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Abstract Semidefinite complementarity constraints arise in applications such as inverse semidefinite program-
ming and rank-constrained matrix optimization. We develop a structure-preserving augmented Lagrangian
method (SPALM) for mathematical programs with these constraints. The method augments the smooth con-
straints and retains matrix complementarity in its subproblems. We handle these subproblems by an inexact
proximal alternating framework with verifiable descent and stationarity conditions. With vanishing absolute
subproblem errors, feasible accumulation points of infinite outer sequences are asymptotically M-stationary.
Under AM-regularity, these points are M-stationary; we prove that active-set SDCMPCC-LICQ is sufficient for
this regularity. For each AL subproblem, the full stationarity residual converges to zero along infinite accepted
inner sequences if the initial sublevel set is bounded, the proximal parameters are bounded above and away from
zero, and the block errors vanish. If the block errors are also square-summable, an O(7~1/2) best-residual bound
holds over T accepted iterations. Huber—Stiefel and fixed-basis procedures generate feasible matrix candidates,
whose acceptance is verified by descent tests and computable limiting-normal certificates. For rank-constrained
correlation matrix approximation, we construct a lifting that preserves the projected feasible set and global op-
timal value and satisfies active-set SDCMPCC-LICQ at every feasible point. The stationarity guarantees apply
to this lifted model. Finite-budget experiments on this lifting and a single-equality observation-fitting inverse
SDP meet the prescribed numerical feasibility and stationarity tests in all 120 runs.

Key words: semidefinite cone complementarity constraints; augmented Lagrangian method; asymptotic sta-
tionarity; proximal alternating method

1 Introduction

Mathematical programs with equilibrium constraints (MPECs) arise in equilibrium models, variational inequal-
ities, and bilevel programming, with applications in engineering and economics. Mathematical programs with
complementarity constraints (MPCCs) form a basic subclass [27,33]. Complementarity constraints also enter
optimality-based reformulations of constrained bilevel problems. Bilevel models appear, for example, in hyper-
parameter optimization and meta-learning [12], and in domain reweighting for large language model pretraining
[11]. These connections motivate the study of complementarity-constrained optimization. Although optimality
theory and numerical methods for vector MPCCs are well developed, optimization with matrix-valued comple-
mentarity constraints has received less attention.

Matrix complementarity arises naturally in inverse optimization, where observed decisions are used to infer
parameters of a forward optimization model [8]. For a linear semidefinite forward problem, the Karush-Kuhn—
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Tucker (KKT) conditions consist of primal-dual feasibility and complementarity between a positive semidefinite
primal matrix X and a positive semidefinite dual slack S:

X =0, S =0, XS =0.

Imposing these KKT conditions in an inverse model introduces a semidefinite complementarity constraint; see,
for example, [37].

Low-rank correlation matrix approximation provides another application. In financial model calibration,
one seeks a correlation matrix that approximates a given target under a prescribed rank bound [38,7,23].
The approximating matrix must be positive semidefinite and have unit diagonal. An auxiliary matrix allows the
rank restriction to be expressed through semidefinite complementarity and additional constraints [9]; Section 6.2
develops the lifting used here. Further applications, including certain robust optimization models, can be found
in [9].

Motivated by these applications, we develop a numerical method for mathematical programs with semidefi-
nite cone complementarity constraints (SDCMPCCs) of the form

rrgn fw) st. g(w) <0, h(w) =0, S} > G(w) L H(w) €S", (1)

Here w € Z, where Z is a finite-dimensional real Euclidean space. The mappings f : Z - R, g : Z — RP,
h:Z —R? and G,H : Z — S™ are continuously differentiable. SDCMPCCs are matrix analogues of MPCCs
and include them as a special case. The complementarity constraint is described by the set

2:=gphNs» = {(Y,2) €S} xS : YZ =0}.

Thus the complementarity condition in (1) is (G(w), H(w)) € 2. Even for vector MPCCs, complementarity
causes standard constraint qualifications to fail, and classical KKT conditions need not hold at local minimizers
[27,33]. SDCMPCCs combine this degeneracy with the nonpolyhedral geometry of S} and the nonconvexity of
{2. Stationarity analysis and algorithm design therefore require the geometry of the semidefinite complementarity
set.

On the theoretical side, Ding et al. [9] showed that the Robinson constraint qualification fails in the di-
rect conic formulation of SDCMPCCs. Their proximal and limiting normal-cone formulas for 2 give explicit
spectral characterizations of S- and M-stationarity, while a projection reformulation yields C-stationarity condi-
tions. Wu et al. [36] established a tangent-cone formula and characterized B-stationarity. They also studied its
relationships with S-, M-, and C-stationarity under SDCMPCC-tailored constraint qualifications, together with
related second-order sufficient conditions. Madariaga and Ramirez [28] study stationarity for general cone com-
plementarity constraints from a facial viewpoint. These results provide the geometric basis for the stationarity
conditions used in SDCMPCC algorithms.

Algorithmic research on vector MPCCs includes regularization and relaxation methods [34,21,22], penalty
and exact-penalty methods [30,16,25], and augmented Lagrangian methods [19,3,15]. In particular, Guo and
Deng [15] retain vector complementarity explicitly in the augmented Lagrangian subproblems and solve them
by a nonmonotone projected gradient method. This inner method uses an explicit projection onto the vector
complementarity set, which separates into independent scalar problems.

For the matrix case, Yan and Fukushima [39] proposed a smoothing method for symmetric-cone comple-
mentarity constraints, including the semidefinite case, based on a nonsmooth projection reformulation. Un-
der suitable assumptions, limits of stationary points of the smoothed problems are C-stationary. For general
SDCMPCCs, Wu and Zhang [35] studied a bilinear penalty framework and proved S-stationarity of feasible
accumulation points under their assumptions. The resulting subproblems are nonlinear semidefinite programs,
but their numerical solution is outside the scope of that analysis. For an inverse linear SDP, Wu et al. [37]
developed a sequential convex programming method that exploits the DC structure of a nonsmooth partial
penalty reformulation.

More recently, Santos et al. [32] analyze an augmented Lagrangian method based on a slack reformula-
tion that retains semidefinite complementarity explicitly. They impose an approximate KKT condition on the
separate semidefinite and scalar complementarity constraints. Their analysis gives AW-stationarity at feasi-
ble accumulation points and AC-stationarity under a multiplier-dependent accuracy requirement; a subsequent
C-stationarity result uses an SDCMPCC-Robinson condition. These stationarity notions are defined in their
formulation.

For second-order cone complementarity, Liang et al. [24] study an augmented Lagrangian method for a
direct cone-and-scalar formulation. Its K-stationarity target is the KKT condition of that formulation. Ye
and Zhou [40, Proposition 7.1 and Corollary 7.4] show that K-stationarity implies S-stationarity, while the
converse can fail when a cone has dimension at least three. Thus a finite-multiplier target may impose an
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additional representation requirement; our M-stationarity guarantee is not stronger than K-stationarity. Conic
subproblems and positive-parameter relaxations are different objects from the unrelaxed scalar-orthogonality
formulation.

For the semidefinite problem, the choice of a subproblem stationarity criterion depends on how complemen-
tarity is represented. Replacing {2 with two semidefinite constraints and one scalar orthogonality constraint
preserves the feasible set, but the resulting finite multipliers need not represent all regular normals to {2. This
representation also has a nonzero abnormal multiplier at every feasible point, so convergence results requiring
Robinson’s constraint qualification cannot be invoked directly. Section 2.1 derives these properties, and Exam-
ple 1 exhibits a missing coupled normal even at a strictly complementary point. These limitations motivate
accuracy criteria based on the normal cone to (2; they do not rule out conic algorithms.

For approaches that retain complementarity explicitly, the matrix projection is a central computational
difficulty. The general augmented Lagrangian framework of Jia et al. [20] retains a closed set and penalizes the
remaining smooth constraints. Its projected-gradient inner method requires projections onto the retained set.
For semidefinite complementarity, a fixed common orthogonal basis reduces the projection problem to scalar
problems with explicit solutions. Finding an optimal basis remains, in general, a coupled nonconvex optimization
problem. Thus the inexpensive projection available for vector MPCCs does not directly extend to SDCMPCCs.

Building on this retained-set framework and the asymptotic stationarity analysis in [2,29,20], we develop
SPALM for SDCMPCCs. Its slack candidates satisfy complementarity, and the outer method controls the smooth
linking errors. Inexact proximal alternation produces candidates that must pass both descent and same-point
limiting-normal tests. The stationarity target includes the coupled normals omitted by the scalar representation.
Vanishing absolute errors yield AM-stationarity at feasible accumulation points, and AM-regularity permits
passage to M-stationarity without assuming bounded raw multipliers for the degenerate scalar reformulation.
Generating and certifying matrix candidates remains a computational cost. Section 3 compares the resulting
accuracy requirement with the separate-constraint tests of [32]; no general cost or runtime ordering follows from
the different interfaces.

The main contributions are as follows.

(i) We specialize the asymptotic stationarity framework to SPALM and establish AM-stationarity of feasi-
ble accumulation points of infinite outer sequences when the absolute subproblem errors vanish (Theo-
rem 1). We characterize active-set SDCMPCC-LICQ and prove that it implies AM-regularity, which yields
M-stationarity. Feasibility of accumulation points is treated separately from this stationarity implication.

(ii) To solve the augmented Lagrangian subproblem at each outer iteration, we develop an inexact proximal
alternating framework with verifiable block descent and stationarity conditions. Boundedness of the initial
sublevel set, two-sided bounds on the proximal parameters, and vanishing block errors yield convergence of
the full residual to zero along infinite accepted sequences (Theorem 2). Square-summable block errors give
an O(T~'/?) best-residual bound over T accepted iterations (Corollary 3).

(iii) We construct Huber—Stiefel and fixed-basis procedures for generating feasible slack candidates, together
with computable limiting-normal certificates for their verification. Acceptance requires both true descent
and the prescribed normal-residual bound. We also derive spectral objective-gap bounds for the fixed-basis
candidates.

(iv) We construct a compact rank lifting that preserves the projected feasible set and global optimal value of the
rank-constrained correlation problem and satisfies active-set SDCMPCC-LICQ at every feasible point. The
M-stationarity guarantees apply to this lifted formulation (Remark 7). For this lifting and a single-equality
observation-fitting inverse SDP, we verify active-set SDCMPCC-LICQ and boundedness of the augmented
Lagrangian sublevel sets under the stated model assumptions. For each fixed instance, comparing the inner
initial point with an explicit feasible reference point gives a common upper bound on the outer AL values.
With completed inner solves and vanishing absolute errors, this yields bounded primal iterates and M-
stationary accumulation points (Lemma 2 and Corollary 5).

The numerical study evaluates SPALM on 24 parameter groups with five seeds per group. All 120 runs satisfy
the prescribed numerical success tests, combining absolute feasibility and stationarity tests with a normalized
witness-based residual target. Retained joint spectral data and independent numerical verification support the
residual evaluations. The tables and figures summarize final residuals and solver wall-clock times. The finite-
precision interpretation is given in Remark 6. The inverse SDP experiments assess fitting to an observed primal
target included in the objective.

The remainder of the paper follows the analysis and computation outlined above. Section 2 develops the
slack reformulation and stationarity framework. Section 3 presents SPALM and its outer convergence results.
Section 4 analyzes accepted proximal alternating sequences, and Section 5 develops slack-candidate procedures
and their verification. Section 6 presents the models and numerical results. The final section concludes the

paper.
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Notation. We denote by S™ the space of n x n real symmetric matrices, by S” and S™ the cones of positive- and
negative-semidefinite matrices, and by Q" the set of n x n orthogonal matrices. For A, B € R"*" the Frobenius
inner product is defined by (A4, B) := tr(AT B), and the corresponding Frobenius norm is ||A|/r := \/(A4, A).
The notation || - || denotes the norm induced by the given inner product on a Euclidean space; in particular, it
is the Euclidean norm for vectors. For explicit matrix arguments, we write || - ||z for the Frobenius norm and
| - |l2 for the spectral norm. Product spaces are equipped with the canonical product norms induced by their
component norms. In particular, for u = (Y, Z) € S® x S", ||ul|? = |[Y||% + || Z||%. For a differentiable mapping
F, F'(w) and F'(w)* denote its derivative and adjoint derivative, respectively. For a scalar s € R, define
sy := max{s,0} and s_ := max{—s,0}. These operations are applied componentwise to vectors. Moreover,
Diag(x) denotes the diagonal matrix generated by x, whereas diag(A) denotes the vector of diagonal entries of
A. The eigenvalues \;(A) follow the order in the stated spectral decomposition; )\j(A) denotes the j-th largest
eigenvalue. Any spectral reordering also reorders the corresponding eigenvector columns. For a nonempty closed
convex set D, IIp denotes its Euclidean projection, and

Np(z) :={v:{(v,z—x) <0 for every z € D} (x € D), Np(x):=@ (x ¢ D).

Regular and limiting normals to closed nonconvex sets are defined below.

2 Problem reformulation and stationarity framework

We separate the smooth constraints from semidefinite complementarity, establish M-stationarity equivalence
under the unique slack lift, and introduce the asymptotic stationarity framework used by SPALM. Active-
set SDCMPCC-LICQ and the absence of singular M-multipliers provide sufficient conditions for the required
AM-regularity.

2.1 Slack reformulation and normal-cone geometry

To fit problem (1) into the structured geometric constraint framework of [20], we introduce u = (Y, Z) e U :=
S" x S™ and x = (w,u) € X := Z x U. Problem (1) can be equivalently reformulated as

U{nénz fw) st glw)<0, h(w)=0, Gw)=Y, Hw)=Z (Y,Z)e . (2)

Set ¢(z) := f(w) and
U (x) = (9(w), h(w),G(w) =Y, H(w) = Z),  C:=RZ x {0} x {0}*" x {0}°".
Thus (2) minimizes ¢(x) subject to ¥(z) € C and = € Z x §2. Write
Fi={w:g(w) <0, h(w) =0, (Gw), Hw)) € 2}, F:={zeZx2:¥(x)eC}.

The map w — (w, (G(w), H(w))) is a bijection from F to F and preserves objective values. In particular, the
optimal values of the two formulations coincide. For any v = (Y, Z) € {2, the linking error also bounds the
distance of the matrix image to complementarity:

dist((G(w), H(w)), 2) < (|G(w) = Y3+ [ H(w) — Z||2)"/. (3)

We recall the following standard notions from variational analysis [31]. For a closed subset S of a finite-
dimensional Euclidean space, % —¢ # means 2% € S and ¥ — Z. The outer limit is defined by Limsup,_,, 7 (z) :
{v:32% =z, vF = v, v* € T(2¥) for all k}.

Definition 1 (Regular and limiting normal cones) For Z € S, define

Ns(z) =S v: limsupM <0,, Nim(z) .= Limsup Ng(z).

T—sST ||3j _-’i‘” o rT—>3sT
TH#T

Both cones are empty outside S. We have Z\Afg C N}gim, and the limiting normal-cone mapping N}gim is outer
semicontinuous.
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For u = (Y, Z) € {2, consider the common spectral representation [9, Sections 2.3 and 3]:
E(u) =Y + Z = PDiag(Aaa, 0, A,)PT,  Apa =0, A, <0. (4)

Here a, 3,7 are the positive, zero, and negative spectral index sets; P = (P,, Pg, P,) € O", Y = PyAua P,
and Z = P,Y/LWP,YT .

Ai(€(w))
Ai(E(u)) = A (E(u))

Let E7; denote the all-ones matrix on I x J, and let o denote the Hadamard product. The common multiplier
space is

Zi‘ =

(ica,jey), IY:=P'TYP, I%.=P'I'’P (5)

Ky (u) := {(FY,FZ) €S xS Y, =T, =T} =0, IZ=TF=I%=0,
Ty © Iy + (Bay = Zay) o T, = 0}.
Multiplication in the basis P gives the basis-independent identity
(rY,r¥ye Kw(u) <= YIY-T?Z=0. (6)

Indeed, the aa and af blocks of I'Y and the B~ and vy blocks of rz vanish by invertibility of the nonzero
spectral blocks. For i € a and j € 7, the remaining relation is A;(€(u))I}; — A;(E(u))I = 0, which gives
the ay condition by (5). A simultaneous rotation of the positive and negative eigenspaces gives a geometric
interpretation of this coupling in dimension two.

Ezample 1 (Coupled normals at a strictly complementary pair) Let n = 2 and set

10 00 01
w-on) a=-(1) v (o)

The pair ug = (Yp, Zp) is strictly complementary since Yy — Zg = I,. With py = (cos®,sinf)" and g =
(—sin®,cos0) ", every feasible pair near ug has the form (apepq , —bggqg ) for a,b > 0. Differentiating this local
parameterization at (a,b,0) = (1,1,0) gives

T.Q(UO) = span{(Yo, 0)7 (07 Z0)7 (VVa W)}

Orthogonality to the rotation direction (W, W) imposes I'}5+ 1'% = 0 on each normal pair. Taking the orthogonal
complement of the tangent space of this local manifold gives

No(uo) = N (ug) = {((S Z) , (_tr _07“>> s te R} . (7)

To compute the finite multiplier image at the same pair, write the scalar representation in its general form
Q2 =F~Y(D), where F(Y,Z) = (Y, Z,(Y, Z)) and D = S7 x S" x R;. On S? x S", the inner product (Y, Z) is
nonpositive and vanishes exactly when YZ = 0.1 At u = (Y, Z) € £2, the finite multiplier image is

N™e(Y, 7) .= F'(u)*Np(F(u))

~ (9)
= (Ngu (Y) x Ngn (Z)) + R_(Z,Y) C No(u).

For u + (AY,AZ) € (2, orthogonality at both feasible pairs gives (Z, AY) + (Y, AZ) = —(AY,AZ) =
O(||(AY, AZ)]||?). Together with the two cone-normal inequalities, this proves the inclusion in (9).

At ug, the two cone normals are Ngi (Yo) = Ry Zy and Ngn (Zy) = R4Y). Hence the finite multiplier image
consists of the diagonal pairs

Nimg(}/o?ZO) = {(SZ07tYO) : S?t € R}

The scalar equality (Y, Z) = 0 gives the same image at ug. The off-diagonal pair {; = (W, —W) belongs to the
normal space in (7) and is orthogonal to this multiplier image. Since [|£|| = 2, the two distances are

dist (&0, N (uo)) =0,  dist (&, N'™8(Yo, Zo)) = 2. (10)

L At every feasible u = (Y, Z), the tuple (Z,Y, —1) satisfies
(Z,Y,—1) € Np(F(u)) \ {0}, F'(u)*(Z,Y,—1) = 0. (8)

After composition with (G, H), this direction certifies the failure of Robinson’s constraint qualification for the scalar representation
of (1) [9, Proposition 4.1]. Adding its nonnegative multiples to any KKT multiplier gives an unbounded ray of multipliers.
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A path with derivative &, illustrates the local scaling of the scalar orthogonality residual. Consider the
positive and negative semidefinite matrices

Y(t) = G ;2) L Z(t) = — (f i) .

Along this path, [(Y(t), Z(t))| = 4t2. Since (Y'(0), Z’(0)) = & is normal to the local manifold at uo and has
norm 2, the distance to {2 satisfies dist((Y'(¢), Z(t)), £2) = 2|t| + o(|t]) as t — 0.

In Example 1, the common kernel is trivial and the a7y coupling is already present. When Y and Z have a
nontrivial common kernel, the conditions on the 35 blocks distinguish the following spectral multiplier sets [9].

Definition 2 (Spectral multiplier sets) For u € {2, define
Ks(u) = {(I'",I'?) € Kw(u) : I} 20, I'%; =0},
Kar(u) := Ng™ (w),
Ke(u) = {(I',I'%) € Kw(u) : (T35, TZ5) < 0}.
Appendix A recalls the full spectral characterization of Ky (u).
These sets satisfy
Ks(u) = Ng(u) CKu(u) CKo(u) C Ky (u), spanﬁg(u) = span Ni™ (1) = Ky (u).

The span identities follow from the inclusion chain and the fact that every symmetric 58 block is a difference

of two positive semidefinite matrices. The remaining block relations are homogeneous and independent of the
53 blocks.

2.2 Stationarity and asymptotic stationarity
Using the spectral multiplier sets introduced above and the stationarity framework of [9], we define the S-, M-,

C-, and W-stationarity conditions and describe their relationships.

Definition 3 (M-stationarity for the SDCMPCC) A feasible point w € F, with 4 = (G(w), H(w)), is
M-stationary if there exist A € RP, u € R?, and I'Y, I'4 € S™ such that

0=Vfw)+g @A+ h(0)p+G @) T +H (w7, (11)
A>0, () g(w) =0, (12)

and
('Y, %) € Ky(a). (13)

For (2), M-stationarity at (w,) € F involves additional linking multipliers MY, M € S satisfying
0= VF(@) +g/(@) A+ W (@) 1+ G (@) ME + H'(w)" MY, (14)
M =T1Y, MY =17 (15)

together with (12)—(13).
The following equivalence allows stationarity results for the slack reformulation to be transferred to the
original problem.

Proposition 1 (Equivalence of M-stationarity) For w € F and @ = (G(w), H(w)), w is M-stationary for
(1) if and only if (w,a) is M-stationary for (2).

Proof Eliminating M%, M from (14)-(15) yields (11). Conversely, setting M% = I'Y and M = I'? gives the
M-stationarity conditions for (2). O
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Replacing Ky in (13) by Kg, K¢, or Ky defines S-, C-, or W-stationarity, respectively. The inclusions among
these multiplier sets yield

S-stationarity = M-stationarity = C-stationarity =—> W-stationarity

We next specialize the asymptotic stationarity and regularity framework of [20, Section 2.2] to the slack
reformulation (2). Define the multiplier image

M(w,u, 2) =¥ (w,u)* No(¥(w,u) — 2z) + ({0} x leilm(u)), (16)

where w € Z,u € U, and z € RPxRIxS"xS". Since V(w, u) = (V f(w),0,0) and NI (w,u) = {0} x N (u),
exact M-stationarity is
0 € Vo(w,u) + M(w, q,0).

Definition 4 (AM-stationarity and AM-regularity) Let (@, ) € F.

k

(i) The point is asymptotically M-stationary (AM-stationary) if there exist (w*,u*) — (w,u), 2¥ — 0, and

eF — 0 with e¥ € Vp(wh, uk) + M(w*, u*, 2*) for every k.
(ii) Problem (2) is AM-regular at this point if

Limsup M(w,u,z) € M(w,,0).

(w,u,z)—(w,u,0)

Condition (i) requires u* € 2 and ¥ (w*,u¥) — 2% € C, while (w*, u*) need not be feasible for (2). AM-regularity
ensures the outer semicontinuity of the multiplier image, under which AM-stationarity implies M-stationarity.

2.3 Active-set SDCMPCC-LICQ

To establish AM-regularity for the slack reformulation, we adapt the spectral SDCMPCC-LICQ condition in
[9, Theorem 6.1(ii)] to the active inequality constraints and derive an equivalent local uniform estimate.
For T = (A, u, MG, M) and I = (I'Y, I'?), define

g (W) A+ B ()" i+ G (w)* M + H' ()" MH
T, ) =¥ (w,u)*T +(0,I") = ~MC + 1Y . (17)
~-MH" 4 1%
Call (w,u, z) admissible if v € £2 and s := ¥(w,u) — z € C. For such a triple, set Z(s,) := {i : (s4); = 0} and
£(w,u, 2) :=span No(s) X Ky (u).
Lemma 1 (Closedness of the linearized multiplier space) For an admissible triple with u = (Y, Z),
S(w,u,z) = {(A\, pu, MY, M TV T%) : Diag(s,)A =0, YI'Y —T?Z=0}. (18)

The mapping £ has a closed graph on admissible triples.

Proof The activity condition is exactly Diag(sy)A = 0, and (6) gives the spectral condition. These equalities are
preserved under limits, as is admissibility by continuity of ¥ and closedness of C' and (2. O

Definition 5 (Active-set SDCMPCC-LICQ) Active-set SDOMPCC-LICQ holds at (w, %) € F if ker Jg N
£L(w, a,0) = {0}.

Proposition 2 (Reduced and uniform characterizations of LICQ) For (w,@) € F, with = (Y, Z), the
following are equivalent:
(i) Active-set SDCMPCC-LICQ holds at (w,u).
(ii) The only tuple (\,u, I'Y , I'?) satisfying
g (@) A+ 1 (@) p+ G (@) I'Y + H'(w)" I'7 =0,
N=0 (¢I(g(@), VIV -I?Z=0

1S zero.

(iii) There exist a neighborhood N of (w,,0) and ¢ > 0 such that

| Twtl] > cllt||  for every admissible (w,u,z) € N, t € L(w,u,z). (19)
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Proof The last two equations of Jgt = 0 give MY = I'Y and MH = I'?; elimination proves (i)« (ii). If (iii)
fails, choose admissible triples within 1/k of (w,u,0) and nonzero tuples with || J,+t*|| < ||t*||/k. Normalize
them and pass to a convergent subsequence on the unit sphere. Lemma 1 and continuity of J,, give a unit tuple
in ker 75 N £(w, @, 0), contradicting (i). Conversely, (iii) applied at the base point implies (i). O

Proposition 3 (AM-regularity under active-set SDCMPCC-LICQ) If active-set SDCMPCC-LICQ
holds at (w,u) € F, then (2) is AM-regular there.

Proof Let admissible triples (w®,u*, 2*) — (w0, @, 0) and v* € M(w* u*, 2*) satisfy v¥ — ©. Choose represen-
tations vF = 7,1 t*, where

th = (Y*, I'*) € No(W(wk, u®) — 2%) x NEm(u®) C g(w®, u*, 2).

The uniform estimate (19) gives ¢/[t*|| < [[v¥|| for all sufficiently large k. Thus, after passing to a subsequence,
tF — (T, ). By the closed-graph properties of the normal-cone mappings, (7, 1") € N¢(¥(w,u)) x N (7).
Continuity then gives o = J5(1, I') € M(w,4,0). O

Remark 1 (NNAMCQ and AM-regularity) A weaker sufficient condition for AM-regularity is the absence of
singular M-multipliers. Following [9, Definition 6.1], a nonzero tuple (A, u, I'Y,I'?) is called a singular M-
multiplier for (1) at @ € F if

g (@) N+ W' (@) u+ G (w)* I'Y + H' (0)*I'? =0,
A€ Nar (g(@)), ('Y, 17) € Ng™ (@),
where @ = (G(w), H(w)). The absence of such multipliers is equivalent to the no nonzero abnormal multiplier
constraint qualification (NNAMCQ) for (2), since the linking multipliers satisfy M = I'Y and M = %,

Since 4
Ne(¥(@,a)) x N§" (@) € £(a,a,0),

active-set SDCMPCC-LICQ implies NNAMCQ, which in turn implies AM-regularity by [20, Section 2.2,
Eq. (2.2)].

The first implication is strict. Let n = 1, G(w) = w, and H(w) = —w, with no other constraints. At the
unique feasible point w = 0, the homogeneous stationarity equation is I'Y' = I'?. While Ky (0,0) = R? admits
the nonzero solution (1, 1), we have

{(r™,1%) e Ng™(0,0) : I'" = I} = {(0,0)}
Hence, active-set SDCMPCC-LICQ fails, whereas NNAMCQ holds.

Remark 2 (Scalar complementarity specialization) For {2.c = gph Ngp, write y = G(w) and ¢ = —H(w). The
usual nonnegative pair (y, () defines 179 1°F 199 and

Ko (y, —¢) = {(I'Y, %) : 1Y =0 (i € I'°), T7 =0 (i € I°")}.

In this scalar setting, the active-set SDCMPCC-LICQ reduces to the classical MPCC-LICQ [4, Definition 2],
with I'? corresponding to H = —(. However, diagonal-valued maps into the full matrix cone need not yield the
same LICQ), since off-diagonal multipliers remain admissible.

3 Structure-preserving augmented Lagrangian method

SPALM penalizes the smooth constraints of (2) and retains {2 explicitly. We separate feasibility of accumulation
points from their AM-stationarity; AM-regularity then gives M-stationarity.
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3.1 Augmented Lagrangian function
Following the partial-penalization strategy in [15,20], we incorporate ¥(x) € C' into the objective and retain

T € Z X
For p > 0and ¥ = (A, u, MG, M), define the augmented Lagrangian function by

T
Ly(x;T) = o(x) + gdist2 <W(x) + rs C’) .
Using the product structure of C, we obtain the following expression in z = (w,Y, Z):

() + 2)+ 2

G
HG(’LU) -Y+ MT

2
+2 Hh(w)Jr“

£P(w7KZ7)‘7H’aMGaMH):f<w)+g 2 p

, , (20)
MH

+pHH(w)—Z+

Fo 2 P

p
+2

F
At the k-th outer iteration, let % := (\¥, gk, M&* MH-*) be the safeguarded multiplier vector, and define
Li(x) = L, (x;TF).
The corresponding augmented Lagrangian subproblem is

in  L(x). 21
Loin k() (21)

Step 3 below requires approximate M-stationarity for this subproblem.

3.2 SPALM for SDCMPCCs

The penalty update and stopping test use a common feasibility measure. For z = (w,u), with v = (Y, 2),
A € RP and p > 0, define

V(3 A) i= max{ Hg(w) - (g(w) N 2)

‘,IIh(w)IL |G (w) =Y|[r, [[H(w) = ZIF} (22)

This projection-based measure bounds the perturbation in the smooth constraints and in the normal-cone
relation for the updated multipliers, as shown below. The first term vanishes when the inequality constraints
and the corresponding multiplier conditions are satisfied.

Feasible-reference comparison. When a fixed feasible point ! = (w™f u™) of (2) is available, we use the
following optional rule in Step 3:

"0 ¢ argmin Ly(z), Ly (2" < Ly (2™9). (23)

we{ak zret}

The reference point remains fixed across outer iterations, and both AL values are evaluated with the current
parameters (pg, T%). Accepted inner descent ensures the second inequality in (23).
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Algorithm 1 Structure-preserving augmented Lagrangian method (SPALM)

Input: An initial point 20 = (w°,u®) € Z x 2, with % = (Y?, Z9); initial multipliers 70 = (\?, u®, MG:0, MH.0); a penalty
parameter po > 0; parameters 8, > 1 and n € (0, 1); safeguards Amax > 0, fmin < fimax, MSay > 0, and M > 0; a feasibility
tolerance feas > 0; a stationarity tolerance estat > 0; and a nonincreasing positive sequence {vy} satisfying vy — 0.

Output: A computed iterate ¥ = (w®, u*), with u* = (Y'*, Z*), its updated multipliers T*, and a normal certificate for the slack
stationarity test.

Set k=0 and Vp := V,, (2°;0).
Step 1: feasibility and stationarity termination test.
If k> 1 and

Vi < €feass HVka_1($k)H < Estat, dist (_VuLk—l(xk)7 N,lrlzm(uk)) < &stat,

output z¥ and T*, retain a normal certificate for the slack test, and terminate.
Step 2: safeguard the multipliers.
Project the vector multipliers onto their prescribed boxes and the matrix multipliers onto Frobenius balls:

Tk k K k

A= 0 Ao ? A7)y AT = i pimasa ()
MO = M MR — M .
maX{L”MG’k”F/MrCn;ax} max{lvHMH’k”F/MrIr{ax}

Set T* :— (AF, gk, NGk, NTHF),

Step 3: approximately solve the AL subproblem.

If z**f is supplied, use (23).

Compute zFt! = (wht! wFt1) € Z x 2, with uF+! = (YF+1 ZF+1) such that

vaLk(xk“)H <uvpyp,  dist (—VuLk(xk“),N}izm(uk“)) < Uyt
Step 4: update the multipliers.
Set
A = (’\k + Pkg(w”l))Jr’ pFt =P 4 pph(wh ),
MG,k+1 = MG‘,k + p (G(wk+1) _ Yk+1), MH,k—o—l = MH,k + pr (H(wk+1) _ Zk+1).
Step 5: compute the new feasibility measure.
Set

Vg1 :=Vp,, (x’ﬁLl; /_\k).

Step 6: update the penalty parameter.
Set
Pk if Vip1 <0V,
Pk+1 =

Bopr, otherwise.

Set k + k + 1 and return to Step 1.

Multiplier relations. The safeguards give Mg, := supy, || T*|| < oo, while the updated multipliers Y**! may be
unbounded. To express the multiplier update and the subproblem gradient, define

L= (k) — T (@(m’““) + Z:) : (24)

Projection optimality and the multiplier update give

TH = TF 4 bl € N (W(ah 1) — 251, (25)

Differentiating the squared-distance expression for L; gives
VL (") = Vp(a"+1) 4 0/ (gh+ )k, (26)
In particular, V,Ly(zFT1) = —(M&*+1 MHEL) 5o the slack test in Step 3 measures the distance of the

updated linking multipliers to NJ™(uF+1).

Perturbation bounds. The four blocks of z**! are the residuals in (22); hence

Vir < [ S 2Vesr,  dist(@(ah*1),C) < |4, (27)

Since projection onto C' does not increase distances, we also obtain

Tk My,
|25 < dist (& (2 11), O) + [ < dist(¥(z"11),C) + Tsal (28)
Pk Pk
Termination and error bounds. Suppose that Step 1 terminates at x*. Choose I'* € Ni™(uF) satisfying

|VuLi—1(2%) 4+ I'*|| < gtat; such a normal exists because N3™(u*) is nonempty and closed. A retained inner
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normal with residual at most v can be reused when vy < egat; cf. [20, equations (4.4)—(4.5)]. With z* defined
by (24) and e* := VL,_1(2*) + (0, %), the projection and gradient identities, together with the stopping test,
give
e Zx 0, (zk) - 2F e O,
" e No(W(zF) —2%),  I'* e NE(ub),

29
b = V() + ¥/ () r* + (0, 1%), (29)
sz” S 25feaS7 ||6k|| S \/igstab
Thus the returned point satisfies the perturbed M-stationarity system (29) with the stated residual bounds.
For the inequality block zg, the normal relation yields )\fgi(wk) = )\fzgi fori = 1,...,p, so bounds on the

unperturbed complementarity products also depend on the magnitudes of the updated multipliers.

3.3 Global convergence analysis

We first establish sufficient conditions for feasibility of accumulation points and then analyze their AM- and
M-stationarity. For the slack reformulation (2), the objective is ¢(x) = f(w), the smooth constraint mapping is
¥, and the retained set is Z x (2.

Jia et al. [20, Proposition 4.1] gave sufficient conditions for feasibility of accumulation points. Our feasibility
measure (22) uses the maximum of the four residual block norms. In view of the norm equivalence in (27), their
result yields the following proposition.

Proposition 4 (Feasibility of accumulation points) Suppose that Algorithm 1 generates an infinite se-
quence {x*t1Y. If either of the following conditions holds, then every accumulation point of this sequence is
feasible for (2):

(i) The sequence {py} is bounded.
(ii) There exists L € R such that B
Lp(z"™Y <L for all k.

The next lemma ensures condition (%) by comparison with a fixed feasible reference point.

Lemma 2 (Uniform AL bound from a feasible reference point) Let 2™ be feasible for (2). Suppose
that pr, > po > 0, | T*|| < Mgat, and the returned points satisfy (23). Then

M2 _
—sal .7 for every k. (30)

Lk($k+l) S Lk(xref) < f(wref)+
2po

Proof Feasibility gives ¥(z™f) € C, so

17

Tk
dist (W(mref) +—, C> <
Pk

Pk
Substitution into the squared-distance definition of Ly, gives Ly (z™") < f(w™)+||T%||?/(2px). The initialization
comparison and descent in (23) give Ly(z**!) < Ly (2*f). The bounds on p; and T* yield (30). O

Jia et al. [20, Theorem 4.3 and Corollary 4.4] established AM-stationarity of feasible accumulation points
and M-stationarity under AM-regularity. In our algorithm, the two stationarity tests in Step 3 yield an overall
stationarity error bounded by v/2 v, 1. Applying their results, together with Proposition 4 and the regularity
and stationarity equivalence results in Section 2, gives the following theorem.

Theorem 1 (AM- and M-stationarity of accumulation points) Suppose that Algorithm 1 generates an
infinite sequence {x*+1} and that vy — 0. Then the following statements hold:

(i) Ewvery feasible accumulation point of this sequence is AM-stationary for (2).
(ii) Furthermore, if either condition (i) or (ii) in Proposition 4 holds, then every accumulation point of this
sequence is feasible and AM-stationary for (2).

For any feasible accumulation point T = (w,u), if (2) is AM-regular at T, then T is M-stationary for (2), and
w s M-stationary for (1).
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By Section 2.3, the AM-regularity required in the last assertion of Theorem 1 holds if (1) admits no singular
M-multiplier at @, in particular if active-set SDCMPCC-LICQ holds at Z.

Suppose that each Step 3 solve is completed and vy — 0. For a run continued with Step 1 omitted, the
argument of [20, proof of Proposition 4.1(a) and discussion following Theorem 4.3], together with (27), gives
Vitr1 — 0if {p1.} is bounded and 2*+! —x 0 along every subsequence z**1 —x z € F. Since Vj4q < |25+ and
both stationarity residuals at 2**! are at most v 1, the test in Step 1 is satisfied after finitely many iterations
for any positive stopping tolerances whenever {py } is bounded or the iterates have a feasible accumulation point.

(w,u) € F, where active-set

Corollary 1 (Local multiplier convergence) Let ¢ = (w u/) —> T = _ _ !
o (u?) satisfies Jyit! = el — V(a?),

SDCMPCC-LICQ holds, and let z7,¢? — 0. If t/ € No(¥(z7) — 27) x
then t7 converges to the unique M-stationarity multiplier tuple at .

Proof The normal relations give t/ € £(w’,u’, 27), so (19) yields c|[t7|| < |le?||+]|V f(w?)]| for all sufficiently large
j. By continuity and closedness of the normal-cone graphs, every cluster point is an M-stationarity multiplier
tuple at Z. Any two such tuples differ by an element of ker 7z N £(w, @, 0) = {0}, proving convergence. O

Along any subsequence converging to a feasible point satisfying active-set SDCMPCC-LICQ, Corollary 1
applies to the updated multipliers and any Step 3 normal witness. Indeed, (25) and (26) give the required
relations for t*+1 = (Tk+1 [k+1) with eb+! = VLi(2F+1) 4+ (0, 7F1) and [|e* | < V2 g1

Remark 8 (Comparison with Santos et al. [32]) Both methods retain semidefinite complementarity and penalize
smooth linking constraints. Santos et al. impose approximate KKT conditions for the scalar representation of
semidefinite complementarity. Their Theorem 6.1 gives AW-stationarity at feasible limits and AC-stationarity
under the additional coupling 5 < €r/(147%) in their Assumption 6.1. SPALM instead tests the limiting-normal
distance directly in Step 3.

The next two sections give verifiable block conditions and procedures for generating slack candidates.

4 An inexact proximal alternating framework with verifiable block conditions

We solve the augmented Lagrangian subproblem at each outer iteration by proximal alternating updates. The
analysis concerns accepted iterates satisfying the prescribed descent and stationarity tests.

4.1 Proximal block subproblems and the shifted projection formula

Throughout this section, consider the subproblem at the k-th outer iteration and write (p,Y) := (px, T*). These
parameters remain unchanged during the inner solve. Set

Lp(w7 U) = ‘Cp(w7 U; T);
where the augmented Lagrangian is given in (20). The AL subproblem is

u}ér;lgegl/p(w, u). (31)

For fixed w, define the unregularized slack center

MC MH
cp(w) = (G(w) + T,H(w) + p) eu.

Up to a term independent of u, the slack-dependent part of L,(w,u) is §|lu — c,(w)]|?
{2 is equivalent to projecting c,(w) onto (2.
To stabilize both block updates and obtain sufficient decrease, we introduce proximal regularization. For

proximal parameters a; > 0 and b; > 0, define

. Thus minimizing it over

O'(w) = Lp(w,ut)—F% ||w—wt||2 (32)

and
@' (u) == Ly(w'™™ u) + = [|lu—ut]”, u € 2. (33)
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by — 2|2

5 by a term independent of u, where

Completing the square shows that &¢(u) differs from

. Pep(w'h) + beu!
¢ = .
p+ b

Hence an exact proximal slack update satisfies

uttt € argmin [ju — 2. (34)
u€s?

Since 2 is nonempty and closed, (34) has a solution. Every exact projection gives @!(ut*!) < @!(u!) and
—Vu ' (W) = (p+bi) (@ — ult") € No(uit!) € Ng™(ul™).

Lemma 3 (Lipschitz dependence of V,L, on slack variables) Assume f,g,h,G,H € C*. For every
bounded set B C Z, there exists L, < oo such that

IVwL,(w,u) — Vi Ly(w,u)]| < Loy |lu— || Vw e B, Vu,u €U. (35)

Here, for a linear operator A between finite-dimensional Fuclidean spaces, ||~A||0p denotes its induced operator
norm. One may take

Ly = V2p Slé%maX{llG’(w)HOP H (w) o }-
Proof Differentiating (20) and subtracting at u = (Y, Z) and v’ = (Y, Z’) gives
VwL,(w,u) — VL, (w,u')
! * U ! * / (36)
= G (W) (Y = Y") — pH'(w)"(Z — 2.

The triangle inequality, ||Y —Y'||r + [|Z — Z'||F < V2||u — /||, and boundedness of the continuous derivatives
on B prove the claim.
O

For later use, define the pointwise slack Lipschitz factor
Luu(w) i= V2pmax { G’ ()]l » 1 H' ()] } -

Then, at the (¢ + 1)-st accepted iterate, we write LIf1 := Ly, (w!™?).

For (85) and (89), G(w) = X and H(w) = —S act on separate components. The product norm in (36)
therefore permits the smaller cross-Lipschitz constant p in the subsequent residual bounds, in place of the
generic factor L., (w) defined above.

4.2 Verifiable block updates and accepted iterates

A trial point becomes an accepted iterate only after both block tests below pass.

Algorithm 2 Inexact proximal alternating framework with verifiable block conditions

Input: An initial accepted point z° = (w%, u®) with u® € §2; positive proximal-parameter sequences {a;} and {b;}; nonnegative
tolerance sequences {d¢,} and {6} }; a prescribed target v > 0.
Output: Accepted iterates {x!} satisfying the prescribed block conditions, together with normals I'*t1 ¢ N_gm(ut“'l) certifying
the slack residuals.
Set t = 0.
Step 1: inexact proximal w-update.
Invoke a w-block oracle to generate trial points for the proximal objective ©F in (32).
Accept a trial point as wtt! only if
o' (') < &' (w') (37)

and
(VLo ul) + ar(w'™ — wh)|| < 5%, (38)

Step 2: inexact proximal slack update.
Invoke a u-block oracle to generate feasible trial points for the proximal objective ®* in (33).
Accept a trial point as u!T! € 2 only if
&' (uth) < ' (uh) (39)

and
dist GV@%M“),N}?(M“)) <6t (40)

Retain a normal I"**1 € Nim(ut+1) such that ||V, & (utt!) + I'*+1|| < 6. The computable sufficient test (82) supplies such a
normal.

Step 3: iterate update.

Set xtT1 := (with utt1). If Rthrl < v, return this point and its normal. Otherwise increase t and repeat.
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The slack residual condition (40) is equivalently
dist (—VuLy(w'™ u' ) — by (u' T — uf), Ng™ (ufT1)) < 4L (41)

For example, L-BFGS with line search [26] can generate w-trials, and Section 5 supplies feasible slack trials.
Budget exhaustion before acceptance is reported as target not verified.

For target v > 0, the full-residual bound (51) is checked after both updates. Returning z'*! and its retained
normal when ﬁ;+1 < v implies Step 3 of Algorithm 1. Conversely, its two componentwise tests only imply a

combined residual at most v/2v. Omitting the stopping test defines the infinite accepted sequences below.
Both the existence argument and the convergence analysis use the initial sublevel set

S,(a%):={z € Zx Q:L,(z) < L,(a")}. (42)

If this set is bounded, it is compact, since L, is continuous and Z x {2 is closed. In particular, L, attains a finite
minimum on it.

Proposition 5 (Existence of accepted block updates) Assume that f,g,h,G,H € C* and that S,(z°) is
bounded. At every accepted iterate xt, and for any as, b, > 0, exact minimizers

wi™ € arg min O (w), ult! € arg min & (u)
weZ ue?
exist, where w'Tt = witl is used to define ®'. These minimizers satisfy the two block acceptance conditions

with zero residuals.

Proof The accepted descent conditions give L,(z') < L,(z°). The set {w : ©'(w) < ©(w')} is nonempty and
closed. Every point in this set satisfies

Ly(w, u') < €'(w) < Ly(a') < L,p(a),

so the set is bounded by the assumption on S,(z"). Thus ©* attains a global minimum, and its gradient vanishes
there. This gives (37) and (38) with zero residual. The projection representation (34) provides an exact slack
update satisfying (39) and (40) with zero residual. Induction therefore gives accepted updates at every iteration
when exact block minimizers are available. O

4.3 Convergence and finite-accuracy guarantees for accepted sequences

We establish convergence and finite-accuracy guarantees using sufficient decrease and estimates of the full
stationarity residual.

Lemma 4 (Sufficient decrease and vanishing steps) Suppose that Algorithm 2 generates a finite or infinite
accepted sequence {z' = (w',u)}, with a constant ¢ > 0 such that

ag 2> ¢, by > c Vi.
Then every accepted transition satisfies
Ly(w',u) = L' uf) > Z [l —wf%, (43)
and
b
Ly(w'™ ul) — Ly(w'™ ) > é Hqu - ut||2. (44)
Consequently,
Ly(a") = Ly(a"*") = 5 [l =o' (45)
If 8§,(2°) is bounded and the sequence is infinite, then
= t+1 ]2
Z Hz - || < 00,
t=0
and hence
||x’”r1 — JitH — 0. (46)

In particular,
Hw”l - th — 0, ||utJrl — utH — 0.
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Proof Expanding (37) and (39) gives (43) and (44); adding them proves (45). All accepted points remain in
S, (x0). If this set is bounded, continuity gives a finite lower bound m, for L, there. Summation yields

T
c
SOl ot ? < Ly(a) - Ly(a" ) < Ly(a®) = my,
t=0
which proves square summability and (46).

For x = (w,u) € Z x (2, define the full M-stationarity residual of the inner subproblem by
2 . im 1/2
Rp(x) = (||VwLp(w7u)|| + dist? (=VuL,y(w,u), o (u))) . (47)

Lemma 5 (One-step residual bound and normal-certificate transfer) Assume that f,g,h,G, H € C*.
Let 2t = (w',u') and ! = (w'™ w1 be consecutive accepted iterates of Algorithm 2, with a;, b, > 0. Write

Aw' = w'tt — !, Aut =Tt — ot =AY, AZY).
There exists 't € Ni™(u'*1) such that the block errors
el = Vi Ly(w™™ ut) + a; Aw', el =V, (u!h) + !

satisfy ||et,|| < 6L and ||e,|| < &L. For any such normal,

VL, (@) = el — asAw' — pG' (w'T)* AY? — pH' (w'T)*AZ, (48)
VoL, (') + M = el — b, Aul.
Consequently,
IVuwLp(@™ )| < LEEH A + ar[| Aw'|| + 53, (49)
and )
dist (= Vu Lp(a™1), NG™ (u*)) < [VuLp(@™h) + Y| (50)
< by||Aut|| + 5.
Define the computable upper bound
~ 2 211/2
Ry = [(LaEH 1A + gl ']+ 6%)* + (bl Aut| + )] (51)
and the full error vector
E™ = (Vi Ly(a"), Vi Ly (a"Th) + 1.
Then R
R,(a'1) < | B < REH. (52)

Proof The distance to the nonempty closed set Nim (uf*1) is attained; a normal retained from (82) also suffices.
The definitions of ef,, ¢!, and (36) give (48). Taking norms and applying Lemma 3 proves the bounds. The same

wr Cu
normal is used throughout; the proximal term —b;Au! is part of the error.
O

Theorem 2 (Residual convergence and M-stationarity) Assume that f,g,h,G, H € C*, and that there
exist constants 0 < ¢ < ¢ < 0o such that

c<a,b <C for all t.

Suppose that Algorithm 2 generates an infinite accepted sequence {z' = (w',u’)}, that S,(z°) is bounded, and
that 6t 6% — 0. Then:

wr ru

(i) The accepted sequence {xt} is bounded.
(i1) The computable upper bound and the full residual satisfy

R =0, Ry —o. (53)
(i1i) Every accumulation point T = (w, @) of {z'} is M-stationary for the AL subproblem (31); that is,
VwL,y(w,1) =0, ~VuL,(w,a) € NE™(a).
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Proof Lemma 4 places all accepted iterates in the compact set S,(z°) and gives ||z!* — 2!|| — 0. This proves
(i). Continuity of G’ and H’ implies boundedness of { L{}1}. Together with the parameter bounds and vanishing
block errors, (51) gives ﬁ;+1 — 0. Lemma 5 then proves (ii).

Let 2% — Z. Vanishing steps give 271 — Z, and closedness of {2 gives @ € 2. Use the normals I"%*! from
Lemma 5. Since ||E% 1| — 0, continuity of the two gradients yields

Vul,(z)=0, I'it' = —V,L,(7).
The closed graph of the limiting normal-cone mapping implies —V,,L,(Z) € Ni™ (), proving (iii). O
Propositions 10 and 12 verify the sublevel-set boundedness assumption for our numerical models.

Corollary 2 (Finite-accuracy output) Assume C' data, boundedness of S,(x°), 0 < ¢ < az,by < ¢ < o0,
and an infinite accepted sequence. Fiz v > 0. If either (i) 6%,,d0, — 0, or (i) 0 < 6!, < cpv, 0 < 8L < c,v with
K= /2, + ¢ <1, then eventually

Ry(x"™) < B <RI < v

For the AL subproblem at outer iteration k with parameters (py,T*), choose x%° € Z x 2, and impose the
preceding assumptions on its initial sublevel set and accepted sequence. Denote its accepted iterates, retained
normals and bounds by x**t, I+l and R,ﬁ“. The initial point need not equal z*, and the sublevel-set bound
need not be uniform in k. If a feasible reference point is supplied, choose x%° by (23). Lemma /4 then gives
Li(z%?) < Ly (2%°) for every accepted iterate, so the returned point also satisfies the value comparison. Under
either regime with target vi41, the index

ty = min{t € Ny : 73,5“ < Ugt1} (54)
is finite. Returning *+1 = akttl gnd [+ = phtetl ¢ NEm (k1) gipes
(Voo L (2*F1), Vo Ly (2741 + TFH) | < g,
and hence both conditions in Step 3 of Algorithm 1.

Proof In case (i), apply Theorem 2. In case (7i), Lemma 4 gives vanishing steps, while L1 ay, b are bounded.

Thus (51) gives limsup, R;“ < kv < v. The returned bound follows from Lemma 5 at that same point and
normal. O

For example, ¢,, = ¢, = 1/2 is valid. The retained normal can also be used in (29) when ;41 < &stat, Or when
its slack residual is directly verified against egiat.

Corollary 3 (Explicit residual bounds in accepted iterations) Assume that f,g,h,G,H € C*', that
S,(20) is bounded, and that 0 < ¢ < a;,by < € < oo for all accepted transitions. Let B, be the projection of
S,(x°) onto the w-space, and define

mp = Ierg&O) Ly(x), Ap:=Ly(a®) —m,,
Ly = sup Lyy(w), K,:=1/2¢? —&—ffw.
weB,

These constants are finite. For any N > 1 accepted transitions, put

N-1
e :=+/(0%)2 + (6%)3, Eyn = Z €.

t=0

Then 2
~ 4K c+2EN
. t41)2 p—=pl L
onin, (Ry)" < N . (55)
In particular, along an infinite accepted sequence with FEo := Zfio €2 < 00,
~ 4K2A,/c+ 2FE
. t+1 p—Pl= >* _ —1/2
in R = [ o
If instead €; < kv for a fited v >0 and 0 < k < 1, then
~ 2A
: 41 12
ogglNR” <wkv+K, N (56)

The same upper bounds hold with R ,(z'™') in place of ﬁgH,
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Proof Compactness of S,(z%) and continuity of the data and their derivatives ensure finiteness of the constants.
Let s; := ||z'*1 — 2t|. By the product-norm triangle inequality in (51) and

ar LN - || far LG
0 bt - 0 bt
op

we obtain 7%;“ < K,s; + €;. Summing the finite-transition decrease inequality (45) gives

<K

> Rp,
F

N—

—

2 < 2(L,y(2°) = Ly(z™)) - 2A

c c

p

t=

Squaring the pointwise residual bound, using (p + ¢)? < 2p? + 2¢2, and averaging over t = 0,..., N — 1 proves
(55). The square-summable case follows by replacing Fn with E. If ¢, < kv, choose an index minimizing s;
to obtain

~ 2A
min Rt+1§/€l/+Kp min s; < kv + K, =2
0<t<N P 0<t<N cN
Finally, Lemma 5 gives the bounds for R,,. g

Under the fixed-accuracy allocation in Corollary 2, (56) guarantees a point with 7%;*1 < v among the first
N accepted transitions whenever
2
2K;A,
c(l — k)

Thus | B, | + 1 is a sufficient number of accepted transitions for the first tolerance hit.

A known lower bound for L, on S,(z") may replace m,, in these estimates. Usable bounds for the remaining
constants then give a numerical upper bound on the number of accepted transitions required to reach the target.

For a fixed AL subproblem and initial sublevel set, the bound is O(r~2) when ¢ > 0, ¢, and k < 1 are
independent of v. It counts accepted transitions; the cost of generating and verifying trial points is additional,
and the constants may vary across outer iterations.

In the next section, we use the shifted projection representation to generate feasible slack candidates, which
are then checked against the descent and stationarity tests.

N > B, =

5 The slack u-subproblem: feasible-candidate generation

At the t-th inner iteration, write
¢t = (A", BY), At Bt e S™.

Since the projection routines developed below apply to a generic center, we suppress the iteration index and
write (A, B) = (A!, BY). The exact proximal slack update then reduces to

. 2 2

Juin (Y = Al +11Z = Bl (57)
Remark 4 (Complexity of exact projection) When n is part of the input, deciding whether the optimal value
of (57) is at most a given rational threshold is NP-hard for rational A, B. A reduction from Simple Max-Cut
[13] constructs centers A = D 4+ eC and B = —D + ¢C, with D positive diagonal and C encoding the graph.
A uniform second-order estimate allows the maximum cut size to be recovered from the projection value. The
rational construction is computable in polynomial time, yielding the claimed reduction. The complete proof is
given in Appendix E.

An exact solution of (57) is computationally expensive. We therefore use a common diagonal reconstruction
to generate feasible candidates through either a Huber—Stiefel search or a fixed eigenbasis of A or B.

For the proximal slack update, set g;(u) := ||u — ¢'||?. Completing the square in (33) gives
tooy P+ b t ot t
b (u) - Ct + 2 qt(u)a ¢ (ucand) < ¢ (U ) — qt(ucand> < qt(u )7 (58)

where Cy is independent of u. Thus candidate generation is followed by a comparison of the true squared
distances and a separate normal-residual test at the same candidate.
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5.1 Diagonal decoupling for a fixed orthogonal matrix

Every (Y, Z) € {2 has a joint representation Y = P Diag(y)P', Z = P Diag(z)P', with P € Q", y,z € R,
y >0, 2 <0 and y;2; = 0; conversely, these conditions imply membership in (2.
For such a matrix P, define the diagonal vectors

da(P) := diag(PT AP), dp(P) := diag(P" BP),

whose i-th components are denoted by d4 ;(P) and dp ;(P), respectively.

For fixed P, orthogonal invariance of the Frobenius norm implies that the off-diagonal terms are independent
of y and z. Hence, the minimization over y and z separates into the following scalar complementarity problems,
one for each i = 1,...,n, as in [15, Section 4, equations (27)—(29)]:

min (y; — dai(P))* + (2 — dpi(P))* st. 3 >0, 2z <0, y;2; =0.

YisZi

The minimizers over the two complementarity branches are
(Wi, i) = ((dai(P))+,0) and (i, 2) = (0, =(d.i(P))-),
respectively. Select the better branch by

oy J L (daa(P) > (da(P))2,
) {0, (dai(P))3 < (dp(P))2.

Ties are resolved by choosing ;(P) = 1. Define the scalar reconstruction by

Yi(P) == xi(P)(dai(P))+,  2z(P):=—(1-xi(P))(dp,:(P))-.
Collect these coefficients into the vectors

T T

y(P) := (yl(P),...,yn(P)) , z(P) = (zl(P),...,zn(P)) .

The corresponding matrices are
Y (P) := PDiag(y(P))P",  Z(P):= PDiag(z(P))P". (59)

Thus w(P) := (Y(P), Z(P)) € {2.

For each fixed P, the reconstructed candidate minimizes the diagonal subproblem. Its objective value is
V(P):=|Y(P) — Al + [|Z(P) — BI%

(60)
= [Al% + | BIIF — F(P),

where

F(P):=Y max{(dai(P))%, (dpi(P))2}

= Z(max{dAyi(P), —dp,i(P), 0})2'

i=1

Thus, the search over P reduces to the nonsmooth maximization problem max F(P).
E n
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5.2 Huber—Stiefel feasible-candidate generation

To obtain a continuously differentiable approximation of F, we smooth the maximum of d4 ;(P) and —dp ;(P)
in each summand. For a smoothing parameter § > 0, we use the following Huber-type approximation of the
absolute value [17]:

= + 0 |s| <6
Hs(s) : 20 2 -
Isl, |s| >4,
with derivative
5 )
Hy(s) = {50 lI=0
sign(s), |s| >4

A continuously differentiable approximation of max{a, b} is

a+b+ Hs(a—b)

M(;(a, b) = D)

Since 0 < Hys(s) — |s| < $, the smoothed maximum satisfies

0 < Ms(a,b) — max{a,b} < % (61)
Thus Ms(a,b) converges uniformly to max{a,b} as ¢ | 0.
) = My (P = 2P0l ¢ Holdasl?) + daD))
The smoothed Stiefel objective is
Fo(P) =3 (mi(P))?,  Peon (62)

i=1

Since the scalar function s +— (s )? is continuously differentiable and M; is C1, the function Fj is continuously
differentiable on Q.
The following result quantifies the approximation error uniformly over Q.

Proposition 6 (Uniform approximation of the Stiefel objective) Let
Ry := max{[|A[|2, || Bl[2}.

Then, for every § > 0 and every P € Q"

5 + 6 (63)

0 < F5(P) — F(P) <n<RO6 52).

Hence Fs — F uniformly on Q™ as 6 | 0.

Proof For P € O™, set ¢;(P) := max{da ;(P),—dp(P)}. By (61), 0 < m;(P)—q;(P) < /4. Since the mapping
s — s+ is nondecreasing and 1-Lipschitz,

0< (mi(P))+ — (a:(P))+ < /4. (64)

Since 0 < (¢;(P))+ < Ry, the difference of squares is at most (6/4)(2Ro + §/4). Summing over ¢ proves (63).
O

To carry out the Stiefel search, we compute the Euclidean gradient of Fjs. Let
G = Hg(dai(P) +dpi(P)), i =2(mi(P))+,

and define
Dy :=Diag(v1,.-, ), D¢ = Diag(ni, -, ln)-

By direct differentiation and the chain rule, the Euclidean gradient of Fj is

VpFs(P) = (A— B)PD, + (A+ B)PD,.. (65)
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Under the Frobenius metric, projection onto TpQ™ = {n: PTn+n" P = 0} gives the Riemannian gradient
[10,1]:

grad F5(P) = VpF5(P) — Psym(P"VpF5(P)). (66)

Here sym(C) := (C' + C'T)/2 for any square matrix C.
For the manifold search below, we use the standard QR-based retraction [1],

Rp(n) = qf(P +n),

where qf (X) denotes the orthogonal factor @ in the QR factorization X = QR, with the diagonal entries of R
chosen to be positive.

Since Fj is continuously differentiable and Rp is a retraction, whenever grad Fs(P) # 0, the ascent direction
n = grad Fs(P) satisfies the standard ascent Armijo condition for all sufficiently small 7 > 0. Hence, the
backtracking procedure in the algorithm below terminates after finitely many reductions.

Algorithm 3 Huber—Stiefel feasible-candidate generator

Input: A, B € S"; initial P° € Q"; smoothing parameter § > 0; Armijo parameters a > 0, Bis € (0,1), o € (0,1); stopping
tolerances nst > 0, np > 0; maximum number of iterations Kmax-
Output: A feasible candidate ucand = (Yeand, Zeand) € 2.
Set s = 0.
Step 1: Gradient and ascent direction.
Compute grad F5(P®) from (65)—(66) and set n° := grad Fs(P?).
Step 2: Armijo backtracking and update.
Starting from 7 = «, reduce 7 < P17 until, with
Peang := Rps (TTIS%

the Armijo condition

Fs(Peana) — F5(P*®) 2 o7 (grad Fs(P?),n°) (67)
holds. Set P! := P 4.
Step 3: Stiefel stopping tests.
If

lgrad Fs(P*HY)|[p <mee,  or  [F5(P*H) — F5(P®)| < np,

or if s+ 1 > Kmax, proceed to Step 4. Otherwise, set s < s + 1 and return to Step 1.
Step 4: Feasible reconstruction.
Set

Ucand ‘= (Y(PS+1)7Z(PS+1))

using (59), and return ucang € §2.

Post- Uem'ﬁcation and acceptance. By (60), ¢;(u(P)) = V(P). If PV is a common eigenbasis of the current feasible
point u', scalar minimization yields V(P°) < g;(u!). Increasing Fjs, however, need not preserve this bound.
Deﬁne 9
Roé 6
Es =
o= ( 2 " 16)
By (63), for any Py, P, € O™,
F(Py) — F(Py) > F5s(P1) — F5s(Ry) — Es. (68)
Thus, under the above initialization, a smoothed gain of at least E; from PY ensures q;(u(P;)) = V(P) <
V(PY) < g (ub).
The gain condition is sufficient but not necessary for descent. Acceptance is determined by the true-value
comparison in (58) and the certificate test (82). The following example explains why the normal-residual test
is needed in addition to the Stiefel stopping criteria.

Remark 5 (Stiefel stopping versus slack verification) A zero Stiefel residual need not give a small slack residual.
Take

11

Then da(P) = (1,1)T, dg(P) =0, m; =1, 7; = 2 and ¢; = 1. Thus VpFs(P) = 4AP and grad F5(P) = 0, but
u(P) = (I,0) and

A = Diag(2,0), B=0, P—21/2(1_1), 0<d<1.

dist ((p+ be) (A — I, B), N™(1,0)) = (p+bi)|A = I||r = (p+ b)) V2.

Here NE™(1,0) = {0} x S?, so the Stiefel stopping tests cannot replace the normal-residual test.
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5.3 Fixed-basis feasible-candidate generation

Feasible candidates can also be generated using a fixed eigenbasis of either A or B. We describe this construction
below and derive computable objective-gap bounds in the next subsection. Let A = PAAs P} and B = PgApPp
be orthogonal eigendecompositions, where A4 = Diag(A(A)), Ap = Diag(A\(B)). For each i = 1,...,n, the scalar
branch rule in Subsection 5.1 gives

yi(Pa) = xi(Pa)(Ai(A))+, 2i(Pa) = —(1 = xi(Pa)) (P4 BPa)i) _,
yi(Pp) = Xi(PB)((Pg APB)ii) . zi(Pp) = —(1 = xi(Pp))(Ai(B))-.
Reconstructing the matrices in their respective bases according to (59), we obtain
Ya:= PaDiag(y(Pa))P{,  Za:= PaDiag(z(Pa))Pi,  Va:=V(Pa), (69)
Yp := PpDiag(y(Pp))P5.  Zp:= PpDiag(=(Pp))P5, Vi :=V(Pp). (70)

Both candidates lie in {2, so V4 and Vg are upper bounds on the optimal value of the slack projection
problem. They may be tried before or alongside the Stiefel search, subject to the same descent and normal-
residual tests.

5.4 Objective-gap bounds for fixed-basis candidates

Let
._ ; 2 2
vo= min (Y - Al +112 - B} (71)

denote the optimal value of (57).
Keeping the eigenpair ordering of A fixed, define

Uspee = max Y _ max {(Ai(4)}, (A (B))2 }, (72)
i=1
where 7 ranges over all permutations of {1,...,n}. Equivalently, Uspec is the sum of the n largest of the 2n
values (X;(A))2 and (X\;(B))%,i=1,...,n. Set
Lopec == | AllF + | Bl — Uspec- (73)

To attain the maximum in (72), pair the values (X\;(A4))3 and (X;(B))2 in opposite sorted orders. Keep the
eigenpair ordering of A fixed and reorder the eigenvalues of B and the corresponding columns of Pg accordingly.
Relabelling the reordered eigenvalues gives

Uspee = p_max { (i(4))3, (\i(B)2}. (74)
i=1

Using the resulting eigenvector matrices, define
T := (P Pg) o (P} Pg),

where o denotes the Hadamard product. The following bound relates the fixed-A objective gap to the alignment
of the paired eigenbases.

Proposition 7 (Objective-gap bound for the fixed-A candidate) Under the pairing (74), with Ry =
max{||A||2, || Bl|l2}, we have

0< V4 —ve <Va— Lpec <2v/nRo||I —T|2||BlF- (75)

The proof, including the pairing argument, is given in Appendix B.
By symmetry, the fixed-B candidate satisfies

0< Vg — v, <V — Lypec <2vnRo||[I —T|2]| Al p,

since [|I — T ||s = || — Tl
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The factor |I —T'||2 depends on the chosen eigenbases and the pairing (74), including choices within repeated
eigenspaces. AB = BA guarantees neither 7' = I under this pairing nor v, = Lgpec. Under the same pairing
condition, T' = I implies V3 = VB = v4x = Lgpec-

Thus, with Vi, := min{Vy4, Vp},

0 S Vmin — Vs S Vmin - Lspec~

Vinin — Lspec is a computable upper bound on the objective gap of the better fixed-basis candidate. A zero
value certifies global optimality, whereas a positive value leaves optimality undecided. Acceptance is evaluated
separately through the descent and normal-residual tests.

5.5 Limiting-normal certificates and slack verification

We now turn to the normal-residual condition required for slack acceptance. For u = (Y, Z) € {2 and a test
vector & = (¢Y,¢6%) € U, we construct computable bounds on dist(¢, NAi™(u)). Throughout this subsection,
u € {2 and «, B, are the exact positive, zero, and negative spectral index sets of Y + Z. We use the joint
spectral representation from Subsection 2.1 to express the test vector in spectral coordinates:

& =P'¢'P, €% :=P'¢’P, Ag:=84,;, Bs=¢E5

For a symmetric matrix C = U Diag(c)U ", define its spectral positive and negative parts by Cy :=
U Diag(c+)U . We construct certificate branches and compute their projections, obtaining both distance bounds
and explicit normals for slack verification.

Certificate sets. To make limiting-normal certificates easier to compute, we construct a finite family of branches
by imposing additional conditions on the zero spectral block of Ky (u). We begin with the two pure branches

By (u) := {(I'",I'?) € Kw(u) : I35 = 0},
Bz(u) == {(I'V,I'%) € Kw(u) : [Z5 =0},
and let
Npase (1) = Ks(u) U By (u) U Bz (u).

For 8 # @&, let P(B) be the set of all ordered partitions 7 = (I, Iy, I_) of {1,...,|B|}, with empty parts
allowed. Choose finite sets Q(u;&) C 0!8 and Oept C [0,1]. The selected bases may depend on both u and &.
For m € P(B), Q € Q(u;&), and 0 € Oceyy, write

Gy =Q'INQ, Gz:=Q'T%4Q,
and define
Brqo(u):={(I'",I?) € Kw(u): (Gy)y = (Gy)10 =0,
(Gy)oo 20, (Gz)oo =0,
(Gz)o- =(Gz)-— =0,
0(Gy)+— + (1= 0)(Gz)4— = 0}.

Here the block subscripts refer to the partition 7, and the transposed block conditions follow from symmetry.
Set

Ncert (u; 6) = Nbase(u) U U BW,Q,Q(U‘)’
TEP(B), QEQ(u;¢)

0E€Ocort

If 8 = @ or no mixed branches are selected, set Neort (u; &) := Mpase ().

Proposition 8 (Limiting-normal certificates) For every u € 2 and £ € U,

Ncert(u; 5) - N_I(Bm(u) = KM(“) - ICW(u) (76)
Consequently,
dist (&, Kw (u)) < dist(&, No™(u)) < dist (&, Neer (13 ). (77)

If B =@, all sets in (76) coincide, and both inequalities in (77) are equalities.
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Proof We use the spectral characterization in [9, Proposition 3.3 and Theorem 3.1], recalled in Appendix A. Fix
m = (Iy,Ip,1-) and Q. Absorb a permutation of the partition into @ so that the positive, zero, and negative
coordinates occur in this order. For s | 0, assign a common value a4 (s) to the coordinates in I, zero to those
in Iy, and a_(s) to those in I_. Choose

las(s) a_(s) ai(s)/(as(s) — a_(s))

0<0<1] s —s(1-0) 0
6=0 52 —s s/(1+s)
0=1 s —s2 1/(1+s)

The resulting vectors a(s) are ordered and converge to zero. Their divided-difference matrices converge to
an element of Uz whose +— block is the constant 6. The other blocks have exactly the values specified in
Appendix A. Hence the degenerate-block conditions defining B, ¢ ¢(u) satisfy that characterization, including
the two endpoint values of 6.

The all-positive, all-negative, and all-zero partitions give By (u), Bz(u), and Kg(u), respectively. Empty
parts impose no conditions. This proves the first inclusion in (76); the equality and the last inclusion follow
from the same characterization. Distances reverse set inclusion, giving (77). When 8 = &, no degenerate-block
restrictions remain, so all the sets coincide. O

For fixed (u, £) and selected bases, each branch is a nonempty closed convex cone. Comparing the branch pro-

jections therefore yields a closest normal in Neeyt (u; €). The number of branches is at most 3-+|Q(u; &)| |Ocert | 31!

Ezxplicit distance formulas. To evaluate the resulting certificate distances, we first compute the contribution
from the common linear block constraints. Write dy := dist(&, Ky (u)). These constraints give

diy = || MIIF+2|| a5||F+ IEZ, 1% + 2||€Z, 1%
i f (1 - xy)éf)’ (78)
2 J 17 )
+ ; (1 — 5,
JjEY

The basic certificate distance is

diSt2 (57 Nbase (’U,))

. (79)
= diy +min{||(Ag)+ 17 + (Bs)-II%, I14slF, |IBsll%}
For a mixed branch, set A= Q" AzQ and B = Q" BsQ. Then
dist? (&, Br,g.0(u))
=3y + | Api 3 + 20 Asol} + 1(Ago)+ 1%
+ | B__ |2 + 2/| Bo-|% + |(Boo)-|I% (80)
2104, +(1-60)B,_|%
62 +(1—0)2 '

The squared distance to NMeerg(u; €) is the minimum of the squared distances to its included branches.
These formulas follow from blockwise orthogonal projections, with the factors 2 accounting for transposed

off-diagonal blocks in the Frobenius norm. The same projections also provide an explicit normal witness for the

slack verification below. For a pair of scalar entries or equally sized blocks (Up, V) subject to aU + bV = 0,

with a2 + b2 > 0, set

fi’ Ve =V — L

a? + b2 a? + b2

For the common ay block, apply this formula entrywise with (a,b) = (X;;,1 — X;;). For a mixed +— block,

E :=alUy + bV, U, =Uy— (81)

apply it with (a,b) = (0,1—6) to (ng,, §+,), and fill the transpose blocks by symmetry. Set all blocks required
to vanish equal to zero and retain all free blocks.

For the basic branches, the projected 88 pair is (—(Ag)—, (Bg)+), (0,Bg), or (Ag,0) for Kg, By, or Bz,
respectively. For a mixed branch, use

(Gy)oo = —(Ago)—, (G2)oo = (Boo)+

Rotate the mixed degenerate block back by @, then rotate the full pair back by P. These orthogonal transfor-
mations preserve the product Frobenius norm. Return the minimizing normal I = (I'Y', I'?), its branch type,
the spectral data P and (a, £, ), and, where applicable, @, 7, 8, together with r = || —I'||. The returned branch
data permit an independent check of membership, while (79) or (80) gives the squared residual.
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Slack verification. To use these certificates in the slack update, consider a feasible trial point u‘*! € 2 and set
g = v, (ut) = (p+ b)) (& —u'Th.

The computable test is
dist (£, Neert (u' 15 67H1)) <67 (82)

Let I'*T! be a closest certificate normal returned by the preceding block projections, attaining the distance in
this test. When the test passes, Proposition 8 gives

[e NP, VLBt + I < af

Thus the slack residual condition (40) holds, and the candidate is accepted if it also satisfies the descent
condition (39). Retain this normal and its branch data for evaluating the full inner residual in Lemma 5. At inner
termination, the retained normal may also be used in the outer slack test whenever ||V, Ly, (1) + "%+ < egat-

The candidate-generation routines and certificate choices used in the numerical experiments will be specified
in Section 6.

6 Numerical experiments

We evaluate SPALM on two test families, denoted by Families I and II. We use two relative noise levels,
el € {0.01,0.05}, and five seeds for each parameter group. Both families fit the SDCMPCC model (1) and
its slack reformulation (2). We describe the implementation, evaluation criteria, models, and data generation
below.

6.1 Implementation and evaluation criteria

We evaluate finite-budget runs using the final complete outer tuple, its updated multipliers, and normal witnesses
constructed from retained joint spectral data. The formulas in Section 5.5 define the certificate calculations;
Remark 6 specifies their interpretation in floating-point arithmetic. All matrix blocks use the Frobenius metric
and all other blocks the FEuclidean metric, with the canonical product norm. An isometric vectorization of
symmetric matrices weights off-diagonal upper-triangular entries by v/2.

Reported residuals. At a complete tuple (w,Y, Z, \, u, ME, M), define

Port 1= max{llg(w)+ [z, [A(w)], |G (w) = Y| g, [H(w) - Z| s,
dist(Y, S, dist(Z,87), |V Z| -},
1)l  rogw)l

TN =, Tag i= ,
L+ Az T T e + g
Sw =V (W) + g () A+ (w) i+ G (w)* MC + H (w)* M,
A sl |
T+ V£ (@) + Nz + [l + [T + M 7

The inequality residuals are zero for Family II. The primal residual vanishes exactly at feasible points, while Vj,
in (22) instead controls the penalty update. Model-specific expressions for s,, are given below.

To evaluate the slack-stationarity component, we use the retained joint spectral representation of u =
(Y, Z). Following Section 5.5, the signs and structural zeros of the retained coefficients determine the spectral
partition used for normal-witness evaluation. With &€ = (M, M), let Apg and Bg denote its zero-block spectral
coordinates in this representation.

The selected certificate family contains the three basic branches. For 1 < || < 6, it also includes mixed
branches constructed using

Q= {I7Q(AB)7Q(B5)7Q(A5 =+ Bﬁ)vQ(A,B - Bﬂ)}’ Ocert = {07 1}7

where Q(C) is a selected orthogonal eigenbasis and duplicate bases are discarded. All ordered partitions of the
zero block are tested. For |5| = 0 or |3| > 6, the three basic branches are used.
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At the same slack point v = (Y, Z), the reporting witness I, minimizes || — I'|| over the retained inner
witness and the projections onto the selected certificate branches. Define the normalization factor and the
reporting residual by

— I
s = U IMO MG, ragp o= 16 Dol
N
and

RM,F = max{rprh TXsTAg> T'stat TM,F}-

A run is counted as successful when the absolute feasibility and stationarity tests associated with Algorithm 1,
the reporting test Ry, r < 1074, and the independent numerical checks are satisfied. The absolute feasibility
and stationarity tolerances are both 10~%. The absolute slack test in Algorithm 1 uses the retained inner normal,
whereas I, is used for the reporting residual.

Tables report the final complete outer tuple and its updated multipliers. Here N is the number of planned
runs and M is the number of successful runs. Each numerical column reports the median of its per-run values;
Ryr is evaluated for each tuple before aggregation. Solver wall-clock time includes candidate generation,
witness evaluation, and checkpoint storage. Independent-verification time is recorded separately.

Inner schedule and finite budgets. At outer iteration k = 0,1, ..., we choose the inner initial point 2%* according
to (23), using the fixed feasible reference specified below for each family. We set

a;r =b; = 1072, Vkr1 = max{107% 1071 (0.8)" 1}, 6L =6 = vpiq /4.

Each accepted block update is checked against the proximal descent condition and the corresponding absolute
error test. The retained slack normal is used in the full residual evaluation. For the separated linear maps
G(w) = X and H(w) = —, the inner return criterion is

~ 1/2
RA = [(pellAut| + arllAw']| +6%)* + (bl Aut | +6,)°] " < v,

The outer and inner iteration limits are 400 and 200, respectively. We use py = 0.2, penalty growth factor 1.5,
and feasibility reduction factor 0.8. A requested penalty increase exceeding 30 terminates the run. Iteration,
search, and time budgets have separately recorded termination statuses.

L-BFGS and conjugate gradients use iteration limits of 160 and 500, respectively, with a CG relative tolerance
of 107!3. The Huber-Stiefel search uses smoothing parameter 1072, gradient tolerance 107!°, and an iteration
limit of 480. Fixed-support polishing uses at most two initial bases, an iteration limit of 240, and gradient
tolerance 10710, Three seeds are executed concurrently with one BLAS thread per process.

Slack-candidate generation. Slack candidates are generated by fixed-basis projections, Huber—Stiefel searches,
and fixed-support polishing. For a proximal center (A4, B), let P = [P, P_] € O™ have a fixed column partition.
Compressed spectral projections give

Y = P.IIs, (Pl AP,)P], Z =P_IIs_(P'BP_)P",

where the projections act on symmetric matrices of the appropriate dimensions. The compressed eigendecom-
positions produce the joint spectral basis retained for normal-witness evaluation.

To improve the candidate while keeping the column partition fixed, fixed-support polishing varies P to
maximize

Foup(P) = |5, (PLAP)||% + || ITs_ (PT BP-)|%.

Each generated candidate is evaluated by the proximal descent and absolute normal-residual tests.

Remark 6 (Finite-precision implementation) The implementation uses finite search budgets, an accuracy floor
Vmin = 1075, and an absolute descent-comparison tolerance of 107!, Structural spectral representations, normal
witnesses, and residuals are checked in floating-point arithmetic. The reported verification is at the numerical-
witness level; rigorous roundoff certification requires validated error enclosures. The selected certificate family
provides a sufficient test for normal-residual accuracy. The asymptotic results in Sections 3—4 concern infinite
sequences satisfying the stated vanishing-error assumptions.
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6.2 Family I: a compact low-rank correlation formulation

Numerical methods for nearest low-rank correlation matrix problems include [23,41,6]. Given an observed
symmetric matrix Cops € S™ and an integer 1 < r < n, we consider

) 1 2
)I(IgSnn 5 X — CObS”F

s.t.  diag(X) =1, X =0, rank(X) <r.

(83)

The representation in [9] uses a trace equality and an additional semidefinite constraint on an auxiliary matrix.
For a fixed lifting parameter ¢ € (0, 1), we use the following compact two-matrix SDCMPCC formulation:

. 1 2
a5 X = Consll

s.t.  diag(X) =1, (84)
1T = S|I7 <7+,

Set
w=(X,S), gw)=[I-S|F—-r—9, hw)=dagX)-1, Gw)=X, Hw)=-5. (85)

For this model, the reporting stationarity vector s,, = (sx, ss) has the explicit blocks

sx = X — Cops + Diag(p) + M€,
ss=2MS —I) =M™, |[su]® = [lsxlF + llss]F-

The projection of the feasible set of (84) onto the X-space is exactly the feasible set of the rank-constrained
correlation problem (83). Indeed, if k¥ = rank(X), then XS = 0 implies range(X) C ker S. Hence S has at least
k zero eigenvalues and

k<|I—S|H<r+d<r+1.

Since k is an integer, this gives k < r. Conversely, for any X > 0 with rank(X) = k < r, let Px be the orthogonal
projector onto range(X) and set S =1 — Px. Then S >0, XS =0, and || — S||§, =k<r<r+9.
The lifted feasible set is also compact. Indeed, every feasible pair satisfies

IXllr <tor(X)=n,  |Sllr < va+ Vo,

The constraints are closed, and the set is nonempty, as shown by X = 11T and S = I — X/n. The continuous
objective therefore attains its minimum.

Remark 7 (Scope of the exact lifting) The preceding argument proves equality of the projected feasible sets.
Since the objective is independent of S, the two formulations have the same global optimal value and cor-
responding global minimizers under projection. Lifted local minimizers need not project to local minimizers,
and lifted M-stationarity need not imply stationarity with respect to feasible tangent directions of the original
rank-constrained problem, because the auxiliary matrix S changes the local feasible geometry. Accordingly,
M-stationarity and its residual estimates below concern the lifted SDCMPCC (84) (equivalently, its slack refor-
mulation by Proposition 1), not an intrinsic stationarity notion for (83). A concrete counterexample is given in
Appendix D.

Constraint qualification and inner level boundedness. We next verify the constraint qualification used in the
outer analysis and the level-boundedness assumption for the inner subproblems.

Proposition 9 (Active-set SDCMPCC-LICQ for Family I) The slack reformulation induced by (84)
satisfies the active-set SDCMPCC-LICQ of Definition 5 at every feasible point. Equivalently, the unique slack
Lft ((X,S8),(X,—9)) of every feasible (X,S) satisfies this condition. This conclusion does not require strict
complementarity or rank(X) = r.

The proof is given in Appendix C.1. The threshold r + ¢ € (r,r + 1) enforces the integer rank bound. At a
feasible pair with S an orthogonal projector, ||[I — S ||§7 = n — rank(S) is an integer, so the scalar inequality is
strict.

Corollary 4 (Absence of singular M-multipliers for Family I) For the constraint representation (85) of
Family 1, no feasible point of (84) admits a singular M-multiplier.
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The proof is given in Appendix C.1.

Remark 8 (Dependence on the constraint representation) The formulation in [9] uses an auxiliary matrix U
satisfying

tr(U) =, U =0, (X, U—-1) e,
in addition to diag(X) = 1. If rank(X) = r, complementarity implies that U acts as the identity on range(X).
Positive semidefiniteness and the trace equality then force U = Px, where Px is the orthogonal projector onto

range(X). At this point, the pair (X,U — I) is strictly complementary. Set the trace multiplier to 7 = 1, the
diagonal-equality multiplier to zero, and

W =—(I — Px), (r¢, rfy = (0, - Px).

Then W € Ngy (U) and
(r¢, 'y e No(X,U —I) C NJ™(X,U — 1),
as follows from the normal-cone formula in [9, Proposition 3.2]. Moreover,

e =o, rI+W+TH =o.
Thus the earlier constraint representation admits a nonzero abnormal multiplier at every feasible point with
rank(X) = r. In contrast, Corollary 4 excludes singular M-multipliers at every feasible point of (84).

Proposition 10 (Inner level boundedness for Family I) Fiz p > 0 and any safequarded multiplier vector
Y. For every 2° in the inner domain, the sublevel set S,(x°) in (42) is bounded.

The proof is given in Appendix C.1.

A feasible reference point for Family I. For e =1 € R", set

€€T

Xref _ eeT7 Sref —J— B xref _ ((Xref’ Sref)’ (eref7 _Sref>). (86)
n
This point is feasible: diag X™f = e, X! §™f = 0, both matrices are positive semidefinite, and ||I — S™f||2, =
1 <7+ for r > 1. Lemma 2 therefore applies with f(w™") = |lee” — Cops||3. For the inequality term,
g(w) =1—7r—19 <0and Ak >0 give (g(w™") + A\ /p)+ < A /pi. The reference point is determined by the
dimension n.

Planted instances and ezxact relative noise. We first construct a planted feasible pair (X*,S*) with prescribed
ranks and common kernel dimension, then perturb X* to obtain the observations. Let n > 2 and choose integers
r,do satisfying 1 < r <nand 0 < dy <r—1. Set g := r —dy, so 1 < rg < r. Generate F' € R"*" with
independent standard normal entries and normalize every row,

™

F,. := o X*:=FFT.

With probability one, the normalization is well defined and preserves the full column rank of F. Hence X* >0,
diag(X™*) = 1, and rank(X*) = ro. Let Qx € R™ " have orthonormal columns spanning range(X*), and choose
Qo € R™*% with orthonormal columns in ker X*. Define

S*i=1-QxQ% — QuQq -
Consequently,
rank(S*) =n —r, X*8* =0, 17— $*|7 =r,

and dim(ker X* Nker S*) = dy. The scalar inequality is strictly satisfied, with g(X*, S*) = —¢. The parameter
dy jointly specifies the planted common kernel dimension and rank ro = r — dy. The spectral partition at
termination is determined from the retained joint spectral representation.



28 ‘Wangi Hou et al.

To obtain observations at a prescribed relative noise level, draw E € R™" with independent standard

normal entries and set o .
E+ET E+ET
Ey = +T — Diag (diag(é)) )

_ Lo (87)
"Bl
Cobs == X* + mret || X ™| E, Mret € {0.01,0.05}.
Since n > 2, Fj is nonzero with probability one, so its normalization is well defined. It follows that
[Cobs — X* ||
X

diag(Cops) = 1, = Nrel-
For fixed (n,r,d, seed), the same normalized direction F is used at both relative noise levels.
All Family T experiments use ¢ = 1/2. The test grid is

(n,7) € {(20,5), (30,8), (50, 10), (100,20)}, do € {0,2}, ma € {0.01,0.05},

with five seeds for every parameter group. The experiments use the implementation settings in Section 6.1. The
w-block is treated by L-BFGS with an analytic blockwise fallback. The per-run time limits are 5400 seconds.
Time limits are checked at algorithmic checkpoints.

Table 1: Finite-budget results for Family I. Residuals and solver times are medians over five runs per
parameter group; M /N denotes successful runs over planned runs. Time is the solver wall-clock time,
including candidate generation, witness evaluation, and checkpoint storage.

do n r e M/N Ru,r Tstat M, rpri Lime (s)
0 20 5 001 5/5 6.74x107° 6.74x107° 2.75x107% 2.84x107° 1.18
0 20 5 005 5/5 872x107° 1.27x107° 7.03x10~7 8.72x107° 2.31
0 30 8 0.01 5/5 7.11x107° 7.11x107° 4.83x107% 4.21x107° 1.02
0 30 8 0.05 5/5 9.21x107° 2.39x107° 1.60x107% 9.21x107° 2.40
0 50 10 0.01 5/5 7.05x107° 7.05x107° 3.36x107% 4.76x107° 1.83
0 50 10 0.05 5/5 9.06x107° 5.92x10°¢ 3.20x10~7 9.06x107° 4.65
0 100 20 0.01 5/5 5.25x107° 5.25x107° 2.92x107% 3.21x107° 5.91
0 100 20 0.05 5/5 7.96x107° 4.22x107% 3.10x10~7 7.96x107° 46.02
2 20 5 001 5/5 7.43x107° 6.77x107° 6.44x10~7 7.43x107° 1.74
2 20 5 0.05 5/5 9.11x107° 7.85x107% 1.04x10~7 9.11x107° 3.69
2 30 8 0.01 5/5 6.78x107° 6.43x107° 1.47x107¢ 6.08x107° 1.69
2 30 8 0.05 5/5 9.65x107° 8.69x107¢ 2.53x10~7 9.65x107° 3.41
2 50 10 0.01 5/5 8.06x107° 5.23x107° 1.15x107% 8.06x107° 2.57
2 50 10 0.05 5/5 9.02x107° 5.64x107% 1.34x10~7 9.02x107° 5.34
2 100 20 0.01 5/5 8.60x107° 3.24x107° 1.62x107¢ 8.60x107° 6.90
2 100 20 0.05 5/5 8.64x107° 4.10x107% 2.05x10~7 8.64x107° 59.44

6.3 Family II: inverse linear SDP with a primal observation

Applications of inverse conic programming include portfolio selection and utility identification [18]. Inverse SDP
models also arise in structural design: Ghatrani and Ghate [14] study the recovery of constraint matrices and
include inverse truss design among their applications. We use an observation-fitting inverse SDP with fixed
constraint data, as described below.

Given an observed cost matrix C' € S™ and a primal observation X,,s € S™, we fit a cost matrix and a
corresponding primal optimizer of the forward SDP min{(C,U) : (A,U) =1, U > 0}. Following the minimum-
distance approach to noisy observations [5,8], the objective penalizes deviations from C and Xobs. This fixes
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the constraint data, unlike left-hand-side recovery in [14]; related inverse SDCMPCC formulations also adjust
right-hand sides [37].
The dual of the forward SDP is

bt C—yA=S5=0
yeR, Sesn U ° Y =

where y is the scalar equality multiplier and S is the dual slack. Write A = A/bg, with by > 0 and A indefinite.
The working dual coordinate § = y/by converts yA + S = C into C — yA — S =0, giving

1 21 )
in_ =|lo- 21X = Xope
min ’C C’HF+ 5 I bs| 7

C,.X,S5 2
s.t. <AaX> =5 (88)
C - @Z -S5=0,

To express (88) in the form of (1), set
w=(C,X,S,7), h(w) = ((A,X) -1, C—gA-S).
Consistently with the sign convention in (1), define
G(w) = X, H(w) = -S. (89)
Writing the equality multiplier as p = (0,T) € R x S", the stationarity blocks are

sc=C—C+T, sxy=X—Xope+0oA+ MO,
ss=-T—-M", s;=—(AT).

Thus 2 2 2 2 2
[swll” = IscllE + llsx = + Issllz + |sgl”,
[h(w)|* = (A4, X) = 1)* + |C —gA = S|[F, |ul*= o> +|T|%.
In physical coordinates, the other stationarity blocks are unchanged and
Si s _
sy = —(A,T) = b%’ 1522112 = llscllE + lsx 7 + IssllE + b %[sgl*.

For each fixed by > 0, this invertible change of variables preserves exact stationarity. A common finite tolerance
in working coordinates does not give a common physical-coordinate tolerance across instances with small bg.

The forward single-equality SDP is strictly feasible. To see this, choose a unit eigenvector v of A with
eigenvalue o > 0 and take € > 0 small enough that 1 — etr(A) > 0. Then

1—etr(A)

Uc:=¢€l + o’ =0, (A, U:) = 1.

By Slater’s theorem, a finite optimal value of the forward problem is attained by its dual. Every forward optimal
solution can therefore be paired with y and S = C' —yA = 0 satisfying XS = 0. Thus the KKT representation is
complete for this family whenever a forward optimum exists. Strict feasibility alone does not guarantee a finite
forward optimal value for every cost matrix C.

Constraint qualification and inner level boundedness.

Proposition 11 (Active-set SDCMPCC-LICQ for Family II) The unique slack lift ((C, X, S,7), (X, —95))
of every feasible point of (88) satisfies the active-set SDCMPCC-LICQ of Definition 5.

The proof in Appendix C.2 uses the single equality (A, X) = 1 and does not require A to be indefinite. The
following level-boundedness result uses indefiniteness.

Proposition 12 (Inner level boundedness for Family 1) Suppose that A is indefinite. Fiz p > 0 and any
safequarded multiplier vector T. For every x° in the inner domain, the sublevel set S,(z°) in (42) is bounded.

The proof is given in Appendix C.2.
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A feasible reference point for Family I1. Choose a unit eigenvector v of A with Av = av and a > 0, and set

T
Xref _ %7 Cref _ Sref — 0’ @Tef = 0. (90)

Then (A, X™!) = 1, the matrix equality holds, and the complementarity conditions hold. Pairing these variables
with (Yo, Z7f) = (X"°f 0) gives a feasible reference for (2), with f(w™) = |C|% + LvvT /o — Xons|%. A
positive eigenvalue suffices for this construction. Indefiniteness is still used to bound the remaining variables in
the model-level convergence result below.

The model bounds and the reference-point comparison give the following conclusion for both families.

Corollary 5 (Outer boundedness with feasible-reference comparison) Fiz an instance of Family I or
Family 11, with A indefinite in the latter case. Consider an infinite run of Algorithm 1 with Step 1 omitted,
completed Step 3 solves, and vy, — 0. Supply the corresponding feasible reference point in (86) or (90) and
enforce (23) at every outer iteration. Then the primal outer sequence is bounded and has a nonempty set of
accumulation points. Every accumulation point is M-stationary for the corresponding SDCMPCC and its slack
reformulation. If Step 1 is retained with positive stopping tolerances, the algorithm terminates after finitely many
outer iterations, provided every inner solve completes.

The proof is given in Appendix C.3. A common AL upper bound yields the stated convergence conclusions, and
Lemma 2 provides this bound under the feasible-reference comparison. For Family I, the stationarity conclusion
concerns the lifting, with the scope described in Remark 7. In all reported runs, Lj(z¥) < Ly(2™f) at every
outer iteration, so %0 = 2*. Accepted inner updates satisfy Ly (z¥T1) < Ly (2*0).

Propositions 10 and 12 also ensure that each AL subproblem attains a global minimum: its initial sublevel
set is nonempty and compact, and points outside it have larger objective values. At a minimizer z, = (wy, u),
the Fermat rule gives R

VwLi(z.) =0, —VuLi(z,) € No(u,) € NI (u,).

Thus a point satisfying Step 3 exists for every positive target. Proposition 5 and Corollary 2 further give finitely
many accepted transitions under ideal block oracles and the stated parameter and error conditions. These
existence statements do not guarantee that the practical routines return a candidate passing both acceptance
tests within the allotted budget.

Planted instances and exact relative noise. For integers n > 2 and 1 < r < n — 1, draw an orthogonal matrix
Q= [Qx,Qs], with Qx € R™" and Qg € R™* (™) and use positive eigenvalues geometrically spaced from 1
to 0.1 to construct complementary matrices

X*=QxDxQ%, S=QsDsQ{,

which are subsequently normalized to unit Frobenius norm. Thus, X*S = 0, rank(X*) = r, and rank(gl: n—r.
Both normalizations have nonzero denominators. Independently generate an indefinite matrix A with HAH =1

The construction requires <Z,7X *) # 0; resample if this inner product vanishes. Otherwise, change the sign of
A if necessary so that by := (4, X*) > 0, and set
A _
I e
0
o AtTS
K )

~ 1 - b
) y*zia y*:boy*:£~
K K

= |l

Here x > 0: otherwise A = —S =< 0, contradicting indefiniteness. It follows that (4, X*) =1, C* —y*A— S* = 0,
X*S* =0, and ||C*|| = || X*||p = 1. Equivalently, the physical dual multiplier satisfies y*A + S* = C*.
To construct the observed cost matrix, draw Eij BN (0,1) and set
E+ET [E+ET _ _ E
IEoll 5

Ey = A E

)

A
2 2

Since [[A|lr = 1, this construction gives (Eo, A) = 0. For n > 2, Ey # 0 with probability one, and hence
|E|lr =1 and (E,A) = 0. The observations are

C=C"+naB,  Xops=X*,  ne € {0.01,0.05}. (91)
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Because | C*|| = [ Bl = 1,
|€-c],
a2 = Threl-

1C* 1

The noise affects only the objective observation, so the planted primal-dual point remains feasible for every

relative noise level.

We use (n,r) € {(20,5),(30,8), (50, 10), (100, 20)} and five seeds for each (n,r, nwel) group. The experiments

use the implementation settings in Section 6.1 and a per-run time limit of 7200 seconds. The quadratic w-block
is solved by matrix-free conjugate gradients with absolute block-residual tests.

Table 2: Finite-budget results for Family II. Each numerical column reports the median over five final
complete outer tuples. M /N denotes successful runs over planned runs. Time is the solver wall-clock time,
including candidate generation, witness evaluation, and checkpoint storage.

nor e M/N Ryr Tstat TM,T Tpri  Time (s)
20 5 0.01 5/5 8.67x107° 8.67x107° 8.64x107% 1.91x10°¢ 4.09
20 5 005 5/5 7.44x107° 256x107° 6.76x107° 1.82x107° 2.34
30 8 001 5/5 871x107° 871x107° 6.75x10~7 1.25x10°° 9.65
30 8 0.05 5/5 857x107° 8.13x107° 3.00x10~7 4.82x107° 5.76

50 10 0.01 5/5 8.61x107° 8.61x107° 3.02x107° 2.16x107° 42.03
50 10 0.05 5/5 8.09x107° 8.09x107° 2.95x107° 2.30x107° 40.20
100 20 0.01 5/5 838x107° 838x107° 3.02x107° 3.15x107° 82.42
100 20 0.05 5/5 812x107° 7.97x107° 2.95x107° 3.48x107° 91.41

For Family II, we also report

o le=ctle X =X
TN e X T i .
[ X Tr

Both denominators are one. The quantity ec measures the relative deviation from the clean cost matrix, while
ex measures agreement with the observed primal target X,,s = X*. The following rounded ranges summarize
groupwise medians across the four tested dimensions:

Tlrel ‘ €c ex
0.01[[7.70,8.26] x 10~%  [1.82,2.15] x 1073
0.05|[3.85,4.13] x 1072 [9.11 x 1073,1.08 x 1072

6.4 Discussion of the results

All 120 planned runs satisfied the success criteria in Section 6.1 within the prescribed budgets: 80 for Family I
and 40 for Family II (Tables 1 and 2). Across parameter groups, the median Ry ranges from 5.25 x 107> to
9.65 x 1075 for Family I and from 7.44 x 1075 to 8.71 x 10~° for Family II.

Figures 1 and 2 summarize the final residuals and solver times. Median solver times range from 1.02 to 59.44
seconds for Family I and from 2.34 to 91.41 seconds for Family II. For Family I, the median time is larger at
Mrel = 0.05 than at ne = 0.01 for every tested (n,r, dp). Family II exhibits no consistent ordering of solver time
between the two noise levels.

For Family II, the group medians of both ec and ex are larger at 7., = 0.05 than at 7., = 0.01 in all four
tested dimensions, as reported in Section 6.3. Here ec measures deviation from the clean cost matrix, while ex
measures agreement with the observed primal target X, = X*.
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(a) Final residual (b) Solver time
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Fig. 1: Final residuals and solver times for Family I, using the group medians in Table 1. Each marker
summarizes five runs at the indicated (n,7), noise level, and dy. Residuals are displayed in units of 10=°; the
dashed line corresponds to Ry = 10~%. The time axis is logarithmic.
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Fig. 2: Final residuals and solver times for Family II, using the group medians in Table 2. Each marker
summarizes five runs at the indicated (n,r) and noise level. The residual scale, reporting threshold, and
logarithmic time axis are as in Figure 1.

7 Conclusion

SPALM applies the safeguarded augmented Lagrangian framework of Jia et al. [20] to SDCMPCCs with a
subproblem accuracy target defined by the limiting normal cone to {2. This target includes coupled first-order
normals that a scalar orthogonality representation can omit even at strictly complementary points. Feasible
slack candidates enforce complementarity, while smooth linking residuals control the distance of the matrix
image to 2. For infinite outer sequences with vanishing absolute subproblem errors, feasible accumulation
points are AM-stationary and, under AM-regularity, M-stationary. Active-set SDCMPCC-LICQ is sufficient for
this regularity. When solving an augmented Lagrangian subproblem, the proximal alternating framework gives
convergence of the full residual to zero along infinite accepted sequences under the stated level-boundedness,
proximal-parameter, and error conditions. Square-summable block errors yield an O(T~/2) best-residual bound
in accepted iterations.

Huber—Stiefel and fixed-basis procedures generate feasible slack candidates, whose acceptance requires de-
scent tests and limiting-normal certificates. Spectral bounds quantify the objective gap of the fixed-basis can-
didates, but finite-budget candidate generation need not produce an accepted update. The correlation-matrix
lifting has a compact feasible set and satisfies active-set SDCMPCC-LICQ at every feasible point. It preserves
the projected feasible set and global optimal value. Its local geometry differs from that of the rank-constrained
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problem: a lifted M-stationary local minimizer can project to a point with a feasible first-order descent direction,
as shown in Appendix D.

For the two model families, explicit feasible references and the comparison rule (23) give a uniform outer
AL upper bound. Under the stated model assumptions, completed inner solves, and vanishing absolute errors,
the resulting outer sequence is bounded and all its accumulation points are M-stationary.

The finite-budget experiments report successful termination in all 120 runs for the lifting and a single-equality
observation-fitting inverse SDP. Success combines absolute feasibility and stationarity tests with a normalized
residual evaluated using a retained normal witness. These floating-point checks provide numerical evidence for
the tested implementation. Further work should quantify the work required to generate accepted updates and
develop validated error bounds for the normal-witness calculations.

A Complete spectral characterization of ICpy

This appendix gives the full spectral characterization of Kps(u) = NA™(u) from [9, Proposition 3.3 and Theorem 3.1]. Fix u =

(Y, Z) € 2 and use the joint decomposition, spectral coordinates, and common multiplier space Ky (u) introduced in Subsection 2.1.
Let B be the zero spectral index set associated with v = (Y, Z) € 2. Within the zero block, identify 8 with the local indices

{1,...,|B|}. Let P(B) consist of ordered triples of pairwise disjoint subsets whose union is 8, with empty subsets allowed. Write

lel = {aERIBl :a12~~-2a|3|}.

For a € R‘f‘, let D(a) denote the generalized first divided-difference matrix of ¢t — max{¢,0} at a, namely,

max{a;,0} — max{a;,0}

a; — a; ,a; #aj, N
(D(a))ij = 1, ai=a; >0, ih,j=1,...,]8|
0, a; =aj <0,
Define
Uisr = {EGSW : 5= lim D(a*), a" -0, a* eR‘f‘}.

k

For any =1 € Ujg), choose a sequence a” realizing its divided-difference limit. After passing to a subsequence, the sign sets

By = {i:ak >0}, Bo :={i:a¥ =0}, B :={i:af <0}

are independent of k. We call the resulting partition associated with =7; the same matrix =7 may admit more than one associated
partition. Since the vectors a* are ordered, these sets occur in positive, zero, and negative order. Thus there is a partition

w(B) := (B+,bo, B-) € P(B)

such that
E@r+5+ Eg, gy (E1)p, 8
= = EB o 0 0 ,
(EV)f,s O 0

where every entry of (£1)s, s_ belongs to [0, 1].
For this choice of the realizing sequence and partition, define

0 0 Eg,p. —(Z1)p 8-
Zo = 0 - 0 EBOB,
(Bsyp_ —(Z1)p,8-) Egys Eg_p_

For Q € O!A1 Qp, denotes the submatrix of @ formed by the columns corresponding to the index set Bo.
With these objects, the limiting normal cone has the following spectral representation:

K (u) = {(FY, I'?) € Kw (u) : there exist Q € 0®l and 5 ¢ U with an associated partition
w(B) = (B+, Bo, B—) and matrix Z2 such that
Z10 (Qngng) + Z20 (QTf[;fZﬁQ) =0,
QhT35Qm 20, QF TZ3Qs, = 0}.
All conditions involving empty index sets are vacuous. If 8 = &, the degenerate-block conditions disappear and Ky (u) = Ky (u).
Y +Z=0,thenY =27 =0 and Ky (u) = S™ X S”; the formula reduces to the limiting normal cone at the origin. The union

in this characterization ranges over all such choices of @, =1, and associated partition. Both the divided-difference limit and its
associated sign partition are required; entrywise bounds on the mixed block alone do not characterize the admissible choices.
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B Proof of the fixed-basis objective-gap bound

AZ 0
Proof (Proof of Proposition 7) Set D := ( O+ B2 ) € S?™, with Ay, B_ the spectral positive and negative parts. For each column

p; of P € O™, choose ¢; = (p;,0) if (piTApi)_._ > (piTBpi)_7 and ¢; = (0,p;) otherwise. The vectors g; are orthonormal. Jensen’s
inequality for t — (t4.)2, applied in an eigenbasis of A or —B, gives

F(P) < ZQ;FDQZ' < ij(’D) = USpe(%
i=1 j=1

For the second inequality, write the rank-n orthogonal projector >, qiqiT in an eigenbasis of D: its diagonal entries lie in [0, 1] and
sum to m, so their weighted sum is at most the sum of the n largest eigenvalues. Equation (60) now gives Lgpec < v < V4.

To obtain (74), select n entries attaining Uspec from the two spectral lists. If k come from the A-list, pair these with the k
unselected B entries, and pair the other A entries with the selected B entries. Each selected entry is at least its partner, so the sum
of maxima is Uspec. Ties are arbitrary but the orderings of Pg and A(B) must agree.

Finally, diag(P] BP4) = TA(B). On [—Ro, R}, the functions ¢;(s) := max{(Ai(A))ﬁ_, (s—)?} are 2Rp-Lipschitz. Hence

Va = Lopee = »_ [6i(Mi(B)) — ¢:((TA(B))s)] o)
i 92
< 2Ro||(I = T)A(B)|l1 £ 2v/n RollI — T|2|| Bl -

Together with Lspec < vx < V4, this proves the claim. O

C Verification of the assumptions for the numerical models
C.1 Family I

Proof (Proof of Proposition 9) Let ((X,5),(Y,Z)) € F be a feasible point of the induced slack reformulation. The linking
equalities give Y = X and Z = —8. By Proposition 2, consider a scalar A, a vector € R™, and matrices I'Y , "4 € S™ satisfying
the homogeneous reduced system. With D := Diag(u), its two stationarity equations and spectral relation are

D+TIY =0, XS —I)—T% =0, Xr¥ +r?s=o,
where A = 0 whenever the scalar inequality is inactive and ) is unrestricted when it is active. Eliminating I'Y and I'Z gives
—XD +2X(S—-1)S =0.
Since XS = 0, the two terms are orthogonal because
(XD, (8 -18) =t(DX (5 -1)S) =0.

Hence ~ ) ~ -
XD + 43 [|(8 = DS][ =o0.

Thus XD = 0; since diag(X) = 1, (XD)s; = Xiiui = pi, and hence u = 0. If the inequality is inactive, then A = 0. If it

is active and A # 0, then (S — I)S = 0, so S is an orthogonal projector. Consequently HI — SH?, is an integer, contradicting
||I - g’”?, =749 € (r,r+ 1). Therefore A = 0, and the stationarity equations yield I'Y = I'? = 0. O

Proof (Proof of Corollary 4) Proposition 9 excludes nonzero homogeneous tuples in the full linearized multiplier space, and hence
in the smaller set of actual normal-cone multipliers. O

Proof (Proof of Proposition 10) Fix p > 0 and the multipliers. Let ¢ := L,(z") and take any =z = (X, S,Y, Z) € S,(z°). All terms
in (20) are nonnegative. The objective therefore bounds X, while

A 2
(g(x, S) + f) <=
P/ + p

2 A
1= S|%<r+0+,/~—2.
PP

Thus S is bounded. Keeping the multiplier shifts in the linking terms gives

2¢ MG 2¢ MH
X —vie < /24 e ey gy < J20 4 1M
p p p p

Hence Y and Z are bounded as well. These bounds depend on p and the multipliers. O

implies
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C.2 Family IT

Proof (Proof of Proposition 11) Let (w, (Y, Z)) € F be feasible for the induced slack reformulation, where @ = (C, X, S,%0). Thus
Y = X and Z = —S. In the reduced system of Proposition 2, write the equality multiplier as (o,7) € R x S™. The stationarity
equations with respect to C, X, S, vy, respectively, are

T =0, cA+IY =0, -T-I%=0, —(A,T)=0.

Thus T = I'? = 0 and I'Y = —0A. The spectral relation gives ¢ XA = 0. Taking the trace and using (A4, X) = 1 yields o = 0.
Hence all equality and spectral multipliers vanish. O

Proof (Proof of Proposition 12) Fix p > 0 and the multipliers, and write the equality multiplier as p = (o, T). Set ¢ := L,(z°) and
§ := \/2¢/p. For any point in S,(z?), the nonnegative objective terms in (20) bound C and X. Set Q := S+Z and E := C -5 A—S.
The shifted linking and equality penalties give

MG MH
X —Y|r <o+ % 1Qllr <5+ %

T
IElr <5+ %

Thus Y, @, and E are bounded throughout the sublevel set. Since P:= —Z > 0and S =Q + P,
R=§A+P=C-Q-E
is bounded. Let v+ and v— be unit eigenvectors of A associated with eigenvalues a4 > 0 and a— < 0. Since P = 0,
yog < vIRm_, ya_ < vl Ru_.

Choose M so that ||R|y < M throughout the sublevel set. Then

M M
———<j<—.
o] oy
Consequently P = R — § A is bounded, and hence so are Z = —P and S = Q + P. m}

These sublevel-set bounds depend on both signs of the spectrum of A and need not be uniform across instances or outer
iterations. The indefiniteness assumption cannot be discarded from this result. For example, if 0 # A > 0, the inner-domain ray

C=X=Y=0, g = —t, S =tA, Z = —tA, t>0,

has (Y, Z) € £2, zero linking and matrix-equality residuals, and scalar-equality residual —1. For fixed multipliers and p, the augmented
Lagrangian is constant along this unbounded ray. Hence any sublevel set whose reference point lies on the ray is unbounded.
C.3 Uniform bounds across outer iterations

Proof (Proof of Corollary 5) Lemma 2 gives Ly, (:ck+1) < L := Ly for every k. Both objectives are nonnegative, so L > 0. Using
pk > po > 0 and | T%|| < Mgat in the squared-distance form of Ly, gives

Tk M,
dist(#(z*+1), C) < dist (mm’“+1> + —,c) 4 Moat

Pk Pk
= - (93)
2L M. 2L M.
< =g st op 22y sl
Pk Pk po - po

Thus every equality residual, linking residual and inequality positive part is uniformly bounded by D, without an upper bound on

Pk
For Family I, the objective and the inequality positive part yield

X5+ < NICobsllr + V2L, |II = S**3 < v+ 9+ D.

Hence X, S are bounded, and the linking residuals bound Y, Z. These estimates apply to the possibly infeasible outer points.
For Family II, the objective bounds C, X. Suppress the superscript k+1 andset E =C —yA—S,Q=S+Z and P=—-Z >~ 0.
Then || E|F, |QllF < D, and

R:=C—-Q-E=9yA+P, |R|2<M:=|C|r+ V2L +2D.
For fixed unit eigenvectors vy, v_ of A with eigenvalues oy > 0 > a—, positive semidefiniteness of P gives
yat < vy Rug, -——— <y< —.
o] ay
Consequently P, Z = —P, S = Q + P and Y are bounded. The constants depend on the fixed instance and need not be uniform
as its spectral gaps or bg vary.

Boundedness gives an accumulation point. Proposition 4(ii) makes every accumulation point feasible. Theorem 1, the model
LICQ results, and Proposition 3 then give M-stationarity, with Proposition 1 transferring it through the unique slack lift. With
positive stopping tolerances, any infinite run would have a feasible accumulation point and hence would satisfy Step 1 at a finite
iteration by the stopping argument following Theorem 1. O
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D A local limitation of the Family I lifting

Consider n = 3, r = 2, Cops = I3, and
1
Xo=11T, S0=13—§11T.

Then Xo,So = 0, X0So =0, and || I3 — So||§; =1 < r+9, so (Xo, So) is feasible for (84). The matrix Sy has two positive eigenvalues.
Hence every sufficiently close positive semidefinite matrix S has rank at least two, and X.S = 0 then implies rank(X) < 1. A rank-
one correlation matrix has the form ssT with s € {£1}3; this is a finite set, and Xy is its only member sufficiently close to Xp.
Thus every lifted feasible point sufficiently close to (Xg, So) has X = Xy and the same objective value. In particular, (Xo, So) is a
non-strict local minimizer of the lifted problem.

For the original rank-constrained problem, let

1 cosf cosb
Xog=|cosf 1 cos(20)
cosf cos(26) 1

This is the Gram matrix of the unit vectors (1,0)7, (cos,sind)", and (cos@, —sin@)T. Therefore X, > 0, diag(Xy) = 1,
rank(Xy) < 2, and Xy — Xp. For all sufficiently small nonzero 6,

1 1
5 | Xo — I3]|% = 2cos® 0 + cos?(20) < 3 = 5 X0 — Is]|% .

Moreover, with t = 2 the path X /7 is differentiable from the right at ¢ = 0, with
X ;= Xo+tH +o(t), H= |-

Thus H is a Bouligand tangent direction to the original feasible set at Xo, and (Xo — I3, H) = —6. Equivalently,

leX IH2 - 6<0
dat2 1I°Ve SFt:O+_ ‘

Thus X is neither a local minimizer nor first-order stationary with respect to feasible tangent directions of (83).
Nevertheless, (Xo,So) is M-stationary for the lifted formulation. Indeed, the scalar inequality is inactive, and the multipliers

A=0, w=—21, Y =38, ‘=0
satisfy
(Xo — I3) + Diag(p) + I'Y =0, 2A(Sp — I3) = I'? = 0.

At up = (X0, —S50), the spectrum of Xo — Sp is {3, —1,—1}, so the common zero block is empty and Kps(ug) = Kyw (uo). The pair
(ry, I'?) satisfies the corresponding spectral relations: I'Y = 3Sg has only a 7+ block, while ' = 0. This example shows that
a lifted M-stationary local minimizer need not project to a local minimizer or a point stationary with respect to feasible tangent
directions of the original rank-constrained problem.

E NP-hardness of exact slack projection

Proof We establish the hardness claim in Remark 4 by reducing Simple Max-Cut [13]. Let G be a simple unweighted graph on
n > 2 vertices with adjacency entries g;;, and denote its maximum cut size by mc(G). Set

d; —d;
d; =i?, D = Diag(di,...,dn), Cij =gijM,
)
e = (1024n1%)~1, A=D+¢C, B=-D+¢C.
Throughout, || - || = || - ||F and [U,V] = UV — VU. Put b = ||C||, H = DC + CD, and M = ||H||. Then b < n?, M < 2n?, and

eb<1l,s0 A>=0and B <0.
Let P = {R € S" : R? = R}. Every complementary pair has orthogonal supports. For fixed R € P, the minimizing supported
pairis Y = RAR, Z = (I — R)B(I — R). Writing v(A, B) for the value of (57), expansion therefore gives

A,B) = co — h(R = ||D||? + £%b?
v(4,B) = co —maxh(R),  co= DI +e%%,
h(R) = —[|[D, R]|I?> + 2¢(H, R) — &*||[C, R]||*.
For a cut S, set Rg = Diag(lg) and Qs = I — Rg. On symmetric matrices T = RsTQgs + QsTRg, define
as(T) = —|I[D, T)|1* + 2¢(H, T) — £2||[C, Rs]||*.
Let T's have cross-block entries (Ts);j = eH;j;/(d; — dj)2 fori e S, j ¢S, with symmetric counterparts and zero same-side blocks.

Completing squares yields
qs(T) = 8e? cuta(S) — [D,T = Ts]|?,  ||Ts|| < eM.

Take a global maximizer R of h, which exists by compactness of P. Since H has zero diagonal and |d; — d;| > 1 for i # j,

0< h(R) < —t* +2eMt,  t:= | offdiagR|| < 2eM < 1.



An Inexact Augmented Lagrangian Method for Semidefinite Complementarity Optimization 37

Round the diagonal of R to obtain Rg and write A = R — Rg = T + W, where T is the cross-block part. The identities
R;i(1 = Ri;) = 3,4, R; and RsA 4+ ARs + A% = A imply || A]| < 2t and [|[W|| < [|A||? < 4¢. The matrices [D,T] and [D, W]
have disjoint block supports. Using ||[C, Rs]|| < 2b and ||[C, A]|| < 4bt, expansion gives

R(R) < qs(T) + 8eMt? + 24e%b%t
< 8e2me(G) + 326> M3 + 486°02 M
< 82 me(G) + 352e3n12.

For the reverse bound, fix any cut S and set K = TgsRg — RgTs and R= eXRge X . Then KT = —K, [K,Rg] = Ts, and
g =|K||=|Ts|| <eM < %. The first and second derivatives of 5% Rge™*K have norms at most q and 2¢%. Thus, for A = R— Rg,

1Al <a. 14-Ts|<d
Expanding h and using these bounds yields

R(R) > qs(Ts) — Intq® — 2eMq® — 9:2bq
> 822 cutg(S) — 1066306,

Taking a maximum cut and combining both bounds gives
£2
|v(A, B) — co + 8e2 me(G)| < 512e3n16 = 5

Hence, for every integer k,
mc(G) >k <= (A, B) <co— 82 (k— %) .

The matrices and threshold are rational, have polynomial encoding length, and can be constructed in polynomial time. This
completes the reduction. m}
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