectively. By the properties of analytic functional calculus, po(G(z)), the so-called Riesz projector
[62, Theorem 2.3.3], exactly reconstructs the orthogonal projector onto the zero eigenspace of G(z). Thus, we
have pg (G(z)) = PgPBT. By (58), the projection operator dictates:

72 gn(H) = Prgg(PTHP)PT,

where the inner block-extraction operator mgg is defined by

Xaa Xap Xay 0 00 000 000
WﬁB(X) = TBB Xﬁa Xﬁg X/j.y = OXﬁg() =[(0I0| X |[0I0|, XeS"
Xya Xyp Xony 000 000 000

Substituting this back into the expression for 72 . (H) yields

000 000

T2gn(H) = Prgg(PTHP)PT =P | 015 0| (PTHP) |05 0| P" = (PsPg )H(PsP3 ) = po(G(2))Hpo(G(z)),
000 000

which completes the proof. O

B Details on transversality

In this appendix, we prove the transversality, stability, and genericity results stated in Section 3.1.2. We begin
by recalling the definition of genericity and by stating the classical transversality theorems from differential
topology, which are essential to our analysis.
Definition B.1 ([33, Chapter 3.1]). A subset of a topological space X is called residual if it contains the
intersection of countably many dense open sets. A property parameterized by v € V is said to hold generically
if it holds for all v within a residual subset of V.

The following classical theorem establishes the stability and genericity of transversality.
Theorem B.1 ([33, Theorem 3.2.1]). Let M and N be smooth manifolds and N C N be a submanifold.
Define the sets of transverse maps as

e M NSNY) i={f € CP(MN) | fhz N} and  th (M, NGNY) =g (M, NGN).
Then, the following properties hold:

(a) h (M ,N;N7) is residual (and therefore dense) in C*° (M, N') under both the strong and weak topologies;
(b) suppose N is closed in N'. If L C M is closed (resp., compact), then e (M, N;N”) is dense and open in
C>®(M,N) under the strong topology (resp., the weak topology).

The next theorem characterizes parameterized transversality and serves as the theoretical foundation for our
subsequent stability proofs.
Theorem B.2 ([33, Theorem 3.2.7]). Let V, M, and N be smooth manifolds without boundary and N' C N
be a smooth submanifold. Let F :V — C®°(M,N) satisfy the following conditions:



Stratification for Nonlinear Semidefinite Programming 43

(a) the evaluation map F : V x M — N, defined by (v,z) — F,(x), is C°°-smooth;
(b) F° is transverse to N”.

Then the set

h(F;N) :={veV]|F,hN"}
is residual and therefore dense. Furthermore, if N is closed in N and F is continuous under the strong topology
on C®°(M,N), then th (F;N') is also open.

Next, we recall the concept of a tubular neighborhood. Geometrically, a tubular neighborhood provides a
localized vector-bundle structure around a submanifold, ensuring that normal vectors uniquely parameterize
nearby points.

Definition B.2 ([39, Chapter 6]). Let Y be a Euclidean space and S C Y be an embedded submanifold.
The normal bundle NS of S in Y is the vector bundle over S defined fiberwise by

NS = (ES)J‘ for each x € S,

where the orthogonal complement is taken with respect to the standard inner product on Y.

In our specific setting, we identify the ambient space Y with S™ and the submanifold S with M, ;. Recall
from Proposition 1 that the tangent space is explicitly characterized by TaM, , = {H eS" | (PTHP)gp = 0}7
where P is the orthogonal matrix associated with an IED of A. Consequently, under the trace inner product,
the normal space consists of matrices supported exclusively on the (3, 3)-block:

NaMyp g ={H €S" | (PTHP);; =0 for all (i,5) ¢ 8 x 8}

Accordingly, the normal bundle N M,, , := Uaem, (A4} % NaM,, , admits a smooth vector bundle structure.
Furthermore, the addition map E : S” x S" — S™, defined by E(y1,y2) = y1 +ye, acts as a diffeomorphism when
restricted to a sufficiently small neighborhood of the zero section in N'M,, ,. For a comprehensive treatment,
we refer the reader to [39, Chapter 6].
Definition B.3 ([39, Chapter 6]). A tubular neighborhood of a submanifold S in Y is an open neighborhood
DS C Y of §, which is the image under the diffeomorphism F : W — DS, where W is an open neighborhood
of the S in N/'S.

Building upon the preceding results, we formally construct the geometry of DN.. The following lemma
establishes that for any z € M, 4, there exists a sufficiently small open set &f C M,, o such that the translation
U + {IIs» (G(z)) — y} forms a neighborhood of g(x) within N, embedded in M, , — y.

Lemma 3 (restated). Letz € ./K/lvpvq and set A := G(z) € My, 4. Denote
A+ = Hsi (A) S Mp70 and A_ := HSQ‘ (A) S ./\/l()7q7

so that A= Ay + A_. Then U, defined in (39) by

Z/IZ = Mp70 NnB (Hsi (G(Z)), 5(22)> (81)

is an open neighborhood of Ay in M, o such that U, + A_ is smoothly embedded in M, 4, where 6(z) is the the
minimal non-vanishing eigenvalue modulus of G(z) defined in (40) by

0(2) = min{|Xi(G(2))| | Xi(G(2)) # 0}
and the open ball B(A,r) is defined by
B(A,r):={A eS"|||A— A<}
Proof By the eigenvalue decomposition of A in (4), we have:
PlA,P,>6(z) on RP,
PJA_P,=0 on RP, PJA_P3=0 on R" 7% and (82)
PJA_P, <0 on R

Due to the continuity of eigenvalues, for any perturbed matrix A, € U., the strict positive definiteness is
preserved:

PIA\ P, - @I =0 on RP. (83)
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Since A/, € My, (83) gives the p positive eigenvalues of A’, and P,, Pg, P, are orthogonal, we have
PyA Ps=0 on R"P 9 and P/A,P,=0 on R
Summing these components yields:
PI(A, +A_)P, =0 on RP
Py (A, +A_)P3=0 on R" 771
PJ(A, +A_)P, <0 on R,
which guarantees that A’ + A_ € M, . O

Now we define a smooth family of submanifolds parametrized by z = (z,y) € /\A/l/pvq as follows:
N, :=U, + IIs» (G(2)) — y,

where U, is defined in (81). Consider the normal bundle of the shifted stratum M, , — y within the ambient
space S™, defined as

NMp,q—y) = U Na(Myp 4 —y) CS™ x S™.
AeM,

By Lemma 3, N, is embedded in M, , — y. So we can restrict this bundle to N, and obtain a family of vector
bundles, denoted by {&, := N (M,, ,—y)|n. }zeﬂp . Furthermore, invoking the theory of tubular neighborhoods
[39, Chapter 6.4], the addition map E : S™ x S™ — S™, defined by E(A, H) = A+ H, serves as a diffeomorphism
from a neighborhood of the zero section in N'M,, , onto a tubular neighborhood DM of M, , in S™. We define
the target family of extended submanifolds {DNZ}Z M, via this restricted diffeomorphic image:

DN. = E(£.) N (DM ).

We need to mention that intersecting with DM — y is a technical step that guarantees DN, to be a manifold.
Indeed, &, is a submanifold of N'(M,, ,—y) and E~!(DM—y) is an open set in N'(M,, ,—y). So E,NE~ (DM —y)
is a smooth manifold. Since E is a diffeomorphism from a neighborhood of the zero section in N'(M,, , —y) onto
DM —y, DN, = E(é’z) N (D./\/l - y) is also a smooth manifold as the diffeomorphic image. Restricting to a
tubular neighborhood does not change the tangent space at (g(z),0) and hence does not affect the transversality
verification at the base point. With the geometric structure of DA, we restate and prove Theorem 4 below.

Theorem 4 (restated). For the NLSDP (1), let z = (x,y) € X x S" possess an IED (a, 8,7,p,q9, P,\) of
G(z) associated with M, 4. The following statements are equivalent:

(a) g Ny DN, in S™;
(b) the W-SRCQ (Definition 4) holds at z = (x,y).
Proof We begin with condition (a), which asserts the geometric transversality relation:
Given an IED of G(z), we explicitly characterize the tangent space Tg(z)(DN).
To(a) (DN=) = dE(g(2),0)(T(g(2).0)E=) (85)
= dE(g(2),0)(Ty()Nz ® Ny(a) (Mp,g = 9))
= TNz + No(@) (Mp,g =)
:{PBPT‘BGSn’ Bgg =0, By =0, BWZO}
+{PBP" | B€eS", B;j=0forall (i,7) ¢ 3 x 8}
={PBP" |B€S", Bg, =0, By, =0},
where the first equality follows from that F is a diffeomorphism near the zero section of £, ; the second and third
follow from calculation of tangent space of a vector bundle at the zero section and linearization of addition map

E and the last two equalities are just definitions. Substituting this resultant tangent space back into (84), we
observe that condition (a) is equivalent to

40u(X) 4 {PBPT | BE€S", Bsy =0, By, =0} = 5",
which is the W-SRCQ condition specified in Definition 4. 0
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We proceed to prove Theorem 5, the local stability of the W-SRCQ.

Theorem 5 (restated). If the W-SRCQ holds at z = (x,y) € Mp,q, then there exists a neighborhood
U C M, of z such that the W-SRCQ holds at every point in U.

Proof We give a purely geometric proof based on transversality, which reduces the transversality of the family
DN, (varying with 2’) to transversality with respect to a fixed diagonal embedding.

Let z = (z,y) € M, 4 be a point where W-SRCQ holds. By Theorem 4 this is equivalent to g M, DN, in

S". We want to prove that there exists a neighborhood U C //\/lvpﬂ of z such that for every 2’ = (z,y') € U we
have g My DN, in S”™. Applying Theorem 4 again then yields the stability of W-SRCQ.
We first construct a fixed total space for the family DN,.. Consider the set

&:=U,cpm, Eo = {(z'AH) |2 =(@"y) e /K/lvpﬂ, AeN., HeNa(Mpq,—1y)}.
We claim that £ is a smooth manifold. Indeed, by the smoothness of IIs» o G on ./T/l/p,q,
S=Ucm,, (Mpo+ s (G(2) — o) x {z'}

forms a smooth manifold. Since §(z’) is continuous on MM, we also know that

N:=uU N X {7}

z'eMyp,

is an open set in S, and hence N is a smooth manifold as well. By the definition of pullback bundle [33, Chapter
4.2], € is the pullback bundle of N M,, , under the smooth map

N =My, (A2 =@ y)—A+y.

Now define the smooth map _ _
E:£—S", E(G' A H):=A+H.

At any point 2’ = (2/,y) € ./,\/lvpﬂ7 we have g(2') = IIsy (G(2')) + s (G(2')) — y' € Nov, s0 (2, 9(2"),0) € €

and E(2/,g(a'),0) = g(a').
Next we reformulate transversality to DN, as transversality to a fixed diagonal. Let A C S™ x S™ be the
diagonal A := {(S,5) : S € S*}, which is a fixed embedded submanifold of S™ x S™ with tangent space

Tis,9A={(H,H):HeS"}.
Define a smooth map
P:XxE—S" xS, &a”, (A H)) = (9(z"), E(z', A, H)).
At the point (z, (z,g(x),0)) € X x &, we have &(z, (2,¢9(x),0)) = (g(x), g(x)) € A. We claim that
g he DN, = D Nz, (2,9(2),0)) A- (86)

Indeed, the differential of @ at (z,(z,g(x),0)) is given by d®(, (. 4(x),0))(&,¢) = (g’(:v)f7 dE(z,g(x),O)C)a where
§ € Xand ¢ € T(z,4(a),00€- The transversality condition on the right-hand side means
AP (5 (2.9(@).0) (X X T(z.92).0E) + Tig(@).g(en A = " x §" (87)

Using T(g(a),g(z)Q = {(H, H) | H € S™}, we see that (87) is equivalent to saying that for every (U,V) € S* x 8"
there exist £ € X, ¢ € T(. g(x),00€, and H € S" such that (U,V) = (g’(x)f, dE(z,g(x),O)C) + (H, H). Equivalently,
there exists H such that U — H € ¢'(x)X and V — H € Im(dE(Z’g(m)’o)). Eliminating H gives

g/(l’)X + Im(dE(Z7g($)70)) =S".

As in (85) in the proof of Theorem 4, a direct calculation of dE shows that Im(dE(z7g(x)70)) = Ty(z)(DN2).
Therefore, (87) is equivalent to
g/(m)x + 7;(95) (DNz> = Sn7

which is exactly the condition g M, DN, . This proves (86).
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Finally, we apply the classical stability of transversality to the fixed manifold A. By assumption, W-SRCQ
holds at z. Using Theorem 4 together with (86), we obtain

D Nz, (2,9(2),00) A

By Theorem B.1(b), there exists a neighborhood ¥V C Xx& of (x, (2, g(x), 0)) such that for every (z”, (', A, H)) €
V satisfying @(x”, (', A, H)) € A, we have

@ Fh(a:u,(z/)A’H)) A (88)
Now choose U C /K/lv,hq small enough so that for every 2’ = (z/,4') € U, the point (z/, (2, g(2'),0)) belongs to V.
For each such 2/, we have (', g(2'),0) € £ and E(2/, g(z'),0) = g(2), hence &(2/, (#', g(2'),0)) = (g9(z'), g(z')) €
A. Therefore, (88) yields

@ m(m/’(z/’g(zl)’o)) A

Applying the equivalence (86) at 2’ gives
g Fhm/ DNZI

Using Theorem 4 once again, we conclude that W-SRCQ holds for every 2’ € u. O

Finally, we establish the genericity of the W-SRCQ condition. Fix inertia indices p,q € Z, and a smooth
constraint mapping g : X — S™. For any perturbation vector b € S”, we define the perturbed mappings g, and
Gy by gp(z) = g(x) + b and Gp(2) = g(x) + b+ y, where z = (z,y) € X x S™.

Theorem 6 (restated). For a generic perturbation parameter b € S™, the W-SRCQ holds at every pair
z = (x,y) satisfying the complementarity condition S > gy(x) Ly € S™.

Proof Define the parametric evaluation map G : X x " — S" by
G(z,b) := go(z) = g(z) +b.

Since Dy G(x,b) is the identity map on S™, the differential DG(x, b) is surjective for every (z,b). Hence G is a
smooth submersion. In particular, G is transverse to every embedded submanifold of S, and therefore

G h M, for all p € {0,...,n}.

By the parametric transversality theorem (Theorem B.2), for each p € {0,...,n} there exists a residual set
B, € S™ such that
gy h Mpo for all b € B,.

Since the intersection of finitely many residual sets is again residual, the set

is residual in S™. Thus, for any b € B, the transversality relation g, h M, ¢ holds simultaneously for all p.
Fix b € B and consider any pair z = (z,y) such that

gb(x) S Mp,O) ) S MO,qa <gb<x)a y> =0.
Hence IIg» (gs(x) + y) = y. Recalling the definition of A, in (41), we obtain

Nz = Uz + IIsn (gb(m) + y) —y=Uz

Therefore gy M, N-. Since N, C DN, is a submanifold, Ty, N> € Ty(z)PN-. Then it follows from the definition
of transversality that

As z was arbitrary among pairs satisfying the complementarity relations, this shows that, for generic b € S™,
the W-SRCQ holds at every such pair. O
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C Proofs of convergence results

In this appendix, we provide detailed proofs for the directional derivative formulas, descent properties, and the
global and local convergence theorems presented in Section 4.
We first present the proof of Proposition 8.

Proposition 8 (restated). For an arbitrary z € X x S™ with G(z) admitting an IED («, 8,7,p,¢, P, X) and
any direction v = (vg,vy) € X x S", the directional derivative of ¢ at z along v evaluates to

¢ ei0) = (arz (PG, e | )+ (Vo) (71 9). Hen () + (Voo (FL(2) + Falo) ey (1))

where Fi(z) = VyL(z,y) = Vf(z) + Vg(z)y, Fa(z) = —g(z) + sy (G(2)), and Hi and Hy are defined in

Lemma 4.

Proof Applying the chain rule for B-differentiable functions, we obtain

/ / V?mL(Z) -V (l‘)v (l‘)* vy +V (J,‘)H
(i) = (), P eso) = (o), [V 000 i Qe ).

It follows from (5) that

H,. Hop oy 0 Hoy 0 0~ 0
H’i(G(z);H) =P| Hjz 0 0 PT+P Oﬂg\f\(Hﬁﬁ)O P’
:T ) HT 0 0 0 0 0
= ITg (G(2); H) + Iy (G(2); Ho),
Hepo Hup Hey 00 0 .
where Hy = P |Hg, 0 Hg,| P € Tg:)Mpq and Hy = P |0 Hgg 0| PT € (Tg:)Mp,q)~, ensuring H =
Hva H’vﬂ Hw 000
H, + H,. Substituting this back into the inner product yields

o [T Tty )+ (o [ )

0=
(re { Oy v @ [ )+ (e LVYZ(??)D
(Fe
= ez

rear 5|+ () [t
AP (FE). ] )+ (o) (F1(0) o) + (FaCo) T (1))
=<dF;(F<z>),[}QD+<Vg<x>*<F1<z>>7Hsn<Hz>> (Vo) (Fi(2) + Fal2), HTsy (Ha))

where we utilized the orthogonal decomposition Hy = Ilsy (Hz) + Isn (H>). O

The proof of Lemma 5, which explicitly computes the exact line search along normal directions, is provided
below.

Lemma 5 (restated). Letz = (z,y) € X x S". If Wi(z) # 0, then ||Vg(z)W1(2)| # 0, and the ezxact line
search minimum satisfies

artgznéin ® (Z + LW?(z)}) - m

achieving a guaranteed reduction:

oo =i (=4 [ans(o]) = 2wt

Analogously, if Wa(z) # 0, the optimal stepsize and the corresponding reduction are

argmin z 0 = HW2( )H2
2o 9”(*[%(7«)]) W22 + [Vg(x)Wa ()2
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and

- 0T\ _1 W)
#(z) = tﬂ( L%(z)D 2 Wa)I? + [Vg@Wa()E

Proof Note that W1 (z) and Wa(2) are both in Ng(.) My 4. So we can separate the directional derivative as what
we did in the calculation of ¢/(z,v).
Since W1 (z) € Ngz)Mp,q, we have

2e (=44 fiwigo) ) = |7 (e fwies))

- { ():va(gg((g)itg% ))}
- F(Z)+t[]]sn ;/V )H‘
(z

T CION YAy I R | P

Since Wi(z) € S", we obtain that Héi (G(2);Wi(z)) = 0. Consequently, the coefficients of the quadratic
polynomial evaluate to

(Fe [P ) = mi@R aa |00

The desired explicit optimum formulas then follow directly, provided that the leading coefficient || Vg(z)W1(2)||* #
0.

2

2

2

= [Vg(=)Wi(2)]*.

Next, we shall establish this non-vanishing property by contradiction. Suppose, to the contrary, that
Vg(z)Wi(z) = 0.
By the definition of Wy (z) from (59) and taking the inner product with Fy(z) yields:
0= (Fi(2), Vg(a)Tsn (~n2 50 (Vo(2) Fi(2))) )
= (Vg(@) Fa(2), Han (—2 0 (Vg (2)°F <z>))>
(~(rt g + 7 Sn>< 9(@)" Fi(2)), e (725 (Vo(a) Fi(2))) )
= (720 (Vo(@) Fi(2) s (=720 (Vg(@) Fi(2)) ) ) (since Im(mlg.) L Im(n2g.)
(s + Hsz)( " (vm "Fi(2))) Ion (—7260 (Vo(@) Fa(2)) ))

- HHSE (_W,g,sn (Vg ) H2 (since ST L S™)
|

This implies W7 (z) = 0, contradicting the premise Wi (z) # 0. A similar and easier argument validates the
stepsize and reduction along W(z), by noting that the corresponding denominator ||Wa(2)||2+(|Vg(z)Wa(2)||? #
0.

We proceed to prove Theorem 11, which establishes the global convergence of Algorithm 1. Recall the
definition of the lower modulus of nonzero eigenvalue 6(z), as introduced in (40):

6(z) == min{|A(G(2))] : M(G(2)) # 0}

Theorem 11 (restated). Lete = 0 and let 2° be an arbitrary initial point. Then Algorithm 1 either terminates
finitely at a D-stationary point of @ or generates an infinite sequence whose every accumulation point z°° with
0(2%°) > 0 is a D-stationary point of ¢.

We only need to prove this theorem under the assumption that u(z) = ||F(2)|? is bounded away from 0,
i.e. u(z) > 7 for some fixed 7z > 0. Otherwise, if u(2%7) — 0 for some subsequence z¥i — 2, we will have
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F(2%°) = 0. And by Proposition 8, ¢’(2*°,v) = 0 for any v € X x S", which means z* is a D-stationary point.
So in the following lemmas and propositions, we will assume p(z) > 7 > 0.

To establish this theorem, several auxiliary lemmas are required to secure a uniform lower bound on the
Armijo line-search stepsize. Let {2 C M be an arbitrary compact domain within a stratum. We define (2 as the
closed disk bundle of radius [ over {2:

0= {(z,v) | z € ﬁ, v E ﬁﬂa vl < l}'

By adjusting the radius [ > 0, we ensure the exponential map is well-defined on {2 and satisfies exp, (v) € M.
The following lemma establishes that the directional derivative of ¢, evaluated along either the stratum-LM

direction or the two normal directions, is of the order of the squared norm of the direction.

Lemma C.1. Suppose there exists a compact domain Q2CManda ﬁxed constant i > 0 such that u( ) > i

for all z € Q. Then, there exist M > m > 0 only depending on F and Q such that for any z € 2 and any

corresponding direction d € {W1(z), Wa(z),v*™(2)}, the directional derivative satisfies

mlld|* < —¢'(z;d) < M]|d]>.

Proof If d = Wy(z2) € (ToM)*, it is clear that

¢ (z1d) = (Vg(@) Fi(2), Ton (Wa(2))) + (V9(2) Fi(2) + Fa(2), ey (Wa(2)) )
= (Vg(a)"Fa(2) + Fa(2), W <z>>

= (Vg(a)* Fy(2) + Fo(2). Iy (~(Vg(a) Fi(2) + F(2))
W2 = ~[d]%.

Similarly, for d = W1 (z), we also have ¢'(z;d) = —||d||*.
If d = v"M(z) € T.M, the stratum-LM construction implies

¢'(z:d) = —F(2) dF. (u(2)] + dFdF.) " dF; F(2)
f(vLM(z))T (1(2)I + dFZdE,)v"™(2).

Since F' is smooth on the compact domain 19 - M , the spectral norm of dF), is uniformly bounded by some
constant Lp, we have

alld* < p()dl* < —¢'(23d) < (pmax + L) 1d]]*.

Selecting m = min{1, i} and M = max{1, fimax + L%} uniformly satisfies the conditions for all three direction
types. O

The following lemma quantitatively bridges the gap between the constructed retraction Rj; and the true
Riemannian exponential map, ensuring precise second order approximation.
Lemma C.2. For an arbitrary compact domain 2 C M, there exists 5 > 0 such that for 2 = {(z,v) | z €

2,0 € .M, || < 5}, we have

(a) Rz(£2) C M where Ry is the retraction defined in (75) and exp(£2) C M;
(b) there exists a locally continuous coefficient k. satisfying |[R.(v) — (z +v)|| < k.||v||? for all (z,v) € £2.

Moreover, there exist constants C, k5,Cyp 0, Ly o > 0 not depending on z such that for any (z,v) € {2:

(¢) llexp,(v) = (z + v)|| < Cqv]|*.

(d) | R=(v) = (z + )| < rgllv]*.

(e) lp(exp.(v)) — @(2) — ¢'(2;0)] < Cy allv||?.

(F) lp(R=(v)) = ¢(exp,(v))] < Ly, 0| R.(v) — exp,(v)]-

Proof Conditions (a), (b), (¢), and (d) are direct consequences of the C'*°-smoothness of both the explicitly
engineered retraction R (Proposition 10) and the classical Riemannian exponential map. Conditions (e) and
(f) naively derive from the local Lipschitz continuity and exact Taylor expansion of the smooth KKT objective
o restricted across M. (]
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Leveraging these approximation bounds, we verify that the Armijo line search condition holds, which implies
that the line search step in Algorithm 2 is well-defined.
Proposition C.1. Assume z € 2 C M for a fized compact Q subject to p(z) > @ > 0. And §2 is constructed
following the rules in Lemma C.2 as

2 ={(zv)| 2 € Fve M, |0l < 15}

LM(2), the backtracking inequality is guaranteed

o(z) — p(R.(tv)) = —nte' (z;v), Vte0,e),

Forv=w

where n € (0,1/2) is the constant in Algorithm 2 and the constant €, only depends on (2, 2 and the current
point z, is given by

: S ) Ig
€, = min , ‘— > >0, 89
{ Lok +C4) + Con V($2) 59
where g, k.,Cy 0,Cf and Ly q are defined in Lemma C.2, and V() := max{[[vEM(2)|| | z € 2} is a finite
constant depending only on (2.

Proof Since ¢ and the operators driving vIM(2) = —(dFFdF, + p(z ) )"LdF F(z) preserve uniform smoothness
across M, we obtain that V(£2) is finite. For any t € (0, I/ V(82 2)], we always have (z,t0™M(z)) € 2. By

Lemma C.2, we obtain that
[p(R:(tv)) — ¢ (exp,(tv))] < Ly, o] R (tv) — exp,(tv)||
< Ly,o(||R:(tv) — (2 + to) || + [ exp, (tv) — (= + tv)]])
< Ly,o(r: + Co)lltv]*.

By |p(exp,(tv)) — p(z) — (z tv)| < Cy, Q||tU||2, we know that
[o(R:(tv)) = ¢(2) = t¢'(2;0)] < (Lg,(k: + C) + Co0) tv]*.
By using the estimation — ( mHUH2 from Lemma C.1, we obtain that

v) >
o(2) — p(R.(tv)) > —t¢' (z;0) — (Lyp,0(k: + C) + Cp0)t?|v]?
!
> _t (1 ~ Lyo(k:+Ch) + C%Qt) ().

m

1-— l5
Therefore, by taking €, = min ( 77,) m ,—2_ % we obtain the desired result. O
Lok +Cq) + Co0 V()

Proposition C.2. Under the assumption qf Proposition C.1, the final computed stepsize p? within the Armijo
backtracking loop in Algorithm 2 satisfies p? > pe,. We obtain that

o(2) — @(R=(p'v)) > npe.jillv]]*.

Proof Tt is directly given by the definition of j, once p/ < ., the Armijo condition will be satisfied and the
iteration will stop. So the step before stopping has to satisfy p? ~! > ¢, i.e. p? > pe,. Then, by Proposition C.1,
Lemma C.1, and the above estimate of the stepsize, we obtain the desired result. D

The subsequent lemma establishes that on the stratum containing the accumulation point z°°, the quantity
¢ (see Definition 89) is bounded from below by %szoo. Consequently, a portion of the decrement is controlled
by the properties of z>° . _
Lemma C.3. Suppose a sequence {z*} C M convergences to z*° € M. Taking a compact neighborhood (2 of

DO

mn ./\/l we can define a compact set 2 following the rule of Lemma C.2. Then for sufficiently large k, we
have €& > %5200.

Proof {z*} and z are all on the same M. So we have la(G(2*)] = |a(G(2®))|, |B(G(z%))] = |B(G(2>))| and

[7(G(2%))] = |7(G(2>))|. Therefore, positive and negative eigenvalues of G(z*) can only convergence to the
C C,+C
positive and negative eigenvalues of G/(2°°) respectively. This implies that §_; < 2520c + 4 ’2(;1—:_ E;—) 2 when
9,92

k is large enough. By the definition of k,, we have K x < 2k, + Cf, + Cg, which in consequence implies

Eyk > —Eyoo. O
zk 22
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Lemma C.4. Restricted to a fived stratum Mv, the geometric normal mappings
Wi(z) = IIgn (—Wz,sn (Vg(x)*Fl(z))) and Wa(z) = Isn (—nfsn (Vg(z)*Fi(z) + Fg(z))>

are two C*°-smooth functions from M into S™.
Proof This relies on the smoothness of ”g,sn with respect to z, which has been proven in Lemma A.1. O

With the necessary preliminary results established, we proceed to the proof of the global convergence theo-
rem.

Proof (of Theorem 11) If the algorithm terminates in finitely many iterations at some z*, then the stopping
test enforces s(z*) = 0. By the definition of the stationarity measure s(-), this implies that 2* is a D-stationary
point of .

Suppose that the algorithm generates an infinite sequence {2*}. By the acceptance rule, {¢(2*)} is nonin-
creasing and bounded below by 0, and hence convergent. In particular,

3 (o) - p(zH1) < 9(=%) < . (90)
k=0

Let {z¥}rco be a convergent subsequence with 2% — 2> as k € © — oo, where §(2>) > §. Let M be
the stratum containing z°°, and let 2 be a compact set such that ke Qforalke® sufficiently large. By
Lemma 6, the corrected points 2 also lie in {2 for all sufficiently large k € © and satisfy 2¥ — 2.

If p, — 0 along O, then F(z*) — 0 along ©, and by continuity of F' we obtain F(2°°) = 0, i.e., 2 is a
KKT pair. We therefore assume in the remainder of the proof that there exists i > 0 such that u; > g for all
k € O sufficiently large.

Fix such a large k € ©. Since z**! is accepted, we have p(2**!) < ¢(SLMN(z*)), and hence

Zk+1)

v

o(2%) — ( (%) — ¢(SLMN(z"))
Zk

@
©(Z*) — o(SLMN(z*)) — |p(z*) — o(z")].

v

By the definition of SLMN, we obtain that
#(2") = (SLMN(2)) = max {p(*) - (Rat (%)), ¢(2") — min (2" + W),
ok _ s ok Tk
P(27) —min (2" + tW; )}-
Combining Proposition C.2 with Lemma 5 yields

1
212

—~ 1 —~
=k =k —1~k12 k|12 k|2
— ¢(SLMN > m > 4% —||W .
P(2*) = (SLMN(Y)) > ax{npszmv e L Ry 1 L1 }

By Lemma C.4 and z2¥ — 2°°, we have ez — £, > 0, and therefore there exists £ > 0 such that, for all k € ©
sufficiently large,

(Z") = p(SLMN(2")) > emax {|[0°(?, [W|?, [WF]*} = es(z")%
Moreover, Lemma 6 implies ’go(zk) — @(Ek)‘ — 0 along @, and thus, for all large k € O,

o) — o) > Les(E)
Passing to the limit along © and using 2% — 2> gives s(Z¥) — s(2>), so if 5(2°°) > 0 then the right-hand side
is bounded away from 0 on an infinite subset of ©, contradicting the summability in (90). Hence s(z*°) = 0,
and therefore 2™ is a D-stationary point of . O
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D Proof of local convergence result

We now establish the local quadratic convergence of Algorithm 1. Our analysis decomposes the iterate dis-
placement into components along the tangent and normal spaces of the stratum Mp,q. Under the W-SOC
and W-SRCQ), the tangential component exhibits a local quadratic rate; see Remark 21. To control the normal
component, we strengthen the W-SRCQ to the SRCQ and exploit the specific design of Algorithm 1 to ensure
that motion in the normal directions cannot induce an excessive decrease in the merit function. This mechanism
guarantees finite identification of the stratum Mp, ¢q. Finally, to align with the global convergence results, we
also provide conditions under which a D-stationary point is a KKT pair.

Next, we begin with some elementary computations. Given the specific stratum M = M,, , and its preimage
M = G~1(M), we analyze a point z € M perturbed by a normal variation A € NeoM = (TayM)*.
Proposition 1 characterizes this space as

NeoyM = {PHPT | H€S", Hyo =0, Hopg =0, Hyoy =0, Hgy =0, H,, =0}. (91)

Applying this transverse perturbation z — z + (0, A) evaluates the shifted KKT mapping as

(o B) - L o [0

We define the associated incremental operator:

o= [1228]

Expanding the squared merit function along the normal ray t > 0 yields

F(z)  J.(A) >2
- 7 o). (03)
< IE ()] 17-(A)]
where the normalized inner product is strictly defined as 0 if either F'(z) = 0 (implying ¢(z) = 0) or J,(A) = 0.
With this definition, it is easy to verify that (93) holds for any z.
The next two lemmas characterize the zero and the Lipschitz behavior of the incremental mapping J.(A).
Lemma D.1. Let zZ be a KKT pair of (1) equipped with an IED («, 8,7, p,q, P, ) of G(Z). If both the W-SOC

and the SRCQ hold at Z, then 0 = A € S™ is the unique root of the restricted mapping A — F(E + (0, A)) on
NG(E)Mp,q-

Proof Recall from (92) that Jz(A) = 0 implies

o (s+1[4]) =@ + 1@ nan+ Sinare 2

Vyg(@)A=0 and Iy (A) =0,

and hence A € §". Since A € Ng )My, 4, we also have that, in the coordinates of P, only the block Agg may
be nonzero.
Assume to the contrary that there exists 0 # A € Ngz) M, q with Jz(A) = 0. Define

oo o]
Y =P |0-Ij30|P .
00 0

By the SRCQ at Zz, there exist ©u € X and Y € {PBPT €S"|Bgg =0, Bgy =0, B, = O} such that
Vg(@)'u+Yy =Y.
Taking inner products with A gives
(¥, 4) = (u, Vg(7)A) + (Yo, 4) = (Yo, 4),

where we used Vg(Z)A = 0. Combining ((P)"YoP)ss = 0, A € Ngz)Mp,q, and A < 0, we have (Yp, A) <0,
and therefore (Y, A) <0.
On the other hand, by the definitions of Y and A,

(Y, 4) = (=15, (P)T AP)gs) = — tx(((P) T AP)g5) > 0,

since ((P)T AP)gs <0 and ((P)"T AP)ss # 0. This contradiction shows that such a nonzero A cannot exist. [
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Lemma D.2. The incremental mapping J, is positively homogeneous. If the W-SOC and the SRCQ hold
simultaneously at a KKT pair Z, there exist constants 0 < c; < co such that

allAll < [/=(A)] < e2l| Al VA € Nz Mp.q,
where M, 4 is given by Z.

Proof Positive homogeneity follows directly from the definition of J, and the positive homogeneity of the
projection. The existence of cs is a consequence of the Lipschitz continuity of Hgi together with the boundedness
of Vg(T).

For the lower bound, suppose by contradiction that no such c¢; exists. Then there exists a sequence AY €
NezMp,q with [[A”|| = 1 and [|Jz(AY)|] — 0. By compactness of the unit sphere, along a subsequence
AY — A with ||A%°|| = 1. By continuity of Jz, we obtain Jz(A>) = 0, contradicting Lemma D.1. O

The following lemma provides upper and lower bounds for the directional derivative ¢’(z,v) in terms of the
LM direction, under the assumption that the W-SOC and the W-SRCQ hold simultaneously.
Lemma D.3. Let Z be a KKT pair of (1) with an IED (o, 8,7,p,q, P,\) of G(Z). If the W-SOC and the

W-SRCQ hold simultaneously at Z, then there exist constants 0 < m < M such that for any point z € /K/lvpyq
sufficiently close to z and directional derivative associated with v = v"™(2) the following estimation holds

mlol* < [|¢(z50) || < MlJv]|*.
Proof By the definition of ¥™(2), we have
¢ (z;0) = (F(2),dF.(v)) = —(v, (W(z)] + dF;dF.)v),

where p(z) > 0 is the regularization parameter. On a fixed stratum, dF, depends smoothly on z, hence ||dF,||
is locally bounded. Moreover, by Corollary 2, the W-SOC and the W-SRCQ yield a uniform lower bound on
dF}dF, over z in a neighborhood of Z within the stratum. These two bounds imply that the eigenvalues of
w(z)I + dFrdF., are uniformly bounded above and below on that neighborhood. This completes the proof. O

Next, we present an estimation result establishing that, under the W-SOC and SRCQ assumptions, the
decrease of ¢ along the normal direction is well-controlled.
Proposition D.1. Let Z = (7,%) be a KK T pair of (1) with an IED («, B,7,p,q, P, \) of G(Z). If the W-SOC
and the SRCQ hold at Z, then there exists a constant cs > 0 such that for any z € /K/lvpﬂ sufficiently close to Z,

Ae Ng(z)Mp,q andt € R,
o(2) < e ( Tt [ZD . (94)

Proof Tf we have the following estimate for the coefficient multiplying ¢(z) on the right-hand side of (93),

lim sup sup Fz) J.(4) )
sz, 2y, | NG My, IIF ) 1T:(A)]]

then the desired result (94) follows directly. We will prove (95) by contradiction. Recall that when F(z) = 0

or J.(A) =0, <%, %) is defined to be zero. Then, noting the positive homogeneity of J, by Lemma

<1, (95)

D.2, the negation of the claim is equivalent to saying there exist z” € Mp,q, 2 = Z, A € NgvyMyp,q and
|AY|| =1 that
F(z¥ o (A
g ( FC) T (2)
v=ool [ F(z0)]7 (|20 (AY)]

) =1

which is equivalent to

o PG Te(a)

AT @)~ (96)

For the first part, by the smoothness of F' on ./{/lvp,q, we have that as v — oo,

F(ZZ) _ F(5)+sz(w”)V+ ofllz" ==l _ AP ( wz ) ||w”y|| L ol *V?||)7 (97)
el I1ECE) [w INEEHN - EE
where w” = exp_.}(Z) and we used the fact that ||w”|| has the same order with [z¥ — Z|| implied by the

smoothness of the exponential map. Since z¥ € M, 4, the stratum-restricted local error bound (35) and the
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Lipschitz property of F' on M, , imply that ||z” —Z||/||F(z")|| is bounded below away from zero and bounded
above. Taking a subsequence if necessary, we can assume that

I/

[[w” ]|
—v e TM, q and — C4, (98)
[l i 1E )
where |[v|| =1 and ¢4 > 0. Putting (98) into (97), we have
F(z")
lim —— = cydF5(v). (99)
v=oo [[F(2V)]

For the second part, without loss of generality, we assume that A¥ — A*. Since ||AY|| = 1, we know 0 # A* €
NG(E)MP’Q. Then

Tim T (A%) = lim. mﬁ;ﬁﬂ . {ng’&%:] (A%, (100)

Combining (96), (99) and (100), set s := 1/(c4||Jz(A>)||) > 0 so that
ng(’U) = SJQ(AOO),

ie.,

{(meL* Vg(T)Vg(T)* vz + Vg(T)H — sVg(T)A> =0, (101)

—Vg(T) vy + fg(g) — Sﬁgi (A%) =0,

where v = (vg, H) € TzX X Tz Mp,q = Eﬂpﬂ and we have made use of the characterization of dFz(v) given
n (27). The second equation in (101) implies that

(=Vy(@) e + ez H)ay =0 and v, € appl(z), (102)
where the set appl(Z) is defined in (16). Then, we have
=(vs, (V2. L* = Vg(@) V() )00 + Vg(@)H — sVg(T) A%)
(Vg(@) ve, H — sA™ = Vg(T) vs)
(o H — sllsy (A7), H — sA™ — {gz)H + sllsy (A™))
(omH, H — oz H) — (sllsn (A%), —sA> + sllgy (A™))
<vz,V2 L) + (§am H, H — Eqz) H),
=0Qz(va), (103)

where the fourth equation follows from H € TgzyMp,q, A® € NgE)Mp,q and definition of .y in (22), the
fifth equation follows from the Moreau-Yosida decomposition of K, and the last equation follows from Lemma
2 as we already have (—Vg(Z) v, + {a@z) H)ay = 0 from (102).

Combine (103), (102) and the W-SOC, we know v, = 0. Therefore, (101) reduced to

Vyg(@)H — sVg(T)A>® =0
fg(g)H — SUgi (AOO) =0.

Vg, V2, L v,
V2 L*vm

)+
)+
vg) +
)+

(104)

As H € TgzMp,q and A> € Ng(g) p.q» We must have A>® € S, ~aa — 0 and H, ap = 0. Then, for the
following special choice of element in S™

00 0
Y=P|0-Ig0|P",
00 0

by the SRCQ, there exist x € X and Yj € {FB?T €S"|Bgg =0, Bgy =0, By, = O} such that

Vg(@)'z+Yy =Y.
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Noticing that 0 # A> € Ngz M, NS™, we have
0>(Y,H — sA*>)

=(Vyg(@)* 'z, H — sA®) + (Yo, H — sA™)

:<I, Vg(j)(H - SAOO)> + <Y0a H> - S<YO7 AOO> > Oa
where the first inequality follows from H € Tgz) My, A% € ST, and the definition of Y, while the last
inequality further follows from (104) and Yy € {ﬁBFT esn ’Bﬁ@ =0, Bgy =0, B,y = O}. All in all, the
contradiction shows that the statement of this proposition holds, and the proof is then completed. O

The following proposition captures the second order behavior of ¢ along the LM step under the retraction

curve, where the linear term is scaled due to the implicit cancellation inherent in the Gauss—Newton system. It
is essential for our local analysis, as it guarantees that the line search will eventually take a unit step.
Proposition D.2. Let Z = (z,7) be a KKT pair of (1) with an IED («, 8,7,p,q, P, \) of G(Z). If the W-SOC
and the SRCQ holds at Z, then, for z € M, 4 sufficiently close to Z and the associated LM direction v = oM (2)
given by (74), we have

P(R-(0)) = 0(z) + 5/ (:0) + o([0]]). (105)

Proof By Corollary 2, since the SRCQ implies the W-SRCQ, we know that when z € /(/lvp’q is sufficiently close to

Z, the norm H((sz)*sz)_l is uniformly bounded, and thus H((dFZ)*dFZ + || F(2)|? )_1 , is also uniformly

bounded. As a result, v = v"™(z) — 0 when z — Zz. By the smoothness of F on M, ,, we can do Taylor
expansion of po R, at z € M,, , sufficiently close to Z:

PR (0)) = 9 (2) + (o Re) (0:0) + 592 (00 Rz) (0:0,0) + O(ol), (106)

since ¢ is of class C'"*° on J/\\/lJp,q and the retraction Ry Tﬂp,q — Mp,q is smooth by Proposition 10. Since
p,q

d(R.)o = id, we have (¢ o R,)' (0;v) = ¢’ (z;v) = F (2)" dF. (v). For the second order term, directly computing

Riemannian Hessian [1, Definition 5.5.1] of composition of maps between Riemannian manifolds,

V2 (poR.)(0;v,v) = % {Hessﬂmgo (2) (v,v) + dy, (Hessgj’\a’/%’p‘qu(O) (v, v))} (107)

where Hess ;¢ = V(dyp) is the Riemannian Hessian of ¢ on ./T/l/p,q and Hess;\_/l%’/v? R, =V (dR,) is the second
p,q p,q

fundamental form ([36, Definition 5.1.2]) of R, : T.M,, 4 — M, . For the first term in (107), we have
Hessﬁpvqap(v, v) = (dF, (v))" dF. (v) + F (2)" Hessgz F (2) (v,v)
T
= —F () dF. (v) = () [0l + O (IF )] ol*)

== (zv) +o (Jol), (108)

where u(z) = |[F(2)||? is the regularization term in the computation of v = v™“M(z). Here, the first equality
comes from direct calculation on Riemannian manifold //\/lvp@7 the second is implied by the definition of v and the
smoothness of F' on /T/lJp’q, and the last inequality follows from the continuity of F' on the fixed-index manifold
M/ ,: since F(z) = 0, we have || F(2)|| = 0 as z — z. As for the second term in (107), by the smoothness shown

in Proposition 10, Hess"¢ R.(0) (v,v) = O (an?). So

zMp,q
'//\_/lvpaq
de. (Hesstﬂp’qu(O) (v,v)) -0 (||F(z)|| \|U||2> —0 (||U||2) , (109)
Combining (106), (107), (108) and (109), we then obtain the desired result immediately. O

The next proposition establishes the fundamental one-step quadratic convergence rate.
Proposition D.3. Let Z be a KKT pair of (1) with an IED («, 8,7, p,q, P, A) of G(Z). If the W-SOC and the

W-SRCQ holds at Z, then for = € M, 4 sufficiently close to Z, we have
[R-(v) = 2| = Ol = =I1%),

where v = vEM(2) is the associated LM direction given by (74) and R, is the retraction of /f\/lvp,q at z given
in (75).
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Proof By Lemma C.2, the retraction R, admits a second order expansion. Thus, for all z sufficiently close to Z,
_ _ * -1 *
|R-(v) —%|| = Hz — % — ((dF.)"dF. + u(=)I) "' (dF.) F(z)H L o(o)?),

where p(z) = ||F(2)||? is the regularization parameter used in the definition of the Levenberg-Marquardt step
v =wpm(2). Let w(z) := exp; 1 (Z) € T.M, 4. By the smoothness of the exponential map exp : TM,, ; — M, 4,

we have
w(z) = —(z=2) + O(||]z — 2|1*),

and hence z — 7 = —w(z) + O(||z — Z||?). Furthermore, since ||v|| = O(||z — Z||) (implied by the boundedness of
the operator inverse and smoothness of F'), we have

1R=(v) =[]
_ H ((dF.)*dF. + p(=)1) " [(dFZ)* (dF.w(z) + F(2)) + u(z)w(z)} H Oz —7|?)
< |(@reyap. + wn | (IR (@) + FE) -+ a1 + 0 -2,

We now bound each component:

(i) By Corollary 2, the W-SOC and the W-SRCQ at Z imply the uniform boundedness
H ((dF.)*dF. + u(z)f)*H = 0(1).
(ii) Because w(z) = exp; (%), the first order Taylor expansion of F along the geodesic from z to Z gives
F(z) + dF.w(z) = O(|z — Z||*),

where the O(||z — Z||?) term is uniform still by the smoothness of exponential map and F. Hence, by the
uniform boundedness of dF, implied by the smoothness of F' on M, ,, we have ||(dF})*(dF,w(z)+ F(2))| =
O(llz = z|I).

(iii) By definition, u(z) = |[|[F(2)||?> = O(||z — Z||?), and ||w(2)|| = O(||z — Z||). Thus,

ln(z)w()] = O(llz — %)
Combining estimates (i)—(iii), we finally conclude that
|R:(v) = Z[| = O(ll= — 2|,
which completes the proof. O

Theorem 12 (restated). Suppose z° is an accumulation point of the sequence generated by Algorithm 1.
If the correction threshold bound satisfies 0 < § < 6(2°°) and 2> is a KKT pair at which the W-SOC and the
SRCQ hold simultaneously, then the whole sequence converges quadratically to z°° in the sense that

[25F — 2%l < O([lzF — 2%1%).
Moreover, for all sufficiently large k, the sequence {z*} lies in the active stratum containing 2.

Proof z* is a D-stationary point by Theorem 11. If the additional conditions hold, let {2*}1co denote the
subsequence converging to z*°. Then, by the continuity of eigenvalues and 0 < § < §(z°°), the correction
point z* generated by z* (see (76)) lies on the stratum containing 2> for large enough k¥ € 6. By Lemma
6, as z* —rco 2, we know 2¥ —co 2°°. Now, consider any z that lies on the stratum containing z*°. By
Proposition D.2, once z sufficiently close to 2

P(Ro(0)) — 0(z) = 5/ (2,0) + o( o]},

where v = v'M(2) is given by (74). Using the fact that ¢'(z,v) is of the same order as ||v||?, which is implied
by Lemma D.3, and that n € (0,1/2), we conclude that the line search of the stratum LM step starting from z

takes the unit step. Combining this with Proposition D.3, which shows
IR (v) = 2| < O]z — z|1?), (110)

we obtain

P(R:(v)) < O(|R:(v) = 2)*) < O(|]z — 2%|I*) < O(¢(2)?), (111)
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where the first inequality follows from the Lipschitz continuity of F', and the last inequality follows from the
stratum-restricted local error bound (35). Now, for k£ € © large enough, denote by zf“ and zé““ the normal

steps from Z* (see Algorithm 2). Then, by Proposition D.1, we have

p(Z") < csmin{p(2"), o(21™), (51},

which, together with (111) and the fact that ¢(2¥) — 0, implies
(R (0%)) < min{p(2"), p(21F1), (251},

where ¥ . Finally, by the logic of Algorithm 1, we know that the next iterate must be z¥+1 = Rz (9%).
Moreover, we have 28t = 2#+1 and, by (110), |25t — 2>°|| < ||z* — 2°||. By a recursive argument, we can
conclude that, for k large enough, z* lies on the stratum containing 2°°, 21 = R_» (v"M(2¥)), and 2% — 2>
at a quadratic rate. (I

k _ ULM(/Z\k)
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