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o f: X = Rand G: X — ) are twice continuously differentiable
functions

e X, Y are two finite dimensional real Euclidean spaces each equipped
with an inner product (-, -) and its induced norm || - ||

e K C Y is a nonempty closed convex set, e.g., N7, S7,
Second-Order-Cone, ...

This is a very broad framework including many important problems: LP,
NLP, SDP, NLSDP, MOP, ...
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Canonically perturbed optimization problem:
min  f(x) — (a, x)
st. G(x)+bek

The Lagrangian function L : X x ) — R is defined by
L(x;y) :=f(x)+ (y,G(x)), (x,y)eX XY

The Karush-Kuhn-Tucker (KKT) optimality condition for perturbed
problem takes the following form:
a=V,L(x;y), a=V,L(x;y),
—
be —G(x)+ do(y,K) y € Ni(G(x) + b)

GE:
(a,b) € Tu(x,y)
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Perturbed optimization problem (cont’d)

For each given perturbation parameter (a,b) € X x ),

e X(a, b): the set of all locally optimal solutions

e x € X(a, b) is said to be isolated if there exists an open
neighborhood V of x such that X(a, b) NV = {x}

e Skkr(a, b): the set of all solutions (x, y) to the KKT system

e Xkkr(a, b): the set of all stationary points, i.e.,
{x € X| Ty € Y s.t. the KKT system holds at (x,y)}

e M(x,a, b): the set of Lagrange multipliers associated with (x, a, b),
ie.,
{y S y ‘ (Xay) € SKKT(aa b)}
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Let W be a set-valued mapping with (p, g) € gph W. Lipschitz-like
properties:

e calmness (Robinson's upper Lipschitzian)

e (robust) isolated calmness

e Aubin property
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Calmness (Robinson’s upper Lipschitzian)

Definition

The set-valued mapping W is said to be calm at p if there exist a
constant x > 0 and an open neighborhood U/ of p such that

V(p) CV(p) +«llp—pIB Vpel.

e It was called “upper Lipschitzian” by Robinson (1979).

13.M. ROBINSON. Generalized equations and their solutions, Part |: Basic theory. Mathematical
Programming Study 10 (1979) 128-141.



(Robust) Isolated calmness

Definition

The set-valued mapping V is said to be isolated calm at p for g if there
exist a constant k > 0 and open neighborhoods U/ of p and V of § such
that

V(p)NnV C{g}+xllp—pIB Vpel. (1)

Moreover, W is said to be robustly isolated calm at p for g if (1) holds
and for each p e U, V(p) NV # 0.
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Aubin property

Definition
The set-valued mapping W has the Aubin property at p for g if there

exist a constant x > 0 and open neighborhoods U/ of p and V of § such

that
V(p)NV C¥(p') +kllp—pIB Yp,p' €l

e It was designated “pseudo-Lipschitzian” by Aubin (1984)°.

e Aubin property 4+ “single-valuedness’ = Robinson's strong

regularity®

5].P. AuBIN. Lipschtiz behavior of solutions to convex minimization problems. Mathematics of

Operations Research 9 (1984) 87-111.
63. M. ROBINSON. Strongly regular generalized equations. Mathematics of Operations Research

5 (1980) 43-62.
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Why is it important?

A possible answer: It is related to the convergence analysis of numerical
algorithms for solving OPs.
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Proximal point algorithm (PPA)

T a maximal monotone operator from X to X
Solve the following inclusion problem 0 € 7(z)

Given ¢ > 0, the proximal mapping associated with c¢7:
P=Z+cT) !
The proximal point algorithm (PPA):

L = Pp(2¥), Pr:=(T+aT)t
Criteria for approximate calculation of Py (z%):

(A) s 2 = Pu(@) < Sellz =24, Dbk < o0
k=0
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Convergence rate of PPA

Theorem (Rockafellar 1976)
Let z* be generated by PPA using criterion (A) with c, nondecreasing
(ck T Coo < 00). Suppose that T 1 is robustly isolated calm at 0 with
modulus k. Then,
e z¥ — Z linearly with a rate bounded from above by
K

N

e If c,o = o0, the convergence is superlinear.

<1 (fast linear)

"R.T. ROCKAFELLAR. Monotone operators and the proximal point algorithm. SIAM Journal on
Control and Optimization 14 (1976) 877-898.
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Main results
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The polyhedral case

When the set K is polyhedral, the theory is fairly complete: Robinson
(1982)8, Dontchev & Rockafellar (1997), Klatte & Kummer (2002)°,
etc.

83.M. ROBINSON. Generalized equations and their solutions, Part Il: Applications to nonlinear
programming. Mathematical Programming Study 19 (1982) 200-221.

D. KLATTE AND B. KUMMER. Nonsmooth Equations in Optimization: Regularity, Calculus,
Methods and Applications, Kluwer, Dordrecht, 2002.
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The polyhedral case

When the set K is polyhedral, the theory is fairly complete: Robinson
(1982)8, Dontchev & Rockafellar (1997), Klatte & Kummer (2002)°,
etc.

For example, for NLP:
e Dontchev & Rockafellar (1997): at a locally optimal solution,

) ] strict MFCQ
SkkT is robustly isolated calm <—-

second order sufficient condition

Question:

What about the non-polyhedral case, e.g., K = S7?

83.M. ROBINSON. Generalized equations and their solutions, Part Il: Applications to nonlinear
programming. Mathematical Programming Study 19 (1982) 200-221.

9D. KLATTE AND B. KUMMER. Nonsmooth Equations in Optimization: Regularity, Calculus,
Methods and Applications, Kluwer, Dordrecht, 2002.
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An example

Example 4.54 in Bonnans & Shapiro (2000):
min  x; + x? + x2

s.t. Diag(x) +eA € 82

o x=(x1,x) € R2, Als a non-diagonal matrix in S2, and ¢ is a scalar
parameter.

107 F. BONNANS AND A. SHAPIRO. Perturbation Analysis of Optimization Problems, Springer,
New York, 2000.
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An example

Example 4.54 in Bonnans & Shapiro (2000):

min  x; + x? + x2

s.t. Diag(x) +eA € 82

o x=(x1,x) € R2, Als a non-diagonal matrix in S2, and ¢ is a scalar
parameter.

e if ¢ = 0: a convex quadratic SDP problem with a strongly convex
objective function and with the Slater condition being satisfied

e the unique optimal solution X = (0, 0) with the unique Lagrange
-1 0
0 0|

107 F. BONNANS AND A. SHAPIRO. Perturbation Analysis of Optimization Problems, Springer,
New York, 2000.

multiplier Y =
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A :=Tl(C) := argmin EHY_ ClFlYekK
If IC is a polyhedral closed convex set,

e M is directional differentiable Facchinei & Pang (2003)%?
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Polyhedral — non-polyhedral

Metric projection operator [y:

_ 1
A:=T(C) = argmin{2|Y— ClI?|Ye ’C}

If IC is a polyhedral closed convex set,
e M is directional differentiable Facchinei & Pang (2003)%?
H/C(C —+ H) — I'I;C(C) = I'IC,C(C)(H) =: H;C(C, H) VH

e Cx(C) is the critical cone of K at C

12 FaccuiNer AND J. S. PANG. Finite-Dimensional Variational Inequalities and
Complementarity Problems: Volume I, Springer-Verlag, New York, 2003.
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Polyhedral —> non-polyhedral (cont’d)

If K is a non-polyhedral closed convex set but C2-cone reducible,

e [ is directional differentiable and MM}-(C; H) is the unique optimal

solution to Bonnans et al. (1998)%3:

min {[|D — H|]> — o(B, T2(A, D)) | D € Cx(C)}
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Polyhedral —> non-polyhedral (cont’d)

If K is a non-polyhedral closed convex set but C2-cone reducible,

e [ is directional differentiable and MM}-(C; H) is the unique optimal

solution to Bonnans et al. (1998)%3:

min {[|D — H|]> — o(B, T2(A, D)) | D € Cx(C)}

e B:=C— Aand o(B,T3(A,D)) is the “sigma” term of K, cf. e.g.,
Bonnans and Shapiro (2000).

ByF. BonNANSs, R. COMINETTI AND A. SHAPIRO. Sensitivity analysis of optimization problems
under second order regular constraints. Mathematics of Operations Research 23 (1998) 806—831.
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C?-cone reducibility

Definition

The closed convex set K is said to be C2-cone reducible at A € K, if
there exist a open neighborhood YW C ) of A, a pointed closed convex
cone Q (a cone is said to be pointed if and only if its lineality space is
the origin) in a finite dimensional space Z and a twice continuously
differentiable mapping = : W — Z such that: (i) =(A) =0 € Z; (ii)
the derivative mapping ='(A) : Y — Z is onto; (iii)
KnWwW={AeW|=(A) € Q}. We say that K is C>-cone reducible if
K is C2-cone reducible at every A € K.
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C?-cone reducibility

Definition

The closed convex set K is said to be C2-cone reducible at A € K, if
there exist a open neighborhood YW C ) of A, a pointed closed convex
cone Q (a cone is said to be pointed if and only if its lineality space is
the origin) in a finite dimensional space Z and a twice continuously
differentiable mapping = : W — Z such that: (i) =(A) =0 € Z; (ii)
the derivative mapping ='(A) : Y — Z is onto; (iii)
KnWwW={AeW|=(A) € Q}. We say that K is C>-cone reducible if
K is C2-cone reducible at every A € K.

e a closed polyhedral convex set; SOC; PSD cone; ...

e spectral functions: nuclear norm; Ky Fan k-norm; ... (cf. Cui et al.
(2017)** for more details)

14y, cui, C. Dine AND X.Y. 7ZHAO, Quadratic Growth Conditions for Convex Matrix
Optimization Problems Associated with Spectral Functions, to appear in SIAM Journal on
Optimization (2017).
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Main results




Robust isolated calm = isolated calm + lower semi-continuous
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The lower semi-continuity of Skkr

Proposition

Suppose that X is an isolated locally optimal solution with

(a,b) = (0,0) and the corresponding set of Lagrange multipliers
M(%,0,0) # 0. If the strict Robinson CQ holds at X with respect to
y € M(x,0,0), then the KKT solution mapping Skxr is lower
semi-continuous at (0,0, X, y) € gph SkkT.
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The lower semi-continuity of Skkr

Proposition

Suppose that X is an isolated locally optimal solution with

(a,b) = (0,0) and the corresponding set of Lagrange multipliers
M(%,0,0) # 0. If the strict Robinson CQ holds at X with respect to
y € M(x,0,0), then the KKT solution mapping Skxr is lower
semi-continuous at (0,0, X, y) € gph SkkT.

e The strict Robinson CQ (SRCQ) is said to hold with (a, b) = (0, 0)
at X with respect to y € M(x,0,0) # 0 if

G'R)X +Te(GR)) Nyt =Y.

e The set of Lagrange multipliers M(x,0,0) is a singleton if the SRCQ
holds.
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The isolatedness of XixT

We can extend Robinson's classical result on the isolatedness of an
optimal solution Robinson (1982) to the non-polyhedral case by the
reduction approach.
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The isolatedness of XixT

We can extend Robinson's classical result on the isolatedness of an
optimal solution Robinson (1982) to the non-polyhedral case by the
reduction approach.

Proposition

Suppose that the RCQ holds at a locally optimal solution x with
(a, b) = (0,0) and that Robinson’s SOSC

inf o 1 Val(%iy)d) — o (v, TG(), 6'(9)d) ) } >0 Vd € C(x)\{0}

yEM(X,0,0

holds at x. Then, there exists an open neighborhood V of X such that
Xkxr(0,0) NV = {x}, which implies that X is an isolated locally
optimal solution with (a, b) = (0, 0).
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The equivalent reformulation

When (a, b) = (0,0), the KKT system is equivalent to the following
system of nonsmooth equations:

F(x.y) =0,
where F : X x Y — X x ) is the natural mapping defined by

[ VA + Gy o
T | g ey | S
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The equivalent reformulation

When (a, b) = (0,0), the KKT system is equivalent to the following
system of nonsmooth equations:

F(x.y) =0,
where F : X x Y — X x ) is the natural mapping defined by

[ VA + Gy o
T | g ey | S

Lemma

Let (0,0,%,y) € gph Skkr. The set-valued mapping Sxxr is isolated
calm at the origin for (X, y) if and only if the set-valued mapping F~1 is
isolated calm at the origin for (X,y).
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The characterization of the robust isolated calmness

Theorem

Let X be a feasible solution with (a, b) = (0,0). Suppose that the RCQ
holds at X. Assume that K is C2-cone reducible at G(X) with respect to
y € M(%,0,0) # 0. Then the following statements are equivalent:

(i) the SRCQ holds at x with respect to y and the SOSC holds at X
with (a, b) = (0,0);

(ii) X is a locally optimal solution with (a, b) = (0,0) and Skkr Is
robustly isolated calm at the origin for (x,¥);

(iii) X is a locally optimal solution with (a, b) = (0,0) and Skt is
isolated calm at the origin for (X,y).
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The isolated calmness of the mapping F~! at the origin for (X, y) implies
the following error bound result: there exist a constant x > 0 and a
neighborhood V of (X,¥) in X x ) such that

166,y) = K < EIFC I Vxy) € V.

25



Robust isolated calmness v.s. Aubin property

By combining Fusek (2013), Klatte and Kummer (2013) and Fusek
(2001), we obtain
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Robust isolated calmness v.s. Aubin property

By combining Fusek (2013), Klatte and Kummer (2013) and Fusek

(2001), we obtain

Proposition

Let X be a stationary point with (a, b) = (0,0). Suppose that Skxr
X

has the Aubin property at the origin for (x,y) with y € M(x,0,0) # 0,

then (x,y) with y € M(x,0,0) # 0, then

e the constraint non-degeneracy condition holds at X;

o F~1 s isolated calm at the origin for (X,¥).
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Robust isolated calmness v.s. Aubin property

By combining Fusek (2013), Klatte and Kummer (2013) and Fusek
(2001), we obtain

Proposition

Let X be a stationary point with (a, b) = (0,0). Suppose that Skxr
X

has the Aubin property at the origin for (x,y) with y € M(x,0,0) # 0,

then (x,y) with y € M(x,0,0) # 0, then

e the constraint non-degeneracy condition holds at X;

o F~1 s isolated calm at the origin for (X,¥).

The constraint non-degeneracy is said to hold with (a, b) = (0,0) at X if
G'(X)X +1lin{T(G(x))} = V.

The constraint non-degeneracy is stronger than the SRCQ.
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Another example

min %(Xll — 1)2 + %(XQQ — 2X12)2
st. (E,X) <1,
Xes?.
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Another example

min %(Xll — 1)2 + %(XQQ — 2X12)2
st. (E,X) <1,
Xes?.

o X =

1 0 |. . . .
0 0 is the unique optimal solution and

(5,Y) = (0,0) € R x S? is the unique corresponding Lagrange
multiplier.
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Another example

min %(Xll — 1)2 + %(XQQ — 2X12)2
st. (E,X) <1,
Xes?.

o X =

1 0 |. . . .

0 0 is the unique optimal solution and

(5,Y) = (0,0) € R x S? is the unique corresponding Lagrange
multiplier.

e Both SRCQ and SOSC hold, which implies Sk is robustly isolated
calm at the origin for (X, 5, Y).

e Aubin property/strong regularity of Skkr fails to hold since the
strong SOSC does not hold.
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Conclusions

Robust isolated
calmness

¥

Aubin property

SOSC + SRCQ

I ¥

g
msmmsl)  SOSC + Non-
o

degeneracy
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. Strong SOSC +
Strong Regularity H Non- dggeneracy
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