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Abstract In this paper, we define a class of linear conic programming (which we call matrix
cone programming or MCP) involving the epigraphs of five commonly used matrix norms
and the well studied symmetric cone. MCP has recently been found to have many important
applications, for example, in nuclear norm relaxations of affine rank minimization prob-
lems. In order to make the defined MCP tractable and meaningful, we must first understand
the structure of these epigraphs. So far, only the epigraph of the Frobenius matrix norm,
which can be regarded as a second order cone, has been well studied. Here, we take an
initial step to study several important properties, including its closed form solution, calm
Bouligand-differentiability and strong semismoothness, of the metric projection operator
over the epigraph of the /;, I, spectral or operator, and nuclear matrix norm, respectively.
These properties make it possible to apply augmented Lagrangian methods, which have re-
cently received a great deal of interests due to their high efficiency in solving large scale
semidefinite programming, to this class of MCP problems. The work done in this paper is
far from comprehensive. Rather it is intended as a starting point to call for more insightful
research on MCP so that it can serve as a basic tool to solve more challenging convex matrix
optimization problems in years to come.
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1 Introduction

In this section we shall first define several convex matrix cones and then use these cones to
introduce a class of matrix cone programming problems that have important applications in
many applied areas.

Let IR™*" be the linear space of all m X n real matrices equipped with the inner product
(X,Y) :=Tr(XTY) for X and Y in R™*", where “Tr” denotes the trace, i.e., the sum of the
diagonal entries of a squared matrix. Let f = || - || be any norm function defined on R"*".
The epigraph of f, denoted by epi f,

epif :={(t,X) e RxR™" |t > f(X)}

is a closed convex cone in IR x IR"*". Such a cone will be called a matrix cone for ease of
reference. We use K to represent epi f or the cross product of several such closed convex
cones when we choose f from the following five norms:

m n
@ f(:)="]lF, the Frobenius norm, i.e., for each X € R™*", || X||r = (Z Z |x,~j|2)l/2;
i=1j=1
(i) f(-) =1 |, the lw norm, i.e., for each X € R™", ||X||oo = max{|x;;||1 <i<m,1<
j<n};
m n
@) f(:)=| "1, the [ norm, i.e., for each X € R™*", | X||; = Z Z|xij|;
i=1j=1
@iv) f(:) = |2, the spectral or the operator norm, i.e., for each X € IR"™*", f(X) denotes

the largest singular value of X; and
) f() =1 "I+, the nuclear norm, i.e., for each X € R™*", f(X) denotes the sum of the
singular values of X.

That is, there exists an integer ¢ > 1 such that K = epi fi X epi f> X ... X epi f,, where for
each i > 1, f; is one of the norm functions chosen from (i)-(v) on a matrix space IR™*",
Denote the Euclidean space X' by X := & X X, x ... x &, where for each i > 1, the natural
inner product of &; := IR x IR"*" is given by

(t,X),(T,7))x, :=1T+(X,¥) V(t,X)and (£,¥) € R x R™>"

Denote the natural inner product of X by (-, -) x. Note that for each i > 1, except for the case
when f;(-) = || - ||r, the cone epi f; is not self-dual unless min{m;,n;} = 1. So, in general the
above defined closed convex cone K is not self-dual, i.e., K # K* :={W € X|(W.Z) » >
0 VZ € K}, the dual cone of K. When f(-) = || - ||r, epif actually turns to be the second
order cone (SOC) if we treat a matrix X € IR™*" as a vector in IR™" by stacking up the
columns of X, from the first to the n-th column, on top of each other. The SOC is a well
understood convex cone in the literature and thus is not the focus of this paper. We include
it here for the sake of convenience in subsequent discussions.

Let H be a finite-dimensional real Euclidean space endowed with an inner product
(-,)2¢ and its induced norm || - ||3;. Let Q € H be the cross product of the origin {0} and
a symmetric cone in lower dimensional subspaces of H. A cone is said to be symmetric,
if it is self-dual and homogenous. The cone K is homogeneous if for any u,v € intkC, the
topological interior part of /C, there exists 7 € Aut(XC) such that Tu = v, where Aut(K) is
the automorphism group of K, i.e., the set of nonsingular linear maps leaving /C invariant.
Note that the symmetric cone, which includes the nonnegative orthant, the SOC, and the
cone of symmetric and positive semi-definite real matrices, has been completely classified
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[13]. Let A:IR” — ) :=H x X be a linear operator. Define the natural inner product of )
by

((u,w),(v,2)) = (u,v)u + (w2)x V(u,w)and (v,z) € H x X.
Let A* : ) — IR? be the adjoint of A. Let ¢ be a given vector in IR” and b an element in ).
The matrix cone programming (MCP) we consider in this paper takes the following form

min{ch\Abe—i-QxlC}. )
The corresponding Lagrange dual of the MCP can be written as
max{(b,y}\.A*y:c, yE Q*XIC*}, 2)

where Q* represents the dual cone of Q. In applications, many examples can be cast in the
form of (1) or (2). Below we list some of them.

Matrix norm approximation. Given matrices By, By, ...,B, € IR™*", the matrix norm ap-
proximation problem is to find an affine combination of the matrices which has the minimal
spectral norm, i.e.,

P
min {|[Bo+ Y yiBell2 | y € R”}. 3)
=1

Such problems have been studied in the iterative linear algebra literature, e.g., [15,48,49],
where the affine combination is a degree-p polynomial function of a given matrix.

It is easy to show that the problem (3) can be cast as a semidefinite programming (SDP)
problem whose matrix variable has order (m+n) x (m+n) [53]. However, such an expan-
sion in the order of the matrix variable implies that it can be very costly, if possible at all, to
solve (3) as an SDP problem when m or n is large. Thus it is highly desirable for us to design
algorithms that can solve (3) in the original matrix space IR™*", in particular for the case
when m < n (assume m < n). We believe that the contributions made in this paper would
constitute a key step towards achieving that goal. More specifically, we strongly advocate
approaches based on simply writing the problem (3) in the form of (1):

P
min {1 >|[Bo+ Y yeBill2} -
k=1

We note that if for some reasons, a sparse affine combination is desired, one can add a
penalty term A ||y||; with some A > 0 to the objective function in (3) meanwhile to use || - ||3
to replace || - ||2 to get

p
min {[|Bo+ Y wiBil3+Aly[1 |y € R} @
k=1

Correspondingly, we can reformulate (4) in terms of the following two MCP forms:

min s+ An
st (s+1)/2>+/((s—1)/2)2 +12,
1> ||Bo+ Yo yiBxll2,
n =yl
and
min 7+ An
st (t+1)/2>[|[(r = 1) /28, Bo+ Y yiBilll2
n =y,
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where I, is the identity matrix of order m by m.

Matrix completion. Given a matrix M € IR™*" with entries in the index set € given, the
matrix completion problem seeks to find a low-rank matrix X such that X;; ~ M;; for all
(i, ]) € . The problem of efficient recovery of a given low-rank matrix has been intensively
studied recently. In [2], [3], [16], [23], [36], [37], etc, the authors established the remarkable
fact that under suitable incoherence assumptions, an m X n matrix of rank r can be recovered
with high probability from a random uniform sample of O((m + n)rpolylog(m,n)) entries
by solving the following nuclear norm minimization problem:

min { ||X||. | Xij = M;; V (i, j) € 2}.

The theoretical breakthrough achieved by Candés et al. has led to the rapid expansion of the
nuclear norm minimization approach to model application problems for which the theoreti-
cal assumptions may not hold, for example, for problems with noisy data or that the observed
samples may not be completely random. Nevertheless, for those application problems, the
following model may be considered to accommodate problems with noisy data:

min {||Po (X) — Po (M) [ +A[1X]|. | X € R™"}, ®)

where Pg (X) denotes the vector obtained by extracting the elements of X corresponding to
the index set £ in lexicographical order, and A is a positive parameter. In the above model,
the error term is measured in Frobenius norm. One can of course uses the /;-norm or the
spectral norm if those norms are more appropriate for the applications under consideration.
As for the case of the matrix norm approximation, one can easily write (5) in the form of
MCP.

Robust matrix completion/Robust PCA. Suppose that M € IR"*" is a partially given ma-
trix for which the entries in the index set {2 are observed, but an unknown sparse subset of
the observed entries may be grossly corrupted. The problem here seeks to find a low-rank
matrix X and a sparse matrix Y such that M;; ~ X;; +Y;; for all (i, j) € £, where the sparse
matrix Y attempts to identify the grossly corrupted entries in M, and X attempts to complete
the “cleaned” copy of M. This problem has been considered in [4], and it is motivated by
earlier results established in [5], [55]. In [4] the following convex optimization problem is
solved to recover M:

min { | X[« + A[[Y[|i | Pa(X)+Po(Y) =Po(M)}, (©)

where A is a positive parameter. In robust subspace segmentation [28], a problem similar
to (6) is considered, but the linear constraints are replaced by M = MX + Y, and ||Y]]; is
replaced by }i_; [|yj[|2, where y; denotes the j-th column of Y.

In the event that the “cleaned” copy of M itself in (6) is also contaminated with random
noise, the following problem could be considered to recover M:

min {[|Po(X) +Po (Y) =P (M) |7 +p (IX ] +A[Y[1) | X,Y € R™"}, M

where p is a positive parameter. Again, the Frobenius norm that is used in the first term
can be replaced by other norms such as the /;-norm or the spectral norm if they are more
appropriate. In any case, both (6) and (7) can be written in the form of MCP.

Structured low rank matrix approximation. In many applications, one is often faced with
the problem of finding a low-rank matrix X € IR”*" which approximates a given target
matrix M but at the same time it is required to have certain structures (such as being a Hankel
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matrix) so as to conform to the physical design of the application problem [9]. Suppose that
the required structure is encoded in the constraints A(X) € b+ Q. Then a simple generic
formulation of such an approximation problem can take the following form:

min {||X —M||r | A(X) € b+ Q, rank(X) <r}. (8)

Obviously it is generally NP hard to find the global optimal solution for the above problem.
However, given a good starting point, it is quite possible that a local optimization method
such as variants of the alternating minimization method may be able to find a local minimizer
that is close to being globally optimal. One possible strategy to generate a good starting
point for a local optimization method to solve (8) would be to solve the following penalized
version of (8):

min{m,n}
min{[|X-M|r+p Y ouX)|AX)eb+Q}, ©
k=r+1

where 0y (X) is the k-th largest singular value of X and p > 0 is a penalty parameter. The
above problem is not convex but we can attempt to solve it via a sequence of convex relax-
ation problems as proposed in [14] as follows. Starting with X = 0 or any feasible matrix
X9 such that A(X?) € b+ Q. At the k-th iteration, solve

min {A|X —X*|[7 4+ X —=M|r +p(|IX|« — (Hx,.X)) | A(X) €b+Q} (10)

to get X**1, where A is a positive parameter and Hj, is a sub-gradient of the convex function
Y;_, ox(+) at the point X*. Once again, one may easily write (10) in the form of MCP.

From the examples given in this section, it becomes quite obvious that there is a great
demand for efficient and robust algorithms for solving matrix optimization problem of the
form (1) or (2), especially for problems that are large scale. The question that one must
answer first is if it is possible to design such algorithms at all. One obvious, maybe the
biggest, discouraging fact is that for large scale MCP problems, polynomial time interior
point methods (IPMs) are powerless due to the fact that the computational cost of each it-
eration of an IPM becomes prohibitively expensive. This is particularly discouraging given
the fact that SDP would not have become so widely investigated and applied in optimization
without the invention of polynomial time IPMs. So the answer to the above question appears
to be negative. However, during the last few years, we have seen lots of interests in using
augmented Lagrangian methods to solve large scale SDP problems. For examples, see [30,
34,54,57,58]. Depending on how the inner subproblems are solved, these methods can be
classified into two categories: first order alternating direction based methods [30,34,54] and
second order semismooth Newton based methods [57,58]. The efficiency of all these meth-
ods depends on the fact that the metric projector over the cone of symmetric and positive
semi-definite matrices (in short, SDP cone) admits a closed form solution [41,20,51]. Fur-
thermore, the semismooth Newton based method [57,58] also exploits a crucial property —
the strong semismoothness of this metric projector established in [45]. Keeping the progress
for solving SDP in mind, we are tempted to apply the augmented Lagrangian methods to
solve MCP (1) and (2). Actually, when C is vacuous, this has been done in the thesis [57]
as the metric projector over the symmetric cone has the same desirable properties as the
metric projector over the SDP cone [47]. In this paper we shall take an initial step to study
the metric projector over epi f, denoted by Ilepi r, With f = || [|ee, || - |1, || - [|2, and || - ||,
respectively. In particular, we shall show that
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— forany (1,X) € IR x IR"™*", I, ¢(¢,X) admits a simple closed form solution;

= Tlpif (e, -) is calmly B(ouligand)-differentiable at (#,X) € IR x IR™*" and the directional
derivative of ITpif(-,-) at (7,X) along any direction in IR x IR”*" has an explicit for-
mula; and

— ILpif(-,-) is strongly semismooth at any point in IR x IR"™*".

The above result, together with the fact that the metric projector over the SOC has already
been shown to have the above three properties [8], implies that the metric projector over
also has the above properties. Thus, these properties, together with the analogous properties
of the metric projector over Q, make it possible to apply the aforementioned augmented
Lagrangian methods to solve MCP (1) and (2).

The remaining parts of this paper are organized as follows. In Section 2, we give some
preliminary results, in particular on matrix functions. Section 3 is devoted to studying the
projectors over the epigraphs of the /; and /., norms. This also serves as a basis for con-
ducting our study on the projectors over the epigraphs of the spectral and nuclear norms in
Section 4. We make our conclusions in the final section.

Below are some common notations to be used:

— For any Z € R™*", we denote by Z;; the (i, j)-th entry of Z.

— For any Z € IR™*", we use z; to represent the jth column of Z, j=1,...,n. Let J C
{1,...,n} be an index set. We use Z 7 to denote the sub-matrix of Z obtained by remov-
ing all the columns of Z notin 7. So for each j, we have Z; = z;.

- LetZ C{l,...,m}and J C{1,...,n} be two index sets. For any Z € R"™*", we use
Zz 7 to denote the |Z| x || sub-matrix of Z obtained by removing all the rows of Z not
in Z and all the columns of Z not in 7.

— We use “o” to denote the Hardamard product between matrices, i.e., for any two matri-
ces X and Y in R™*" the (i, j)-th entry of Z := X oY € R"™*" is Z;; = X;;Y;;.

2 Preliminaries

Let Z be a finite dimensional real Euclidean space equipped with an inner product (-, -) and
its induced norm || - ||. Let C be a nonempty closed convex set in Z. For any z € Z, let I[1¢(z)
denote the metric projection of z onto C, which is the unique optimal solution to following
convex optimization problem:

. 1
min {1y~ |y ¢}

It is well known [56] that II¢(-) is globally Lipschitz continuous with modulus 1. When C
is a closed convex cone, by Moreau’s cone decomposition proposition [31], we know that
any z € Z can be uniquely decomposed into

z=1Ic+(z) — Hc(—2). (11)

Let O be an open set in Z and Z’ be another finite dimensional real Euclidean space.
Suppose that @ : O C Z — Z’ is a locally Lipschitz continuous function on the open set
O. Then, according to Rademacher’s theorem, & is almost everywhere differentiable (in the
sense of Fréchet) in O. Let Dy be the set of points in O where @ is differentiable. Let &' (x)
be the derivative of @ at x € Dg. Then the B-subdifferential of @ at x € O is denoted by
[35]:

p®(x):={ lim &'(*)}

Dgoxk—x
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and Clarke’s generalized Jacobian of @ at x € O [10] takes the form:
9P(x) = conv{dpP(x)},
where “conv” stands for the convex hull in the usual sense of convex analysis [38].

Definition 1 Let @ : O C Z — Z’ be a locally Lipschitz continuous function on the open
set O. The function @ is said to be G-semismooth at a point x € O if for any y — x and
Vedd(y),

D(y) = P(x) = V(y—x) = o([ly = l])-
The function @ is said to be strongly G-semismooth at x if for any y — x and V € dP(y),

P(y) — @(x) = V(y—x) = O(|ly 1%

Furthermore, the function @ is said to be (strongly) semismooth at x € O if (i) the directional
derivative of @ at x along any direction d € Z, denoted by @'(x;d), exists; and (i) P is
(strongly) G-semismooth.

The following result taken from [45, Theorem 3.7] provides a convenient tool for prov-
ing the strong G-semismoothness of Lipschitz functions.

Lemma 1 Let @ : O C Z — Z’' be a locally Lipschitz continuous function on the open set
O. Then @ is strongly G-semismooth at x € O if and only if for any Dg >y — X,

P(y) — P(x) — ' () (y—x) = O(|ly —l1%).

Next, we collect some useful preliminary results on Léwner’s eigenvalue and singular
value operators for studying the projectors over the epigraphs of the spectral and nuclear
norms.

Let 8" be the space of all real n x n symmetric matrices and O" be the set of all n x n
orthogonal metrices. Let X € S" be given. We use A;(X) > A2(X) > ... > A4,(X) to denote
the real eigenvalues of X (counting multiplicity) being arranged in non-increasing order.
Denote A (X) := (A1 (X), 22(X),..., 4,(X))T € R" and A (X) := diag(A (X)), where for any
x € IR", diag(x) denotes the diagonal matrix whose i-th diagonal entry is x;, i = 1,...,n. Let
P € O" be such that

X =PA(X)P". (12)

We denote the set of such matrices P in the eigenvalue decomposition (12) by O"(X). Let
Wy > [y > ... > H, be the distinct eigenvalues of X. Define

avi={i| MX) =T, 1<i<n}, k=1,..r. (13)

For each i € {1,...,n}, we define [;(X) to be the number of eigenvalues that are equal to
A:i(X) but are ranked before i (including i) and s5;(X) to be the number of eigenvalues that
are equal to A;(X) but are ranked after i (excluding i), respectively, i.e., we define /;(X) and
5;(X) such that

A«] (X) Z [ 2 li_li(x)(x) > li—l,-(X)+1 (X) = ...= ll(X) = ...= A‘i-‘rS[(X)(X)
> Aisix)+1(X) = .. = An(X) . (14)
In later discussions, when the dependence of /; and s;, i = 1,...,n, on X can be seen clearly

from the context, we often drop X from these notations.
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Next, we list some useful results about the symmetric matrices which are needed in
subsequent discussions. For any subset .A of a finite dimensional Euclidean space Z, let

dist(z, A) :=inf{||z—y|||y€ A}, z€Z.

The following result, which was stated in [46], was essentially proved in the derivation of
Lemma 4.12 in [45].

Proposition 1 For any H € ", let P € O™ be an orthogonal matrix such that
PT(A(X)+H)P = diag(A(A(X) +H)).

Then, for any H — 0, we have

PakaIIO(HHH)? kvlzlv"'7r7k#l7 (15)
Pakakpaiak :I‘ak‘—i—O(HHHZ)’ k= 17"'ara (16)
dist(Pya,, O =0O(|H|?), k=1,...,r. (17)

The following proposition about the directional differentiability of the eigenvalue func-
tion A(+) is well known. For example, see [25, Theorem 7] or [50, Proposition 1.4].

Proposition 2 Ler X € 8" have the eigenvalue decomposition (12). Then, for any S" > H —
0, we have

Ai(X+H)—Ai(X) *M-(FZ,(HF@) =0(|H|?), i€a, k=1,...,r, (18)

where for eachi € {1,...,n}, l; is defined in (14). Hence, for any given direction H € S", the
eigenvalue function A;(-) is directionally differentiable at X with A](X;H) = A;, (FZ,(Hﬁak),
ica,k=1,...,r

Suppose that X € S" has the eigenvalue decomposition (12). Let f : IR — IR be a scalar
function. The corresponding Lowner’s eigenvalue operator is defined by [29]

fX)pipt . (19)

-

F(X) = Pdiag(f (11 (X)), f(Ma (X)), ... f(Iu(X))) P" =

i=1

Let D := diag(d), where d € IR" is a given vector. Assume that the scalar function f(-)
is differentiable at each d; with the derivatives f'(d;), i = 1,...,n. Let fll/(D) € 8" be the
first divided difference matrix whose (i, j)-th entry is given by

fdi) = f(d)) .
(D)) = Td}.]‘f"f#d" ij=1,....m.
f’(di) ifdi:dj,

The following result on the differentiability of Lowner’s eigenvalue operator F defined in
(19) is well known and can be largely derived from [11] or [24]. Under the assumption that
f is continuous differentiable at every eigenvalue of X, the derivative formula, together with
the differentiability of F' can be found from Theorem V.3.3 and pp. 150 of [1]. These results
are further refined by [26,6,7]. For the related directional differentiability of F, one may
refer to [42] for a nice derivation.
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Proposition 3 Let X € S" be given and have the eigenvalue decomposition (12). Then,
the Lowner eigenvalue operator F(-) is (continuously) differentiable at X if and only for
each i € {1,...,n}, f(-) is (continuously) differentiable at ;(X). In this case, the Fréchet
derivative of F(-) at X is given by

F'(X)H=P [ Ao (FTHﬁ)} P’ vHeS". (20)
The following second order differentiability of the Lowner eigenvalue operator F' can
be derived as in [1, Exercise V.3.9].

Proposition 4 Let X € 8" have the eigenvalue decomposition (12). If the scalar function
() is twice continuously differentiable at each A;(X), i = 1,...,n, then the Léwner eigen-
value operator F (+) is twice continuously differentiable at X.

From now on, without loss of generality, we assume that m < n. Let X € IR™*" be given.
We use 61(X) > 02(X) > ... > 0,,(X) to denote the singular values of X (counting multi-
plicity) being arranged in non-increasing order. Denote 6(X) := (01(X), 02(X),...,0n(X))T €
IR and XZ(X) := diag(c(X)). Let X € IR"*" admit the following singular value decompo-
sition (SVD):

X=T[EX) 0]V =T[EX) 0][V, V2] =TZx)V], 1)
where U € O™ and V = [Vl Vg] € O" with V| € R and V, € R"™@=™)_ The set of
such matrices (U,V) in the SVD (21) is denoted by O™"(X), i.e.,

OmMX):={(U,V) e O"xO" | X =U[Z(X) 0]VT}.
Define the three index sets a, b and ¢ by
a:={i|lo;(X)>0,1<i<m}, b:={i|0;(X)=0,1<i<m}andc:={m+1,...,n}.

(22)

Let ft; > i, > ... > H, be the nonzero distinct singular values of X. Define
ap:={i|loiX)=M, 1 <i<m}, k=1,...,r. (23)
For each i € {1,...,m}, we also define /;(X) to be the number of singular values that are

equal to 0;(X) but are ranked before i (including i) and s;(X) to be the number of singular
values that are equal to o;(X) but are ranked after i (excluding i), respectively, i.e., we define
1;(X) and s;(X) such that

01(X) > ... 2 0, ;,x)(X) > 0y (X) = ... = 6i(X) = ... = O ,(x)(X)
> O (x)41(X) > .. > op(X). (24)
In later discussions, when the dependence of /; and s;, i = 1,...,m, on X can be seen clearly

from the context, we often drop X from these notations.
The following property about the SVD can be checked readily, e.g., see the proof of
Theorem 3.7 in Lewis and Sendov [27].

Proposition 5 Let X := X(X). Then, the two orthogonal matrices P € O™ and W € O"
satisfy P[Z 0] = [£ O]W if and only if there exist Q € O\, ' € OV and Q" € O" 1% such

that
_ 120 _|eo
P—{OQ,] and W—[OQ,,},

where Q =diag(Q1,0Q>,...,Q;) is a block diagonal orthogonal matrix with the k-th diagonal
block given by Qr € Ol k=1,... r.
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Let B(-) : R™*" — S™+ be the linear operator defined by

B(z) = {ZOT ﬂ . ZeR™™ 25)

It is well-known [21, Theorem 7.3.7] that
Z(X)

B(X)=P| 0 P, (26)
0

where the orthogonal matrix P € O™ is given by

5_ 1 [0.0, 0 U, T

3 |V Vo V2V2 -V, V| @7

For notational convenience, we define two more linear operators S : R”?*? — SP and T :
IRP*P — IRP*P by

S(2) ::%(Z+ZT) and T(Z) ::%(Z—ZT) VZ e RP*P. (28)

Then, by using (26), one can derive the following proposition directly from (18). For more
details, see [27, Section 5.1] .

Proposition 6 For any R™" 3 H — 0, let Y := X + H. We have
6i(Y) ~0i(X) — o (X:H) = O(|H|*), i=1,....m, (29)

where

A (s(UkaVak)) ifica, k=1,...,r,

o/ (X;H) = o 4
; o, ([T, HV, T,HV,|) ifi€b,

(30)

where for each i € {1,...,m}, l; is defined in (24).

The following proposition on the singular value decomposition of matrices plays an
important role of our subsequent study.

Proposition 7 For any R™" 5 H — 0, let Y := [E(X) 0|+ H. Let U € O™ and V € O"
be two orthogonal matrices satisfying [£(X) 0|4+ H = U[Z(Y) O)VT. Then, there exist
Qe ol o el and Q" € ©" 14l such that

0 0
U= [gQ/}-ﬁ-O(HHH) and V= [gQ”}+0(||H||)» 31)

where Q = diag(Q1,02,...,0Q;) is a block diagonal orthogonal matrix with the k-th diagonal
block given by Q; € Olal g = 1,...,r. Furthermore, we have

S(Hya,) = Ok (E(V)aga, — Z(X)apa,) OF +O(|H|?), k=1,....r (32)

and
[Hyp Hpe] = Q' [E(Y)pp — Z(X) 0]Q"T +O(|H|?). (33)
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Proof. We can derive (31) directly by employing the corresponding results in Proposition
1 on symmetric matrices via (26) and Proposition 5. Furthermore, (32) and (33) are the
immediate consequences of Proposition 6 and (31). (]

Let g : R4 — IR be a scalar function. The corresponding Lowner’s singular value oper-
ator is defined by

G(X):=U[g(Z(X)) 0]V =Y gloi(x))av! (34)

i

on

i=1

where g(X(X)) := diag(g(01(X)),...,8(0m(X))). For subsequent discussions, we need to
extend the values of g to IR as follows

_Js(t) ift=0,
8() = { —g(—1)ifz <0. (35

It can be checked easily that g(0) = 0 is the sufficient and necessary condition for the well
definedness of G. So we always assume that g(0) = 0.

Next, consider the differentiability of G(-). Let F(+) : ™" — §™*" be Lowner’s eigen-
value operator with respect to the scalar function g. Define ¥ : IR"™*" — S™*" by

[sEexpo o T,
Y(X):=F(B(X)) =P 8 (O) ( EO(X)) P .
g(—
Thus, from (35) and (27), we have
w00 = | gy o | = B6w). (36)

Therefore, if F(-) is (continuously) differentiable at B(X), G(-) is also (continuously) dif-
ferentiable at X with

Y'(X)H = F'(B(X))B(H) = B(G'(X)H) VHeR"™". (37)

Let i, :=0. Then, for each k € {1,...,r}, there exists & > 0 such that [z, — 1, | > &
Vi=1,...,r+1landl#k.Foreachk € {1,...,r},let px(:) : R — IR be a continuous scalar
function such that pg(r) = 1 if € [, — %, 10, + %] and py(r) = 0if | — 7| > %. Then, we
know that p;(0) = 0 for k = 1,...,r. Therefore, the corresponding Léwner’s singular value
operator Py(-) with respect to pi(-) is well-defined, i.e., for any ¥ € R™*",

Pu(Y)=U[pc(Z(Y)) O]VT, (38)

where p(Z(Y)) = diag(pr(01(Y)), ..., pr(0x(Y))) and U € O™ and V € O" are such that
Y =UI[Z(Y) 0]VT. By the definition of (38), we know that there exists an open neighbor-
hood AV of X such that for each k € {1,...,r},

Pe(Y) = Z upy!l VY eN. (39)

icay

In order to study the metric projections over C and ¥, we need to consider the dif-
ferential properties of Pi(-), k = 1,...,r. Since each pi(-) is continuously differentiable
near 0 and +0;(X), i = 1,...,m, we know from Proposition 3 that P(-) is also continu-
ously differentiable in N (shrinking NV if necessary). Let Y € A have the following SVD:
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Y =U[Z(Y) 0]VT with (U,V) € O™*(Y). By further shrinking A/ if necessary, we may
assume that for any k,/ € {1,...,r}, 6;(Y) >0, 6;(Y) # 0;(Y) forany i € ay, j € a; (k # D).
Define I} (Y) and Z;(Y) € R and X;(Y) € R"*("") k=1,....rby

1/(0i(Y)—o;(Y)) ificay, jea, k#1,1=1,....,r+1,

(G(Y))lj: 71/(0-1(Y)7GI(Y)) 1fl€d[,_]€ak,k7él,l:1,,r+1, (40)
0 otherwise,
1/(6[(Y)+GJ(Y)) ifica, jea, k#1,1=1,....,r+1,
(Ek(Y))ij: 2/(0,(Y)+GJ(Y)) ifi,ank, 41
0 otherwise
and
[ 1/(e(Y)) ifi€a, .
(n(y))lj_{o Otherwise, j—],...,l’l*m. (42)

Then, we obtain from (20) and (37) that for each k € {1,...,r} and any H € IR"*",
Pi(Y)H = UL (Y) 0 S(A) + E(Y) o T (A)V{ +U(1i(Y) 0BV, 43)

where A := UTHV; € R™", B :=UTHV, € R"™* ")V = [V} V5] and the two linear
operators S(-) and T'(-) are defined by (28). Furthermore, for each k € {1,...,r}, from the
definition of pi(-), we know that py(-) is actually twice continuously differentiable near
each A;(B(X)), i =1,...,m+ n. Then, by Proposition 4, we know that the corresponding
Lowner’s operator Fi(-) with respect to py is twice continuously differentiable near B(X).
On the other hand, for each k = 1,...,r, from (36), we know that

[Pk(OZ)T Pk(gz)} =F(B(Z)), ZeR™". 44)

Then, we have the following proposition.

Proposition 8 Ler Py(-), k =1,...,r be defined by (38). Then, there exists an open neigh-
borhood N of X such that for each k € {1,...,r}, Pi(-) is twice continuously differentiable
in N.

Note that by using the analytic result established in [52] for symmetric functions, one
may show that for each k € {1,...,r}, Fi(-) is analytic at 5(X). Then from (44), one may
derive the conclusion that for each k € {1,...,r}, Pi(-) is analytic at X. Since in this paper
we only need the twice continuous differentiability of Pi(-), k=1,...,r near X, we will not
pursue this analytic property here.

3 Projections over the epigraphs of the /., and /; norms

Since the /., and /1 norms are entry-wise matrix norms, the epigraphs of the /., and /; matrix
norms in IR”*" can be treated as the epigraphs of the I and /; vector norms in IR, re-
spectively, if we treat a matrix X € IR™*" as a vector in IR”". So we only need to study the
metric projection operators over the epigraphs of the /., and /1 vector norms in IR™”. Without
causing any confusion, we will use IR", rather than IR™", in our subsequent analysis.

In this section we will mainly focus on the metric projector over the epigraph of the
Il norm. The related results of the metric projector over the epigraph of the /; norm can
be obtained by using (11) accordingly as the epigraph of the /.. norm and the epigraph of
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the /; norm are dual to each other under the natural inner product of IR x IR". The results

obtained in this section are not only of their own interest, but also are crucial for the study of

projections over the epigraphs of the spectral and nuclear matrix norms in the next section.
For any x € IR, let x* be the vector of components of x being arranged in the non-

increasing order x% > ... > xﬁ. Let sgn(x) be the sign vector of x, i.e., (sgn);(x) = 1ifx; > 0

and —1 otherwise. For a permutation 7 of {1,...,n}, we use x; to denote the vector in IR”

whose i-th component is given by xy;), where 7(i) is the i-th component of ,i = 1,...,n.
For any positive constant € > 0, denote the closed polyhedral convex cone DE by

D= {(t,x) e RxR"|e"t> x;, i=1,...,n}. (45)
Let Ipe (-) be the metric projector over D;; under natural inner product in IR x IR". That is,

for any (t,x) € R x IR", Ipe(t,x) is the unique optimal solution to the following convex
optimization problem

min{%((T—I)Z—F ly—x|*) e 't >y, i=1,...,n}. (46)

Then we have the following useful result for ITpe (-, ).

Proposition 9 Assume that € > 0 and (t,x) € R X IR" are given. Let T be a permutation
of {1,...,n} such that x; = x*, i.e., xl.L =Xg(i), i=1,...,n and n~! the inverse of m. For
convenience, write x$ = +o and xi 41 = —<o. Then, there exists a integer k € {0,1,...,n}
such that

k
xi+1§(2x§+£t)/(k+82)<xi. 47
j=1

Let i be the smallest integer k € {0, 1,...,n} such that (47) holds. Define y € R" and T € R
by

_— I
y-i:_{(Ef—lxﬁgt)/(’Hs)‘“S’SK’ i=1,...n

: otherwise,

and T :=g( lexﬁ +€t) /(K +€2), respectively. Then IIpg (t,x) = (T,95-1)-

Proof. The existence of an integer k € {0, 1,...,n} can be proved in a similar way to that of

Lemma 2 below. The second part of the proposition can be obtained in a similar but simpler

way to that of Part (i) in Proposition 10. We omit the details here. (]
For any positive constant € > 0, denote the closed polyhedral convex cone C¢ by

CE:={(t,x) ERxR"|e 't > ||x]|-.}. (48)

Let Ice (-, -) be the metric projector over C5 under the natural inner product in IR x IR”. That
is, for any (¢,x) € R x IR", Ic¢ (¢, x) is the unique optimal solution to the following convex
optimization problem

1
min{g((f—t)2+||y—X|\2)\S_ITE [¥lles} - (49)

In the following discussions, we frequently drop n from C¢ when its size can be found from
the context. Also, we will simply use C to represent C'.

For any vector z € IR", we use |z| to denote the vector in IR” whose i-th component is
|lzil,i=1,...,n.Lete > 0 and (¢,x) € R X IR" be given. Let 7 be a permutation of {1,...,n}
such that |x[¥ = |x|, i.e., |x|,l = [x|z(.i=1,...,nand 77" the inverse of 7. Define s := 0

and s; ;= Y | |x|li k=1,...,n. Denote \x|$ = 400 and |x\i+1 =

following simple observation.

—oo, Then, we have the
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Lemma 2 There exists an integer k € {0, 1,...,n} such that
il < (st en)/ (k+€7) < Jxly. (50)

Proof. Obviously, if \xH < &7, then (50) holds for k = 0 as |x|$ = 0. For \xH > et we
can easily check that (50) holds for some k € {1,...,n} by using the induction and the fact

that |x[{, | > (s¢+e1)/(k+€) if and only if (sps1 +e1)/((k+1)+€2) < [xf, . O
Let k be the smallest integer k € {0,1,...,n} such that (50) in Lemma 2 holds. Let
0% (t,x) := (sp +et)/(k+€2). (51

Note that if k < n, then 8¢(¢,x) > 0 and if k = n, then 6¢(z,x) can be a negative number. Tt
also holds that if 8% (¢,x) < 0, then k = n. Moreover, if \xH > £~ 1t, we know that k > 1 and
(s +&1)/(k+€) < |x|t < ... < |x|{, which implies (s + &)/ (k+&?) < s /k. i.e.,
kt < esg. (52)
Define three index sets o, and yin {1,...,n} by
a:={i||x|>0%@tx)}, B:={i|llx|=0%0x)} and y:={i||x|<6%(r,x)}. (53)
Define ¥ € IR" and 7 € IR, respectively by
. sgn(x;) max{6%(¢,x),0} if i € e,
LR otherwise,
and 7 := emax{0%(z,x),0}. Then it is easy to see that (7,x) € Ct.
Proposition 10 Assume that € > 0 and (t,x) € IR x IR" are given.
(i) The metric projection Ige (t,x) of (t,x) onto C¥ can be computed as follows
Ilce (t7x) = (Eai) . (54)
(ii) The continuous mapping Ice (+,-) is piecewise linear and for any (1,h) € R x IR" suf-
ficiently close to (0,0),

HCE(t+n7x+h)_HC£(trx):H@(n’h)a (55)
where CE = Tpe (7,%) N ((t,x) — (7, %)) is the critical cone of C¢ at (t,x) and Tee (T, X) is
the tangent cone of C¢ at (f,%). Denote § := /€2 +k and h' := sgn(x) o h. Let

T

0 otherwise.

The directional derivative of Ilce(-,-) at (t,x) along the direction (1,h) € IR x IR" is
given by

e ((1,2);(n:h)) = e (n,h) = (7). (56)
where (},h) € IR x IR" satisfies

hi = sgn(xi)sflﬁ, ieo and hi=h;, i€y (57)
and
(T () it > —e el

(877, (sgn(x)oh)g) = Bl

. 58
Hcl%\ (n’,h;;) otherwise . (58)

Here for the case that B = 0, we use the convention that D‘%‘ =R and C|5/3\ =IR,.
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(iii) The mapping Ice (-,-) is differentiable at (t,x) if and only if t > €||x]|w, O €||X||c > >
—&||x||y and |x\%+1 < (sg+et)/(k+€>), ort < —& Yx||;.

Proof. (i) It is easy to see that problem (49) can be written equivalently as

.1 _
min {5 (7 =)+ [ly =[x [*) [ e o > [lyll-} (59)

in the sense that (*,y*) € IR x IR" solves problem (59) (note that y* > 0 in this case) if
and only if (¢*,sgn(x) oy*) solves problem (49). By using Theorems 368 & 369 in Hardy,
Littlewood and P6lya [19], we can equivalently reformulate problem (59) as

1
min {5 (7 =)+ [ly— [x|*|%) [ €72 > [|yl|-} (60)

in the sense that (#*,y") € IR x IR" solves problem (60) if and only if (¢*,y7 ;) solves prob-
lem (59). The Karush-Kuhn-Tucker (KKT) conditions for (60) take the form of

O=t—t—¢'u,
0€y—*+pa|lylle, (61)
0< (et —[ylw) L >0,

where u € IRy is the corresponding Lagrange multiplier, and the subgradient d|]y|| is given
by (see, e.g., [38, pp. 215])

3yl = conv{=tej,...,te,} ify=0,
Yl = conv{sgn(y)e; | i € I(y)} if y #0,

where for i € {1,...,n}, ¢; is the i-th unit vector in IR” and I(y) = {i | |[yi| = ||V, i =

.n}.
Consider the case that &||x|| >t > —&~!||x||;. In this case, k > 1. Define y € IR” and
T € IR, respectively, by

0%(r,x) if 1 <i<k
S ) == d 7:=¢e0%(t.%).
v {|X|,~i otherwise, i=1,...,n an (t,%)

Letfi:=¢(T—1)= 8(82?21 |x\ﬁ —kt)/(k+€?). Since

k k
|x\ ~5;) Zxﬁfzz(zmﬁa)/ms eZW ki) /(k+€%) =f,
: j:l

-

we know from (52) that
£ 1
>0 and Y (xf[;-3,)=A@. (62)
j=1

Define (t*,y*,u*) € R x IR” x R by

) (1, 0) ifr > e,
@y 7)== q (T.y0) ifelxlle > 1> = lx[l1,
(0,0, —¢et) ift < —e~ x| .
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Then, by using the facts that |x|* > 5 > 0 and (62) holds when &||x||c. > > —&~!||x||1, we
can readily check that (*,y*, u*) € R x IR” x IR satisfies the KKT conditions (61). Conse-
quently, (t*,y*) is the unique optimal solution to problem (60). Note that & = {7~ (i) | i =
1,...,k}. Thus, we obtain that (*,sgn(x) oy*_,) = (7,%) .

(ii) By noting that C¢ = {(f,x) ER xIR" | €71t > ||x||w} = {(t,x) ER x IR" |1 > €x;, t >
—ex;, i =1,...,n} is a polyhedral set, we immediately know that Iz« (-) is a piecewise
linear function. For a short proof, see [40, Chapter 2] or [44, Chapter 5]. Since C¢ is a
polyhedral set, from the results in [18,33] we know that

ge ((t,x): (. h)) =TIz (1, h) -

Let f(z) := ||z]|w> z € IR". Then, by using Theorem 2.4.9 in [10], we know that

Tee(ef(2),2) = {({,d) e RxR"|{ > ef'(z:d)} . (63)
Then, for any d € R",

i | max{sgn(z;)d;, i€I(z)} ifz#0,
fzd) = { ]l ifz=0. 9

We next consider the following five cases:

Case 1: 7 > €||x||~. In this case, (7,X) = (¢,x) and CE = Tee (7,%X) = R x IR". Thus,
e ((1,%); (N, h)) = Iz (1, h) = (1, ). On the other hand, in this case, we know that k =0
anda=0,B =0and y={1,...,n}. Therefore, 6 = € and n’ = 1. Since D\%I =Rif =0,
we know that (7],/) = (1, h). This means that (56) holds.

Case 2: 1 = €||x||w. In this case, (7,%) = (¢,x) and CE =Tge (f,%). From (63) and (64) we
have

—~ n —1 . oo .
G = Toe(.5) = {é(gé’,d) ER xR |e71¢ > sgn(x;)d;, i € I(x)} giig,

In this case, k = 0 and 6¢(t,x) = ||x||... We know thatot =0, B = I(x) and y = {1,...,n}\
I(x). Therefore, since 8 = € and ' = 1, it can be checked easily that (7}, %) satisfies the
conditions (57) and (58).

Case 3: €||x|| >t > —&7!||x||;. In this case, (7,%) = (T,sgn(x) o,-1) # (0,0) and
sgn(x) = sgn(x). Then, from (50) and (54), we know that I := {z~!(i)|i=1,...,k} CI(F)
and

((r,) = (7.%))*
={(§,d) e RxR"|(t =F)C + L (xi —Xi)di = 0}
={(§,d) e RxXR"| T (7 — [x[}) (671 ¢) + Licp (] — %[ )sen(xi)d; = 0}
={(£.d) e RxR"| Lo (xif — |%i) (=" { +sgn(x;)di) = 0},

which, together with (63), (64), and the facts that 7 = €||¥||- and |x;| > |%;| for each i € I°,
implies that

Ce={({,d) eRxIR" | ' =sgn(x;)d; Vi € I and £ '¢ > sgn(x;)d; Vi € I(x)\I}.

In this case, we know that B = I(x)\I°. Then, after simple transformations, IT7(n,h) can
be computed as in Proposition 9, from which we know that (ﬁ,ﬁ) satisfies (57) and (58).
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Case 4: t = —e~!||x||; and (t,x) # (0,0). In this case, (7,¥) = 0 and C& = Tee (7, %) N
(1,x)F =CEN(t,x)*. Letsupp(x) := {i|x; £ 0, i=1,...,n}. Then, since (¢,x)- = {({,d) €
R x IR" |71 {||x||y = (x,d) }, we have

Ce =N (10" = {(§,d) € R X R" |sgn(xi)d; = £ '{ > ||d||e, i € supp(x) }.

In this case, we know that k = |supp(x)| and 6¢(¢,x) = 0. Therefore, & = supp(x), B =
{1,...,n}\supp(x) and y = 0. Since for ({,d) € CZ, we have d; = £ ' { for any i € ., after
simple transformations, we know that I (n,h) can be easily computed as in Part (i) of this
proposition and (1], 4) also satisfies (57) and (58).

Case 5: t < —&~![|x||;. In this case, (7,%) = 0 and C¢ = Toe (7, %) N (£,x)* = {(0,0)}.
Hence, IT/:((t,x);(n,h)) = (0,0). In this case, we know that o = {1,...,n}, B =0 and
Y= 0. Also, since ' = 0 and Cﬁ;‘ =1R,, we know that ) = 0 and h = 0, which means that
(56) holds.

(iii) This part follows from the proof of Part (ii) and the fact that Ilce (-, -) is Lipschitz
continuous. O

4 Projections over the epigraphs of the spectral and nuclear norms

For any given positive number € > 0, define the matrix cone K&, , by

m,n

KE,={(t.X) e RxR™" | et > | X2} (65)
For the case that € = 1, we will simply use KC,,, to represent IC,‘M. That is, Ky, is the
epigraph of the spectral norm || - || on IR™*". Tt is easy to show from the definitions that the
dual cone of /C,y,, is the epigraph of the nuclear norm || - ||, and /C,,, is a proper hyperbolic
cone (see e.g., [17, Definition 2.2]). For simplicity, we omit the proof. Therefore, we will
mainly focus on the metric projector over KCp, ,. The related properties of the metric projector
over the epigraph of the nuclear norm can be readily derived by using (11).
Proposition 11 The dual cone of the K, is

Kon ={(t,X) e RXR™" |1 > ||X]|.. }.

Moreover, K, , is a proper hyperbolic cone.

Let ITice (-,-) be the metric projector over Ky, , under the natural inner product in IR x
IR™*". That is, for any (¢,X) € IR x R™*", ITe (t,X) is the unique optimal solution to the
following optimization problem

o1 _
min { > ((t=0)*+ Y = X|[7) [ e”'e > V|l }. (66)
The following results can be proved easily by employing von Neumann’s trace inequality
(r.z)<o(¥)'o(2)

for any two matrices Y and Z in IR”*" [32]. For brevity, omit the details here.
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Theorem 1 Assume that (t,X) € IR x R™*" is given and X has the singular value decom-
position (21). Let CE, be the closed convex cone defined in (48). Let (f,7) € IR x IR" be given
by

(f,9) = ¢ (t,0(X)),
where Ilce (t,0(X)) can be computed explicitly as in Part (i) of Proposition 10. Then, we

have
M, (1.X) = (.U [diag() 0]V"). (67)

For any positive constant € > 0, another matrix cone which is related to Ky, , is the
epigraph M& C IR x S" of the convex function €A, (+), i.e.,

ME={(t,X)eRxS" | et >1(X)}. (68)

Let ITye(-,-) be the metric projector over M, under the natural inner product in IR x S".
That is, for any (#,X) € R x 8", ITpq¢ (¢,X) is the unique optimal solution to the following
optimization problem

min{%((r—t)erHYfXH%)|£_1TZ7L|(Y)}. (69)
Similarly, the following results can be proved easily by using Fan’s inequality
(r,.2) <A(Y)'A(2)
for any two symmetric matrices Y and Z in 8" [12]. Also, for brevity, we omit the details.

Proposition 12 Assume that (1,X) € IR x 8" is given and X has the eigenvalue decompo-
sition (12). Let DE be the closed convex cone defined in (45). Let (f,7) € R x R" be given
by

(,9) = Ipg (1,A(X)) ,

where Ilpe (t,A (X)) can be computed explicitly as in Proposition 9. Then,
e (1,X) = (7, Pdiag(;5)P"). (70)

Next, we will consider the (directional) differentiability of the metric projector over
K 1.e., Ix,, , (+,-). In the following discussions, we will drop m and n from /C,,, when
its dependence on m and n can be seen clearly from the context.

Let (,X) € R x R™*" be given and X have the singular value decomposition (21),
ie, X =T[Z(X) 0]V, where U € O™ and V € O". As mentioned before, we use I, >
U, > ... > U, to denote all the nonzero distinct singular values of X and denote i, = 0.
For the sake of convenience, we also let 6y(X) = +o0 and 0,,41(X) = —oo. Let 59 = 0 and
st =Yk 0i(X), k=1,...,m. Let k be the smallest integer k € {0,1,...,m} such that

Ok1(X) < (se+1)/(k+1) < 0 (X).. (71)
Denote 6(f,0(X)) € IR by
0(t,0(X)) = (sg+1)/(k+1). (72)
Let o,  and 7y be the three index sets in {1,...,m} defined by

o:={i[0i(X)>6(1,0(X))}, B:={i|6i(X)=0(r,0(X))} and y:={i] 6i(X) < 9(%0((7)2)))}
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Let § := v/1+4k. Let S(-) and T(-) be defined by (28). Define p : R x IR”*" — IR as follows

S+ Te(SULHV ) if 1 > —||X ]|,

P mxn
p(mH).—{O otherwise, (n,H) e R x R™"_ (74)

Let (7,Y) € IR x R"™*" be given. Suppose that U € O™ and V € O" are such that Y =
U[Z(Y) 0]VT. Foreach k€ {1,...,r}, let P,(Y) be defined by (38). Define go(7,0(Y)) €
R and g(7,0(Y)) € IR™ by

(g0(7,0(Y)),8(t,0(Y))) :=I¢, (1,0(Y)). (73)

Let
G(1,Y) := U[diag(g(t,5(Y))) O]V, (76)

Then, from Theorem 1, we have
(g()(T,G(Y)),G(T,Y)) :H)C(T7Y)' (77)

Note that from Proposition 10, we know for each k € {1,...,r}, gi(t,0(X)) = g;(t,0(X))
for any i, j € a;, where the index sets ag, k = 1,...,r are defined by (23) with respect to the
matrix X € IR”*", Therefore, we may define

Vi :=gi(t,0(X)) foranarbitraryi€a, k=1,...,r.

Moreover, define

Gs(Y) = in'Pk(Y) and GR(T,Y) = G(‘L’,Y) — Gs(Y). (78)
k=1

Define 2 € IR™*™ Q, ¢ IR™*™ and Q3 € R"* (n=m) (depending on X) as follows

gi(t,o(X)) —gt,0(X)) .
(@) = ci(x)—c]j(x) ifoi(X)#0,X). e my, 9
0 otherwise,

if G[(X)-FGJ‘(X) #0,

(£22)i 0;(X)+0;(X) i,je{l,....m} (80)
0 otherwise,
and
gi(t,0(X)) .
(Q3)ij = i(X) if 6;(X) #0, ie{l,....m}, je{l,...n—m}. (81)
0 lfG,(X): s

Hence, from Part (i) of Proposition 10, we know that the matrices 1, £2, and Q3 have the
following forms

0 0 (2)ay
Q= 0 0 Eg ,.Qz:[

(92)00 (-QZ)ab and 93: (93)ac’
(21)ya Eyp (21)yy (Gl 0 } { ‘ }

(82)
where Egy € RIBXIM and Exp € RI"¥IBI are two matrices whose entries are all ones and a,
b, c are defined in (22) and ¢’ :={1,...,n—m}.
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Theorem 2 Assume that (t,X) € R x IR™*" is given. Let X have the singular value de-
composition (21). Then, the metric projector over the matrix cone IC, I (-,-) is direc-
tionally differentiable at (t,X) along any direction. For any (n,H) € R x R™*", let A :=
ﬁTHvl and B := UTHVQ. Then, for given (N,H) € IR x IR™*", the directional derivative
I ((t,X);(n,H)) can be computed as follows:

(i) ift > [|X[|2, then ITic((1,X); (n, H)) = (n,H); _
(ii) if || X2 >t > —||X|[., then TT-((t,X); (0, H)) = (7], H) with

n=358"v(n.H), (83)
[y 0 (2)aroS@A)ey]
H=U 0 wo(n,H) S(A)gy Vi

(21)ya0S(A)ye  S(A)yp S(A)yy

U (-QZ)aa °© T(A)aa (Qz)db OT(A)ab:| ol | 77 |:(Q3)ac’ OBac’:| T
S R S S L RS RE R CD

where (l//(‘)s(n,H)ﬁI-"s(n,H)) € R x SIBl s given by

(v (n,H),¥°(n,H)) := HM%‘(P(an)vS(U[TSHVﬁ)f (85)

In particular, ift = ||X||2 > 0, we have thatk =0, § =1, « =0, p(n,H) =1 and
_ — (WS, H)+T(A)gp Agy | 5T  + T
1‘,:1//(‘;5(177H)7 H:U|: (n A) ( )[3[3 A37:| V), +UBV,;
B 144
(iii) ift = —||X[]., then IT((t,X):(n,H)) = (17, H) with

=5""w(n.H), (86)

7

— [, H)I 0 T 0 T

H=U 0L A e }V +U[ }v, 87
[ 0 w1 Y |V O

where yd(n,H) € R, ¥2(n,H) € RIBIXIBI gna v (n,H) € RIBX(=m) qre given by

(v (n.1). [ (n. 1) W5 (n.1)]) := ety i

(otn.1), [Ty D7) )
(88)
(iv) ift < —||X||s then I} ((¢,X);(n,H)) = (0,0).
Moreover, Il (-,-) is calmly B-differentiable at (t,X), i.e., for any (n,H) € IR X IR"™*" with
(n,H) — (0,0), we have

(1 +n,X +H) — I (1,X) — M ((1,X): (0. H)) = O([| (. 7)) (89)

Proof. By Theorem 1, we only need to consider the case that ||X||> > ¢ > —||X||«. For any
(1,Y) e Rx R™", (go(7,0(Y)),g(7,0(Y))) is defined by (75), G(7,Y) is defined by (76)
and Gs(Y) and Gg(7,Y) are defined by (78). Let (n,H) € IR x IR™*" be given. We write
(1,Y):=({+n,X+H) € RxIR"™". Suppose that U € O™ and V € O" are such that

Y=U[Z(Y) o]vT. (90)

Since Gs(X) = G(¢,X), we have G(1,Y) — G(¢,X) = Gs(Y) — Gs(X) + Gg(7,Y). By Propo-
sition 8, we know that there exists an open neighborhood N of X such that for each k €
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{1,...,r}, Py(-) is twice continuously differentiable in N. Then, for (n,H) sufficiently
close to (0,0), we know from (43) that

Gs(Y) — Gs(X) = ¥ Vu(Pu(¥) — Pe(X)) = Y. wPLX)H + O(|HP)
k=1 k=1
— U101 oSV + T2 0 TNV +T(s0 BV + O(|H|?). 1)

where A = U’ HV, € R™" B = U’ HV, € R"*("~m) and 0Q1,92, € R™™ and Q3 €
R"™*(n=m) are given by (79), (80) and (81), respectively. On the other hand, by the def-
inition of (38), for H sufficiently close to 0, i.e., for ¥ sufficiently close to X, we have
Pi(Y) = Yicq uivi - k =1,...,r. Therefore, we obtain that for (7,Y) € IR x N\ (shrinking
N if necessary),
,
Gr(T,Y) =Y Ac+Ar, (92)
k=1
where A 1= Yic,, [8i(T,0(Y)) — ViJu] k= 1,....rand Ay = Yicp 8i(7,0(Y)Jupv] .
Firstly, consider the case that X = [2 (X) 0] and U = I, V = I,. Then, from (29) and
(30), for (n,H) sufficiently close to (0,0), we know that

6i(Y)=ci(X)+0!(X;H)+O(|H|?), i=1,...,m (93)
and N ( : ))
1y - _ 1; aa, ifica, k=1,...,r,
G"(X’H)’{cz,([be ka,,L}) ifich. ©4)

Since Il¢,, (-, ) is Lipschitz continuous on IR x IR™, we obtain from (55) that
Hcm(T, G(Y)) - Hcm(t, G(X)) = H@ﬂ(’% OJ(X;H)) + O(H(an)Hz) ) 95)

where C,, is the critical cone of C,, at (,6(X)). Let h:= ¢/ (X;H) € IR™. Then, from (94),
we have

ha, = A(S(Hapa)) €RIM k=1, r (96)
and
hy = o ([Hyy Hyc]) € RPL. 97)
Since (go(t,0(X)),g(t,0(X))) =Il¢,, (t,0(X)), from (95), we obtain that
go(7,0(Y)) —go(t,6(X)) =1 +0(||(n,H)|) (98)
and R
gi(t,0(Y) —gi(t,0(X)) =hi+0(|(n,H)|*), i=1,...,m, (99)
where N
Hence, since for each i € {1,...,m}, uiviT is uniformly bounded, we obtain that Ay =

ZieakﬁiuiviT +0(||(n,H)||?), k=1,...,rand A1 = Ziebﬁi”iViT +0(||(n,H)||?). Further-
more, by (31), we know that for each k € {1,...,r}, there exists Q € Olal such that

O([IH]1) O(|IH])
Uy= | Q+O(|H|)| and V, = |0+O(|H])

o(|lH]) O(|[H]])
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Note that A(-) and o(+) are both Lipchitz continuous. Since I, (+,-) is Lipschitz continuous
on IR x IR™, from (100), we have

@)l = 15, (n,m)] = OCl|(n. H)]). (101)

Therefore, for each k € {1,...,r}, we have

Fo(l(n. 1)) o(lm.m)|7) o(ll(m.1)[1*)
A= | O(1I(n,H)|) Qudiag(ig,)OF +O(| (0. H)II*) O(l|(m.H)IP) | +O((n,H))
Lo(l(n.1)I1%) o) O(H(n H)IP)
[0 0 0
= | 0 Qudiag(hy,)Qf O | +O((n.H)[). (102)
K 0 0

On the other hand, from (32), we know that S(Hy,a,) = Ok (E(Y )aya, — Fikdia ) OF +O([|H|?),
k=1,...,r. Therefore, we obtain from (93) and (96) that

S(Haa,) = Qudiag(o] (X;H) : i € ax) O + O(|H|]*)
= Qydiag(h ak)Qk +0( HHH , k=1,...,r. (103)

Meanwhile, by (31), there exist W € O’ and Z = [Z1 Zy) € Orlal with z; e RO lal>[b]
and Z, € R laDx(n=m) guch that

[ oan [ o(H|)
Ub‘[w+o<uﬂu>] and [V Vf]‘[zw(umn}'

Therefore, from (101), we obtain that

0 0

Are1 = {0 Wdiag () 2"

} Lol mP). (104)

On the other hand, from (33), we know that
(Hyp Hye] =W (E(Y )pp — B D) Z] +O(H|?).
Therefore, since W and Z; are uniformly bounded, from (93) and (97), we have
[Hpy, Hpe = Wdiag(o!(X;H) :i€b)ZI +O(||H|*) = Wdiag(hy)ZI +O(|H|*). (105)

Hence, by (92), (102) and (104), we obtain that

0, diag(7g,)QT --- 0 0
Gr(1,Y) = : - : +0(|(n.H)IP).
0 Qrdlag( )oF 0
0 . 0 Wdiag(hy)ZT

(106)

Letn' = (N +Xicohi) /8 ift > —|X||+; N’ = 0 otherwise, where § = \/1 +k. If t > —||X|..,
then by the definition of k we can conclude that for any i € «, 6;(X) > 0 because in this case
6(t,6(X)) > 0. Thus, by (96), we know that for r > —||X||., n’ = 8§ ' (n +Tr(S(Hua))) =
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p(n,H), where p(n,H) is defined by (74). By noting that (ﬁﬁ) =II; (n,h) and 6(X) >0,
we obtain from Part (ii) of Proposition 10 that

hi=1n Viea, hi=h Viey (107)

and
HD‘%‘(T’/vhﬁ) ifr > —HXH*,

(671,hp) = HC‘%‘ (n',hg) otherwise. (108)

Next, we consider the following two cases:

Case 1: ||X||2 >t > —||X]||s, Le., |[6(X)|lw > > —||o(X)]||;. We first conclude from
(72) that for any i € aU 3, 0;(X) > 0 because 0(¢,0(X)) > 0 in this case. We will separate
this case into two subcases.

Case 1.1: B # 0. Then there exists an integer 7 € {0, 1,...,r— 1} such that o = J;_; ax,

B = ary1 and ¥ = Uj—s» ax Ub. From (108), we have (Sﬁ,iz\ﬁ) =1I,; ‘ (n’,hg). By Propo-
1B
sition 12 and the fact that n’ = p(n, H), we know

(87, Qpdiag(hg) Q) = Mg, (P(n.H), Opdiag(hp) 0p)

Note that IT, ;5 (+,-) is Lipschitz continuous on R x S 181, Then, from (103), we obtain that
18]

(87, Qpdiag(hp)Qf) = HM%l(P(naHLS(HﬁB)) +0(||(z. H) ).
Therefore, by using the definitions of (83) and (85), we have
=17 +0(||(.H)|I*) (109)

and Qﬁdiag(ﬁﬁ)QlT3 =3 (n,H)+0(||(t,H)|? This, together with (106), (107), (103) and
(105), implies

[l O 0 0 0 0 0]
0 Won,H) 0 0 0 0 0
0 0  S(Huypar,) O 0 0 0
Ge(z.¥)=| . S o)) 1o
0 0 0 0 S(Hya) 0 0O
0 0 0 0 0  Hy Hpy |

Therefore, from (82), (91) and (110), we obtain that
G(T,Y) - G([,X) = GS(Y) - GS(X) +GR(T7Y)

Mgl 0 (2i)ayoS(H)ay 0
= 0 wo(n,H) S(H)gy 0
(Q1)yaoS(H)ya S(H)yp S(H)yy 0

o Ty (Ol 3} + [8 m”ﬁjjﬂ o)D), a1

Case 1.2: B = 0. Then there exists 7 € {1,...,r— 1} such that &« = Uj_;ax, B =0
and ¥ = Uj—r,1 ax Ub. Since D‘%‘ = IR, we know from (108) that § = §~'n’. Also, since
M‘%‘ =1IR, we have

A=8"w{(n,H)=6"n"=7. (112)
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Then, from (106), (107), (103) and (105), we obtain that

g O 0 0 0 0
0 S(Ha1ary) O 0 0 0

Gr(t,Y)=| : ; S Co L+ o(l(nH) ).
0 0 0 S(Hya) 0 0
0 0 0 0 be Hbc

This, together with (82) and (91), implies

G(1,Y)—G(t,X) = Gs(Y) — Gs(X) + Gg(1,Y)
{ Mjq| (1)ayoS(H)ay 0} {(Qz)aaoT(H)aa (22)ap 0T (H)ap 0
(21)ya o S(H)ya S(H)yy 0 (22)pa 0T (H)pa T(H)pp 0

0 (-(23)44(" oHac 2
o Pt | ofm ). (113

Case 2: t = —||X||+, i.e., t = —||o(X)]|;. In this case, 6(r,6(X)) = 0. Therefore, we
have o =a = {i| 6:(X) > 0}, B =b ={i| 0:(X) =0} and y = 0. Then, from (108), we
have (81,hg) = o5 (', hg). From Theorem 1 and the fact that n' = p(n,H), we know

Bl
that

(87, Wdiag(hp)Z{) = IT

K (p(n,H),Wdiag(hg)Z{ ).

8
|B.(n—lex])

(n—|al)

By noting that I, (+,-) is Lipschitz continuous on IR x RIBI* , we obtain from

Bl(n—lex])
(105) that

(87, Wdiag(hg)Z{ ) =TT, (p(n.H), [Hpp Hp.])+O(|[(.H)|]P).

1)
1Bl.(n—lex|)

Then, by using the definitions of (86) and (88), we obtain that
1 =0+0(|(r,H)|?) (114)

and Wdiag(hg)Z] = [¥¢(n.H) ¥ (n,H)] + O(||(z,H)|*). which, together with (106),
(107), (103) and (105), implies

fll\a\ 0 0

GR(LY):[ 0 W(n,H) ¥ (n,H)

} Lo(l(e.H)P).

From (54) and the fact that 6(¢,0(X)) = 0, we have g;(t,6(X)) = 6(tr,6(X)) =0, i =
1,...,m. Thus, by using (91) and the fact that in this case, £2; =0, £, =0 and 23 =0 we
obtain that

G(1,Y) — G(t,X) = Gs(Y) — Gs(X) + G(t,Y)

[Ty 0 0] [0 0 )

Next, consider the general case for X € IR”*". Rewrite (90) as [Z(X) 0] +U HV =
U'UE(X +H) 0]VTV.Denote U:=U U,V:=V'VandH:=U HV = [UTHVI UTHVZ} -
[A B]. Let X := [£(X) 0] and ¥ := [£(X) 0] +H = U [E(X+H) 0]V”. Then, we have
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G(r,Y) - G(t,X) =T [G(r,?) - G(z,)’?)} V" Since £(X) = £(X) and X = [E(X) 0], we
know from (98), (109), (112), (111) and (113) that if ||X]||2 > > —||X||«, then for any
(n.H) € R x R"™" with (n,H) — 0, go(7,0(Y)) — go(r,0(X)) = 7+ O(||(n,H)||*) and

G(r,Y) — G(t,X)

B Mg 0 (21)ayoS(A)ay -
=U 0 wo(n,H) S(A)gy Vi
(21)ya0S(A)ya  S(A)yp S(A)yy

= [(22)aa0T(A)aa (22)ap0T(A)ap | 5T | 7+ [ (23)aer 0 Bue
w [(Qz)b“OT(A)’m T(A)bp b] ity { B

where (l//g(n,H),'f’5(n,H)) € R x Sl is given by (85). Similarly, we know from (98),
(114) and (115) that if r = —||X||, then for any (n,H) € IR x R™" with (n,H) — 0,
80(7,0(Y)) —go(t,0(X)) =1+ O(||(n, H)||*) and

}V§+0<H<n,ﬂ>n2>,

bc’

g | M 0 gm0 T 2
6(e )= 6X) =T | T ) |VT4T o) | VE+ 00D
where l{/g(n,H) €R, Y2 (n,H) € RIFXIBl and WP (n, H) € RIF*"=m) are given by (88).

Finally, from (77) and the above analysis we have shown that ITx(-,-) is directionally
differentiable at (¢,X), the directional derivative of ITi(-,-) at (¢#,X) along any direction
(n,H) € R x R™*" is given by Parts (i)-(iv) in this theorem and for (n,H) € IR x R"™*"
with (n,H) — 0, (89) holds. O

We characterize the differentiability of the metric projector I (-,-) in the following
theorem. Since ITi(-,-) is globally Lipschitz continuous over IR x IR™*", we know that
the Géteaux differentiability and Fréchet differentiability of ITx(-,-) coincide [10]. On the
other hand, it is east to show that ITi(-,-) is Géteaux differentiable at (¢,X) if and only
if (£,X) satisfies one of the three conditions listed in the following theorem. Furthermore,
the corresponding derivative formula follows directly from Theorem 2. Because of space
limitations, we omit the detail proof here.

Theorem 3 Let p : R x R™*" — IR be the linear operator defined by (74). The metric
projector Il (-, -) is differentiable at (,X) € R x R™*" if and only if (t,X) satisfies one of
the following three conditions:
(i) 1> [ X]|2; .
(i) ||X|l2 >t > —||X||« but o, (X) < 0(t,0(X)), where k and 0(t,06(X)) are defined by
(71) and (72), respectively;
(iii) t < —||X |
In this case, for any (,H) € R x R™*", ITi-(1,X)(n,H) = (7,H), where under condition
(i), (M,H) = (n,H); under condition (ii),

m=38"p(n,H) (116)
and

= (M H)g (21)ayoS(A)ay | o7
H=v [(Ql)yaOS(A)ya S%/A)W q "

T | (22)aaoT(A)aa ('QZ)abOT(A)ab:|7T 7|:(-Q3)ac’OBaCl:|7T
+U|:('Qz)/7aoT(A)ha T(A)pp ity By vy  (17)

withA =T HVy, B:=U HVs; and under condition (iii), (7j,H) = (0,0).
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Finally, we study the strong semismoothness of the metric projector Ii (-, -).
Theorem 4 The metric projector Ii:(-,-) is strongly G-semismooth at (,X) € IR x IR"*".

Proof. Denote the set of points in IR x IR”"*" where Ik (-,-) is differentiable by Dyy,.. By
Lemma 1, in order to show that ITi (-, -) is strongly G-semismooth at (#,X) € IR x R™*" we
only need to show that for any (7,Y) € Dpy,. converging to (,X),

Iic(7,Y) — i (1,X) — I (7,Y)(n, H) = O(|[n, H|*), (118)

where (n,H) := (1,Y) — (r,X) € R x IR™*". When t > ||X||, or # < —||X||+, according to
Theorem 3, Il (-,-) is locally a linear function near (¢,X) and thus (118) holds. From now
on we always assume that (7,X) satisfies ||X||2 > > —||X||«.

Recall that for any (7,Y) € IR x R™*", (go(7,0(Y)),g(7,0(Y))) is defined by (75),
G(7,Y) is defined by (76) and Gs(Y) and Gg(7,Y) are defined by (78). Since Gs(X) =
G(1,X), we have

G(1,Y) — G(t,X) = Gs(Y) — Gs(X) + Gr(1,Y) V(1,¥) € R x R™".

Suppose that U € O™ and V € O" (depending on Y) are such that Y = U [Z(Y) 0]VT. By
Proposition 8, we know that there exists an open neighborhood N of X in IR"*" such that
foreach k € {1,...,r}, Pi(-) is twice continuously differentiable in A. By taking a smaller
N if necessary, we assume that for any ¥ € N and k,l € {1,...,r},

(7,'(Y)>07 Gi(Y)#Gj(Y) ViEak,jealandk;él. (119)

Then, from (43), we obtain that for any Y € N/,

Gs(¥) — Gs(X) = iw(m( —Px)) = i Y)H + O(|H|]?)
=1 k=1
i Ul o SAWVT +U[E o T(ANVT + UM o BV +O(H]>2),

where A := UTHV; € R and B := UTHV, € R™ ("= and for k € {1,...,r}, I} €
R™M & e IR™™ and 1, € R™*(n=m) gre given in (40), (41) and (42), respectlvely. Since
I, (-,-) is globally Lipschitz continuous on IR x IR™, we know that for any (7,Y) € R x
IR™*" converging to (¢,X),

gi(r,0(Y)) =Vi+O0(|(n.H)|) Vica, k=1,...r.

Therefore, since U € O™ and V € O" are uniformly bounded, there exists an open neigh-
borhood AV of (¢,X) in IR x IR™*" such that for any (t,Y) € N,

Gs(Y)—Gs(X)=U[["oS(A)VI +U[E o T(A)VL +U[Y 0BV +0(||(n,H)|?), (120)
where I € IR"*" &' ¢ R™ ™ and Y’ € IR”"*("~") are given, respectively, by

. Y))—¢: Y
§(T00) =g(B00) o

(I')ij = 6i(Y)—o;(Y) Ckil=1,...r+1,
0 otherwise,
gi(r,0(Y)) +gj(t,0(Y)) ... .
f
(&) = (V) +0,(7) ifi¢gb or jé¢b,

0 otherwise
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and
gi(t,0(Y))
X = o;(Y)
0 ifieb,

ifiea, k=1,...,r,

Let (1,Y) € Dy N Note that by replacing (¢,X) with (7,Y), we can also use (71)
to define an index integer k for (7,Y). We denote this index integer by ¥’ to distinguish the
index integer for (¢,X). If B # 0, then since || X || > ¢ > —||X||+, from (71) and (72) we know
that o3| (X) = 0(t,0(X)) < 03(X). Therefore, since for any k € B, 6y (X) = o7, (X), we
have o g, (X) < 6(r,0(X)) < op(X) for any k € B. If B = 0, we have op g, (X) <
0(t,0(X)) < o3(X). Therefore, in both cases, by the continuity of the singular value func-
tion o(-), we may assume that the integer ¥’ lies in {k,k+1,....k+ |B|}, i.e., there exists
an integer j € {0,1,...,|B|} such that ¥’ = k + j. Define the corresponding index sets in
{1,...,m} for (1,Y) by &' :={i| 6;(Y) > 0(1,6(Y))}, B’ :={i| o:(Y) = O(r,0(Y))},
Y ={i|oi(Y)<0(z,0(Y))},d :={i| 06;(Y) >0} and b’ :={i| 0;(Y) =0}. Since (7,Y) €
Dy m/\7 , from Theorem 3 we know that 8’ = 0. Meanwhile, by (119), we have

o 2Da, YDy, d2a and b Ch. (121)

Let 8 :=+/1+X' and p’ € IR be defined by

122
0 otherwise . (122)

o= { & (N +Te(S(ULHV))) if 7> —[|Y ..
Define Q[ € IR™", Q) € R"™*" and Q} € IR™*(n=m) by (79), (80) and (81), respectively
with (7,X) being replaced by (7,Y). Therefore, from Theorem 3 we know that

G'(z.Y)(n.H)

-U [ 5,71p/1\a’| (-Q{)oc’)/ OS(A)OC/Y:| 7
(@)yaoSA)ya  S(A)py :

(Qé)a’a’ ° T(A)a’a’ (‘Qé)a’b’ o T(A)a’b’:| T [(Qé)a’c’ oBa’c’:| T
+U Vi +U > Vs, (123
{ (a0 T(A)pa T(A)py ! By, 2 (129

where A:=UTHV|, B:=UTHV] and ¢’ = {1,...,n—m}. LetR(n,H) := G'(7,Y)(n,H) —
(Gs(Y) — Gs(X)). From the formula of I¢, (7,0(Y)) in (54), we know that g;(7,0(Y)) =
gj(tr,0(Y)) for all i,j € ' and g;(7,0(Y)) = 0;(Y) for all i € y. Therefore, by (120)
and (123), we obtain from (121) that there exist Ry(1,H) € RI%/¥lal k=1, .. r and
R41(n,H) € RIPX(-lal) guch that

Ri(n,H)--- 0 0
Rmmy=v| = VIO, a24)
0 - RmH 0
0 -~ 0 Reu(nH
where the formulas of R;(1n,H),i=1,...,r+ 1 are determined by the following two cases:

Case 1: || X|| >t > —||X||+. In this case, we know that 6(r, (X)) > 0 and there exists
7€{0,1,...,r} suchthat o« = J;_, ax, B = ar+1 (or 0) and y=J}_, a; Ub, where ¥’ =7+2
if B#0and ¥ =7+ 1 if B = 0. Since there exists an integer j € {0,1,...,|B|} such that
K =k+ j, we can define two index sets By := {k+1,....k+j}and B :={k+j+1,... . k+
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|a7+1|}. Therefore, by noting that &' = aU By, ¥ = B, Uy and B; = 0 if f = 0, we obtain
from (120) and (123) that

Ry(n,H) =8 'p'l,,, k=1,..F,
_ [0t 0 0 (2)pp
Rri(n.H) = |: 0 0 + (‘Q{)ﬁzﬁl E OS(Aaf+|(lf+1)a (125)
Rk(an):S(Aakak)7 k=f+2,,..7r7
Re1(n,H) = [Ap, Bpe],

where E is a (|art1| — j) by (Jar+1] — j) matrix whose entries are all ones.

Case 2: t = —||X||«. In this case, we know that 8(¢,6(X)) = 0. Therefore, we have
o =gy ax = a, B = b and y = 0. Also, since there exists an integer j € {0,1,...,|B|}
such that &' = k+ j, we can define two index sets 8 := {k+1,...,k+j} and B, := {k+
j+1,...,k+|b|}. Therefore, since o’ = o U By and ¥ = B, U7, we obtain from (120) and
(123) that

Re(n,H) = 87\ p'l, k=1,....r,
6/7 /] Q/ SA 0
R (n,H) = [(,Q{ Py ( l)ﬁlﬁzo ( )131!32 :|

)81 ©S(A)py, S(A)pp, 0 (126)
+ [(Qé)ﬁlﬁl oT(A)ﬁlﬁl (‘Qé)ﬁlﬁz oT(A)ﬁlﬁz (Qé)ﬁld OBﬁIC’} .
(‘QZ)ﬁzﬁl oT(A)ﬁzﬁl T(A)ﬁzﬁz Bg, e

Consider the singular value decomposition of X, i.e., X =U [Z(X) 0] VT, where U € O™
and V € O". Then, we have [E(X) 0]+ U HV =U U[Z(Y) 0]VIV. Let H := U HV,
U:=U'UandV :=V'V.Then, UTHV =UTU" HVV = UTHV. From (31), we know that
there exist Oy € Q1% k=1,...,rand Q' € O, Q" € ®" Il such that

A, = ULHV,, = UL AV, = OF Hypo Oc+ O(IHIP), k=1,...,r

and [App Bpe| = [ﬁhTITIVb ﬁbeIf/z} =07 [f]bb ﬁbc] Q"+ O(||H||?). Then, from (32) and
(33) in Proposition 7, we obtain that for each k € {1,...,r},

S(Aakak) = Qgs(ﬁakak)Qk + 0(||H||2) = Z(Y)akak _Z(X)akak +0(HHH2)7

Aup Bac] = O [Fly Hoe] Q"+ OUIHIP) = (20— Z(X )y 0]+ O [?).
Let h:= o’'(Y;H). Since & (-) is strongly semismooth [46], we know that
S(Aaq) = diag(ha) +O(IH|?), k=1,...r, (127)
[Apy Byor] = [diag(hy) 0]+ O(||H]?). (128)
Therefore, by noting that in each case o' = U and ¥ = ff, Uy and that 0 < (1) ; < 1
for any i € B; and j € f3,, we obtain from (124), (125), (126), (127) and (128) that

R\(T],H) —U 6/_1p/1\05’| 0 0

T 2
0 diag(hy)0]" +0(|[(n,H)|1*). (129)

On the other hand, by the definition of (38), for Y sufficiently close to X , we have
Pi(Y) =Yieq uivi ,k=1,...,r. Therefore, we obtain that for any (7,Y) € Dy NN (shrink-

ing Nif necessary),

Ge(r.¥) = Y Y [gi(r.0(V)) —gilt. o (X )un + Y gi(z.0 (V) !

k=licay ich
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Note that from Part (iii) of Proposition 10 and Theorem 3, we know that ITi(-,-) is differ-
entiable at (7,Y) if and only if IT¢,, (-,-) is differentiable at (7,0(Y)). Since the continuous
mapping Il (-,-) is piecewise linear, it is strongly G-semismooth at (¢,6(X)). Meanwhile,
we know that the singular value function o(+) is strongly semismooth at X. Therefore, we
obtain that for any (7,Y) € Dy, NN (shrinking N if necessary),

I, (t,6(Y)) — I, (1,6(X)) = I, (z,6(Y))(n,0(Y) — o(X)) +O(||(n,H)*|))
= I, (t,0(Y))(n,6'(Y:H))+O(|(n,H)*||).
Let (¢o(1,h),9(n,h)) :=IT;, (7,6(Y))(n,h). Then, we have
g0(7,06(Y)) = go(t,0(X)) = do(n, )+ O(||(n, H)|*) (130)

and g;(7,0(Y)) — gi(t,0(X)) = ¢:i(n,h) + O(||(n,H)|*), i = 1,...,m. Since U € O™ and
V € O" are uniformly bounded, we know that

¢r(n,h) - 00
Grz.Y)=U| :+ . Vit o(|(n,H)|).
0 ¢'m(nah) 0
From Part (ii) of Proposition 10, we have
do(n,h) =8""p’, (131)

0:(n,h) = ¢o(n, k) for any 1 <i <k and ¢;(n,h) = h; for any k' + 1 < i < m. Thus, from
(129), we obtain that R
R(n,H) = Gg(.Y)+0(|(n.H)|7). (132)

That is, for any for any (7,Y) € Dy, converging to (¢,X),

G(t,Y)—G(t,X) -G (1,Y)(n,H) = Gs(Y) — Gs(X) — G (1,Y)(n,H) + Ggr(1,Y)
= —R(n,H)+Gg(z,Y) = O(||(n,H)|1*),

which, together with (77), (131), (116) and (130), shows that (118) holds. O

5 Conclusions

In this paper, we have identified a class of matrix cone programming involving the epigraphs
of the [y, l., Frobenius, spectral and nuclear norms that has many important applications.
In order to make this class of problems tractable via variants of the augmented Lagrange
method, we have made efforts to establish several key properties including the closed form
solution, calm B-differentiability and strong semismoothness of the metric projection oper-
ator over the epigraph of the /;, /., spectral, and nuclear matrix norm, respectively. These
results, together with the known analogous ones for symmetric cones, will constitute the
backbone for using augmented Lagrangian methods to solve large scale problems of prac-
tical significance. Our next step is to develop numerical algorithms and software along this
line. The work done in this paper on matrix cone programming is by no means complete.
There are many unanswered questions. For example, besides the analytic solution and the
first order differentiability of the metric projector over the epigraphs of the spectral and
nuclear matrix norms, the research on the second order properties of these non-polyhedral
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closed convex sets is certainly of paramount necessity for understanding second order op-
timality conditions of matrix cone programming. Another direction is to consider convex
matrix cones beyond epigraphs of matrix norms such as the epigraph of the convex function
that is defined as the sum of the first several largest singular values of a matrix (or the Ky
Fan k-norm). It is our firm belief that a better understanding of the inherent structures of
these matrix cones rather than projecting them into higher dimensional spaces will lead to
more efficient optimization methods for solving matrix cone programming.

Acknowledgements We wish to thank the anonymous referees and the Associate Editor for helpful com-
ments that led to an improved version of the original submission.

References

DO —

10.
11.
12.

13.
14.

20.

21.
22.

23.

24.

. Bhatia, R.: Matrix Analysis, Springer-Verlag, New York, 1997.
. Candes, E.J. and Recht, B.: Exact matrix completion via convex optimization, Foundations of Compu-

tational Mathematics 9 (2008) 717-772.

. Candes, E.J. and Tao, T.: The power of convex relaxation: Near-optimal matrix completion, IEEE Trans-

actions on Information Theory 56 (2009) 2053-2080.

. Candes, EJ., Li, X., Ma, Y. and Wright, J.: Robust principal component analysis?, Preprint available at

http://www-stat.stanford.edu/~candes/papers/RobustPCA.pdf.

. Chandrasekaran, V., Sanghavi, S., Parrilo, P.A. and Willsky, A.: Rank-sparsity incoherence for matrix

decomposition, Preprint available at http://arxiv.org/abs/0906.2220.

. Chen, X. and Tseng, P.: Non-Interior continuation methods for solving semidefinite complementarity

problems, Mathematical Programming 95 (2003) 431-474.

. Chen, X., Qi, H.D. and Tseng, P.: Analysis of nonsmooth symmetric-matrix-valued functions with ap-

plications to semidefinite complement problems, SIAM Journal on Optimization 13 (2003) 960-985.

. Chen, X.D., Sun, D.F. and Sun, J.: Complementarity functions and numerical experiments for second-

order-cone complementarity problems, Computational Optimization and Applications 25 (2003) 39-56.

. Chu, M., Funderlic, R. and Plemmons, R.: Structured low rank approximation, Linear Algebra and its

Applications 366 (2003) 157-172.

Clarke, F.H.: Optimization and Nonsmooth Analysis, John Wiley & Sons, New York, 1983.

Donoghue, W.E.: Monotone Matrix Functions and Analytic Continuation, Springer, New York, 1974.
Fan, K.: On a theorem of Weyl concerning eigenvalues of linear transformations, Proceedings of the
National Academy of Sciences of U.S.A. 35 (1949) 652-655.

Faraut, J. and Koranyi, A.: Analysis on Symmetric Cones, Clarendon Press, Oxford, 1994.

Gao, Y. and Sun, D.F.: A majorized penalty approach for calibrating rank constrained correlation ma-
trix problems, Preprint available at http://www.math.nus.edu.sg/~matsundf/MajorPen.pdf.

. Greenbaum, A. and Trefethen, L.N.: GMRES/CR and Arnoldi/Lanczos as matrix approximation prob-

lems, SIAM Journal on Scientific Computing 15 (1994) 359-368.

. Gross, D.: Recovering low-rank matrices from few coefficients in any basis, Preprint available at

http://arxiv.org/abs/0910.1879v4.

. Giiler, O.: Hyperbolic polynomials and interior point methods for convex programming, Mathematics

of Operations Research 22 (1997) 350-377.

. Haraux, A.: How to differentiate the projection on a convex set in Hilbert space. Some applications to

variational inequalities, Journal of the Mathematical Society of Japan 29 (1977) 615-631.

. Hardy, G.H., Littlewood, J.E. and Pélya, G.: Inequalities, 2nd edition, Cambridge University Press,

1952.

Higham, N.J.: Computing a nearest symmetric positive semidefinite matrix, Linear Algebra and Its
Applications 103 (1988) 103-118.

Horn, R.A. and Johnson, C.R.: Matrix Analysis, Cambridge University Press, Cambridge, 1985.

Horn, R.A. and Johnson, C.R.: Topics in Matrix Analysis, Cambridge University Press, Cambridge,
1991.

Keshavan, R.H., Montanari, A. and Oh, S.: Matrix completion from a few entries, Preprint available at
http://arxiv.org/abs/0901.3150.

Korényi, A.: Monotone functions on formally real Jordan algebras, Mathematische Annalen 269 (1984)
73-76.



An Introduction to a Class of Matrix Cone Programming 31

25.

26.

217.

28.

29.
30.

3l.
32.
33.
34,
35.
36.
37.
38.
39.
40.
41.
42.
43.
44,
45.
46.
47.

48.
49.

50.

S1.

52.

53.
54.

55.

56.

57.

58.

Lancaster, P.: On eigenvalues of matrices dependent on a parameter, Numerische Mathematik 6 (1964)
377-387.

Lewis, A.S. and Sendov, H.S.: Twice differentiable spectral functions, SIAM Journal on Matrix Analy-
sis and Applications 23 (2001) 368-386.

Lewis, A.S. and Sendov, H.S.: Nonsmooth analysis of singular values. Part II: applications, Set-Valued
Analysis 13 (2005) 243-264.

Liu, G., Lin, Z. and Yu, Y.: Robust subspace segmentation by low-rank representation, Proceedings of
the 26" International Conference on Machine Learning, Haifa, Israel, 2010.

Lowner, K.: Uber monotone matrixfunktionen, Mathematische Zeitschrift 38 (1934) 177-216.

Malick, J., Povh, J., Rendl, F. and Wiegele, A.: Regularization methods for semidefinite programming,
SIAM Journal on Optimization 20 (2009) 336-356.

Moreau, J.J.: Décomposition orthogonale d’un espace hilbertien selon deux cones mutuellement po-
laires, Comptes Rendus de I’ Académie des Sciences 255 (1962) 238-240.

von Neumann, J.: Some matrix-inequalities and metrization of matric-space, Tomsk University Review
1 (1937) 286-300. In: Collected Works, Pergamon, Oxford, 1962, Volume IV, 205-218.

Pang, J.S.: Newton’s method for B-differentiable equations, Mathematics of Operations Research 15
(1990) pp. 149-160.

Povh, J., Rendl, F. and Wiegele, A.: A boundary point method to solve semidefinite programs, Comput-
ing, 78 (2006) 277-286.

Qi, L.: Convergence analysis of some algorithms for solving nonsmooth equations, Mathematics of
Operations Research 18 (1993) 227-244.

Recht, B.. A  Simpler Approach to Matrix Completion, Preprint available at
http://pages.cs.wisc.edu/~brecht/publications.html.

Recht, B., Fazel, M. and Parrilo, P.A.: Guaranteed minimum rank solutions to linear matrix equations
via nuclear norm minimization, SIAM Review to appear.

Rockafellar, R.T.: Convex Analyis, Princeton University Press, Princeton, 1970.

Rockafellar, R.T.: Conjugate Duality and Optimization, SIAM, Philadelphia, 1974.

Scholtes, S.: Introduction to Piecewise Differentiable Equations, Habilitation Thesis, Institut fiir Statis-
tik und Mathematische Wirtschaftstheorie, Universit”at Karlsruhe, 1994.

Schwertman, N.C. and Allen, D.M.: Smoothing an indefinite variance-covariance matrix, Journal of
Statistical Computation and Simulation 9 (1979) 183-194.

Shapiro, A.: On differentiability of symmetric matrix valued functions, Optimization Online, 2002.
Stewart, G.W. and Sun, J.G.: Matrix Perturbation Theory, Academic Press, New York, 1990.

Sun, D.E.: Algorithms and Convergence Analysis for Nonsmooth Optimization and Nonsmooth Equa-
tions, PhD Thesis, Institute of Applied Mathematics, Chinese Academy of Sciences, China, December
1994.

Sun, D.F. and Sun, J.: Semismooth matrix-valued functions, Mathematics of Operations Research 27
(2002) 150-169.

Sun, D.F. and Sun, J.: Strong semismoothness of eigenvalues of symmetric matrices and its applications
in inverse eigenvalue problems, SIAM Journal on Numerical Analysis 40 (2003) 2352-2367.

Sun, D.F. and Sun, J.: Léwner’s Operator and spectral functions in Euclidean Jordan algebras, Math-
ematics of Operations Research 33 (2008) 421-445.

Toh, K.C.: GMRES vs. ideal GMRES, SIAM J. of Matrix Analysis and Applications 18 (1997) 30-36.
Toh, K.C. and Trefethen, L.N.: The Chebyshev polynomials of a matrix, SIAM J. Matrix Analysis and
Applications 20 (1998) 400—419.

Torki, M.: Second-order directional derivatives of all eigenvalues of a symmetric matrix, Nonlinear
Analysis, Ser. A Theory, Methods 46 (2001) 1133-1150.

Tseng, P.: Merit functions for semi-definite complementarity problems, Mathematical Programming 83
(1998) 159-185.

Tsing, N.K., Fan, M.K.H. and Verriest, E.I.: On analyticity of functions involving eigenvalues, Linear
Algebra and Applications 207 (1994) 159-180.

Vandenberghe, L. and Boyd, S.: Semidefinite programming, SIAM Review 38 (1996) 49-95.

Wen, Z., Goldfarb, D. and Yin, W.: Alternating direction augmented Lagrangian methods for semidefi-
nite programming, Rice University CAAM Technical Report TR09-42, 2009.

Wright, J., Ma, Y., Ganesh, A., and Rao, S.: Robust Principal Component Analysis: Exact Recovery of
Corrupted Low-Rank Matrices via Convex Optimization, Submitted to the Journal of the ACM, 2009.
Zarantonello, E.H.: Projections on convex sets in Hilbert space and spectral theory I and II, Contri-
butions to Nonlinear Functional Analysis (E. H. Zarantonello, ed.), Academic Press, New York, 1971,
237-424.

Zhao, X.Y.: A semismooth Newton-CG augmented Lagrangian method for large scale linear and convex
quadratic SDPs, PhD thesis, Department of Mathematics, National University of Singapore, 2009.
Zhao, X.Y., Sun, D.F. and Toh, K.C.: A Newton-CG augmented Lagrangian method for semidefinite
programming, STAM Journal on Optimization 20 (2010) 1737-1765.



