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Abstract Classical perturbation analysis imposes uniform requirements on all nearby perturbations and there-
fore does not distinguish whether they preserve or change the local geometric structure. We develop a geometry-
resolved perturbation analysis for nonlinear semidefinite programming (NLSDP) based on a stratification of S™.
We show that the positive semidefinite projection is C' on every stratum and derive explicit manifold differen-
tials for the smooth restrictions of the Karush-Kuhn—Tucker (KKT) mapping. We construct an auxiliary NLSDP
and, based on it, two nested manifold optimization models that provide geometric interpretations of the reg-
ularity conditions: the constraint qualifications correspond to transversality conditions, while the second-order
conditions correspond to manifold second-order conditions. At a KKT pair, this geometry relates injectivity
of the manifold differential on its lifted stratum to the weak second order condition (W-SOC) and the weak
strict Robinson constraint qualification (W-SRCQ). Across strata, these weak conditions have complementary
inertia-dependent stability properties, while the local validity of the W-SRCQ and the local uniform validity
of the W-SOC recover constraint nondegeneracy and the strong second order sufficient condition, respectively.
This recovery of the classical strong conditions from weak regularity across nearby strata, in turn, provides a
new and intuitive route to the known equivalence between the Aubin property of the inverse KKT mapping
and strong regularity.
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1 Introduction

Perturbation analysis of optimization problems studies how solutions and multipliers respond to perturbations
of an optimization problem or its optimality system. It underlies local stability theory and the local convergence
analysis of numerical methods (see, e.g., [21,7]). Classical stability notions usually require regularity to hold
uniformly under all sufficiently small perturbations in the ambient space. They do not separate perturbations
that preserve a fixed local geometric structure from those that move across different structures. Consequently,
ambient regularity may fail even though stratified regularity remains valid within the fixed structure. This paper
takes a first step toward a perturbation analysis that makes this geometric distinction explicit.

For a general optimization problem, identifying and exploiting the local geometry preserved by perturbations
can be difficult. Matrix optimization problems such as nonlinear semidefinite programming (NLSDP), however,
provide a setting in which this geometry is explicit. In NLSDP, the semidefinite constraint takes values in S™,
which admits a finite inertia stratification: symmetric matrices with the same numbers of positive and negative
eigenvalues form a smooth manifold, called an inertia stratum (see Section 3 for details). The projection onto
the positive semidefinite cone is smooth on each stratum, even where it is nonsmooth in the ambient space. This
stratification organizes perturbations according to the inertia information they preserve: both inertia indices,
only one index, or neither. We refer to an analysis that resolves perturbations in this way as geometry-resolved
perturbation analysis. It allows stability to be studied relative to the geometry preserved by a perturbation, under
conditions that can be weaker than those required for arbitrary ambient perturbations. Although we develop
this analysis through the inertia stratification, the viewpoint may also extend to other families of geometric
structures preserved by perturbations.

Against this background, we develop geometry-resolved perturbation analysis for NLSDP. This problem class
is important in its own right, with applications in robust control, passive reduced-order modeling, and structural
robust optimization [24,26,30]. We focus on the sensitivity of KKT pairs because the associated KKT mapping
is a central computational object for numerical methods. Its local structure enters the convergence analysis of
sequential semidefinite programming and semismooth Newton methods for NLSDP [26,54,25]. Related KKT
linearizations are also used by Newton—CG augmented Lagrangian solvers for large-scale semidefinite programs,
where degeneracy is a documented source of numerical difficulty [55]. Understanding the local structure of
this mapping when classical ambient regularity fails is therefore important for both perturbation theory and
convergence analysis.

Specifically, consider the following NLSDP problem

min f(z) Q)
st. g(xr) e Sh,

where X is a Euclidean space, the objective function f : X — R and the constraint mapping g : X — S™ are twice
continuously differentiable, and S} denotes the closed convex cone of symmetric positive semidefinite matrices.
The NLSDP (1) naturally includes classical nonlinear programming, nonlinear second-order cone programming,
and linear semidefinite programming as special cases.

A primal-dual pair z = (z,y) € X x S" is called a Karush-Kuhn-Tucker (KKT) pair for (1) if it solves

Vi(z)+ Vy(z)y
—g(z) + s, (G(2))

where Hsi : 8™ — S™ denotes the metric projection onto the positive semidefinite cone S7 , the symbol V denotes
the gradient (i.e., the adjoint of the differential), and G(z) := g(x)+y. We write L(x,y) := f(x)+(y, g(x)) for the
Lagrangian and L(z) := L(z,y) when z = (z,y). We call F the KKT mapping of (1). Its only nonsmooth term is
IIgn : although globally Lipschitz continuous and directionally differentiable, it fails to be Fréchet differentiable
at any matrix with a zero eigenvalue (see, e.g., [14]). We thus know that F' is continuously differentiable on an
ambient neighborhood of a KKT pair z if and only if G(Z) is nonsingular, that is, strict complementarity holds
at Z (Definition 1). Classical regularity conditions may fail even when strict complementarity holds, for example
when the Jacobian of F' is singular, although F is still continuously differentiable near Z.

For the KKT system (2), a principal stability benchmark is strong regularity, introduced originally by
Robinson [44, Section 2] for generalized equations. At a KKT pair, strong metric regularity (Definition 11) of F is
equivalent to strong regularity of the KKT system. In nonlinear programming, strong regularity is characterized
by the linear independence constraint qualification and the strong second order sufficient condition (S-SOSC) [44,
34,8,20]. For NLSDP, Sun [48, Theorem 4.1] proved that, at a local minimizer satisfying the Robinson constraint
qualification (RCQ, Definition 2), strong regularity is equivalent to constraint nondegeneracy (Definition 4) and
the S-SOSC (Definition 7). Under the same setting, Ding, Sun and Zhang [19, Theorem 24| characterized

F(z):= =0, (2)
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strong metric subregularity by the strict Robinson constraint qualification (SRCQ, Definition 3) and the second
order sufficient condition (SOSC, Definition 6). At a KKT pair associated with a local minimizer, recent work
further established the equivalence between the Aubin property of the inverse KKT mapping and strong metric
regularity of the KKT mapping for nonlinear second-order cone programming, NLSDP, and, more generally,
C?-cone reducible conic programs [13,12,38]. These results give the classical characterizations of KKT stability
with respect to arbitrary nearby ambient perturbations.

The strong conditions in these characterizations may fail at a degenerate KKT pair, that is, a pair at
which strong regularity fails. As noted above, such a failure does not by itself imply that no useful regularity
remains. It may instead arise from treating geometrically different perturbations. Conditions capturing this
remaining regularity already exist. The weak strict Robinson constraint qualification (W-SRCQ, Definition 9)
and the weak second order condition (W-SOC, Definition 10) were introduced by Feng, Ding and Li [25] in their
analysis of semismooth Newton methods [43,42]. The W-SOC together with constraint nondegeneracy ensures
the nonsingularity of the selected Bouligand element U, of the KKT mapping F', while the S-SOSC together
with the W-SRCQ ensures that of U;. Viewed through the inertia stratification, this raises three questions. What
smooth geometry underlies the W-SRCQ and the W-SOC? What stability properties do these weak conditions
exhibit? How do they relate to their classical strong counterparts? Our results show that the weak conditions are
not merely algebraic relaxations of the classical ones. They describe the smooth manifold regularity associated
with individual inertia strata, while the local validity of the W-SRCQ and the local uniform validity of the
W-SOC connect this local geometry to the classical ambient theory.

Our results proceed in three stages. The first stage uses the inertia stratification to obtain smooth restrictions
of the KKT mapping and extends the regularity conditions to arbitrary primal-dual pairs. The second one
provides geometric interpretations of these conditions through two nested manifold optimization models. The
third one analyzes regularity along and across strata, relating the stratified weak conditions to the classical
ambient theory. Figure 1 gives a conceptual roadmap of the three main sections and highlights a small number
of principal waypoints.

Geometry-resolved perturbation analysis:
from a nonsmooth system to stratified smooth analysis

Sec. 3
: Sec. 4 Sec. 5
Stratified —> PN . —> . .
Geometric interpretation Perturbation analysis
smooth structure
Thm. 1 Thm. 3 Thm. 7
(stratified smoothness) (first-order geometry) (within-stratum analysis)
Thm. 2 Thms. 4-5 Thm. 12
(auxiliary extension) (second-order geometry) (across-strata synthesis)

Fig. 1: Conceptual roadmap of the paper.

The construction starts from the inertia stratification of S™. We show that the projection onto the positive
semidefinite cone is C* on every stratum and derive its manifold differential, strengthening the C* differen-
tiability available from [37, Example 4.14] and [23, Proposition 9.7]. Lifting this stratification of S™ through
G yields a stratification of the primal-dual space, and the restriction of F' to each lifted stratum is smooth,
again with explicit differentials. Since comparisons across strata involve nearby pairs that need not satisfy the
original KKT system, we extend the regularity conditions to arbitrary primal-dual pairs, using a non-vanishing
formulation of the W-SOC away from the KKT set, and introduce an auxiliary problem P, to interpret these
conditions at such pairs. This auxiliary problem preserves the data entering these conditions and coincides with
the original NLSDP when z is a KKT pair. We also construct two nested smooth manifold models for P,: A,
represents the local fixed-rank part of the semidefinite constraint, while B, locally extends A, in directions
normal to the translated stratum containing it.

These two models answer the first question above. Constraint nondegeneracy and the W-SRCQ characterize
transversality to A, and B,, respectively, while the W-SOC and the strong second order condition (S-SOC) are
the corresponding manifold second-order conditions. At a KKT pair, we further provide an outline suggesting
how the selected Bouligand generalized Jacobian elements used in semismooth Newton analysis may arise as
Jacobians of smooth KKT systems associated with the two models, up to an invertible change of primal-dual
coordinates [25].
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We next analyze regularity along a fixed lifted stratum and introduce stratum-restricted strong metric requ-
larity, which requires the restricted KKT mapping to have a locally single-valued Lipschitz inverse on its local
image. At a KKT pair, this property is equivalent to injectivity of the manifold differential. The W-SRCQ and
the W-SOC together imply this injectivity. When the SRCQ and the second order necessary condition (SONC)
also hold, the converse follows, so the weak pair characterizes regularity on the stratum. This characterization
has a direct consequence for Newton linearizations. If the manifold differential is not injective, every element
of the Clarke generalized Jacobian has a common nonzero kernel direction tangent to the stratum. Failure of
stratum-restricted strong metric regularity at a KKT pair therefore rules out any nonsingular Clarke-based
semismooth Newton linearization.

Across strata, the two weak conditions have complementary inertia-dependent stability properties. The W-
SRCQ is stable under perturbations that preserve the negative inertia index, whereas the W-SOC is stable
under those that preserve the positive inertia index. The local validity of the W-SRCQ and the local uniform
validity of the W-SOC recover the classical strong conditions: constraint nondegeneracy is equivalent to the
W-SRCQ holding at every nearby pair, and the S-SOSC is equivalent to the W-SOC holding uniformly on a
neighborhood.

These results allow us to characterize strong regularity in terms of these stratified conditions, with the local
uniform injectivity of the manifold differentials serving as the bridge. Since the Aubin property yields this
local uniform injectivity, the known equivalence between the Aubin property and strong regularity follows as a
by-product [12, Theorem 4.1].

The role of the stratification becomes clearer by comparison with methods that reduce the problem to a single
smooth manifold. One classical approach is low-rank optimization. When the rank is prescribed, the problem can
be reformulated either on a fixed-rank matrix manifold or through a low-rank factorization, allowing Riemannian
optimization techniques to exploit the resulting smooth geometry and reduced-dimensional parametrization [1,
35,50,10,11]. Such a fixed-rank formulation, however, requires the rank, and hence the relevant stratum, to be
selected in advance. Another approach is to use partial smoothness to identify an active manifold [37,18,53].
For the semidefinite cone, however, the standard identification mechanism requires strict complementarity. More
importantly for the present perturbation analysis, a single fixed manifold, whether prescribed or identified, does
not by itself describe how regularity changes when perturbations move between neighboring strata. The analysis
developed above works instead with the full inertia stratification: it characterizes regularity on each stratum
and describes its stability across neighboring strata in terms of their inertia indices.

The remainder of this paper is organized as follows. Section 2 collects the preliminary material. Section 3 de-
velops the inertia stratification, extends the regularity conditions to arbitrary primal-dual pairs, and introduces
the auxiliary NLSDP. Section 4 constructs A, and B, and gives the geometric interpretations of the extended
conditions. Section 5 characterizes stratum-restricted strong metric regularity through the weak conditions,
establishes the inertia-dependent stability of the weak conditions across strata, and shows how their validity
across all nearby strata recovers the classical strong conditions. Section 6 concludes with remarks on the scope
and further directions.

2 Preliminaries

Let X be a Euclidean space. We denote the space of n x n symmetric matrices by S™, the cone of symmetric

positive semidefinite matrices by S7, and set S := —S't. We equip S™ with the trace inner product and use the

corresponding product inner product on product spaces. Unsubscripted norms are the corresponding induced

norms, while || - ||2 denotes the spectral norm. The metric projection onto S’ is denoted by g . For a smooth

mapping F between Euclidean spaces, F’(x) denotes its Fréchet derivative (Jacobian), and VF(x) denotes

its adjoint (or gradient, if F is real-valued). For a directionally differentiable function f, f’(z;d) denotes its

directional derivative at = along the direction d. Additional notation is summarized as follows:

— Aj;j: the (4, )-th entry of a matrix A € R™*™.

Aj;: the i-th column of A € R™*",

— Aqp: the submatrix of A consisting of the rows and columns indexed by the sets o and 3, respectively.

o: the Hadamard (elementwise) product of matrices. For A, B € R™*", (Ao B);; = A;; B;;.

— Diag(a): the diagonal matrix generated by a vector a; more generally, Diag(A;,..., Ax) denotes the block-

diagonal matrix with square diagonal blocks A1, ..., Ag.

diag(A): the vector consisting of the main diagonal entries of A.

— C+D:={c+d|ceC, de D}: the Minkowski sum of subsets C, D of the same Euclidean space.

a+C =C+a:={a+c]|ce C}: the translation of a set C by a point a in the same Euclidean space.

— LC :={Lc| c € C}: the image of a set C under a linear mapping L, where C is contained in the domain of
L.
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— lin(C): the linearity space of a closed convex set C' C X (i.e., the largest linear subspace contained in C).

— aff(C): the affine hull of C (i.e., the smallest affine set containing C').

— M, 4 (or M): the manifold of symmetric matrices in S with exactly p positive and ¢ negative eigenvalues.

— M, (or M): the preimage G—*(M,, ) (see (11)).

— Im(-): the image of a map.

— @: the direct sum of vector spaces.

— Alw: the restriction of a self-adjoint operator or quadratic form A to a linear subspace W, identified with
the associated self-adjoint operator on W.

— Omin(A): the minimum absolute eigenvalue of a self-adjoint operator A; on the zero space, it is +00.

— » (%) and > (=<): the Loewner partial order. A = B (A < B) means A — B is positive (negative) semidefinite,

and A > B (A < B) means A — B is positive (negative) definite.

2.1 Variational properties of Hgi

This subsection reviews fundamental properties of the metric projection IIgn . For a given matrix A e S” let
its eigenvalues (counted with multiplicities) be ordered as

A(A) 2 Ao(A) = -+ = An(A).

Let A(A) be the vector of these ordered eigenvalues, and define A(A) := Diag(A(A)). We partition the index set
{1,...,n} into a(A), B(A), and y(A) according to the signs of the eigenvalues:

a(A) :={i[Ai(A) >0}, B(A):={i[X(A) =0} and ~(A):={i|Ai(4) <0}

When the context is unambiguous, we suppress the explicit dependence on A and simply write «, 8, and ~.
The positive and negative inertia indices of A are denoted by p := |a| and ¢ := ||, respectively. The eigenvalue
decomposition of A takes the block form

A(A)aa 0 0 rl
A=[P.PsP]| 0 0 0 Py
0 0A(A)] | P

: 3)

where the orthogonal matrix P € O is partitioned accordingly. Let O™(A) denote the set of all such orthogonal
matrices P satisfying (3). We refer to the tuple («, 8,7, p, q, P, A) as an indezed eigenvalue decomposition (IED)
of A.

Remark 1 We refer to an IED rather than the IED because the orthogonal matrix P € O™(A) is generally not

unique. Nevertheless, our subsequent constructions and analytical results are invariant to the specific choice of
P.

The metric projection of A onto S7} is explicitly given by Hgi(A) = Py A(A) o P . Furthermore, sy is
globally Lipschitz continuous and directionally differentiable (i.e., B-differentiable [5,6]) and strongly semis-
mooth [49], although it is generally not Fréchet differentiable. Specifically, the directional derivative of Hgi at
A along the direction H € S™ is formulated as

Heao Hop  Soyo Hay
I}, (A H) = P HJgN Hypi(Hps) 0 P, (4)
E(I,y o HJ,Y 0 0

where P € O™(A), H:=PTHP, and the symmetric weight matrix = € S™ has entries defined by

_ max{\;(A4),0} —max{\;(A),0}
v A (A) = A (4) C

[1]

=1,...,n,

adopting the convention that 0/0 := 1.
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2.2 Regularity conditions

In this subsection, we collect several variational notions and regularity conditions that will be used throughout
the paper. A comprehensive account of the background material can be found, e.g., in [45,7].
We begin with the tangent cone. For a closed convex set I C S™, the tangent cone to K at y € K is defined
by
Tic(y) :=={d € S™ | 3t} | 0 such that dist(y + t,d,K) = o(tx)}.

When K is a smooth embedded submanifold M of a Euclidean space X, the variational tangent cone T ()
coincides with the classical tangent space T, M. To keep track of whether we are working in the variational or
differential-geometric convention, we retain both notations: we write T (y) for the tangent cone to a set K at
y, and T4 M for the tangent space to a manifold M at A. In particular, switching the positions of the set and
the base point will always indicate the intended geometric context.

We next recall strict complementarity for a KKT pair.

Definition 1 Let z = (Z,7) be a KKT pair for (1). We say that strict complementarity holds at z if
rank(g(Z)) 4 rank(g) = n.
Equivalently, G(Z) is nonsingular, or, in terms of an IED of G(%), 8 = 0.

Let « be a local minimizer of (1). As shown in [7, Theorem 3.9 and Proposition 3.17], the Robinson constraint
qualification (RCQ) stated below is equivalent to the nonemptiness and boundedness of the associated Lagrange
multiplier set M (x).

Definition 2 The Robinson constraint qualification (RCQ) holds at a feasible point z if
9'(2)X + sy (g(x)) = S™.

We next recall the classical SRCQ and constraint nondegeneracy. Their extensions to arbitrary primal-dual
pairs are given in Section 3.2.

Definition 3 Let & be a feasible point of (1), and let § € M(Z). The strict Robinson constraint qualification
(SRCQ) holds at (z,7) if
g (@)X + Tsn (9(x)) Nyt =S™

Under the classical SRCQ, the multiplier set M (Z) is a singleton [7, Proposition 4.50].
Constraint nondegeneracy is stated in the standard form of [7, Definition 5.70].

Definition 4 Let Z be a feasible point of (1). We say that constraint nondegeneracy holds at Z if
g'(2)X +1in(Ts: (9(z))) = S™.
We now state classical second order sufficient conditions at a KKT pair z = (z, y). Define the critical cone
C(2) = {ve € X[ Vg(2) vz € Tsn (9()), (V[(T),vz) = 0}

Following Sun [48, (38)—(40)], we use app(Z) as a computable surrogate for aff (C(z)). If (o, 8,7, p,q, P, ) is an
IED of G(z), then

C(2) = {vs € X| [PT(Vg(2)*vs)Plgs = 0, [PT(Vg(Z)*vs)Plgy =0, [PT(Vg(Z)*vy)Plyy =0},

and
app(2) = {v, € X| [P (Vg(2)*v,)Plgy = 0, [PT(Vg(Z)*vy) Pl = 0} .

In general, aff (C(2)) C app(z), and the two sets need not coincide.
The second-order conditions below use the following second-order tangent set from [7, Definition 3.28].

Definition 5 For a closed set C' C S", a point A € C, and a direction H € T¢(A), the second-order tangent
set of C' at A in direction H is

TE(AH) :={W €S™: 3t | 0, W = W with A+ t, H + LW, € C},

The following SOSC is adapted from [7, (3.276)].
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Definition 6 Let z = (Z, ) be a KKT pair of (1). The second order sufficient condition (SOSC) holds at z if
(02, V2 L(@ 9)va) — o (5, T3, (9(2),9' (@)0a)) > 0 Y, € C(2)\ {0},
Strengthening the direction set in the SOSC gives the strong SOSC (S-SOSC) of [48, Definition 3.2].

Definition 7 Let zZ = (Z,y) be a KKT pair of (1). The strong second order sufficient condition (S-SOSC) holds
at z if
(00, V2, L2, 5)0,) — 0 (3.T (9(2). ' @)0)) >0 Y, € app(9)\ {0},

The corresponding classical second order necessary condition for NLSDP is given in [46, Theorem 8].

Definition 8 Let z = (Z, ) be a KKT pair of (1). The second order necessary condition (SONC) holds at Z if
(00 V2, L@ )0s) — 0 (3.7 (0(0), 6/ @) 20 Vo, € C(2)

We next recall the W-SRCQ and the W-SOC of Feng, Ding and Li [25].
Following [25, Definition 8 and (20)], define

appl(z) := {’Ux € X | g (#)v, €lin(Tsr (9(2)) N QL)} .

Definition 9 Let z = (Z,7) be a KKT pair of (1) with an IED («, 8,7, p,q, P, \) of G(Z). The weak strict
Robinson constraint qualification (W-SRCQ) holds at z, as in [25, Definition 7], if

¢'(#)X+{PBP" |BeS", Bg, =0, By, =0} =S".

Definition 10 Let Z = (Z,7) be a KKT pair of (1) with an IED («, 8,7,p, ¢, P, A) of G(2). The weak second
order condition (W-SOC) holds at z, as in [25, Definition 8 and (19)], if

(02, V2, L3, 9)02) — 0 (5,2 (9(2),9'(B)us)) > 0 Vo, € appl(2) \ {0}
The conditions above satisfy the following implication relations:

constraint nondegeneracy — SRCQ =— W-SRCQ, SRCQ = RCQ

and
S-SOSC — SOSC — W-S0C.

More specifically, Feng, Ding and Li [25] relate the W-SRCQ and the W-SOC to the nonsingularity of special
generalized-Jacobian elements of the KKT mapping and reveal a primal-dual relationship between the two
conditions. In Section 3.2, we extend them from KKT pairs to arbitrary primal-dual pairs for the analysis along
lifted strata.

The constraint qualifications and second-order conditions introduced in Definitions 2-10 will be referred to
as problem-level regularity conditions, in the sense that they are formulated directly in terms of the problem
data (derivatives and spectral information) and can, at least in principle, be checked without solving auxiliary
variational systems. In contrast, we call the conditions introduced next solution-level regularity conditions,
since they are typically expressed through properties of set-valued mappings and often involve solving equations
and/or evaluating distances, which can be substantially more demanding computationally. These solution-level
notions coincide with the conventional meaning of regularity in variational analysis. Nonetheless, we also view
the above constraint qualifications and second-order conditions as regularity conditions, because they capture
the geometric structure underlying a well-behaved local solution mapping. Among solution-level conditions, the
most prominent one is strong metric reqularity, which we recall next.

Definition 11 We say a set-valued mapping @ : X =2 Y is strongly metrically regular at (z,7) if 7 € &(T) and
there exist constants x > 0 and neighborhoods U of Z, V of 3, such that for all z € f and y € V,

dist(x,@fl(y)) § K- dlSt(y,@(lL')),

and @~ 1(y) NU is a singleton for every y € V.
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It is well known that, at a KKT pair of (1), the strong metric regularity of F is equivalent to the strong
regularity [44] of the KKT system formulated as a generalized equation [21]. Moreover, under the RCQ at
a local optimum, this strong regularity is in turn equivalent to the simultaneous satisfaction of the S-SOSC
(Definition 7) and constraint nondegeneracy (Definition 4) [48]. Under the same assumptions, strong metric
subregularity of F' is equivalent to the conjunction of the SRCQ and the SOSC [19, Theorem 24].

Metric regularity is a weaker property, as it does not require the inverse mapping to be single-valued.

Definition 12 We say a set-valued mapping @ : X = Y is metrically reqular at (Z,7) if § € ®(Z) and there
exist a constant k > 0 and neighborhoods U of T, V of 3, such that for all x € i and y € V,

dist(z, 2" (y)) < & - dist(y, &(x)).

Metric regularity is generally weaker than strong metric regularity. For KKT mappings arising from nonlinear
second-order cone programs, NLSDP, and more generally C2-cone reducible conic programs, the two properties
nevertheless coincide [13,12,38]. For NLSDP, this equivalence will also follow in Theorem 12 as a consequence
of the stratified perturbation results.

Another closely related notion is the local error bound. Various error bound formulations appear in the
literature, and a systematic discussion is beyond the scope of this paper. We record one standard version below,
noting that it follows directly from metric regularity.

Definition 13 Let F : X — Y be a single-valued mapping, and let Z € X satisfy F(Z) = 0. We say that the
equation F'(x) = 0 admits a local error bound at T if there exist a constant x > 0 and a neighborhood U of T
such that for all z € U,

dist(z, F~1(0)) < k- [|F(z)]|.

We also recall the generalized Jacobians used below [16, Section 2.6].

Definition 14 Let H : X — Y be locally Lipschitz continuous, and let Dy denote the set of points at which
H is Fréchet differentiable. The Bouligand generalized Jacobian of H at T is

OpH(Z) == {v € L(X,Y)

there exists ¥ € Dy with ¥ — Z
and H'(zF) — v :

The Clarke generalized Jacobian of H at T is

OcH(Z) := conv Op H (T).

2.3 Manifolds and stratification

For standard definitions and notation concerning tangent spaces T, M, differentials dh,, and exponential maps
exp,, we refer to [36,1].

We first clarify a potential notational ambiguity. Let M be a manifold embedded in a Euclidean space Y, and
let p € M. Under the canonical identification 7},Y = Y, we identify any tangent vector v € T,,Y with an element
of Y. This natural identification permits the vector sum p + v within the ambient space Y. To distinguish the
underlying geometries, we use dh, to denote the differential of a mapping between manifolds, and reserve h’(x)
for the Fréchet derivative of mappings defined on Euclidean spaces. In accordance with standard optimization
conventions, the adjoint of the linear operator h'(x) is denoted by Vh(z) := (h'(x))*.

Next, we recall the concept of transversality from differential topology (see, e.g., [32, Chapter 3.2]). This
topological concept, which slightly generalizes the definition typically employed in variational analysis [7], for-
malizes the geometric intuition of a smooth map intersecting a submanifold in a “regular” manner.

Definition 15 ([32, Chapter 3.2]) Suppose h : M — A is a smooth mapping between smooth manifolds M
and N, where N/ C N is a submanifold of A/. We say h intersects with N' transversally at x in N, or simply
h is transverse to N at x in N/, denoted by h M, N’ in N, whenever h(z) € N7,

where dh, is the differential of h at x and T' denotes the tangent space. Moreover, for a given closed subset £
in M, if (5) holds whenever 2 € £ and h(z) € N, then we say h intersects with N' transversally along L in
N, denoted by h thy N7 in N/. We also simply denote h h N/ in N if £ = M.
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Stratification is a fundamental notion in topology and singularity theory. It is well known that smooth
manifolds provide a flexible framework that covers many nonlinear spaces, such as orthogonal groups and
Grassmannians. However, sets with singularities lie outside the class of manifolds. The concept of a stratified
space is designed as a natural extension of the manifold framework to accommodate singular sets, such as
real algebraic varieties [51,52], which arise frequently in polynomial optimization and related areas [33]. For
background on (Whitney) stratifications, we refer the reader to [51,52,39,40]. In the present work, the following
basic definition will suffice for our subsequent developments.

Definition 16 Let X be a Euclidean space and X C X a closed subset. A stratification of X is a locally finite
partition S = {S;}ier of X into connected embedded C* submanifolds (typically k > 1) S; (called strata) such
that

1. Frontier condition: For any two strata S;,S; € S, if $; N S; # 0, then S; € S, where S; means the closure
of §;. This implies the boundary S; \ S; is a union of strata.
2. Local finiteness: Every point z € X has a neighborhood in X intersecting finitely many strata.

A topological space with a stratification structure is called a stratified space.

Roughly speaking, a stratification may be viewed as a decomposition of a given set into smooth pieces
together with their well-organized boundaries. In Section 3, we shall introduce a stratification of the Euclidean
space S™ tailored to our purposes, even though S™ is itself a linear space and hence a smooth manifold without
singularities.

2.4 Manifold optimization and second-order constructions

We first fix the terminology for optimization over an embedded manifold.

The Riemannian gradient and stationary points are reviewed in [1, Sections 3.6 and 4.1]. The Riemannian
Hessian is defined in [1, Definition 5.5.1]. It is self-adjoint by [1, Proposition 5.5.3], and [1, Proposition 5.5.4]
identifies its quadratic form with the second derivative along exponential curves. Self-adjointness and the po-
larization identity ensure that this quadratic form uniquely determines the Hessian operator.

Definition 17 Let M be a smooth embedded submanifold of a Euclidean space X endowed with the induced
Riemannian metric, and let f : X — R be twice continuously differentiable. Consider the manifold optimization
problem

min f(u). (6)

(a) The Riemannian gradient of f|r at x € M is the unique vector grad(f|a)(x) € T, M satisfying
(grad(f|rm)(x),d) = f'(x)d  Vd € ToM.
A point € M is stationary for (6) if
grad(f|m)(Z) =0, equivalently, f'(z)d=0 Vde Tz M.

(b) The Riemannian Hessian of f|ar at € M is the unique self-adjoint linear operator Hess( f| ) () : TeM —

T, M satisfying
2

(d, Hess(f| ) (x)d) = %f(expx(td)) ’t:o vd € T,M,

where exp is the Riemannian exponential map on M.
(¢) The manifold second-order condition (manifold SOC) holds at a stationary point Z if

(d,Hess(f|m)(Z)d) 20 VO #£de Ty M.

Remark 2 In manifold optimization, the standard manifold second-order sufficient condition (manifold SOSC)
requires strict positivity. Here we instead consider a manifold SOC requiring only non-vanishing, because the
arbitrary primal-dual pairs studied in Section 4.3 need not correspond to local minimizers. When the manifold
SOC holds, continuity implies that the Riemannian Hessian quadratic form has a constant sign on Tz M \ {0}.
Hence Hess(f|ar)(Z) is positive or negative definite, and in particular nonsingular.
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3 Inertia stratification and extended conditions

This section develops the stratification framework used in the subsequent analysis. Starting from the inertia
stratification of S™, we present a lifted stratification of the primal-dual space. The lifted strata separate the
local matrix geometries encountered by F' and provide the setting for its analysis on a fixed stratum.

We then formulate the regularity conditions at general primal-dual pairs and construct an auxiliary NLSDP
for this purpose. This construction realizes each such pair as a KKT pair of an associated problem and thereby
allows the extended conditions to be analyzed through the standard KKT framework.

3.1 The inertia stratification

For given integers p,q € Z, with p+ ¢ < n, we define the set
Mpq = {A€S" [|a(A)| =p, [7(A)| = q}.

When the context is clear, we simply write M in place of M,, ;. As shown in [31], each M,, , is a smooth embed-
ded submanifold of S" with dimension dim(M,_ ) =n(p+q) — 3(p+q)(p+ q— 1). The family {M, ;}o<p+q<n
yields a finite disjoint decomposition of S™:

s'= |J Mypa

0<p+qg<n

This decomposition satisfies the frontier condition and local finiteness required by Definition 16. Hence, it forms
a stratification of S”, which we call the inertia stratification. Each M, , is termed an inertia stratum of S™.

Figure 2 illustrates the stratification of S2 ~ R3. This space decomposes into three 3-dimensional strata,
two 2-dimensional strata, and the trivial zero-dimensional stratum {0}. The closure of M,, ; is the union of the
strata M, o satisfying p’ < p and ¢’ <g.

Fig. 2: The inertia stratification of S2.

Remark 3 The inertia stratification framework and our subsequent analyses extend seamlessly to NLSDPs with
multiple SDP constraints g;(x) € S'* for i = 1,...,£ (which inherently encompass polyhedral constraints of the
form hg(x) = 0 and hr(z) > 0). Indeed, the product space X x §™* x --- x S™ inherits a stratification whose
strata take the form

Mpl,uwpe,!h,m’qz = {(xaylv cee ayf) | gl((E) +yi € Mpqu'v 1=1,... 7€}~
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Because this set is the preimage of the product manifold My, 4, X -+ X My, 4, under the smooth submersion
(x,y1,---,ye) = (91(x) + y1,- .., ge(x) + ye), it is a smooth embedded submanifold. Geometric objects such as
tangent spaces and manifold derivatives can be computed componentwise. To streamline the presentation, we
focus exclusively on (1).

Before examining further properties of the inertia stratification, we recall a convenient representation of the
tangent space TaM,, , at a point A € M,, ;. It is well established (see, e.g., [31]) that

TaMp,={H=X"TA+AX €S"| X e R™"}. (7)
The next proposition characterizes the tangent and normal spaces in terms of an IED as in (3).
Proposition 1 Let (o, 3,7,p,q, P, \) be an IED of A € M,, 4. Then
TaM,,={HeS" | (PTHP)gs =0}. (8)

Moreover,
NaM,,={H €S" | (PTHP);; =0 for all (i,5) ¢ B x B}. (9)

Proof Let R denote the right-hand side of (8). For any given H € TaM, 4, it follows from (7) that H =
XTA+ AX for some X € R"*", Defining H := P" HP, we obtain

_ Ao 00 Aaa 0 0
H=P'X'™ Pl 0O0O0|+]|000]|PXP
0 0A,, 0 0A,,

Since Agg = 0, this yields ﬁgg = 0, implying Ty M, , C R. Conversely, the dimension of R is clearly dim(R) =
n(p+q) — %(p +q)(p + ¢ — 1). Because dim(T4M, ,) precisely matches this value [31, Proposition 2.1], we
conclude that Ty M, , = R. Formula (9) follows by taking the orthogonal complement of (8). d

Having established the stratified structure and characterized its tangent spaces, we analyze the differentia-
bility of the metric projection e along the strata. Specifically, when restricted to a fixed stratum M, ,, the
mapping Hgi t Mpq = My is not only differentiable with an explicit closed-form differential, but is C°-
smooth, strengthening previously known C!-differentiability results (see Remark 5). These regularity properties
fundamentally underpin the variational analysis in the sequel.

Theorem 1 For any stratum M = M, ,, the restriction of Hgi to M, denoted by H§1|M M — S", is a

C°-smooth map. Moreover, for an arbitrary A € M with an IED («, 8,7,p,q, P, \), the manifold differential
£q = d(HS1 M)A TaM — T, (4)S™ at H € TaM is explicitly given by
+

EaH)=P| Hlz 0 0 pPT, (10)
HI o=l 0 0

where H := PTHP.

Remark 4 Tt is straightforward to verify that Hgi maps M, , onto M, o, which is smoothly embedded in S™.
Because HSi : My — S™is a C* map, standard properties of smooth embeddings ensure that the corestriction
Hgi t Myq = My is also C°°-smooth. Hereafter, we suppress the explicit restriction notation | o, , and simply
write Hgi depending on the context.

The following example shows that the ambient nonsmoothness of the projection arises from directions that
change the inertia stratum.

Ezample 1 Let A = Diag(2,0,—1) € My, C S?. With P = I, we have o = {1}, 8 = {2}, and v = {3}.
Proposition 1 gives
TAMl,l = {H S S3 ‘ Hoy = O}
Since =13 = 2/(2 — (—1)) = 2/3, Theorem 1 specializes to
Hyy Hip $His
EaH)=| Hi2 0 0 |, H € TaM; ;.
2Hi3 0 0

In contrast, the transverse direction Ess does not belong to T4 M 1, and
HSi (A + tEQQ) = Dla‘g(27 max{t, O}a 0)7
which is not differentiable at ¢ = 0.
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Remark 5 The C*°-smoothness established in Theorem 1, together with the closed-form differential (10), refines
existing results for the metric projection IIsn along the strata. The C'-differentiability of Hg:_ relative to M, 4

can be deduced via Léwner functional calculus or the theory of Cl-partly smooth mappings; see, e.g., [37,
Example 4.14] and [23, Proposition 9.7]. To our knowledge, the full C*°-smoothness on each inertia stratum
together with the explicit manifold differential formula has not been recorded previously.

The proof of Theorem 1 relies on analytic functional calculus for symmetric matrices. We briefly recall the
relevant facts. For background we refer to [17, Chapter VII] or [47, Sections 2.2-2.3].

In complex analysis, the classical Cauchy integral formula provides an integral representation of a scalar an-
alytic function f(¢) via the contour integral f(¢) = 5= [ JZC(fC)

27
for a symmetric matrix A € S”, analytic functional calculus defines f(A) via

dz, where the contour I" encloses ¢. Analogously,

1
) = 5 [ F@GT- ) e
211 r
where the contour I" C C strictly encloses the spectrum of A.

Lemma 1 ([17, Chapter VII]) Let f be an analytic function on an open set 2 C C containing the spectrum
of A € S™, and let the boundary I' = 012 enclose this spectrum. Then the matriz-valued function

14) = 5 [ 11— 27

depends analytically on A. In particular, the mapping A — f(A) is C®-smooth and locally expressible as a
convergent power series on the domain of symmetric matrices whose spectra lie within §2.

Proof (Proof of Theorem 1) Fix A € M C S™. Since the inertia indices |a(A)|, |5(A4)], and |y(A)| are structurally
constant on the stratum M, we select three mutually disjoint open disks D1, Do, D3 C C enclosing the positive
eigenvalues, the negative eigenvalues, and the origin, respectively. Set D := D; U Dy U D3. By the continuity of
eigenvalues, there exists a sufficiently small neighborhood of A in M such that the positive, negative, and zero
parts of the spectrum for any matrix in this neighborhood remain within D;, D5, and D3, respectively. Define
the following scalar functions on D:

z, z¢€ D, l/Z, z € Dy UDay, 0, z€ DiUDsy,
f+(2) = fi(z) = po(z) :=
0, z€ DyUDs3, 0, z € D3, 1, z € Ds.

Since Dy, D4, and D3 are disjoint, these piecewise definitions are analytic on the open set D. By Lemma 1, the
induced matrix functions f;(A), fi(A), and po(A) are well-defined and depend analytically on A within this
local neighborhood.

For any A € M C S", consider the local exponential chart exp, : U — U’ with respect to the induced
Riemannian metric on the embedded submanifold M in S™, which maps from a neighborhood U4 C Ty M of the
origin to a neighborhood U’ C M of A. Since the induced matrix-valued function M — f (M) is analytic, and
hence C'*°-smooth, on an open subset of S™ containing U’, the composition v — f(exp4(v)) smoothly maps
U into S™. For any matrix A € U’ N M, we have Hgn (Z) = fi (Z)’ since both operations isolate the positive
eigenspace of the matrix from the others. Consequently, the local coordinate representation v — Ilgn (exp4(v))
is smooth, which guarantees that the restriction Hgn |m o M — S™ is C*°-smooth.

Next, we derive the explicit manifold differential formula (10). For any A € M and tangent vector H € TyM,
the directional derivative formula (4) gives

IEO@ Haﬁ Zay © ﬁa’y I;Iaa H.g 54y 0 Hyy
Iy, (A;H) = P H,s Ig1(0) 0 PT=pP| H 0 0 PT,
7 = T =T
H;—Vo:‘;—7 0 0 Hy,0oZ,, 0 0

where H = PTHP. The second equality uses H g3 = 0, which holds for tangent vectors by Proposition 1, so
that I1 5 (0) = 0. Because the restriction of IIgn to the smooth manifold M is smooth, its directional derivative
+

coincides with its Fréchet differential on the manifold, yielding d(IIsy [r)a(H) = Héi (A; H). O
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The nonsmoothness of the KKT mapping F'(z) in (2) stems exclusively from the projection term IIsy (G(%2)).
To isolate and exploit the hidden smooth structure, we lift the inertia stratification of S™ to the primal-dual
space X x S™ via the mapping G. For each pair (p,q) with 0 < p + g < n, we define

My =G Myg) = {z=(2,y) € XxS" | G(z) = g(x) +y € M,y }. (11)

Since G is a smooth submersion (see, e.g., [36, Chapter 4]), it follows from [36, Corollary 6.31] that each /K/lvpyq
is a smoothly embedded submanifold of X x S™. Consequently, the finite disjoint union

n N
Xx8§"= | Mpy,
0<p+g<n

constitutes a stratification of X x S™, which we continue to call the inertia stratification. When the indices p
and ¢ are clear from context, we simply write M for ./\/lp q-

By Theorem 1, while F' is globally nonsmooth on X x S”, its restriction to any fixed stratum Mp,q is

completely C*°-smooth. The following lemma characterizes the tangent space of ./{/lvpvq and facilitates the com-
putation of the manifold differential of F'.

Lemma 2 Fiz (p, )'wzth0<p+q<n and let M := M, qand/\/l Mpq:G YM). For any z = (z,y) €
/\/l the tangent space T, M can be represented as

T,.M = {(vs,vy) € XX S™ | Vg(z) vy + vy € Tg(z)M}. (12)
In particular, define the linear isomorphism
¢, : X xS" - X xS, D2 (Vg,vy) 1= (vx, Vg(x) v, + vy), (13)
with inverse
6> (va, H) 1= (va, H = Vg(2)"v2). (14)

Then .
(o (TZM) =Xx TG(z)Ma

so its restriction is a linear isomorphism between these two spaces. We use the same notation for the ambient
map and this restriction. Moreover, the assignments z — ¢, and z — ¢ ' are continuously differentiable.

Proof Since G is a submersion, the preimage theorem [36, Corollary 6.31] gives T, M = (dG.)"HTg Gz yM).
Computing dG. (v, vy) = Vg(x)*vy + v, proves (12) The formulas in (13) and (14) define mutually inverse

ambient linear maps. Equation (12) then gives ¢, (7% M) X % T (z)M. Their continuous differentiability in z
follows from ¢ € C?. O

Proposition 2 For z = (z,y) € Mv, in the coordinates (vg, H) € X X Ty(;)M induced by ¢. (13),

_ VieL(2) = Vg(2)Vy(2)* Vg(@)| |vs
dF, 0 ¢ ) (ve, H) = | ** . 15
(F 0 67" ) (oa, ) o gc(z)] M (15)
Proof By (14), ¢7 (vy, H) = (vy, H — Vg(z)*v,). Substituting this expression into dF, gives
o 6~ (v _ [VEaL(2)vs + Vg(a)(H — Vg(x)*vz)} _ {V?HL(Z) — Vg(x)Vyg(z)* Vg(x)} {vz]
(@F: 0 6.7)(vs, H) = —Vg(z) vz + &z (H) B —Vg(z)* £G(2) ’
O

The following lemma provides a smoothly varying orthonormal frame for the invariant subspace associated
with the near-zero eigenvalues. It is used in the proofs of Lemma 4 and Lemma 8.

Lemma 3 Let (a,3,7%,p,q, P,\) be an IED of A € S™, set k :=|3|, and let § > 0 be smaller than the modulus
of every nonzero eigenvalue of A. Then there exist a neighborhood ¥V of A in S™ and a C>® map Us : V — R"*F
with Us(A) = ]53 such that, for every A € V, the columns of Us(A) form an orthonormal basis of the invariant
subspace of A associated with its eigenvalues in (—9,0).
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Proof Let D C C be the open disk of radius § centered at the origin, and let D’ be a finite union of open
disks with D N D’ = () that contains all nonzero eigenvalues of A. By the continuity of eigenvalues, there is a
neighborhood V of A such that every A € V has exactly |3| eigenvalues in D, counted with multiplicities, and
all remaining eigenvalues in D’. Since the eigenvalues of A are real, the eigenvalues in D are exactly those in
(=6,0). Let pp be the scalar function equal to 1 on D and to 0 on D’. Since pp is analytic, by Lemma 1 the
induced matrix function pp(A) depends analytically on A € V. Since A is symmetric, pp(A) is the orthogonal
projector onto the invariant subspace of A associated with its eigenvalues in (—4,4). Let ]?5 collect the G-
columns of P. Since the columns of P form an orthonormal basis of ker A, we have pp(A)Pz = Pg. Hence,
after shrinking V), the columns of pp (A)PE are linearly independent and span this invariant subspace, and the
Gram—Schmidt procedure yields the desired orthonormal frame Us(A), which depends analytically on A and
satisfies Us(A) = Pj. O

The construction in this proof is that of [7, Exercise 3.140], where it is carried out at the smallest eigenvalues
to reduce the cone S%.

The stratified perturbation analysis in Section 5.2.3 requires paths within a fixed stratum that remain
arbitrarily close to a point of its closure. The following lemma provides precisely this local connectivity.

Lemma 4 Let (o‘z,@,’?,@ G, P, ) be an IED of A € S™ and k := |B|. Every neighborhood of A contains an open
neighborhood V of A such that, for every a =0,...,k, the set

Mpragik—a NV
s path-connected.

Proof When k = 0, the assertion is immediate. Hence suppose k > 1. Let 135 be the matrix of 8-columns of P.
For A near A, the spectrum splits into p eigenvalues near the \; with i € @, § eigenvalues near the \; with i € 7,
and k eigenvalues near 0. Apply Lemma 3 with 6 > 0 smaller than the modulus of every nonzero eigenvalue of
A, and let U(A) := Us(A). Then U is smooth, U(A) = Pz, and the columns of U(A) form an orthonormal basis
of the invariant subspace of the k middle eigenvalues. The eigenvalues of b(A) := U(A)T AU(A) € SF are then
the k£ middle eigenvalues of A, so for V small and every A € V,

A€ Mpiagik—a <= bA) € Xy pq = {B e S¥: B has inertia (a, k — a)}.

Moreover, Db(A)H = P/;HPB, where the terms involving DU(A) vanish because AU(A) = AP; = 0. This
derivative is surjective: for every M € S*, taking H = PBMPBT gives Db(A)H = M. Let K := ker Db(A), let
Il denote the orthogonal projection onto K, and define

W(A) = (b(A), ITic(A — A)).

Then D¥(A)H = (Db(A)H, I H) is an isomorphism from S™ onto S¥ x K. Indeed, if its value at H is zero, then
H € K and IIxxH = H = 0; bijectivity follows because the domain and codomain have the same dimension. The
inverse function theorem therefore gives, after shrinking the neighborhood, a diffeomorphism ¥ : V — V x Wy,
where V C S* is a ball centered at 0 = b(A) and Wy is a ball in K. The first component of ¥ is b, and hence

M;‘)+a,q+k7a ny = Lp_1<(2a,k7a n VE)) X Wo)

By [31, Proposition 2.1], X, x_q is a connected component of the manifold of nonsingular symmetric k x k
matrices and hence is path-connected. Since X, j,_, is invariant under positive scaling and Vj is a ball centered
at 0, the set X, o N Vy is path-connected. Therefore g1 ((Emk,a NVy) x WO) is path-connected. O

3.2 Extended regularity conditions

We now define the extended conditions used at arbitrary primal-dual pairs.
We first extend the SRCQ, constraint nondegeneracy, and the W-SRCQ (Definitions 3, 4, and 9) to arbitrary
primal—-dual pairs.

Definition 18 For z = (z,y) € X x S" with an IED (a, 8,7, p, ¢, P, \) of G(z), the strict Robinson constraint
qualification (SRCQ) holds at z if

g @)X+ {PBPT €S"|Byy =0, By, =0, B,y =0} =S".
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Definition 19 For z = (z,y) € X x " with an IED (a, 8,7,p,q, P, \) of G(2), the constraint nondegeneracy
holds at z if
'(x)X+{PBP" | B€S", Bgzg=0, Bg, =0, By, =0} =5". (16)

Definition 20 For z = (z,y) € X x S"™ with an IED («, S,7,p,q, P,\) of G(z), the weak strict Robinson
constraint qualification (W-SRCQ) holds at z if

'"(x)X+{PBP" | B€S", Bg, =0, By, =0} =S". (17)

At a KKT pair z = (z,y), g(z) = IIsy (G(2)) and y = IIs» (G(z)), so Definitions 18, 19, and 20 reduce to
Definitions 3, 4, and 9, respectively.
For z = (x,y), define
X, = Isy (G(2)), Y, = I~ (G(2)). (18)

For an IED (e, 8,7, p,q, P, ) of G(z), define the quadratic form
Q. (vz) := (vg, V2, L(z,y)vs) + QZZ PT (Vg(z) vg) Pl (19)
1€ JEY

The extended critical cone at z is
C(2) == {v, €X| g'(x)vy € Tsn (X) N v},

where Y& := {H € S" | (Y., H) = 0}. Following [48, (38)—(40)] and [25, Definition 8 and (20)], we use app()
and appl(z) as computable surrogates for aff (C(z)) and lin(C(z)), respectively:

app(z) == {v, € X| ¢(z)v, € aff Tsn (X ) NYH},

(
(

appl(z) := {v, € X | g/ (x)v, € lin(Tsn (X.) NY)}.
In the above IED, these three sets are given by
C(2) = {ve €X| [PT(Vg(x)*vz)P]B,a =0, [PT(Vg(2) vz)Plgy =0, [PT(Vg(2) vz)Plyy =0}, (20)
app(2) := {v, € X | [PT(Vy(2)*v;)Plg, = 0, [PT(Vg(2) vs)Plyy = 0}, (21)
appl(z) := {v, € X| [PT(Vg( )va)Plgs = 0, [PT(Vg(z) va)Plgy =0, [PT(Vg(x)'vz)Ploy =0}, (22)

Lemma 5 If the SRCQ holds at z, then
app(z) = aff (C(z)) = spanC(2).
Proof Set T := Tgy (X2) N Y;-. Then T, is a convex cone. Definition 18 and (20) give ¢'(x)X + 7. = S" and
C(z) ={d e X | g (z)d € T.}. Moreover, since T is a cone,
app(z) = {d € X | ¢'(z)d € spanT.}.

The inclusion spanC(z) C app(z) follows from C(z) C app(z).
Conversely, take any u € app(z). Since ¢'(z)u € spanT, = T, — T,, there exist Hy, Hy € T, such that
¢ (x)u = Hy — Hy. By the SRCQ, there exist w € X and Hj € T, such that —Hs = ¢'(2)w + Hs. Hence

g (x)(u—w)=H, + Hs €T, g (x)(—w) = Hy+ H3 € T,.

Thus u —w € C(z) and —w € C(z), so u = (u—w) — (—w) € spanC(z). This proves app(z) C spanC(z). Finally,
because C(z) is a cone, aff (C(z)) = spanC(z). O

We next extend the SOSC and S-SOSC in Definitions 6 and 7 to arbitrary primal-dual pairs.

Definition 21 For z = (z,y) € X x S" with an IED («, 8,7,p,¢, P, \) of G(2), the second order sufficient
condition (SOSC) holds at z if
Q.(vy) >0 VYo, €C(2)\{0}.

Definition 22 For z = (z,y) € XxS" with an IED (a, 8,7, p, q, P, \) of G(2), the strong second order sufficient
condition (S-SOSC) holds at z if
Q.(vs) >0 Vv, €app(z) \ {0}
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Definition 23 For z = (z,y) € XxS" with an IED («, 8,7, p, ¢, P, A) of G(z), the strong second order condition
(S-SOC) holds at z if
Q.(vy) #0 Vu, € app(z) \ {0},

where app(z) is given by (21).

Remark 6 The S-SOSC implies the S-SOC. Unlike the S-SOSC, the S-SOC also allows Q. to be negative definite
on app(z).

For arbitrary primal-dual pairs, we use the following non-vanishing version of the W-SOC in Definition 10.

Definition 24 For z = (z,y) € X x S" with an IED (a, 8,7, p, q, P, \) of G(z), the weak second order condition
(W-S0OC) holds at z if
Q.(vy) #0 Yu, € appl(z) \ {0},

where appl(z) is defined in (22).

Remark 7 The W-SOC in [25] is formulated with strict positivity because it is considered at a KKT pair
associated with a local minimizer. Here we work at arbitrary primal-dual pairs and use non-vanishing, which
allows Q. to be either positive or negative definite on appl(z). At a KKT pair satisfying the W-SONC, the
negative case is excluded, and our definition reduces to that in [25].

The extended conditions satisfy
constraint nondegeneracy =— SRCQ = W-SRCQ

and
S-SOSC — SOSC — W-50¢, S-SOSC =— S-SOC = W-SOC.

We also extend the SONC in Definition 8 by requiring Q. to be nonnegative on C(z).

Definition 25 For z = (z,y) € X x §" with an IED («, 8,7,p,q, P,\) of G(2), the second order necessary
condition (SONC) holds at z if
Q.(vy) >0 Vo, €C(2).

The weak second order necessary condition in [27, Definition 1] also admits a primal-dual formulation:
compared with the SONC above, it imposes the same nonnegativity on the weak-direction space appl(z).

Definition 26 Let z = (z,y) € XxS" with an IED («, 8,7, p, ¢, P, \) of G(2). The weak second order necessary
condition (W-SONC) holds at z if
Q.(vy) >0 VYu, € appl(z),

where appl(z) is defined in (22).

Remark 8 In [27], the “W-SOC” refers to the weak second order necessary condition. In the present paper,
however, we reserve “W-SOC” for the condition in Definition 24, which is introduced for our regularity analysis
and should not be confused with a second order sufficient condition. To avoid ambiguity, we therefore refer to
the weak second order necessary condition in Definition 26 as W-SONC. The two definitions also use different
direction spaces. The condition in [27, Definition 1] is imposed on lin(C(z)), whereas Definition 26 uses the outer
approximation appl(z) 2 lin(C(z)). We refer to [27] for a detailed discussion of the W-SONC at KKT pairs,
which is not central to our development. We only emphasize one key point: even in nonlinear programming,
barrier methods [29] and augmented Lagrangian methods [3] may produce limit points that violate the classical
second order necessary condition, whereas such limit points are still guaranteed to satisfy the W-SONC (see [2]).

At a KKT pair z = (z,y), we have X, = g(z) and Y, = y, so C(z), app(z), and appl(z) coincide with
the corresponding sets in Section 2. Moreover, [48, (28)] gives the corresponding reduction of the second order
expression,

Q.(v2) = (va, V2, L(w,y)va) — 7 (4, T2, (9(2), g/ (w)us) ) - (23)

Consequently, the extended SONC, SOSC, and S-SOSC agree at KKT pairs with Definitions 8, 6, and 7,
respectively. Under the W-SONC, the extended W-SOC also agrees with Definition 10.
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Remark 9 Suppose that problem (1) is convex, i.e., f is convex and g is matrix-concave, meaning that
gtz + (1 —t)zo) = tg(z1) + (1 —t)g(x2) Vzi,72 €X, t €]0,1].

Then, for any x € X and any y € S, we have V2, L(x,y) = 0. Consequently, the SONC and the W-SONC hold
automatically at every z = (z,y) € X x S™.

Remark 10 Tt is worth emphasizing that the extended regularity conditions in Definitions 18-26 are defined at
an arbitrary primal-dual pair z via an IED of G(z). At non-KKT pairs, they should not be viewed as standalone
optimality conditions. In particular, by themselves they do not imply primal feasibility, complementarity, sta-
tionarity, or the identity F'(z) = 0. This level of generality is essential for the analysis in Sections 4-5. Indeed,
the stratified variational analysis is carried out on the lifted strata, and therefore necessarily involves arbitrary
primal—dual pairs, not only KKT pairs. The following elementary example shows that the S-SOSC from Def-
inition 22 and the constraint nondegeneracy from Definition 19 may hold simultaneously at a non-KKT pair.
Consequently, the weaker conditions SONC, SOSC, W-SOC, W-SONC, SRCQ, and W-SRCQ may also hold at
a non-KKT pair. Consider the scalar problem

1 2 o 1
min 2(35—2) st. g(x):=z€S,.
For any primal-dual pair z = (z,y) € R x S!, since ¢’(x) = 1 is surjective, constraint nondegeneracy holds
automatically at z. Moreover, Q. (v;) = (v, V2, L(z,y)v,) = v2 > 0 for every v, # 0, so the S-SOSC also holds
at z. Hence, both the S-SOSC and constraint nondegeneracy are satisfied at every primal-dual pair z, including
non-KKT pairs. In conclusion, these extended regularity conditions alone are not intended to characterize
optimality or stationarity. Rather, they provide the appropriate geometric and variational framework for the
stratified analysis developed in the sequel.

From this point onward, unless stated otherwise, SRCQ, constraint nondegeneracy, W-SRCQ, SONC, SOSC,
S-SOSC, S-SOC, W-SOC, and W-SONC refer to their extended definitions above.

3.3 The auxiliary problem

The extended regularity conditions in Section 3.2 are defined at arbitrary primal-dual pairs, although such a pair
need not satisfy the KKT system. The construction below assigns to every z = (z,y) an auxiliary NLSDP for
which (z,Y,) is a KKT pair. It preserves the IED, the constraint derivative ¢’(z), and the Lagrangian Hessian,
which are the data entering the extended conditions. Section 4 will use this KKT realization to construct two
smooth manifold models.

Recall from (18) that X,+Y, = G(z) and (X,,Y,) = 0. Since G(z) = g(x)+y, we also have X, —g(z) = y—Y,.
Define

9:(u) = g(u) —g(z) + X = g(u) +y = Y, (24)

and

fo(u) = f(u) + (y = Yz, g(uw) — g(2)) = (VaL(z,y), u —z).

The auziliary problem associated with z is

(P.)  min L) st g.(n) €S (25)
The following theorem shows that (x,Y) is a KKT pair of (25) and that the extended regularity conditions at
z for (1) coincide with the corresponding conditions at (z,Y) for (25).

Remark 11 The perturbations defining P, differ from two common forms of canonical perturbations for NLSDP.
One adds a linear perturbation to the objective and a constant perturbation to the constraint, while the other
allows both to be perturbed by functions satisfying suitable continuity requirements. Both the former and
our perturbations are special cases of the latter. The special design of our perturbations allows the extended
regularity conditions at an arbitrary primal-dual pair to be realized as standard KKT regularity conditions of an
auxiliary NLSDP, and thereby provides a basis for their geometric interpretation through manifold optimization.

Theorem 2 Let z = (x,y) € X x S", and let (o, 58,7,p,q, P, \) be an IED of G(z). The following statements
hold for the auziliary problem (25).

(a) (z,Y,) is a KKT pair of (25).
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(b) The same tuple (o, 8,7,p,q, P, A) is an IED of g,(x) + Y, = G(z), and the Lagrangian L.(u,v) := f.(u) +
(v, g:(u) satisfies V2, L.(, Yz) = V2, L(z, ).

(¢) The conditions SRCQ, constraint nondegeneracy, and W-SRCQ (Definitions 18, 19, and 20) at z for (1)
coincide with the corresponding conditions at (xz,Y,) for (25).

(d) The critical cone C(z) and the sets app(z) and appl(z) coincide with the corresponding objects of (25)
at (z,Y,). Consequently, the conditions SONC, SOSC, S-SOSC, S-SOC, W-SOC, and W-SONC' (Defini-
tions 25, 21, 22, 23, 24, and 26) at z for (1) coincide with the corresponding conditions at (x,Y,) for (25).

Proof (a) Since g,(z) +Y, = X, + Y, = G(2),
Vfa(2) + Vg.(2) Y. = [Vf(z) + Vg(z)(y - Y2) -
- va<$,y) - vxL($7y) = 0;
where we used V;L(z,y) = Vf(z) + Vg(2)y and Vg.(z) = Vg(z). Moreover, g.(z) = X, = IIs» (g-(z) + Y2).
Hence (z,Y,) is a KKT pair of (25).

(b) The identity g.(z) + Y, = G(z) is immediate from (24) and (18). For the Lagrangian Hessian, collecting
the second-order terms of f,(u) + (Y,, g.(u)) at u = z:

= Vi L(z,y),

Vo L(z,y)] + Vg(z) Y.

where the term —(V,L(z,y), u — x) is linear and contributes zero.

(¢) and (d) follow directly from (b). Every condition in Definitions 18-26 depends only on Vg(z), the IED
of G(z), and V2, L(x,y). Since these three objects are the same for both problems at their respective evaluation
points, all listed conditions coincide. (I

The auxiliary problem reduces to the original when z is already a KKT pair.

Proposition 3 Let z = (x,y) be a KKT pair of (1). Then X, = g(z), Y, =y, g. = g, and f, = f. Conse-
quently, the auziliary problem (25) reduces to (1).

Proof Since F(z) = 0, the second component of (2) gives g(z) = IIs» (G(z)) = X, and hence Y, = G(2) — X, =
y. It follows that g.(u) = g(u). Stationarity gives VyL(x,y) =0, so f,(u) = f(u). O

The role of (25) is therefore to realize the data attached to an arbitrary primal-dual pair as KKT data
without changing the regularity and second-order conditions considered here. Section 4 constructs two smooth
manifold models of this auxiliary problem. By Proposition 3, these become models of the original problem
whenever z is already a KKT pair.

Figure 3 summarizes these constructions and equivalences.

arbitrary primal-dual pair z = (z,y) with an IED of G(z)

Extended problem-level
regularity conditions

Y Y

T T T T T T T T T T T s m - — o — - - - ———— = s R o

| Mpgi={A€S":|a(A)| =p, V(A =g} | L Xe =I5 (G(2), Ye = Isn (G(2) —

,,,,,,,,,,,,,,,,,, o T T T

1 oo . . .
s, My, q 18 C extended constraint qualifications ;
and second-order conditions at z ;

Inertia stratification

with explicit differential & 4

,,,,,,,,,,,,,,,,,,, v __ R
i Mpg = G 1 Myp,g) ‘} constraint nondegeneracy = SRCQ — W-SRCQ
7777777777777777777 T S-SOSC = SOSC — W-SOC

— i oo_
| F|Mp,q is C'°°-smooth

¥

( auxiliary NLSDP (P.) !
| (z,Yz) is a KKT pair of (P;) :

{ Tz/{’tvp,q ~ X X Tg(z)Mp,q via ¢» I L
_| extended conditions at z for the original NLSDP
v . <= ordinary conditions of (P.) at (z,Y%)
[ an explicit formula for dF, ] 1

if z is a KKT pair, then X, = g(z), Y> = v,
and (P;) reduces to the original NLSDP

Fig. 3: Inertia stratification, extended conditions, and the auxiliary problem.
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4 Geometric interpretations of regularity conditions from a stratified perspective

This section constructs two nested local submanifolds of S™ from the inertia stratification and combines them
with the auxiliary NLSDP to form two smooth manifold optimization problems. On these models, the extended
constraint qualifications become transversality conditions and the extended second-order conditions become
manifold second-order conditions. These interpretations supply the geometric structure for the perturbation
analysis of Section 5.

4.1 Construction of A, and B,

Let (o, B,7,p,q, P, \) be an IED of G(2). If G(z) = 0, choose any §(z) > 0. Otherwise, define the minimal
non-vanishing eigenvalue modulus of G(z) by

§(z) :== min{|X\i(G(2))| | Xi(G(z)) #0}.
Set B(A,r) == {A" € §" | [[A— A'||l> < r}. Note that X. = IIsy (G(2)) € My, so the ball B(X;,d(z)/2) is

centered at the positive semidefinite part of G(z).

Lemma 6 For z Mp,q, the set
(MpoNB(X.,5(2)/2)) + Y-

is smoothly embedded in M, 4.
Proof Let A', € M, 0N B(X:,0(2)/2), so [[A, — X.[l2 < d(2)/2. Then [|(A, +Y.) — G(2)||2 = |4} — X;|2 <
d(z)/2. By [4, Corollary III1.2.6], corresponding eigenvalues of A’ +Y, and G(z) differ by less than ¢(z)/2. Since
G(z) € M, 4 has p eigenvalues > 6(z) and ¢ eigenvalues < —d(2), it follows that A’, 4+ Y has at least p positive
eigenvalues and at least ¢ negative eigenvalues.

For the upper bounds on the inertia indices: the null space of A’, = 0 has dimension n — p, and for every
v in it, (v, (A, + Y:)v) = (v,Y.v) < 0. By [4, Theorem II1.1.2], the matrix A’, 4+ Y, has at most p positive
eigenvalues. Symmetrically, the null space of Y, < 0 has dimension n — ¢, and (v, (A, +Y.)v) = (v, A" v) >0
for all v in it, so A/, + Y, has at most ¢ negative eigenvalues.

Thus A/, +Y has exactly p positive eigenvalues and exactly ¢ negative eigenvalues, so A’ +Y, € M, ;. The
smooth embedding follows from the fact that translation by the fixed matrix Y, is a diffeomorphism of S™*. [

The following two manifolds provide the smooth models underlying our geometric interpretation of the
extended constraint qualifications and second-order conditions.

Definition 27 For z = (z,y) € ./K/lvp,q, define
Az = (Mo N B(X, 582)) + Y2 — . (26)
Define the normal bundle of M, , — y restricted to A, by
E = NMpg—y)la. = {(AN) | A€ A, N € NapyM,q}. (27)
Define the normal-addition map on £, by
E: & —8S", E(A,N):= A+ N.

Set
W, = {(A,N) €&, | |N|ls < 221, (28)
Finally, define
B, = EW,). (29)
When G(z) =0, we have p = ¢ =0 and X, =Y, = 0. Consequently,
Ao ={g(x)},  B.={g(x) + N[Nz <d(z)/4}.

Thus, in this case, A, is a singleton and B, is an open neighborhood of g(z); the choice of §(z) > 0 only affects
the size of this neighborhood.

Lemma 6 and (26) give A, C M, , — y, so &, is well defined. Moreover, (26) gives g(z) € A,, while
(A,0) e W, and E(A,0) = A for every A € A,. Hence g(z) € A, C B..
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Proposition 4 Let z = (z,y) € .//\/lvpﬂ with IED («, 8,7,p,q, P, \) of G(2). The following hold.

(a) A, is a smooth embedded manifold near g(x) with tangent space
Ty)A: =Tx . Mpo={PBP" | B€S", Bgg =0, Bg, =0, B, =0}. (30)

(b) B, is a smooth embedded manifold near g(z), the map E|w, : W, — B, is a diffeomorphism, and its tangent
space at g(x) is

Ty Bz = Ty) Az + Ny(zy(Mpq —y) = {PBP" | BES", Bg, =0, By, =0}. (31)

Proof Part (a): A, is a smooth embedded submanifold of M,, , —y by Lemma 6 and (26). Since translation by
Y, —y is an isometry, the tangent space at g(x) equals Tx_ M, ¢. Applying Proposition 1 to M, ¢ at X, (where
the zero block spans R!81+ 1) gives (30).

Part (b): Since A, is a smooth embedded submanifold of M, ; —y by Part (a), £, is a smooth submanifold
of the normal bundle N (M,, , — y).

We prove that E|yy, is a smooth embedding. Fix (4, N) € W,. By (26), A+y € M, , and ||(A+y)—G(2)||2 <
4(z)/2. Hence, by [4, Corollary I11.2.6], the nonzero eigenvalues of A + y have modulus greater than §(z)/2.
Moreover, N € Nat, My 4, so (9) gives (A+ y)N = N(A+y) = 0. Since || N||2 < §(z)/4, the small spectrum
of N is separated from the nonzero spectrum of A+ y in E(A,N) +y.

Define a real-analytic function y, on the open set

(-2, 26)) y ((—o0, - 2E) U (XL, 00))

by setting x.(t) = 0 on the central interval and x(¢) =t on the two outer intervals. By the spectral separation
above, the spectrum of E(A, N) + y lies in this set. The spectral calculus for real symmetric matrices gives

A+y:Xz(E(A7N)+y)a A=x:(E(A,N)+y)—v, N:E(AvN)+y_Xz(E(A7N)+y>‘

Thus A and N are recovered uniquely from the single matrix E(A, N). Hence E|yy, is injective and has an
inverse obtained by restricting a smooth ambient map. It is therefore a smooth embedding, and B, = E(W,) is
a smooth embedded submanifold of S™.

Since W, is open in &, and E|yy, is a diffeomorphism,

Ty(@) B> = dE(g(2),0)Tg(x),0)E2-
At the zero section, T{ (2,002 = Tg(z)Az © Ny(o)(Mp,q —v), and dE(y),0)(H, K) = H + K. Hence
Ty(a) Bz = Ty(a) Az + Ny(a) (Mp,g = y)-
Substituting (30) and (9) gives (31). O
The following lemma records the corresponding local normal decomposition of curves in B, .

Lemma 7 Let z = (z,y) € /K/(vp,q. Every smooth curve B(t) in B, with B(0) = g(x) admits, after shrinking the
interval if necessary, unique smooth curves A(t) and N(t) such that

B(t) = A(t) + N(¢), At) € Ay, N(t) € Na@)y+yMp.qs A(0) = g(z), N(0)=0.

Proof By Proposition 4(b), E|y. : W. — B, is a diffeomorphism. Applying its inverse to B(t) gives the
unique smooth curve (A(t), N(t)) € W,. The stated properties follow from (27) and (28). Since B(0) = g(z) =
E(g(x),0), uniqueness gives A(0) = g(z) and N(0) = 0. O

Remark 12 The manifold A, is the translation by Y, — y of a neighborhood of X, in the fixed-rank positive
semidefinite stratum M, o. At a KKT pair, Y, = y, so A, is the fixed-rank part of the original semidefinite
constraint near g(x).

The manifold B, enlarges A, along the normal directions to M, s —y. At a KKT pair, Y, = y is the
multiplier, and the B-subspace is the common null space of the primal matrix and the multiplier. Thus, passing
from A, to B, amounts to allowing unrestricted symmetric perturbations on this subspace.
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4.2 Constraint qualifications under stratification

We characterize the constraint nondegeneracy and the W-SRCQ as transversality conditions of g against A,
and B,, respectively. It is well known [7, (4.182)] that constraint nondegeneracy at a KKT pair is equivalent to
g Mz My, o in S™. The following proposition extends this to general primal-dual pairs via A,.

Proposition 5 Let z = (z,y) € X x S" with an IED («, 8,7,p,q, P,\) of G(2). The following are equivalent:
(a) gy A, in S™;
(b) the constraint nondegeneracy holds at z.

Proof Proposition 4(a) gives the tangent space T (,).A.. Substituting into the transversality condition g'(z)X +
Ty(z)A. = S™ yields exactly Definition 19. O

The next theorem establishes the analogous characterization for the W-SRCQ via B,.

Theorem 3 Let z = (z,y) € X x S™ with an IED (o, 8,7,p,q, P, \) of G(z). The following are equivalent:

(a) g My B, in S™;

(b) the W-SRCQ holds at z.

Proof The transversality condition g rh, B, asserts g'(z)X + Ty(,)B. = S". Substituting the tangent space from
Proposition 4(b) gives exactly Definition 20. O

Figure 4 illustrates the geometry. The light blue surface represents the translated stratum M, , — y, with
the local model A, shown as the dark blue curve. The bounded yellow ribbon represents .. The red and
green planes represent the affine tangent images g;(x) + ¢ (z)X. In the left subfigure, g; is transverse to A, so
both constraint nondegeneracy and W-SRCQ hold. In the right subfigure, go is transverse to B, but not to A,:
W-SRCQ holds while constraint nondegeneracy fails.

(a) CN and W-SRCQ (b) W-SRCQ but not CN

a1(z) + g (z)X
B B

M=y 9 gy — AL B.

Fig. 4: Transversality interpretation: W-SRCQ vs. constraint nondegeneracy.

Corollary 1 Let z = (x,y) € ./Wpﬂ with p+ q =n. Then the W-SRCQ holds at z if and only if the constraint
nondegeneracy holds at z.

Proof When p + q = n, the stratum M, , is open in S", so Ny (Mp, —y) = {0} and B. = A.. Apply
Proposition 5 and Theorem 3. O

Remark 13 Geometrically, the transversality characterization gives the local stability of the W-SRCQ along
each lifted stratum. More precisely, if the W-SRCQ holds at z € M,, ,, then there exists a neighborhood U of
z relative to /K/lvp,q such that the W-SRCQ holds at every 2’ € u. However, this statement follows directly from
Proposition 9, which establishes the stronger stability under perturbations that preserve the negative inertia
index of G(z). For brevity, we omit a separate proof here.

Remark 14 Under affine-linear perturbations consisting of a linear term added to the objective and an affine
term added to the constraint mapping, the transversality constraint qualification at feasible points is generic [22,
Theorem 8 and Remark 9]. At every complementary primal-dual pair (x,y), this transversality condition at
is equivalent to the extended constraint nondegeneracy at (x,y), which in turn implies the W-SRCQ. Hence the
W-SRCQ is generic on the set of complementary primal-dual pairs in the same sense.
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4.3 Second-order conditions under stratification

We now construct and study the following two manifold optimization problems associated with the auxiliary
NLSDP (25):

PA min f,

(P min fo(a),
and

Pf min [, (u).

(P) [ in S (u)

By (24), their constraints can equivalently be written as
g:(u)eA, +y—-Y., and g¢g.(u)€B,+y-Y,,

respectively. Moreover,

A +y-Y, = M,,mB‘( ‘”>> csn.
Hence (PZ) is a local fixed-rank restriction of (25), whereas B, +y — Y, is not generally contained in S;.

Proposition 6 The following statements hold.

(a) If constraint nondegeneracy holds at z, then g~1(A,) is a smooth manifold near x and
T.g ' (A.) = {v, € X| Vg(x)*v, € Tyx)A-} = appl(z2).

(b) If the W-SRCQ holds at z, then g~*(B,) is a smooth manifold near x and
Tog™ (B:) = {va € X | Vg(2) vy € Ty0) B} = app(2).

Proof By Proposition 5, constraint nondegeneracy is equivalent to g mh, A,, and by Theorem 3, the W-SRCQ is
equivalent to g i, B,. The transverse preimage theorem [32, Theorem 3.3.4] then gives the smoothness of the
corresponding inverse image near = and the tangent formula

Tog™ (N) = (¢'(@)) " Ty N) = {vs € X| Vg(2) vz € Ty N},

with A/ = A, or B,. Substituting (30) gives exactly (22), and substituting (31) gives exactly (21). The proof is
then completed. O

With the tangent spaces identified, we next compute the common curvature term that determines the
restricted Hessians of the two manifold models.

Lemma 8 Let z = (z,y) € Mp,q with IED (o, 8,7,p,q, P,\) of G(z). Let either A(t) be a smooth curve in
A, with A(0) = g(z), or B(t) be a smooth curve in B, with B(0) = g(z). In each case, set H to be the initial

velocity of the chosen curve and H:=PTHP. Then, respectively,

YZ’A _QZZ )\J W

1€ jEY

(Y., B(0 _QZZ y

1€Ex JEY

(32)

Proof We first treat the cases in which one of the index sets is empty. If v = (), then the sum on the right-hand
side of (32) is empty and Y, = P Diag(0,,05)P" = 0. Hence both identities in (32) hold.

Suppose next that o = (). Then p =0, X, = 0, and Moo = {0}, so A, = {Y, — y} = {g(z)}. Hence every
curve A(t) € A, is constant and (Y, A(0)) = 0.

For a curve B(t) € B., (28)—(29) give B(t) — g(x) € Ny(z)1yMo,q- By (9), PT(B(t
PTB(0)P, has only a 43 block. Since PTY,P = Diag(0s, A,), we have (Y., B(0)) =
empty, so both identities follow.

We may therefore assume that both « and « are nonempty. B

First suppose A(t) € A,. Write A(t) = X (t)+Y, —y with X (t) € M, o and X (0) = H. Let X(t) := P" X (t)P.
Since X (t) has rank p and )N(aa(O) = /A, is nonsingular, the Schur complement identity gives, for ¢ close to zero,

) — g(z))P, and hence
0. The sum in (32) is

Xacae(t) = Xaea(t) Xaa(t)  Xaae (t).
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Differentiating twice at ¢ = 0, using Xocae (0) =0 and )?QCQ(O) =0, yields

Xocae(0) = 2 Hyeq A5 Hoge

Since Y, = P Diag(0,, 05, 4,)PT, only the vy block pairs with Y, and hence

(2, A(0)) = (45, X,(0))

—9 <A7,ﬁw/1;1ﬁw>

Now suppose B(t) € B.. By Lemma 7, write B(t) = A(t) + N(t), where A(t) € A., N(t) € Na@)+yMp.q
A(0) = g(z), and N(0) = 0. If 3 =0, then (9) gives N(¢) = 0, so B(t) = A(t) and the second identity follows
from the first. Hence suppose 3 # 0.

Since A(t)+y € My, 4, its kernel has the constant dimension ||, and for ¢ close to zero the nonzero eigenvalues
of A(t) + y remain bounded away from zero. Apply Lemma 3 at G(z) with § := §(z)/2. After shrinking the
interval, A(t) + y lies in the neighborhood from that lemma and its eigenvalues in (—d(z)/2,(z)/2) are exactly
its |8] zero eigenvalues. Hence U(t) := Us(A(t) + y) is smooth in ¢, U(0) = Ps, and its columns form an
orthonormal basis of ker(A(t) 4+ y). Define the smooth curve

Ct):=U@®)"N@)U(t) e S

Since N(t) € Naw)+yMp,q and the columns of U(t) form an orthonormal basis of ker(A(t) + y), formula (9)
gives N(t) = U(t)C(t)U(t)". Since N(0) = 0, we have C(0) = 0, and hence C(t) = O(t). Moreover, U(0) = Pj
and the smoothness of U give P U(t) = O(t) and PJU(t) = O(t). Hence the vy and o~y blocks of PTN(t)P
are O(t3). Because P'Y,P has only a vy block, (Y., N(t)) = O(¢*), and hence (Y;, N(0)) = 0. Moreover,
N(t) = B(t) — A(t) has zero ay block to first order at ¢t = 0, so (PT A(0)P);; = ﬁij for i € o and j € 7.

Applying the first part to A(t) and using B(0) = A(0) + N(0) gives
(Y, BO) = (V2 A) =23 3 S H.

O

We next use this curvature formula to identify @, with the Riemannian Hessian quadratic form of each
pullback manifold.

Proposition 7 The following identities hold.

(a) If constraint nondegeneracy holds at z, then

(va, Hess(f2]g-104.)) (@)va) = Q. (vy) Y v, € appl(z).
(b) If the W-SRCQ holds at z, then

(ve, Hess(f2]g-1(8.)) (@)va) = Q:(ve) Vv, € app(2).

Proof We prove part (a). The proof of part (b) is identical with A, and appl(z) replaced by B, and app(z),
respectively. By Proposition 6, g71(.A.) is a smooth manifold near x with tangent space appl(z). For v, € appl(z),
set u(t) := exp, (tv,) on this manifold and A(t) := g(u(t)). Then A(t) € A, and A(0) = ¢ (2)v,. By Definition 17,
the chain rule, and Vf,(z) + Vg(z)Y, = 0, we have

<U’I’Hess(fz|g’1(Az))(x)vw> %fZ( () i—0 <Ux7v2fz($)vw> + (V£ (x),i(0))
= <Um7v2fz z)vg) — (Y2, g’ (2)i(0))

Applying Lemma 8 and (19) proves both identities. |



24 Chenglong Bao et al.

Remark 15 By the Gauss formula for Riemannian submanifolds [9, Lemma 5.50], the curvature terms in
Lemma 8 are the second fundamental forms of A, and B, paired with Y,. Although A, is strictly contained in
B, when 3 # (), the additional normal-bundle directions in B, make no contribution after pairing the second fun-
damental form with Y. Hence the two paired second fundamental forms have the same quadratic representation
in H.

Together with the Riemannian submanifold Hessian formula [9, Corollary 5.47], Proposition 7 identifies Q.
as the Riemannian Hessian quadratic form of both problems. Passing from A, to B, enlarges the tangent domain
from appl(z) to app(z) without changing Q.. At a KKT pair z = (Z, §), the common curvature expression with
H = ¢'(Z)v, is the classical sigma term by (23).

We now identify the W-SOC and the S-SOC with the manifold SOCs of (PA) and (P2), respectively.

Theorem 4 Let z = (z,y) € ./K/lvp,q, and suppose that constraint nondegeneracy holds at z. Then x is a station-
ary point of (PA) with the unique multiplier Y,. Moreover, the W-SOC holds at z if and only if the manifold
SOC holds at x for (PA).

Proof By Proposition 5, constraint nondegeneracy is equivalent to g h, A.. Moreover, Vf.(z) + Vg(z)Y, =0,
and Proposition 4(a) gives Y, € Ny(,)A.. Thus x is stationary. If two multipliers existed, their difference would
be orthogonal to both ¢’(x)X and T} (,).A., and hence would vanish by transversality. The multiplier is therefore
unique.

By Proposition 6, the tangent space of the inverse-image manifold is appl(z). Consequently, Proposition 7(a)
and Definition 24 show that the manifold SOC at z for (P2) is equivalent to the W-SOC at z. g

Theorem 5 Let z = (z,y) € an; and suppose that the W-SRCQ holds at z. Then x is a stationary point of
(PE) with the unique multiplier Y,. Moreover, the S-SOC holds at z if and only if the manifold SOC holds at
x for (PP).

Proof By Theorem 3, the W-SRCQ is equivalent to g th, B,. Moreover, Vf,(z) + Vg(z)Y, = 0, and Propo-
sition 4(b) gives Y, € Ng;)B.. Thus z is stationary, and the same transversality argument as in Theorem 4
proves uniqueness of the multiplier.

By Proposition 6, the tangent space of the inverse-image manifold is app(z). Consequently, Proposition 7(b)
and Definition 23 show that the manifold SOC at x for (P2) is equivalent to the S-SOC at z. O

At a KKT pair z = (z,y) of the original NLSDP, Proposition 3 gives X, = g(z), Y, =y, g. =g, and f, = f.
Hence (P2) and (PP) use the original objective f and constraint mapping g.
The preceding results also clarify how our geometric interpretations relate to the classical ones.

Remark 16 Constraint nondegeneracy already admits the classical interpretation as transversality to the active
stratum [7, (4.182)], so Proposition 5 extends this interpretation to arbitrary primal-dual pairs rather than
introducing a fundamentally new one. By contrast, Theorem 5 provides a new geometric interpretation of
the second-order conditions without assuming strict complementarity. For comparison, Shapiro’s interpretation
of the S-SOSC as a manifold second-order sufficient condition is established under constraint nondegeneracy
and strict complementarity [46, Theorem 9, condition (46), and its proof]. Under constraint nondegeneracy,
Proposition 7 shows that the S-SOSC is likewise equivalent to the manifold second-order sufficient condition for
(PE), without requiring strict complementarity. When strict complementarity holds, B, = A, locally, and the
present interpretation reduces to Shapiro’s.

Remark 17 At a KKT pair, the two manifold models suggest a geometric explanation for the selected Bouligand
generalized Jacobian elements Uy and U; and their associated nonsingularity results in [25]. A complete proof
requires establishing the well-definedness of local nearest-point projections onto A, and B, along their normal
bundles and deriving the relevant derivative identities. Since this requires a lengthy auxiliary development and
is not needed in the subsequent analysis, we omit the details and only outline the argument. Given the well-
definedness of these local projections, the KKT systems of (P2) and (PF) can be expressed as smooth equations.
Up to an invertible change of primal-dual coordinates, the Jacobians of these equations formally correspond to
Uy and U, respectively. Thus, the manifold geometry developed here suggests a smooth origin for these objects
arising in nonsmooth analysis and relates their nonsingularity to transversality and the corresponding manifold
second-order conditions.

Figure 5 summarizes the two smooth manifold models and their geometric interpretations.
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an arbitrary primal-dual pair z, with

the auxiliary KKT pair (z,Y;) of (P;)

local manifold A ] [ local manifold B, DO A,
T PAY  m . : 77777777777 i T PBY m . : 77777777777 i
1 (P=) g(g;ler;\z fo(u) J: 1 (P 9(3;161182 () J:
I constraint nondegeneracy <= g My A, | I W-SRCQ <= g s B |
under constraint nondegeneracy: under W-SRCQ:
Tacgil(-Az) = appl(2) Trgil(Bz) = app(z)

\ /

‘ the two manifold Hessians share the same quadratic ‘

form 9., on appl(z) and app(z), respectively

— —~

under constraint nondegeneracy: under W-SRCQ:
W-SOC <= manifold SOC for (PZ) S-SOC <= manifold SOC for (PZ2)

A

under constraint nondegeneracy and strict complementarity: B, =
A locally, recovering Shapiro’s active-manifold interpretation

Fig. 5: Geometric interpretations associated with 4, and B,.

5 Stratum-restricted strong metric regularity and stratified perturbation analysis

This section analyzes F' along individual lifted strata and studies its behavior under perturbations across strata.
On a fixed stratum, we connect the weak conditions with injectivity of dF, and stratum-restricted strong metric
regularity. Across strata, we show the stability of the weak conditions under perturbations preserving the relevant
inertia index and recover the corresponding strong conditions under arbitrary perturbations. Together, these
results characterize strong regularity through the local and local uniform validity of the stratified conditions.

5.1 Analysis along a stratum

This subsection analyzes the restriction of the KKT mapping to a fixed lifted stratum, on which both inertia
indices of G(z) are preserved.

Definition 28 A set-valued mapping @ : X = Y is said to be stratum-restricted strongly metrically reqular on
a stratum M C X at (z,7) if € M, § € &(z), and there exist a constant k > 0 and neighborhoods U of Z and
V of g such that for allz e U N M and y € VN OU N M),

dist (z, ™ (y) "M NU) < k- dist(y, D(2)),
and (P71(y) N M) NU is a singleton for every y € VN SU N M).

Remark 18 In the present setting F' is single-valued and smooth on .//\\/l/p,q, so stratum-restricted strong metric
regularity of F' on My, , at (Z, F(Z)) implies that the restriction F| is a Lipschitz homeomorphism from a
neighborhood & C M,, , of Z onto its local image F'(I4).

Using the explicit block formula for dF;, the following theorem gives the key differential criterion for the
analysis along a fixed stratum. It relates the injectivity of dF, to the W-SRCQ and the W-SOC, with the
converse obtained under the SRCQ and the SONC. At a KKT pair, Theorem 7 further turns this injectivity
into stratum-restricted strong metric regularity.

Theorem 6 For z = (x,y) € X x S™, the following statements hold.

(a) If the W-SOC and the W-SRCQ hold at z, then the manifold differential dF, : T.M — X x S" given by (15)
18 injective.

(b) If dF. is injective, then the W-SRCQ holds at z.
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(¢) If dF, is injective and the SRCQ and the SONC hold at z, then the W-SOC holds at z.

Proof Fix an IED (a, 8,7, p,q, P, A) of A := G(z). By Proposition 1 and (10), the kernel of {4 : T4 M, 4 — S™
consists precisely of the matrices H for which PTHP is supported on the v, v3, and vy blocks. Taking the
orthogonal complement in S”, (ker £4)* is therefore the matrix space in (17). Taking orthogonal complements
there, and using (21), gives

W-SRCQ at z <= (ker&s) Nker Vg(z) = {0},
1
app(z) = (Vg(z)(kera))
Let q, be the symmetric bilinear form associated with Q,:

0= (u,v) == (u, V3, L +QZZ L[PT(Vg(x)*u)Pli[PT (Vg(z) v) Ply;.

1€Ex JEY

Thus Q,(v) = q,(v,v). For v € appl(z), define H, € TaM, 4 b

(33)

[PT(Vg(2)*)Plaa  [PT(Vg()*0)Plag Zar o [PT(Vg(2)*v)Play
P"H,P = [PT(Vg(x)*v)P]sa 0 0 ,
(Zay o [PT(Vg(2)*0)Plas) | 0 0

~
—_

where (Zqaq)ij == 57;1 for i € aand j € «y. Formula (10) gives £4(H,) = Vg(z)*v. Moreover, Eigl —1==-X\/N\
for i € a and j € . Consequently, the definition of g, yields

(d,V2,L(z)v+Vg(z)(H, — Vg(2)"v)) = q.(d,v) VdeX. (34)
(a) Let (v,H) € X x TaM,, , belong to the kernel of dF, o ¢;'. By (15),
V2, L(z)v+ Vg(z)(H — Vg(z)*v) = 0, Ea(H) =Vyg(z)*v

The second equation and (10) imply v € appl(z). Since H, H, € TaM,, 4 and E4(H) = Vg(z)*v = £a(H,), we
have K := H — H, € ker{4. Then H = H, + K, and the first equation becomes

V2, L(z)v+ Vg(z)(H, — Vg(z)*v) + Vg(z)K = 0.

Pairing it with v, and using (33), (34), and appl(z) C app(z), gives Q.(v) = 0. The W-SOC gives v = 0. It
follows that H € (ker&4) Nker Vg(z), so the W-SRCQ and (33) give H = 0. Thus dF, is injective.

(b) If the W-SRCQ failed, (33) would give a nonzero H € (ker&a) N ker Vg(x). Then (15) would yield
(dF, o ¢ 1)(0, H) = 0, contradicting injectivity. Hence the W-SRCQ holds.

(c) Suppose, to the contrary, that the W-SOC fails. Then some 0 # v € appl(z) satisfies Q,(v) = 0. For
every d € C(z) and t € R, (20) and (22) give d + tv € C(z). The SONC therefore implies

0<Q.(d+tv) = Q.(d) +2tq.(d,v) VEeR,

and hence q,(d,v) = 0 for every d € C(z). By the SRCQ and Lemma 5, this equality extends to every d € app(z).
Equations (33) and (34) now give

VioL(z)v + Vg(z)(H, — Vg(x)™v) € Vg(z)(ker£4).
Choose R € ker &4 such that
Vy(z)R = —V2,L(z)v — Vg(z)(H, — Vg(z)*v),
and set H := H, + R. Then
Ea(H) = Vg(x)v,  Vi,L(z)v+ Vg(e)(H - Vg(z)*v) = 0.

Thus (15) gives (dF,0¢; 1) (v, H) = 0. Since v # 0, this contradicts the injectivity of dF,. Therefore the W-SOC
holds. g

Remark 19 The injectivity of dF, and the W-SRCQ are nondegeneracy conditions. The W-SOC is a definiteness
condition: @, # 0 on the subspace appl(z) \ {0} means that Q, is positive or negative definite there. In part (c)
the SONC excludes the negative-definite alternative. The SRCQ guarantees that the critical cone C(z) spans
app(z) (Lemma 5). Without the SRCQ, the SONC controls Q. only on C(z), which may span a proper subspace
of app(z), leaving the remaining directions required by the converse implication unconstrained. Examples 2
and 3 show that neither assumption can be dropped.
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Example 2 Let f(x) = 122 and g(z) = 21 + 1 € S for # € R?. Then z = (0,0) € R? x S! is a KKT pair
with G(2) =1 and 8 = v = 0, so C(z) = appl(z) = R? and Q. (v) = 2v1vs. Since X, = 1 is positive definite,
TS#(XZ) = S! and the SRCQ holds. Since Q.(1,—1) < 0, the SONC fails. Near z we have HS#(G) =G
and hence F(z,y) = (V.L(x,y), y), whose Jacobian at z is block triangular with nonsingular diagonal blocks
V2,L(z) = V2£(0) and 1, so on the open stratum /K/lvw the differential dF, = VF(z) is injective. Since
Q.(1,0) = 0, the W-SOC fails at z.

Ezample 3 Let f(x) = 122 and g(x) = Diag(x1, —x1) € S? for € R% Then z = (0,0) € R? xS? is a KKT pair
with G(2) = 0 and 8 = {1,2}, so, taking P = I, C(z) = appl(z) = {v € R? | v; = 0} and Q. (v) = 2v;vs. Since
Q. = 0 on C(z), the SONC holds and the W-SOC fails. By X, =Y, = 0, the SRCQ requires ¢'(z)R?+52 = §%
Every matrix in this sum has nonnegative trace, so the SRCQ fails. On ./K/lvog ={(z,y) | y = —g(x)} we have
G =0 and F(xay) = (me(I',y), 7g(x))a SO

dF; (v, —g'(x)v) = ((v2 — 201, v1), — Diag(v1, —v1)),
and dF, is injective.

For p + ¢ = n the stratum /K/lvp,q is open in X x S”, and at its points TZ/,\\/lJp,q =X xS§", dF, = VF(z), and
app(z) = appl(z). In this setting the kernel analysis underlying Theorem 6 admits the following quantitative
counterpart.

Lemma 9 Let z = (z,y) € Mp,q with p+ ¢ = n, and suppose that VF(z) is nonsingular. Then
Umin(QZ|appl(2)) > ’fz_la Rz = HVF(Z)_1|| (1 + HVg(x)H)

Proof Let (a,(,v,p,q, P,\) be an IED of G(z) and £ := &g(.). Fix a unit v € appl(z). It suffices to construct
H € S™ with

(VE() 02 ") (0, H) = (Qalappics) v: 0) (35)
where ¢, is the isomorphism of (13): indeed, ||¢.|| <1+ [|[Vg(z)]], so (35) yields
¢z (v, H)|l [[(0, H)| 1 1
Qz a 2)U 2 £ 2 2 ’%z v = I{z .
[@-beviorell 2 pey = [oree 2 =
Since p + g = n, dF, = VF(z), and Proposition 2 reads
(VF(2) 007" (v, H) = (V2,L(=)0 + V(o) (H = Vg(a)"v), ~Vg(x)'v+E(H)). (36)

By (10) and (22) with 8 = ), there is a unique Hy € S™ with [PT HoP],, = 0 and £(Hp) = Vg(x)*v, and it
satisfies

— 1) [P (Vg 0Pl = 52T (Ve 0Py (ica jen. @7

[PT(Ho — Vg(z)*v)P);; = (

=y
while all other blocks of PT(Hy — Vg(x)*v)P vanish. Moreover, ker ¢ consists of the H' with P" H' P supported
in the vy block, so by (22) with 8 = 0, the subspaces Vg(z)ker ¢ and appl(z) are orthogonal complements of
each other in X.

Set H := Hy + H', where H' € ker¢ is chosen with Vg(2)H' = —IIgy)kerer for v := V2, L(z)v +
Vy(x)(Ho — Vg(z)*v), with IIyg(z)kere the orthogonal projection onto Vg(x)ker£. Then the two components
of (36) equal IT,ppi(z)7 and 0.

It remains to verify IT,,p1(2)7 = Qz|appi(z)v- For every v € appl(z),

(W',r) = (', V3, L(z)v) + (Vg(z)*v', Ho— Vg(z)"v)
= (v, V2, L(z)v) + (PT(Vg(z)*v')P, PT(Ho — Vg(z)*v)P)
=, V2, L(z)v) +2) > _Qj [PT(Vg(x)v")Pij [PT (Vg(x)*v) Py

i€Eq JEY

= <U/7 QZ‘appl(Z)U>’

where the third equality uses (37), and the fourth follows from (19) and the definition of Q.|.ppi(2). Since
I pp1(2)r and Q. [appi(z)v both lie in appl(z), they coincide, and (35) holds with H = Ho + H'. O
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When z = (z,7) is a KKT pair, the injectivity of dF; acquires an additional solution-level interpretation.
At such a pair, the extended SRCQ, SONC, and W-SRCQ coincide with their KKT-point counterparts by the
reductions in Section 3.2. Under the SONC, the non-vanishing W-SOC in Definition 24 likewise coincides with
the strict-positivity condition in Definition 10; see (23).

Theorem 7 Let z = (%,%) be a KKT pair of (1) with an IED («, 3,7,p,q, P,\) of G(2). The following two
statements are equivalent:

(a) the manifold differential dF is injective;
(b) the KKT mapping F is stratum-restricted strongly metrically reqular on M, 4 at (Z, F(Z)).

Moreover, if the SRCQ and the SONC hold at z, statements (a) and (b) are further equivalent to:
(c) the W-SOC and the W-SRCQ hold simultaneously at Z.

Proof (a)=-(b). By [36, Proposition 5.18], there exists a neighborhood U C /K/lvp,q of z and a submanifold U’
containing F'(z), embedded in X x S™, such that F' is a diffeomorphism from U onto U’. Denote the restriction
of F to U by Fy. The restriction Fy,;' is therefore single-valued and smooth on F(I). After shrinking & and
choosing V accordingly, this inverse is Lipschitz on the local image, so Definition 28 holds.

(b)=-(a). By Remark 18, statement (b) implies the existence of a neighborhood U/ C M,, , of Z such that
F|y is bijective with a Lipschitz inverse. Suppose for contradiction that dF; is not injective, so there exists
0#ve Tg/f\/lvnq with dFz(v) = 0. Choose a smooth curve ¢ : (—¢,¢) — U with ¢(0) = Z and ¢/(0) = v. Since
F‘M,,,q is smooth, F(c(t)) — F(Z) = t dF;(v) 4+ o(t) = o(t), so

lle() = zll = B (F(e(t)) = B ' (F(2)| < LIF(e(t) = F(2)ll = o(t),
contradicting ¢(t) — zZ = tv + o(t) with v # 0.
The equivalence (a)<(c) under the SRCQ and the SONC follows directly from Theorem 6. O
The following example contrasts stratum-restricted and ambient strong metric regularity.

Example 4 Consider

1, . 10
min S subject to g(z) = [O xz} = 0.

The pair z = (0,0) is a KKT pair and G(z) = Diag(1,0). Since v = (), the W-SRCQ holds at z. Moreover,
appl(z) = R and Q:(v,) = v2, so the W-SOC also holds. A direct calculation gives

TiMio = {(vs,0,) | (0y)22 =0}, dFs(vy,0,) = (vz,0,).

Hence, by Theorem 7, F' is stratum-restricted strongly metrically regular at Z.
Let Fap := Diag(0,1) and z! = (0,tFE2s). Since F(z!) = F(z) = 0 for all t < 0, F~1(0) is not locally
single-valued and ambient strong metric regularity fails.

The Clarke generalized Jacobian from Definition 14 plays a central role in classical semismooth Newton
methods. We next show that every element of the ambient Clarke generalized Jacobian acts on vectors tangent
to the stratum as the manifold differential dF,. In particular, if dF, is not injective, then every element of
0cF(z) is singular, with a common nonzero kernel direction tangent to the stratum.

Proposition 8 For every z = (z,y) € X x §",
Uv =dF,v for alld € OcF(z) and v € T. M.
In particular, if the manifold differential dF, is not injective, then every element of OcF(z) is singular.

Proof Let U € doF(2) and v = (vy,v,) € ToM, and set H := Vg(z)*v, + v, € Ta(z)Mp,q- The structural
characterizations in [41, Lemma 11] and [48, Lemma 2.1] give V € Oc1lsy (G(2)) and W € 9cIys (0) such that
+

_ V2 L(z,y)ve + Vg(z)vy

“o=1""Z9g(@) ve + V(H)

and, writing H= PTHP,
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Because H € Tg(.) M, 4, Proposition 1 gives I;fgg = 0. Hence W(ﬁﬁg) =0and V(H) = {g(.)(H). The formula

for dF, in (15) now gives Uv = dF,v. If dF, is not injective, a nonzero v € T, M with dF,v = 0 therefore lies
in the kernel of every element of ¢ F(z). O

Together with the injectivity characterization above, Proposition 8 connects the Clarke generalized Jaco-
bian with the weak second-order conditions. Under the SRCQ and the SONC, the W-SOC used here, which
is formulated by non-vanishing, is equivalent to strict positivity on appl(z) \ {0}. This yields the following
equivalence.

Corollary 2 Let z = (Z,y) be a KKT pair of (1). Suppose that the SRCQ and the SONC hold at zZ. Then the
following statements are equivalent:

(a) the W-SOC and the W-SRCQ hold at Z;

(b) the manifold differential dFs is injective;

(c) the KKT mapping F is stratum-restricted strongly metrically regular on Mp,q at (2, F(2));
(d) there exists a nonsingular element of O F(Z).

In particular, the equivalence holds for convex instances of (1) satisfying the SRCQ.

Proof The implication (a)=-(b) follows from Theorem 6(a), while (b)=-(a) follows from Theorem 6(b)—(c). The
equivalence (b)<(c) is Theorem 7, and Proposition 8 gives (d)=-(b).

For every v,, € appl(Z), one has tv, € C(z) for all t € R. Hence the SONC implies the W-SONC. Consequently,
the W-SOC is equivalent to strict positivity on appl(Zz) \ {0}, and (a)=-(d) follows from [25, Proposition 4]. For
convex instances, the SONC is automatic by Remark 9. O

Remark 20 Proposition 8 and Corollary 2 have a direct consequence for Newton linearizations. Let Z be a
KKT pair at which the SRCQ and the SONC hold. If the W-SOC and the W-SRCQ do not hold simultane-
ously, then stratum-restricted strong metric regularity fails and every element of doF(Z) is singular. Conse-
quently, every semismooth Newton system formed from an element of ¢ F(Z) is singular. Thus, in this setting,
stratum-restricted strong metric regularity is necessary for the existence of a nonsingular semismooth Newton
linearization.

5.2 Analysis across strata

This subsection turns to perturbations across neighboring strata and relates the weak conditions to their strong
counterparts.

5.2.1 Constraint qualifications

The following proposition shows that the W-SRCQ is stable under perturbations that preserve the negative
inertia index of G(%).

Proposition 9 Let z = (Z,7) € X x S", and let q be the negative inertia index of G(Z). If the W-SRCQ holds
at z, then there exists a neighborhood U of Z such that the W-SRCQ holds at every z € U for which G(z) has
negative inertia index q.

Proof Let (o, B,7,p,q, P,\) be an IED of G(Z). Suppose for contradiction that the assertion fails. Then there
exists a sequence z¥ = (z¥,y") — Z such that the negative inertia index of G(z¥) is ¢ and the W-SRCQ
fails at each z¥. Passing to a subsequence and relabeling the IEDs if necessary, we write an IED of G(z¥) as
(o, 8", 7,0, q, P*, \¥) with fixed index sets (¢/,3’,7). By [15, Lemma 3], passing to a further subsequence,
PY — P’ for some P’ € O™"(G(2)). Eigenvalue continuity gives 5’ C 3.

Since the W-SRCQ fails at 2z, there exists 0 £ W" € S™ such that

W, ¢'(z")u) =0 YueX and (W”, PYB(P")")=0 VYBeS": Bg, =0, B,, =0.
Normalizing ||[W"|| = 1 and passing to a further subsequence W* — W # 0, letting v — oo yields
(W, ¢'(z)u)y =0 YueX and ¢ (z)X+{P'B(P)"|Bg., =0, B,, =0} #S"
Since P’ € O"(G(%z)) and B’ C 8, this contradicts the W-SRCQ at Z. O
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Constraint nondegeneracy enjoys an unconditional openness property with no restriction on the inertia
indices.

Corollary 3 Let z = (Z,y) € XxS™. If the constraint nondegeneracy holds at Z, then there exists a neighborhood
U of Z such that the constraint nondegeneracy holds at every z € U.

Proof Let (o, 8,7,D,q, P,\) be an IED of G(Z). Suppose for contradiction that there exists a sequence z¥ =
(z¥,y") — Z at which constraint nondegeneracy fails. Passing to a subsequence and relabeling the IEDs if
necessary, we write an IED of G(2¥) as (o/, 5,7, p', ¢, P¥, \¥) with fixed index sets (¢/, 5,7'). By [15, Lemma 3],
passing to a further subsequence, P¥ — P’ for some P’ € O™ (G(Z)). Eigenvalue continuity gives o’ 2 a, 7' 2 7,
and 3’ C .

Failure of (16) at z¥ yields 0 # W" € S™ with

W, ¢ (@) u)y=0 YueX and (WY, P'B(P")')=0 VB: Bgg =0, Bgy =0, By = 0.
Normalizing and passing to a limit W — W #£ 0 gives
g (@X+{P'B(P)" | Byrg =0, Bgryy =0, Byryy =0} # 87,

The inclusions 8’ C 8 and +' D v show that the subspace in the last display contains the left-hand side of (16)
at z with eigenbasis P’. This contradicts constraint nondegeneracy at Zz. O

The preceding W-SRCQ openness result shows stability under preservation of the negative inertia index.
We now show that the classical strong-form condition, constraint nondegeneracy, is precisely the condition that
enforces this stability uniformly across all nearby strata.

Theorem 8 Let z = (Z,7) € X x S™. The following three statements are equivalent:

(a) the constraint nondegeneracy holds at Z;
(b) the W-SRCQ holds at every pair (x,y) sufficiently close to (Z,7);
(¢) the W-SRCQ holds at every pair (Z,y) with y sufficiently close to .

Proof (a)=-(b). By Corollary 3, constraint nondegeneracy holds for all (z,y) sufficiently close to (Z,7), which
directly implies the W-SRCQ via Definition 20.

(b)=(c). Trivial.

(c)=(a). Let (o, 3,7, p,q, P, A\) be an IED of G(z), and define

000
y'=g5—P|0tI0| PT, >0 small
000

By assumption, the W-SRCQ holds at (Z,y?). Applying Definition 20 at (Z,y?) immediately recovers constraint
nondegeneracy at (Z, 7). O

Example 4 also shows why preservation of the negative inertia index is essential in Proposition 9, and how
the failure of constraint nondegeneracy obstructs the local validity in Theorem 8. Indeed, ¢'(0) = 0 and

g (0)R+{B € S?| Byy = 0} #S?,

so constraint nondegeneracy fails at z. For the family 2t = (0,#FE53) defined in Example 4, the negative inertia
index remains zero and the W-SRCQ holds when ¢ > 0. When ¢ < 0, the negative inertia index becomes one
and the W-SRCQ reduces to the proper subspace displayed above, so it fails.

The preceding theorem directly characterizes the classical constraint nondegeneracy in Definition 4 in terms
of the local validity of the W-SRCQ.

Corollary 4 Let T be a feasible point of (1) and § € M(Zz). Then constraint nondegeneracy holds at T if and
only if the W-SRCQ holds at every pair (z,y) sufficiently close to (Z,y). It is also equivalent to the existence of
a matriz y strictly complementary to g(Z) such that the W-SRCQ holds at (Z,y).

Next we record the stratified closedness of the W-SRCQ: if the W-SRCQ holds throughout a neighborhood
intersected with a stratum M, 4, then it automatically holds on all lower-g strata in that neighborhood.

Proposition 10 Let U be an open set in X x S™. If the W-SRCQ holds at every z € U N /T/l/pvq for some p, q,
then the W-SRCQ holds at every z € U N My, o for all 0 < ¢’ < gq.
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Proof Fix ¢ < qand z = (z,y) eUN //\/lv%q/ with IED (o, 8,7/, p,¢', P, \) of G(2). Define

000 0
oo o o] o1
A=Plgog_ro| ¥

0000

where the blocks have dimensions p, n —p —q, ¢ — ¢', ¢’. For t > 0 the point 2t = (x,y + tA) lies in ./K/lvnq, and
2t — 2z ast | 0. For small ¢, 2! € U, so by hypothesis the W-SRCQ holds at z!:

¢ (z)X+{PBP" | Bg, =0, B,, =0} =S",

where 8 ={p+1,...,n—q}and y={n—q+1,...,n}. Since 8 C B’ and v 2 7/, the subspace appearing above
for 2% is contained in the analogous W-SRCQ subspace at z. Hence the span remains S™ and the W-SRCQ holds
at z. ([

5.2.2 Second-order conditions

The following proposition shows that the W-SOC is stable under perturbations that preserve the positive inertia
index of G(z).

Proposition 11 Let z = (Z,y) € X x S", and let p be the positive inertia index of G(Z). If the W-SOC holds
at z, then there exists a neighborhood U of z such that the W-SOC holds at every z € U for which G(z) has
positive inertia index p.

Proof Let (a, 3,7, p, G, P,\) be an IED of G(Z). Suppose for contradiction that the assertion fails. There exists a
sequence z¥ = (¥, y") — Z such that the positive inertia index of G(2¥) is p and the W-SOC fails at z”. Passing
to a subsequence and relabeling the IEDs if necessary, we write an IED of G(z¥) as (&, 5,7, D, ¢, P¥, \¥) with
fixed index sets (@, 8',7'). By [15, Lemma 3], passing to a further subsequence, P — P’ for some P’ € O"(G(z)).
Eigenvalue continuity gives v/ D 7.

The failure of the W-SOC at z” yields d¥ € X with ||d”|| = 1, d¥ € appl(z”), and

Ds
Y

(P (Vg )P =0,

(0, Ve L(z")d") +2)

i€ajey *t
together with [(P*)T (Vg(¥)*d) P*]gra = 0, [(P*)T (Vg(a¥)*d") PY]grs = 0, and [(P*)T (Vg(a)*d*) P¥)ry =
0. Passing to a subsequence d” — d* with ||d*°|| = 1 and taking v — oo, the three zero-block conditions on d”

pass to the limit: since P¥ — P’ and 2” — z, we get [(P)T(Vg(z)*d>®)P'|gg = 0, [(P") T (Vg(z)*d®)P']g., =
0, and [(P')"(Vg(z)*d>®)P'],y = 0. Because & = {1,...,p} is fixed, B/ Uy = BUF = {p+1,...,n}, so
these three conditions together say the entire 3 U4 block of (P')T(Vg(Z)*d>)P’ vanishes, which is exactly
d> € appl(z). For the quadratic form, the terms with j € 4 converge normally to give Qz(d*>°). The terms with
j € 4"\ 7 vanish in the limit because A; = 0 while the block entries remain bounded. Hence Q;(d>) = 0 with

d> € appl(z) \ {0}, contradicting the W-SOC at z. O

The preceding W-SOC openness result shows stability under preservation of the positive inertia index.
We now show that the classical strong-form condition, the S-SOSC, is precisely the condition that enforces this
stability uniformly across all nearby strata. The dual picture requires a notion of uniform validity of the W-SOC
on a neighborhood.

Definition 29 Let Z C X x S™. The W-SOC is said to hold uniformly on Z if there exists a constant ¢ > 0
such that, for every z = (z,y) € Z with IED (q, 8,7, p,q, P, A) of G(z2),

Q.(vy) > CHU$||2 Vv, € appl(z). (38)

The reason why uniformity strengthens the pointwise non-vanishing condition to a strict positive lower
bound is discussed in the subsequent remark.

Remark 21 The W-SOC requires only non-vanishing and does not prescribe a sign. Under the W-SONC, how-
ever, this non-vanishing condition is equivalent to strict positivity. Requiring a common positive modulus on
a neighborhood is therefore the corresponding uniform condition. This could be termed the uniform W-SOSC,
but since the W-SOSC would not be used separately, we avoid introducing additional notation and retain the
term uniform W-SOC.
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Theorem 9 Let z = (z,y) € X x S"™. The following three statements are equivalent:

(a) the S-SOSC holds at Z;
(b) the W-SOC holds uniformly on some neighborhood of z;
(¢c) the W-SOC holds uniformly on {(Z,y) | y € V} for some neighborhood V of §.

Proof Let (&, 3,%,D,q, P, \) be an IED of G(2).

(a)=(b). Suppose that (a) holds but (b) fails. Then there exist z¥ = (z¥,y”) — Z and ¢” | 0 such that the
inequality in (38) with ¢ = ¢” fails at z”. Passing to a subsequence and relabeling the IEDs if necessary, we write
an IED of G(z") as («, 8,7, p, q, P¥, \*) with fixed index sets («, 8,7). The conditions at Z are independent of
the reference IED. Hence, by [15, Lemma 3], after passing to a further subsequence we may choose P so that
PY — P € O"(G(%)). Eigenvalue continuity gives o 2 @, 8 C 3, and v D 7.

The failure of (38) at z” yields d” € appl(z”) with ||d”|| =1 and

(@, Vi, L(z")d")

T Vg(x”)*d”)P”]?j <. (39)
i€ JEY i

Since the Hessian term in (39) is bounded and all spectral terms are nonnegative, the spectral sum is uniformly
bounded above. For i € a\ @ and j € ¥ we have A} — 0 and A\Y — \; <0, so —A\Y/A/ — +o0. Hence

[(P”)T(Vg(x”)*d”)P”}ij =0 Viea\aq, je?.

Passing to a subsequence, suppose that d¥ — d* with ||d*>°|| = 1. We first show that d> € app(z). The
condition d” € appl(z”) gives the vanishing of the 8-y and -+ blocks. Since v D 7, the 4% block condition follows
in the limit. For the 3% block, the row indices in /3 split into o \ &, 3, and 7 \ 7. The parts with row indices in
B and v\ 7 vanish by the Sy and 7y block conditions for d”, respectively. The part with row indices in o\ @
vanishes by the preceding blow-up argument. Thus the two block conditions in (21) hold for d* at Zz.

We now pass to the second-order expression. Since @ C « and 4 C ~, and since all omitted spectral terms
are nonnegative, (39) implies

(@, V3, L(z")d")

T Vg(m”)*d”)P”]?j <.
ica jey
Taking v — oo yields
= L) + 2 Y P (Bl )P <0
1EQ JEY
This contradicts the S-SOSC at Zz.
(b)=(c). Trivial. B -
(c)=(a). Define A = P Diag(0p,15,04)P", where I is the identity of order n — p — g. For small ¢ > 0,
2t = (Z,7+tA) — Z and G(2?) has the same P-eigenbasis with a- and J-eigenvalues unchanged and j3-eigenvalues
shifted to t > 0. By assumption there exists ¢ > 0 such that

(v, V2, L(zt) v, +QZZ PT (Vg(z)*ve) PJZ; + 2 Z Z PT (Vg(z)*ve) Pl > cllug||* (40)

1€EQ JEY i=p+1j€Yy

for all v, € appl(z') = {v, | [PT(Vg(Z)*vs)Plss = 0}. If the S-SOSC fails at z, there exists d € app(2) \ {0}
with Qz(d) < 0. Because d € app(Zz) implies d € appl(z") and the cross terms involving 1/¢ vanish on app(z),
substituting v, = d into (40) and letting ¢ | 0 gives Q5(d) > ¢||d||*> > 0, a contradiction. O

The following example shows that the W-SOC may hold at a reference pair even though the S-SOSC fails
there and, consequently, the W-SOC does not hold uniformly on any neighborhood of that pair.

Ezxample 5 Consider

1
(ml)rg)ew ix% subject to g(x1,29) = [é ;)2
and the KKT pair z = ((0,0),0), for which G(z) = Diag(1,0), with p =1, ¢ =0, 8 = {2}, and v = (). Directly
from (22), appl(z) = {(v1,v2) € R? | v3 = 0}, and Q;(v1,v2) = v?. Hence the W-SOC holds at z. On the
other hand, app(z) = R? and Q;(0,1) = 0, so the S-SOSC fails at z. For t > 0, let 2t = ((0,¢),0). Then
G(2') = Diag(1,t) is positive definite, so appl(z') = R? and Q.+ (v, vs) = vZ. Thus the W-SOC fails at every z*
in the direction (0, 1), while 2t — z as t | 0.

-0
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Corollary 5 Let z = (Z,y) € X x S"™. The following uniform S-SOSC' is equivalent to the three statements in
Theorem 9: there exist a neighborhood U of Z and a constant ¢ > 0 such that

Q.(vy) > c||vz|* Vv. €app(z), VzelU.

Proof By Theorem 9, it suffices to prove that the S-SOSC at z is equivalent to the displayed uniform S-SOSC.
The uniform condition immediately implies the S-SOSC by taking z = z. Conversely, suppose that the S-SOSC
holds at z and that the uniform condition above fails. Then there exist z¥ — z, ¢” | 0, and d” € app(z”) with
|ld”|| =1 and Q,»(d”) < ¢”. Repeating the proof of Theorem 9(a)=-(b), with app(z”) in place of appl(z"), gives
a subsequence d” — d* such that d*° € app(z), [|d*°|| = 1, and Qz(d*°) < 0, contradicting the S-SOSC at z.
O

The following stratified closedness result is the dual analogue of Proposition 10: uniform W-SOC on a
stratum extends to all lower-p strata.

Proposition 12 Let U be an open set in X x S™. If the W-SOC' holds uniformly on U N Mvp,q for some p,q,
then it holds uniformly on U N M, 4 for every 0 < p’ < p.

Proof Let ¢ > 0 be a uniform constant for the W-SOC on U/ ﬂ./,\/lvnq. Fixp’' <pand z = (x,y) € umMVp’,q with
IED (¢, 87,7, 4, P, \) of G(2). Define
0000
B 07I00|
A=P 0000 P
0000

where the blocks have dimensions p’, p —p’, n — p — ¢, and ¢. For all sufficiently small ¢ > 0, 2¢ = (z,y +tA) €
M, NU with IED («, B,7,p, g, P, A + tdiag(PT AP)), where o O o/ and 3 C 8. By hypothesis,

(o, Ve, L(a) +2 303 = NPT (V) e P +2 Y > N [PT (Vo) 0a) P2 2 el

i€a’ jey ica\a’ JEY

for all v, € appl(z?). Since 8 C 3, appl(z) C appl(z?). If the bound with the constant c failed at z, there would
exist nonzero d € appl(z) such that Q.(d) < c||d|>. But d € appl(z'), and the cross terms vanish on appl(z).
Substituting d and letting ¢ | 0 yields a contradiction. Since p’ < p and z were arbitrary, the same constant c
proves the result. ([l

5.2.3 Local uniform wvalidity of the weak second order condition

The preceding subsubsections studied the perturbation behavior of the constraint qualification and of the
second order condition. This subsubsection establishes a stronger local consequence: under an additional uniform
injectivity assumption, the SONC at the reference pair propagates to the local uniform validity of the W-SOC.
The following assumption is central to this subsubsection. Its local uniform injectivity condition is closely related
to the Aubin property of F~1.

Assumption 10 The SONC holds at z = (Z,7) € X x S™, and there exist k > 0 and a neighborhood U of z
such that, for every (p,q),

[dF|| > &Yl  VzeUN My, YveT.M,, (41)

Throughout this subsubsection, (&, 3,7, 7, q, P, \) is a fixed IED of G(2) and k := |B|. After shrinking U/ if
necessary, set

K=k (1+ sup [Vg(z)||) < oc. (42)
(z,y)eU

For M € S* define the multiplier slice - -
v = (7, g+ PBMPBT),
where ]55 collects the B-columns of P. Then G(zp) = G(2) + PBMPBT admits an IED whose &- and #¥-data

agree with those of G(Z) and whose B-part carries the eigenvalues of M, with eigenvectors rotated inside the 3
block by an eigenframe of M; in particular, z,; lies on a stratum with p+4 ¢ = n iff M is nonsingular. Fix ¢t; > 0
such that zps € U whenever ||M]| < 2t;. Combining (41) with Lemma 9 gives

Omin (Qzlappl(z)) = 1/K for every z e U N Mvp,q with p + g = n; (43)
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in particular, this applies to z3s for every nonsingular M € S* with | M| < 2t;.
We first record the immediate regularity consequences of the uniform injectivity assumption, which will
supply the base conditions for the subsequent inertia argument.

Proposition 13 Under Assumption 10:

(a) the W-SRCQ holds at every z € U;
(b) the constraint nondegeneracy, and thus the SRCQ, holds at every z € U;
(c) the W-SOC and the W-SONC hold at z.

Proof (a) By (41), dF. is injective for every z € U. Hence Theorem 6(b) yields the W-SRCQ at every z € U.
(b) Since U is open, statement (a) provides the W-SRCQ on an ambient neighborhood of each z € U. Hence

Theorem 8 gives the constraint nondegeneracy at every z € U, which clearly implies the SRCQ.
(¢) Theorem 6(c) gives the W-SOC at z and the SONC gives the W-SONC. O

We next isolate the linear-algebraic device used to pass to singular limits. It shows that, in the presence
of a diverging positive semidefinite term, the limiting negative inertia is determined by the compression to the
kernel of that term. For a self-adjoint operator or quadratic form A, n_(A) denotes the number of negative
eigenvalues of A, counted with multiplicity. On the zero-dimensional space, we use the conventions n_(A4) = 0
and opin(4) = +00.

Lemma 10 Let V. =W @& W' be an orthogonal decomposition of a finite-dimensional inner-product space, and
for s € (0,s0] let As = Qs + s~ 1B be self-adjoint operators on V with B = 0, ker B =W, Qs — Qo as s } 0,
and omin(As) > ¢ > 0 for all s. Then the compression Qolw is nondegenerate with omin(Qolw) > ¢, and for all
small s,

n_(As) =n_(Qolw).

Proof It W' = {0}, then B = 0 and A, = Qs — Qo, so the conclusion follows directly from the uniform
lower bound on opyin(As). Hence suppose W’ £ {0}. Since B = 0 and ker B = W, the compression B|y-
is positive definite, so for all small s, As|w: = (s omin(Blw) — [|Qs])I = 0. Eliminating the W’-block by
block Gaussian elimination transforms Ag, by congruence, into the block-diagonal operator formed by Ag|w-
and its Schur complement Sy on W. Congruence preserves inertia, and the positive definite block Ag|y- has
no negative eigenvalues. Hence n_(A4;) = n_(Ss). For a unit w € W, the invertibility of the W’'-block yields
u € W with Ag(w +u) = (Ssw,0) € Wa W', so ||Ssw|| > ¢||w+ ul| > ¢, and therefore oyin(Ss) > ¢. Since B
is self-adjoint with ker B = W, its range is W', so the W-diagonal and off-diagonal blocks of A4 are those of
Qs, while the inverse of the W’-block is O(s). Hence S5 = Qs|w + O(s) — Qo|lw. Two nondegenerate operators
with a common modulus ¢ at distance — 0 share their inertia, so n_(Ss) = n_(Qo|w) for small s, and oy, > ¢
passes to the limit. (Il

For orthonormal vectors uy,...,us € RF (0 < £ < k) set
Aluy, ..., ug) := {v € app(Z) | PBT(VQ(JE)*U)PB uj =0, j=1,...,0}.

Thus A() = app(z), while A(uy,...,ur) = appl(z) for any orthonormal basis ui,...,u;. For £ <k —1 and a
unit vector ug L span{uq,...,us}, set

By = Aur, ... ,ug) N{v| UOTPBT (Vg(z)*v) P ug = 0},

which imposes only the scalar constraint in the direction wug, so that A(u1,...,us) 2 Eu, 2 A(u1, ..., us, up).

These definitions are made for the proof of Theorem 11, which descends from appl(z), where the positivity
of Qs is known, to app(Zz), along the filtration A(uq,...,uy), one direction at a time. The intermediate space
E,, is needed because a negative direction w of Qz on A(uy,...,us) yields, in general, only a unit uy with the
scalar property uOTPBT (Vg(a‘:)*w)PBuo = 0, that is, membership w € E,, rather than w € A(uy,...,us, ugp).
The next proposition uses nonsingular multiplier slices and the preceding inertia lemma to show that, for the
purpose of counting negative directions, the two spaces are interchangeable. This is the induction step needed
in the proof of Theorem 11.

Proposition 14 Suppose that Assumption 10 holds. For every 0 < £ < k—1, every orthonormal ui, . .. ,u; € R¥,

and every unit ug L span{uy,...,us}:

(i) n— (QE E'u,U) =n- (QE‘A(“M--,W,UU));

(ii) every neighborhood of 0 in Sk contains a nonsingular M with exactly k — £ — 1 positive eigenvalues such that
n— (QZM |appl(zM)) =n_ (QE‘A(ul,...,u[,ug))a and at >0 with n_ (talk |app1(2uk)) =n- (Q'?'A()) :




Stratification for Nonlinear Semidefinite Programming: Geometry and Perturbation Analysis 35

Proof Choose an orthonormal basis w1, ..., wg_g_1 of
span{uy, ..., ug, uo}r.
If ¢ =k —1, then E,, = A(uq,...,us up), so (i) is immediate and all sums below are empty.
Choose ¢ > 0 sufficiently small and set Mo := —0 >, ., uju; . For w = (wi,...,wk—r—-1) € (0, o0)k=#=1 and
s 4 0, define

Mg = My — suouo + Z (s/wi) wsz.
i<k—(—1
Then M, is nonsingular and has exactly k — ¢ — 1 positive eigenvalues. Taking s and § small ensures | M;]|| < 2t4,
so (43) applies to zyr,. For s < 6%, within the j3-block, the positive eigenpairs of My are (w;, s/w;), while its
negative eigenpairs are (ug, —s) and (u;,—9d), j = 1,...,£. Accordingly, in the IED of G(zas,), the index set
{3 splits into the three groups By, Bu,, and B, indexing the eigenvectors pBwi, P_’Buo, and Pguj, respectively.
Substituting these eigenpairs into (19), for every v € appl(zas,) we obtain

Q... (v) = (v, V2, L(zar,) v>+2ZZ Vg(z)"v) P];,

Z

1EQ JEY
+QSZ P—r (Vg(z)* v)PBuoﬁ
1EQ
+ 2522 PT (Vg(z)* ’U)PB’LLJ']?
€@ j<€

Z wlz 3 [wl P (Vg(ay) 2]

S i<h—t—1 jen J

2SS (] B (V@) Py

i<k—0—1j<¢
_ _ 2
+2 Z w; (w;'—PB:r (Vg(;?)*v)Pguo) .
i<k—0—1

Since the negative eigenspace of G(zy,) is independent of both s and w, (22) shows that appl(zas,) is also
independent of s and w. The nonnegative terms in the preceding expansion of Q.,, indexed by (Buw,?) and
(Bw, Bu) have coefficients proportional to s~1. For v € appl(zys, ), they vanish simultaneously exactly when the
following equalities hold for all i <k — ¢ —1 and j < £:

] B (V9@ v)Py =0, w] B] (Vo(e)"s) Py, =0

Together with the constraints defining appl(zys, ), these are precisely the constraints defining F,,. Define the
quadratic form Rs: X — R by

= <v [ V2, ZMO)—V2 (‘)]v)
—|—2(522 [PT(Vg(z)™) }guj]f.
e J<Z

Since 2y, — 2 = O(0), there is a constant Cy > 0 such that [|Rs|| < Cod. Then for v € Ey,, Q.,, (v) converges,
as s | 0, to ¢, (v), where the quadratic form g, : E,, — R is defined by

qw(v) == Qz(v) + Rs(v) + 2 Z w; (w;rpg (Vg(g’c)*v)PEuo)Q .
i<k—f—1

To apply Lemma 10, write the sum of the (B,,%) and (B, B,) terms as s~' B. For fixed w and 4, the quadratic
form B is independent of s and positive semidefinite. The equalities above show that its kernel in appl(zps,)
is E,,. The remaining terms have coefficients converging as s | 0, so they converge as quadratic forms on the
whole fixed space appl(zas,), and the compression of their limit to E,, is q,,. Moreover, (43) gives

)21/.%'.

Omin (QZJWS appl(zns; )

Since the modulus bound in (43) is independent of Mj, for every w the lemma shows that ¢, is nondegenerate
with the same bound opmin(q,) > 1/£" and, for all sufficiently small s,

n— (Qw) =n- (QZMg

appl(ZMS)) : (44)
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Suppose first that £ < k — 1. The parameter set (0,00)*~¢~! is connected, and the uniformly nondegenerate

forms ¢, depend continuously on w. Hence n_(q,,) is constant in w. Along the ray wy = -+- = wk_¢—1 =1, t > 0,
letting ¢ | O gives the compression of Qz + Rs to E,,,. Letting ¢ — oo and applying Lemma 10 once more gives
its compression to

{veE,,| w;rpg(Vg(g’c)*v)PBuo =0,i=1,....k—C—1} = A(u1, ..., ug, up).

Thus these two compressions have the same n_. They moreover retain the modulus 1/£’. At ¢ | 0 the forms
converge on the fixed space E,,,, so their eigenvalues, lying outside (—1/k’,1/k’), keep this property in the
limit. At t — oo, Lemma 10 delivers the bound o, > 1/’ directly. The same conclusion is immediate when
¢ =k — 1. Now choose ¢ with Cyd < 1/(2k’). Since ||Rs|| < Cpd, removing Rs moves the eigenvalues of both
compressions by at most Cyd, so no eigenvalue reaches zero and neither inertia changes. This proves (i).

For any fixed w, equality (44) identifies n_ (QZMS |apP1(ZA15))’ for all small s, with the common value just
obtained. Since § may be chosen arbitrarily small and then s may be chosen arbitrarily small, the resulting
nonsingular My, with exactly k — ¢ — 1 positive eigenvalues, can be placed in any prescribed neighborhood of 0.
This proves the first assertion in (ii).

Finally, consider the slices z;7, with ¢ | 0. The space appl(z¢, ) does not depend on ¢, and in the expansion of
Q.,,, according to (19), the (B3,7)-terms have coefficients —\;/t. Apply Lemma 10 with B now the sum of these
terms, whose kernel in appl(z:;y,) is A() = app(Z), and with the remaining terms converging to Qz. Together
with (43), this yields

n— (Qz”k ‘appl(z“k)) =n- (QilA())

for all sufficiently small ¢ > 0, completing (ii). O

Theorem 11 Under Assumption 10, there exists a neighborhood U' C U of Z such that
1
Q. (vg) > EHUIHQ VzelU', Vv, € appl(z),

where k' is defined in (42). Consequently, the W-SOC holds uniformly on U’ in the sense of Definition 29; in
particular, the W-SONC holds at every z € U'.

Proof If k = 0, then 8 = () and appl(2) = app(2). By Proposition 13(c), the W-SOC and the W-SONC hold

at Z, so the S-SOSC holds there. After shrinking the neighborhood, Corollary 5 gives positivity of Q.|.ppi(z),

while (43) gives the modulus 1/x’. Hence the desired bound follows. We may therefore suppose that k > 1.
We first prove, by downward induction on £ =k, k—1,...,0:

(Py) : n_(Qg|A(u1,_“7W)) =0 for every orthonormal wuy, ..., uy.

For ¢ =k, A(uy,...,ur) = appl(Z). By the W-SONC at z (Proposition 13(c)), Qs > 0 on this space, so (Py)
holds. Let £ < k, assume (Py41), and fix A := A(uy, ..., u). Suppose, for contradiction, that n_(Qz|4) > 1. Then
there is a unit eigenvector w € A of Qz|4 with Qz(w) < 0. Since w € A, the symmetric matrix PBT (Vy(z)*w)Ps

contains uq, ..., uy in its kernel. Let B be its compression to K = span{uj}l-.

~IfB>=0or B = 0, then 13[; (Vg(j)*w)Plg = 0 or < 0. Since w € app(2), the 35 and 77-blocks of
PT(Vg(z)*w)P vanish, so w or —w lies in C(2) by (20). By the SONC and the evenness of Qz, Q;(w) > 0,
a contradiction. R

— Otherwise B has eigenvalues of both signs, and hence admits a unit vector ug € K with uj Bug = 0.
Then w € E,, and Qz(w) < 0, so n,(Qg|Euo) > 1. By Proposition 14(i), n—(Qz|a(uy,..ueue)) = 1, which
contradicts (Py1).

Hence n_(Qz|4) = 0, completing the induction.

Combining (P,) with Proposition 14(ii), for every 0 < a < k and every p > 0 there is a nonsingular
M@ e Sk with exactly a positive eigenvalues, ||M(“)H < p, and n_(QZM(a) |appl(zM(a>)) =0.Fora <k-1,
apply Proposition 14(ii) with £ = k — a — 1. For a = k, take M(¥) = tI}, with ¢ small.

Now let V be a neighborhood of G(%) as in Lemma 4 for A := G(2), contained in B(G(2),t1), and choose
r1 > 0 small enough that

U :={z=(z,y)|llz—2z| <r, Gz) eV} C U.

Fix z = (x,y) € U’ with G(z) nonsingular, of inertia (5 + a,7 + k — a), and fix M(®) as constructed above with
p so small that G(2,;()) € V. We connect z to 2, by a path within ¢’ that stays on the stratum of z. First,
the shear path z(t) := ((1—t)z+1tz, G(z) —g((1—t)z+1tz)), t € [0,1], keeps G(z(t)) = G(z) constant, remains
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in U’, and ends at the pair (:E, G(z) — g(:ﬁ)) Next, since Mp4q g+k—a NV is path-connected by the choice of V,
there is a path I'(7) in this set from G(z) to G(zp;(e)). The pairs (%, I'(7) — g(Z)) then form a path in I’, on
the same stratum, from (Z, G(z) — g(Z)) to zpc.

Along the concatenated path no eigenvalue of G' vanishes, so the negative spectral subspace of G varies
continuously. Since 8 = () along the path, by (22) the space appl(z) is the kernel of the map sending v to
the compression P,yT (Vg(x)*v) P,, where the columns of P, span the negative spectral subspace of G(z). This
map varies continuously and is surjective by Proposition 13(a) and (17), so the subspaces appl(-) have constant
dimension and vary continuously. Since Q. does not depend on the choice of IED and its coefficients depend
continuously on the spectral data along a family with no vanishing eigenvalues, the compressions Q.[.pp1(.) also
vary continuously. By (43), the eigenvalues of these compressions avoid (—1/x’,1/k’), so their n_ is constant
along the path. This value vanishes at z,;c) by the choice of M (@) hence at z. Combined with (43), this shows
that

Q.(vy) > K Hwa|> Vo, € appl(z)

for every z € U’ with G(z) nonsingular.

It remains to treat the pairs z = (z,y) € U’ with G(z) singular. Let (o, 8,7, p,q, P, \) be an IED of G(z)
with 8 # 0, and let IIz be the orthogonal projector onto the kernel of G(z). For € > 0 set z. := (x, y — ellg).
Since G(z:) = G(z) — ellg has the same eigenframe as G(z) with the S-eigenvalues moved to —e, and V is an
open set containing G(z), for all sufficiently small & > 0 the pair z. lies in ¢’ and on the stratum Mp, a+18]-
Comparing blocks via (22) gives appl(z:) = appl(z). On this common subspace, the spectral terms indexed
by 8 carry coefficients €/A; — 0 with bounded entries, the remaining spectral terms do not depend on ¢, and
V2,L(2.)— V2, L(z) = O(g). Hence Q.. — Q. on this subspace as ¢ } 0. Since 2. € U’ and G(z.) is nonsingular,
Q.. (vg) > K'7|vg|? for every v, in this subspace, and the bound passes to the limit. Thus the same lower
bound holds when G(z) is singular. Together with the nonsingular case, this proves that the W-SOC holds
uniformly on U’ with constant 1/x'. O

5.2.4 Regularity

We can now combine the results of this section into a single theorem showing that the local and local uniform
validity of the stratified conditions can be used to recover strong regularity, with metric regularity included as
an equivalent consequence.

Theorem 12 Let T be a local minimizer of (1) satisfying the RCQ, and let j € M(Z). The following statements
are equivalent:

) the S-SOSC and the constraint nondegeneracy hold at (Z,9);

) every element of the Clarke generalized Jacobian OcF(Z,y) is nonsingular;

) the KKT mapping F is strongly metrically regular at ((Z,7),0);

) there exists a neighborhood U of (Z,§) on which the W-SOC holds uniformly in the sense of Definition 29
and the W-SRCQ holds at every z € U;

(e) there exist k > 0 and a neighborhood U of (T, ) such that, for every (p,q),

[dFv]| > s~ Yol  VzeUN My, YveT.M,yy,;
(f) the KKT mapping F is metrically reqular at ((Z,9),0); equivalently, F~ has the Aubin property at (0, (z,%)).

Proof By the KKT reductions in Section 3.2, the S-SOSC and constraint nondegeneracy in (a) coincide with
their classical counterparts at (Z, 7). Hence, (a)<(b)<(c) follows from [48, Theorem 4.1], while (a)<(d) follows
from Theorems 8 and 9. Since strong metric regularity implies metric regularity, (c)=-(f). It remains to prove
(f)=(e)=(d).
(f)=-(e). By [28, Theorem 2.1 and the argument of Corollary 2.3], there exist « > 0 and a neighborhood U
of (z,y) such that
IF'(2)oll > oo

at every differentiability point z € . For any V € dgF(z), take differentiability points z* — z such that
F'(z*) — V. Since z* € U eventually, passing to the limit gives
[Voll > a7l Vo

For zeUN ./K/lvpvq and v € Tz.//\/lv]w7 choose V' € OpF'(z). Proposition 8 gives dF,v = Vv, proving (e).
(e)=(d). By (e), dF, is injective for every z € U, so Theorem 6(b) gives the W-SRCQ at every z € Y. Since U
is open, Theorem 8 applies at (Z,y) and gives the constraint nondegeneracy there. By constraint nondegeneracy,
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M(z) = {y}. Together with the fact that Z is a local minimizer satisfying the RCQ, this multiplier uniqueness
implies, by [46, Theorem 8|, that the SONC holds at (Z,7). Hence Assumption 10 is satisfied at (Z, ). By
Theorem 11, there is a neighborhood U’ C U on which the W-SOC holds uniformly. Since the W-SRCQ already
holds throughout U, it also holds throughout ¢’. This proves (d). O

Figure 6 summarizes the results of the analysis along and across the lifted strata.

analysis of the

KKT mapping F

[ along a fixed stratum _/\71,7,1 l [ across neighboring strata ]
y v
{ F|/\7M is C°°-smooth ‘ [ constraint qualifications ]
Y Y
| arbitrary primal-dual pair z I stratified openness and
i closedness of the W-SRCQ
openness of constraint nondegeneracy
W-SRCQ + W-SOC = dF. injective ¥
E TEEe == W= R(O0) constraint nondegeneracy <=
dF. injective SRCQEEONC &7 5o local validity of W-SRCQ
KKT pair z under SRCQ + SONC I [ second-order conditions ]
! -

W-50C + W-SRCQ stratified openness of the W-SOC
<= dF% is injective stratified closedness of the uniform W-SOC

<= stratum-restricted strong metric regularity
Y

| S-SOSC <= local uniform validity of W-SOC |

\/

at a local minimizer where RCQ holds I

:

S-SOSC + constraint nondegeneracy

<= 3 a nonsingular element of d¢c F'(Z)

<= every element of dc F(2) is nonsingular
<= ambient strong metric regularity
<= uniform W-SOC + W-SRCQ throughout a neighborhood

<= local uniform injectivity of the manifold differentials

<= the Aubin property of F~!

Fig. 6: Analysis along and across the lifted strata.

Remark 22 As a by-product of the stratified perturbation analysis, Theorem 12 recovers the known equivalence
between the Aubin property and strong regularity for the NLSDP KKT mapping established in [12]; see [13] for
nonlinear second order cone programming and [38] for general C?-cone reducible programs. The present proof
makes the role of the lifted inertia stratification explicit: the Aubin property yields the local uniform injectivity
of the manifold differentials in (e), and the analysis along and across nearby lifted strata promotes (e) to the
uniform weak conditions in (d), which in turn recover strong metric regularity.

Remark 23 The inertia stratification may seem related to partial smoothness because F' is smooth on each
lifted stratum. This connection, however, is limited to restricted smoothness. Partial smoothness concerns a
function or set relative to an active manifold and requires restricted smoothness, regularity, normal sharpness,
and subgradient continuity [37, Definition 2.7]. For example, at a KKT pair the squared residual 1||F(z)[|* has
zero directional derivative in every direction. Hence normal sharpness fails. In the NLSDP setting, identification
based on partial smoothness requires strict complementarity [18,53].

Accordingly, we work with the full inertia stratification rather than a single stratum. This allows us to
compare regularity under changes of inertia and suggests a possible direction for stratified algorithms.
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6 Concluding remarks

In this paper, we developed a geometry-resolved perturbation analysis for the KKT mapping of NLSDP (1) based
on the inertia stratification of S™. The C*°-smoothness of the positive semidefinite projection on each inertia
stratum yields smooth restrictions of the KKT mapping with explicit manifold differentials. The auxiliary
NLSDP extends the geometric interpretation to arbitrary primal-dual pairs, while the two nested manifold
models identify constraint nondegeneracy and the W-SRCQ with transversality and relate the W-SOC and the
S-SOC to manifold second-order conditions under the corresponding qualification assumptions. Along a fixed
lifted stratum, the W-SOC and the W-SRCQ imply injectivity of the manifold differential, which at a KKT
pair characterizes the proposed stratum-restricted strong metric regularity.

The analysis across strata reveals how these stratified conditions assemble into the classical ambient theory.
The W-SRCQ and the W-SOC have complementary inertia-dependent stability properties governed by the
negative and positive inertia indices, respectively, while the local validity of the W-SRCQ and the local uniform
validity of the W-SOC recover constraint nondegeneracy and the S-SOSC, respectively. At a KKT pair associated
with a local minimizer satisfying the RCQ, local uniform injectivity of the manifold differentials provides the link
between these stratified conditions and strong regularity. The known equivalence between the Aubin property
of the inverse KKT mapping and strong metric regularity is then recovered as a by-product.

The stratified viewpoint developed here also motivates the design of algorithms for NLSDP at degenerate
KKT pairs. Their development and analysis will be pursued in a separate work.
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