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The SDCMPCC

The mathematical program with SDP cone complementarity constraints:

(SDCMPCC) min f(z)

s.t. h(z) = 0 ,

g(z) �Q 0 ,

Sni+ 3 Gi(z) ⊥ Hi(z) ∈ Sni− , i = 1, . . . ,m ,

Z and H: two finite dimensional real Euclidean spaces
f : Z → IR, h : Z → IRp, g : Z → H and Gi : Z → Sni , Hi : Z → Sni are
continuously differentiable.
Q ∈ H is a closed convex symmetric cone with a nonempty interior, e.g.,

IRn
+

the second-order cone Kn
Sn+
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Motivating examples

The rank constrained nearest correlation matrix problem:

min f(X)

s.t. Xii = 1, i = 1, . . . , n ,

X ∈ Sn+ ,
rank(X) ≤ r ,

where f : Sn → IR is a given cost function that measures the closeness of X
to a targeted matrix.

The equivalent SDCMPCC reformulation:

min
X,U

f(X)

s.t. Xii = 1, i = 1, . . . , n ,

〈I, U〉 = r, U ∈ Sn+ ,
Sn+ 3 X ⊥ (U − I) ∈ Sn− .
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The bilinear matrix inequality (BMI) constraint optimization problem:

min cTx

s.t. D +
∑n
i=1 xiA

(i)
+
∑n
i,j=1WijC

(ij) � 0 ,

W = xxT .

Note that

W = xxT ⇐⇒ Z =

[
W x
xT 1

]
� 0 and rank(Z) ≤ 1 .

The equivalent SDCMPCC reformulation:

min cTx

s.t. D +
∑n
i=1 xiA

(i)
+
∑n
i,j=1WijC

(ij) � 0 ,

〈I, U〉 = 1, U ∈ Sn+1
+ ,

Sn+1
+ 3

[
W x
xT 1

]
⊥ (U − I) ∈ Sn+1

− .

The similar problem so-called phase retrieval problem (cf. the talk given by
E. Candès) also can be written as a SDCMPCC.
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Robust bilevel programming, e.g., single-firm model in electric power
market with uncertain data:

min f(α, y)

s.t. 0 ≤ α ≤ ᾱ ,
min g(α, y)

s.t. φ(α, y, ζ) ≤ 0 ∀ ζ ∈ U ,
B1y = 0, 0 ≤ B2y ≤ w̄ ,

where U is some “uncertainty set”, e.g., the ellipsoidal uncertainty set.

Consider the robust counterpart of the lower-level problem and the
corresponding KKT conditions, we obtain the following SDCMPCC:

min f(α, y)

s.t. 0 ≤ α ≤ ᾱ ,
ψ(y, ξ, η,Γ) = 0, B1y = 0 ,

0 ≤ η ⊥ −B2y ≤ 0, 0 ≤ ζ ⊥ B2y − w̄ ≤ 0 ,

0 � Aαy ⊥ Γ � 0 .
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MPCC→ SDCMPCC

The vector MPCC can be consider as a special case of SDCMPCC.

S1+ 3 Gi(z) ⊥ Hi(z) ∈ S1−, i = 1, . . . , n .

The vector MPCC:

MFCQ fails
Strong stationary conditions (S-stationary conditions).
Mordukhovich stationary conditions (M-stationary conditions).
Clarke stationary conditions (C-stationary conditions).

What about the SDCMPCC?
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Conic programming approach

The complementarity constraint in SDCMPCC is equivalent to the following

〈G(z), H(z)〉 ≥ 0, G(z) ∈ Sn+, H(z) ∈ Sn− .

For any G(z) ∈ Sn+ and H(z) ∈ Sn−, by Fan’s inequality, we have

〈G(z), H(z)〉 ≤ λ(G(z))Tλ(H(z)) ≤ 0 .

(CP-SDCMPCC) min f(z)

s.t. h(z) = 0 ,

g(z) �Q 0 ,

〈G(z), H(z)〉 ≥ 0 ,

G(z) ∈ Sn+, H(z) ∈ Sn− .
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The classical KKT condition

Definition 1

Let z̄ be a feasible solution of SDCMPCC. We call z̄ a classical KKT point. If
there exists (λh, λg, λe,ΩG,ΩH) ∈ IRp ×H× IR× Sn × Sn with λg ∈ Q,
λe ≤ 0, ΩG � 0 and ΩH � 0 such that

0 = ∇f(z̄) + h′(z̄)∗λh + g′(z̄)∗λg + λe[H ′(z̄)∗G(z̄) +G′(z̄)∗H(z̄)]

+G′(z̄)∗ΩG +H ′(z̄)∗ΩH ,

〈g(z̄), λg〉 = 0, G(z̄)ΩG = 0, H(z̄)ΩH = 0 .

Proposition 1 (Failure of Robinson’s CQ)
For CP-SDCMPCC, Robinson’s constraint qualification fails to hold at every
feasible solution of SDCMPCC.
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The classical KKT condition (cont’d)

Theorem 1

Let z̄ be a local optimal solution of SDCMPCC. Suppose that the problem
CP-SDCMPCC is Clarke calm at z̄; in particular the set-valued map

F(r, s, t, P ) := {z |h(z) + r = 0, g(z) + s �Q 0,

−〈G(z), H(z)〉+ t ≤ 0, (G(z), H(z)) + P ∈ Sn+ × Sn−} (1)

is calm at (0, 0, 0, 0, z̄). Then z̄ is a classical KKT point.

Clarke calm at a local optimal solution z̄: ∃ ε > 0, µ > 0 such that, for all
(r, s, t, P ) in εB, for all z ∈ (z̄ + εB) ∩ F(r, s, t, P ), one has

f(z)− f(z̄) + µ‖(r, s, t, P )‖ ≥ 0 .

Calmness of a set-valued map:

Φ : Z ⇒ Y is said to be calm at a point (z̄, v̄) ∈ gph Φ, if ∃ a constant M > 0
and two neighborhoods U of z̄ and V of v̄ such that

Φ(z) ∩ V ⊆ Φ(z̄) +M‖z − z̄‖clB ∀ z ∈ U.
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The general optimization approach

(GP-SDCMPCC) min f(z)

s.t. h(z) = 0 ,

g(z) �Q 0 ,

(G(z), H(z)) ∈ gphNSn+ ,

where

gphNSn+ = {(X,Y ) ∈ Sn+ × Sn− : ΠSn+(X + Y ) = X, ΠSn−(X + Y ) = Y } .

—– NSn+(·) is the normal cone mapping of the closed convex cone Sn+, i.e., if
X ∈ Sn+,

NSn+(X) =
{
Y ∈ Sn : 〈Y,Z −X〉 ≤ 0 ∀Z ∈ Sn+

}
,

otherwise, NSn+(X) ≡ ∅.

The key step: derive the explicit expression of the limiting normal cone
NgphNSn

+
(G(z̄), H(z̄))
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Normal cones

X: a finite dimensional Euclidean space

Ω: a nonempty subset of X

Let x̄ ∈ cl Ω be given.

Proximal normal cone:

Nπ
Ω(x̄) :=

{
ζ ∈ X | ∃M > 0, s.t. 〈ζ, x− x̄〉 ≤M‖x− x̄‖2 ∀x ∈ Ω

}
.

Limiting normal cone (Mordukhovich normal cone):

NΩ(x̄) := { lim
i→∞

ζi : ζi ∈ Nπ
Ω(xi), xi → x̄, xi ∈ Ω} .
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For any given (X,Y ) ∈ gphNSn+ , let A := X + Y have the eigenvalue
decomposition

A = PΛ(A)P
T
. (2)

Define the three index sets

α := {i : λi(A) > 0}, β := {i : λi(A) = 0} and γ := {i : λi(A) < 0} .

Proposition 2

The metric projection operator ΠSn+(·) is 1-order B-differentiable, for any given
A ∈ Sn, i.e., for Sn 3 H → 0,

ΠSn+(A+H)−ΠSn+(A)−Π′Sn+(A;H) = O(‖H‖2) ,

where Π′Sn+
(A; ·) is the directional derivative of ΠSn+(·) at A.
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The proximal normal cone

Proposition 3

Nπ
gphNSn

+

(X,Y ) =
{

(X∗, Y ∗) ∈ Sn × Sn : Θ1 ◦ X̃∗ + Θ2 ◦ Ỹ ∗ = 0,

X̃∗ββ � 0 and Ỹ∗ββ � 0
}
,

where X̃∗ := P
T
X∗P and Ỹ ∗ := P

T
Y ∗P .

Θ1 :=

 Eαα Eαβ Σαγ
ETαβ 0 0
ΣTαγ 0 0

 and Θ2 :=

 0 0 Eαγ − Σαγ
0 0 Eβγ

(Eαγ − Σαγ)T ETβγ Eγγ

 .
where Σij :=

max{λi(A),0}−max{λj(A),0}
λi(A)−λj(A) .
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The limiting normal cone

Firstly, we will characterize NgphN
S|β|

+

(0, 0) for the case that β 6= ∅.

Proposition 4

The limiting norm cone to the graph of the normal cone mapping NS|β|+
at

(0, 0) is given by

NgphN
S|β|

+

(0, 0) =
⋃
Q ∈ O|β|

Ξ1,Ξ2 ∈ U|β|

{
(U∗, V ∗) : Ξ1 ◦QTU∗Q+ Ξ2 ◦QTV ∗Q = 0,

QTβ0
U∗Qβ0 � 0, QTβ0

V ∗Qβ0 � 0

}
,
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If Ξ1,Ξ2 ∈ U|β|, then there exists a partition π(β) := (β+, β0, β−) ∈P(β) such
that

Ξ1 =

 Eβ+β+
Eβ+β0

(Ξ1)β+β−

ETβ+β0
0 0

(Ξ1)Tβ+β−
0 0

 ,
where each element of (Ξ1)β+β− belongs to [0, 1], and

Ξ2 :=

 0 0 Eβ+β− − (Ξ1)β+β−

0 0 Eβ0β−

(Eβ+β− − (Ξ1)β+β−)T ETβ0β−
Eβ−β−

 .
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Theorem 2

For any (X,Y ) ∈ gphNSn+ , let A = X + Y have the eigenvalue decomposition
(2). Then, (X∗, Y ∗) ∈ NgphNSn

+
(X,Y ) if and only if

X∗ = P

 0 0 X̃∗αγ
0 X̃∗ββ X̃∗βγ

X̃∗γα X̃∗γβ X̃∗γγ

PT and Y ∗ = P

 Ỹ ∗αα Ỹ ∗αβ Ỹ ∗αγ
Ỹ ∗βα Ỹ ∗ββ 0

Ỹ ∗γα 0 0

PT
with

(X̃∗ββ , Ỹ
∗
ββ) ∈ NgphN

S|β|
+

(0, 0) and Σαγ ◦ X̃∗αγ + (Eαγ − Σαγ) ◦ Ỹ ∗αγ = 0 ,

X̃∗ = P
T
X∗P and Ỹ ∗ = P

T
Y ∗P .
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Coderivatives

For any given (X,Y ) ∈ gphNSn+ , the (Mordukhovich) coderivative
D∗NSn+(X,Y ) of the normal cone to the set Sn+ can be characterised as
follows

X∗ ∈ D∗NSn+(X,Y )(Y ∗) ⇐⇒ (X∗,−Y ∗) ∈ NgphNSn
+

(X,Y ) .

For any given U∗ ∈ Sn, V ∗ ∈ D∗ΠSn+(X + Y )(U∗) if and only if there
exists (X∗, Y ∗) ∈ NgphNSn

+
(X,Y ) such that

X∗ = V ∗ − U∗ and Y ∗ = V ∗ .

—– The explicit expression of D∗ΠSn+(X + Y )(U∗) is provided.
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The S-stationary condition

For the vector MPCC, the S-stationary condition is shown to be equivalent to
the necessary optimality condition of a reformulated problem involving the
proximal normal cone to the graph of the normal cone operator (see Theorem
3.2 [Ye, 1999]).

Definition 2
Let z̄ be a feasible solution of SDCMPCC. Let A := G(z̄) +H(z̄) have the
eigenvalue decomposition (2). We say that z̄ is a S-stationary point of
SDCMPCC if there exists (λh, λg,ΓG,ΓH) ∈ IRp ×H× Sn × Sn such that

0 = ∇f(z̄) + h′(z̄)∗λh + g′(z̄)∗λg +G′(z̄)∗ΓG +H′(z̄)∗ΓH , (3)

λg ∈ Q, 〈λg , g(z̄)〉 = 0 , (4)

Γ̃Gαα = 0, Γ̃Gαβ = 0, Γ̃Gβα = 0 , (5)

Γ̃Hγγ = 0, Γ̃Hβγ = 0, Γ̃Hγβ = 0 , (6)

Σαγ ◦ Γ̃Gαγ + (Eαγ − Σαγ) ◦ Γ̃Hαγ = 0 , (7)

and
Γ̃Gββ � 0, Γ̃Hββ � 0 , (8)

where Γ̃G = P
T

ΓGP and Γ̃H = P
T

ΓHP .
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Proposition 5

Let z̄ be a feasible solution of SDCMPCC. If z̄ is a classic KKT point, then it is
also a S-stationary point.

Corollary 1
Let z̄ be an optimal solution of SDCMPCC. Suppose the problem
CP-SDCMPCC is Clarke calm at z̄; in particular the set-valued map defined
by (1) is calm at (0, 0, 0, 0, z̄). Then z̄ is a S-stationary point.
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The M-stationary condition

Definition 3

Let z̄ be a feasible solution of SDCMPCC. Let A = G(z̄) +H(z̄) have the
eigenvalue decomposition (2). We say that z̄ is a M-stationary point of
SDCMPCC if there exists (λh, λg,ΓG,ΓH) ∈ IRp ×H× Sn × Sn such that
(3)-(7) hold and there exist Q ∈ O|β| and Ξ1,Ξ2 ∈ U|β| such that (with a
partition π(β) = (β+, β0, β−) of β)

Ξ1 ◦QT Γ̃GQ+ Ξ2 ◦QT Γ̃HQ = 0 , (9)
QTβ0

Γ̃GββQβ0
� 0, QTβ0

Γ̃HββQβ0
� 0 , (10)

20 / 30



The M-stationary condition (cont’d)

We say that (λh, λg ,ΓG,ΓH) ∈ IRp × IRq × Sn × Sn is a singular M-multiplier for
SDCMPCC if it is not equal to zero and all conditions above hold except the
term ∇f(z̄) vanishes in (3).

Theorem 3
Let z̄ be a local optimal solution of SDCMPCC. Suppose that either the
problem GP-SDCMPCC is Clarke calm at z̄ or one of the following constraint
qualifications holds. Then z̄ is a M-stationary point of SDCMPCC.

(i) There is no singular M-multiplier for problem SDCMPCC at z̄.

(ii) SDCMPCC LICQ holds at z̄: there is no nonzero
(λh, λg,ΓG,ΓH) ∈ IRp ×H× Sn × Sn such that

h′(z̄)∗λh + g′(z̄)∗λg +G′(z̄)∗ΓG +H ′(z̄)∗ΓH = 0 ,

Γ̃Gαα = 0, Γ̃Gαβ = 0, Γ̃Gβα = 0 ,

Γ̃Hγγ = 0, Γ̃Hβγ = 0, Γ̃Hγβ = 0 ,

Σαγ ◦ Γ̃Gαγ + (Eαγ − Σαγ) ◦ Γ̃Hαγ = 0 .
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(iii) Assume that there is no inequality constraint g(z) �Q 0. Assume also that
Z = X × Sn where X is a finite dimensional space and G(x, u) = u. The
following generalized equation is strongly regular in the sense of
Robinson:

0 ∈ −F (x, u) +NIRq×Sn+(x, u) ,

where F (x, u) = (h(x, u), H(x, u)).

(iv) Assume that there is no inequality constraint g(z) �Q 0. Assume also that
Z = X × Sn, G(z) = u and F (x, u) = (h(x, u), H(x, u)). −F is locally
strongly monotone in u uniformly in x with modulus δ > 0, i.e., there exist
neighborhood U1 of x̄ and U2 of ū such that

〈−F (x, u) + F (x, v), u− v〉 ≥ δ‖u− v‖2 ∀u ∈ U2 ∩ Sn+, v ∈ Sn+, x ∈ U1 .
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An example

Consider the following SDCMPCC problem

min −〈I,X〉+ 〈I, Y 〉
s.t. X + Y = 0 ,

Sn+ 3 X ⊥ Y ∈ Sn− .

Since the unique feasible point is (0, 0), we know that (X∗, Y ∗) = (0, 0) is the
optimal solution.

α = ∅, β = {1, . . . , n} and γ = ∅ .

WLOG, let P = I.[
−I
I

]
+

[
Γe

Γe

]
+

[
ΓG

0

]
+

[
0

ΓH

]
=

[
0
0

]
,

The optimal solution (0, 0) is a M-stationary point with the multiplier
Γe = I, ΓG = 0 and ΓH = −2I (with β+ = β = {1, . . . , n}, β0 = β− = ∅,
and Q = I ∈ On).
(0, 0) is not a S-stationary point.
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The nonsmooth optimization approach

(NS-SDCMPCC) min f(z)

s.t. h(z) = 0 ,

g(z) �Q 0 ,

G(z)−ΠSn+(G(z) +H(z)) = 0 .

Note that

Sn+ 3 G(z) ⊥ H(z) ∈ Sn− ⇐⇒ G(z)−ΠSn+(G(z) +H(z)) = 0 .
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The C-stationary condition

Definition 4
Let z̄ be a feasible solution of SDCMPCC. Let A = G(z̄) +H(z̄) have the
eigenvalue decomposition (2). We say that z̄ is a C-stationary point of
SDCMPCC if there exists (λh, λg,ΓG,ΓH) ∈ IRp ×H× Sn × Sn such that
(3)-(7) hold and

〈Γ̃Gββ , Γ̃Hββ〉 ≤ 0 ,

where Γ̃G = P
T

ΓGP and Γ̃H = P
T

ΓHP . We say that
(λh, λg,ΓG,ΓH) ∈ IRp ×H× Sn × Sn is a singular C-multiplier for SDCMPCC
if it is not equal to zero and all conditions above hold except the term ∇f(z̄)
vanishes in (3).
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Theorem 4
Let z̄ be a local optimal solution of SDCMPCC. Suppose that the problem
NS-SDCMPCC is Clarke calm at z̄ or there is no singular C-multiplier for
problem SDCMPCC at z̄. Then z̄ is a C-stationary point of SDCMPCC.

As in the vector MPCC case, we have

S-stationary condition =⇒ M-stationary condition =⇒ C-stationary condition
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Another example

Consider the following SDCMPCC problem

min 1
2z1 −

1
2z2 − z3 −

1
2z4

s.t. −2z1 + z3 + z4 ≤ 0 ,

2z2 + z3 ≤ 0 ,

z24 ≤ 0 ,

S3+ 3 G(z) ⊥ H(z) ∈ S3− ,

where

G(z) :=

 1 + z1
6

−1 + z1
6
− z1

3
−1 + z1

6
1 + z1

6
− z1

3
− z1

3
− z1

3
2
3
z1

 and H(z) :=

 z2
6
− 1 z2

6
− 1 − z2

3
− 1

z2
6
− 1 z2

6
− 1 − z2

3
− 1

− z2
3
− 1 − z2

3
− 1 2

3
z2 − 1

 .

Since 〈G(z), H(z)〉 = z1z2, one can verify that z̄ = (0, 0, 0, 0) is the unique
optimal solution.
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The index sets of positive, zero and negative eigenvalues:

α = {1}, β = {2} and γ = {3}

The equation (3) can be written as
0
0
0
0

 =


1
2
− 1

2
−1
− 1

2

+


−2
0
1
1

λg1+


0
2
1
0

λg2+


0
0
0
0

λg3+


〈 ∂G
∂z1

,ΓG〉
0
0
0

+


0

〈 ∂H
∂z2

,ΓH〉
0
0

 .

Therefore, we know the optimal solution z̄ = (0, 0, 0, 0) is a C-stationary point
with the multiplier

λg =


1
2
1
2

0

 , ΓG =
1

6


1
2

1
2

−1
1
2

1
2

−1

−1 −1 2

 and ΓH = −
1

6


1
2

1
2

−1
1
2

1
2

−1

−1 −1 2

 .

However, we can prove that the optimal solution z̄ = (0, 0, 0, 0) is not a
M-stationary point (since ΓG22 = 1

2 > 0, ΓH22 = − 1
2 < 0).
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Conclusions

The M-, S- and C-stationary conditions for SDCMPCC are characterised.

Does S-stationary condition imply the classical KKT condition?

Numerical algorithms

Mordukhovich coderivative criterion and perturbation analysis of the
nonlinear SDP problem
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Thank you
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To see that the S-stationary condition for SDCMPCC coincides with the
S-stationary condition in the MPCC case, we consider the case when n = 1.
In this case λ(A) = A, P = 1 and Γ̃G = ΓG, Γ̃H = ΓH .

If G(z̄) > 0, H(z̄) = 0, then β = γ = ∅ and from (5), we know that ΓG = 0
and ΓH free.
If G(z̄) = 0, H(z̄) < 0, then ΓH = 0 and ΓG free, similarly.
If G(z̄) = H(z̄) = 0, then α = γ = ∅ and from (8), we know that ΓG ≤ 0
and ΓH ≥ 0.
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To see that the M-stationary condition for SDCMPCC coincides with the
M-stationary condition in the MPCC case, we consider the case when n = 1.
In this case λ(A) = A, P = 1 and Γ̃G = ΓG, Γ̃H = ΓH and SDCMPCC is a
MPCC where there is only one complementarity constraint.

If G(z̄) > 0, H(z̄) = 0, then β = γ = ∅ and from (5), we have ΓG = 0 and
ΓH free.
If G(z̄) = 0, H(z̄) < 0, then ΓH = 0 and ΓG free, similarly.
If G(z̄) = H(z̄) = 0, then α = γ = ∅. Let π(β) = (β+, β0, β−) be a partition
of β. We know that there are only three cases:

Case 1: β = β+ 6= ∅. From (9), ΓG = 0.
Case 2: β = β− 6= ∅. From (9), ΓH = 0.
Case 3: β = β0 6= ∅. From (10), ΓG ≤ 0 and ΓH ≥ 0.

Therefore, in any case, we have

either ΓG < 0, ΓH > 0 or ΓGΓH = 0.
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