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Abstract The nonsmooth composite matrix optimization problem (CMatOP), in particular, the matrix
norm minimization problem, is a generalization of the matrix conic programming problem with wide
applications in numerical linear algebra, computational statistics and engineering. This paper is devoted
to the characterization of the strong regularity for the CMatOP via the generalized strong second order
sufficient condition and constraint nondegeneracy for problems with nonsmooth objective functions. The
derived result supplements the existing characterization of the strong regularity for the constrained
optimization problems with twice continuously differentiable data.
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1 Introduction

Matrix conic programming is a class of optimization problems with matrix cone constraints, in particular,
the positive semidefinite constraint. Being an extension of the classical nonlinear programming, this
subject has now grown into a fruitful discipline in optimization, including deep and rich mathematical
theory, a bunch of efficient and robust solvers [33/[36,42l[41] and a wide range of important applications
in combinatorial optimization [5] and control theory [IJ.

A natural generalization of the matrix conic programming problem is the matrix norm minimization
problem. Starting from the nuclear norm formulation of the low rank matrix completion problem [7l[27],
there is a growing list of algorithms and applications in such nonsmooth matrix optimization problems
that also involve the spectral norm or the general matrix Ky Fan k-norm function [B9B76] in the
objective. Denote R™ as the real n-dimensional space and S™ as the set of all n x n symmetric matrices.
A general form of the nonsmooth composite matrix optimization problems (CMatOPs) can be written

as
migigglize d(x) £ f(x)+ ¢oA(g(x))

subject to h(x) =0,

(1)

where X and Y are two given finite dimensional Fuclidean spaces, f : X — R is a twice continuously
differentiable function, g : X — S™ and h : X — Y are twice continuously differentiable mappings,
and ¢ : R — (—o00,+00] is a symmetric function (i.e., for any u € R", ¢(Pu) = ¢(u) for any n x n
permutation matrix P). Here A(e) denotes the vector of eigenvalues for a symmetric matrix with the
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components being arranged in the non-increasing order. Obviously the function ¢ oA only depends on the
spectrum of a given matrix, and is thus called the spectral function in the literature. There is a one-to-one
correspondence between the spectral function and the so-called orthogonal-invariant matrix function, i.e.,
the matrix function that is invariant under orthogonal similarity transformations [I9]. Notice that if the
function ¢ is taken to be the indicator function over the nonnegative orthant, the problem reduces
to the nonlinear semidefinite programming problem.

One fundamental concept in the sensitivity analysis and perturbation theory is the so-called strong
regularity, which is originally introduced by Robinson [29] for generalized equations; see Section [4] for
its definition. The Karush-Kuhn-Tucker (KKT) optimality condition of the conventional nonlinear pro-
gramming problem with twice continuously differentiable data can be formulated as a special generalized
equation, whose strong regularity at a KKT solution is known to be equivalent to the strong second or-
der sufficient condition and the constraint nondegeneracy (when restricted to the nonlinear programming
problem, the constraint nondegeneracy reduces to the linear independence constraint qualification) [29]
15]; see also [4, Proposition 5.38]. This result has been further generalized to the nonlinear semidefinite
programming problems in [34]. For a general class of C2-reducible problems where the constraint nonde-
generacy holds, the strong regularity is further proved to be equivalent to the Lipschitzian full stability
[23].

The non-polyhedrality of the matrix cone distinguishes the nature of the matrix conic programming
from the classical nonlinear programming, where the constraints of the latter problems are given by
finitely representable equalities and inequalities. As one can expect, such a distinction is carried to the
sensitivity analysis of the CMatOPs and makes it a worthwhile effort for a deep investigation. In contrast
to the relative long history of the theoretical research of the matrix conic programming, the sensitivity
analysis of the nonsmooth composite matrix optimization program still stays at an early stage. It turns
out that one can rewrite via its epigraphical formulation

minimize f(X)+¢
XX, teRr (2)

subject to h(X) =0, (g(X),t) €epi(do),

which transforms the original problem into a matrix conic programming problem. However, such a
transformation itself is inadequate for drawing the whole picture of the sensitivity results of the CMatOPs,
with the following two reasons. One, besides that of the semidefinite programming, the characterization
of the strong regularity for other matrix conic programming problems, such as the one involves the
epigraph of the Ky Fan k-norm cone, is in fact unknown. Two, the reformulation in lifts the original
problem from X to X x R. Even if given the answer raised by the first point, it still needs the effort to
bring those characterization back to the space X.

In this paper, we characterize the strong regularity of the solution to the KKT system of for the
case where ¢ is piecewise affine. To accomplish this task, we study nonsmooth counterparts of the second
order sufficient condition and the constraint nondegeneracy via the second order variational analysis of
the spectral functions. The adopted approach is a departure from [23] that based on the second order
subdifferential of the extended value function @(X)+dg(h(X)), where dg(h(e)) is the indicator function
of h(e) over @, i.e., dg(h(X)) equals to 0 if A(X) € @ and +oo otherwise. With a main focus on the
characterization of the full stability in the above mentioned reference, the resulting equivalent conditions
involves the limiting coderivative of epi (¢ o A), whose calculation itself might be complicated.

The rest of the paper is organized as follows. Section [2| summarizes some useful variational properties
of eigenvalues and piecewise affine functions. In Section [3| we investigate the properties of proximal
mappings associate with spectral functions that are important to the subsequent analysis. The main
result of this paper on the characterization of the strong regularity for the CMatOPs is presented in
Section 4l An example of CMatOPs involving the largest eigenvalue of a symmetric matrix is used to
illustrate the derived results in Section [5| We conclude our paper in the final section.

Unless otherwise specified in the paper, we use plain small Latin letters (e.g., z and y) to represent
scalars, small Latin letters in boldface (e.g., x) to represent vectors and capital Latin letters (e.g., X) to
represent matrices. We also use Greek letters (e.g., o, 8 and ¢) to denote the index sets and blackboard
bold letters (e.g., R™ and Q™) to denote spaces or sets. For X € R"*"  diag(X) denotes the column
vector consisting of all the diagonal entries of X being arranged from the first to the last. For x € R",
Diag(x) denotes the n x n diagonal matrix whose i-th diagonal entry is x; for i = 1,...,n. We write O™
as the set of all n x n orthogonal matrices.



2 Preliminaries and background results
2.1 Variational analysis of the eigenvalues

Let X € S™ be an arbitrary symmetric matrix. Suppose that X has the following eigenvalue decomposi-
tion
X = UDiag (M (X),-- , An(X) U, (3)

where A\ (X) > -+ > A\, (X) are the eigenvalues of X arranged in the non-increasing order and U is a
matrix of the corresponding orthonormal eigenvectors. We denote the set of all matrices U satisfying (3))
as O™(X). We also use A\(X) to denote the vector whose i-th entry is A;(X). Let v1(X) > v2(X) > ... >
v-(X) be the distinct eigenvalues of X arranged in the decreasing order. Define

ad=lie{l,...,n}NX)=u(X)}, 1=1,...,m (4)

For each i € {1,...,n}, we denote k;(X) as the number of eigenvalues that equal to A;(X) but are ranked
before i (including ¢) and 0;(X) as the number of eigenvalues that equal to A;(X) but are ranked after ¢
(excluding 7). That is, the scalars k;(X) and o0;(X) satisfy

/\1(X) .V k(X( )>)‘z ks X)Jrl(X):...:)\i(X):...:)\iJrOi(X)(X)
> Nevorr () 2 o2 2 A(X), 5)

In the subsequent discussions, when the dependence of k; and o; on X can be easily seen from the
context, we often drop X for simplicity.

In the following, we summarize some results about the properties of the eigenvalues that are essential
in our subsequent discussions. The first result is Ky Fan’s inequality [17].

Lemma 1 Let Y and Z be two matrices in S™. Then
(Y, 2) <MY)'A(2),

where the equality holds if and only if Y and Z admit a simultaneous ordered eigenvalue decomposition,
i.e., there exists an orthogonal matrix U € Q™ such that

Y=UAY)U" and Z=UAZ)U"

The next lemma is about the directional differentiability of the eigenvalue function, which can be
found in, for example, [I8] Theorem 7] and [35], Proposition 1.4].

Lemma 2 Let X € S" have the eigenvalue decomposition in (@ Then for any S™ > H — 0, we have
N(X + H) = N(X) = M\, (ULHU,) = O(|H|)?), i€a, 1=1,...,m

where for each i € {1,...,n}, k; is defined in (@) Hence, for any given direction H € S™, the eigenvalue
function Xi(+) is directionally differentiable at X with the directional derivative X;(X; H) = A, (U HU 1)
foranyical,l=1,....r

Let I € {1,...,r} be fixed. Consider the following eigenvalue decomposition of the symmetric matrix
ULHU, skl
Ul HU, = RAU]HU,)RT,

where R € 0/°'l. Denote the distinct eigenvalues of U;, HU,: by 91 > U2 > ... > Uy. Define
& ={ie{l,.. |} | NULHUL) =3;}, j=1,...,F
For each i € o, let k; € {1,...,|a!|} and [ € {1,...,7} be such that
ki =k, (ULHU,) and & €,

where k; is defined by .



Let Z and Z’ be two finite dimensional real Euclidean spaces. We say that a function & : Z — 7/ is
(parabolic) second order directionally differentiable at z € Z, if @ is directionally differentiable at z and
for any h,w € Z,

- &(z +th + %ﬁQW) — &(z) —tP(z;h)

exists.
10 %t2

In this case, the above limit is said to be the (parabolic) second order directional derivative of ¢ at z
along the directions h and w, which we denote as ¢"(z; h, w). The following proposition, which has its
source from [35] Proposition 2.2], provides an explicit formula of the (parabolic) second order directional
derivative of the eigenvalue function.

Lemma 3 Let X € S"” have the eigenvalue decomposition . Then for any HW € S™,
N (X;H W) = A, (R; UL [W—2H(X — NI,) H UalRa,-) . odeal, le{l,...,r},

where ZT € RPXP is the Moore-Penrose pseudo-inverse of the square matriz Z € RP*P.

2.2 Properties of convex piecewise affine functions

Let ¢ : R™ — (—00, 400] be a proper convex piecewise affine function, i.e., ¢ is a convex function whose
nonempty effective domain can be represented as the union of finitely many polyhedral sets, relative
to each of which ¢(x) is an affine function (cf. [32, Definition 2.47]). Such a function is also called a
polyhedral convex function by Rockafellar [3T, Section 19]. Let ¢ be a proper convex piecewise affine
function with the polyhedral effective domain

dom ¢ := {x € R" | () := max {(b’,x) —d;} < 0} (6)

1<i<q

for some {(b%,d;) € R" x R}._, with a positive integer ¢. It is known from [32, Theorem 2.49] that ¢
can be expressed in the form of

¢(x) = max {(a",x) —c;}+  daoms(x) , x€ER” (7)
———

1<i<p

denoted as 1 (x) denoted as ¢2(x)
for some {(a%,¢;) € R x R}Y_, with a positive integer p. We call {a’}’_, and {b‘}?_; the bases of ¢;
and ¢, respectively.

We denote the set of all n x n permutation matrices as P". Recall that the function ¢ is called
symmetric over R™ if for any @ € P™ and any x € R”, it holds that ¢(x) = ¢(@x). The following
proposition characterizes the symmetric piecewise affine function.

Proposition 1 Let ¢ : R" — (—o0,00] be a given proper convex piecewise affine function. Then the
function ¢ is symmetric over R™ if and only if its decomposed components ¢1 : R™ — R and ¢o : R® —
(=00, 00] in satisfy the following conditions:

10 = max { o {(Qalx) - i} ]

1<i<p (QeP™
Vx e R"™ (8)
1<i<q (QeP™

dom ¢ = {XGR" | max {max{(Qbi,x>—di}} <0},

Proof “<=" Suppose that ¢; and ¢- satisfy the conditions in . Consider any x € R" and Q' € P™. If
x ¢ dom ¢, then there exist b’ € R", d; € R and () € P" such that

(@Qb',x) — d; > 0.

Since (Q")T Q' = I, we have
<Q’@bi , Q’x> —d; > 0.



By noting that Q'Q € P", we conclude that Q'x ¢ dom ¢, which implies that
P(x) = ¢(Q'x) = +oo.

Otherwise if x € dom ¢, we deduce that

max {max {(Qb", @'x) di}} = max {max {{Q"T @b’ x) di}}

1<i<q (QeP” 1<i<q (QeP™

= max { max {(Q"TQb’,x) —di}} <0,

1<i<q | Q'TQePn

which implies that Q'x € dom ¢. Moreover, we have

P(Q'x) = ¢1(Q'x)

1<i<p | QeP~ 1<i<p | QeP™

1<i<p | @' TQepn

max {max {Q7 Qa0 i} p = 610 = o)

Thus, we know that ¢ is symmetric over R™.
“—" Assume that ¢ is a proper convex piecewise affine function with the decomposition in .
Denote

Z::{XGR"

max {max {(Qb,x) — di}} < 0}.

1<i<q [ QeP”

Obviously Z C dom ¢. Suppose that x € dom ¢ is arbitrarily chosen . It follows from the symmetric
property of ¢ that

(Qb',x) —d; = (b, Q"x)—d; <0, VQeP", Vi=1,...,q,

which shows that x € Z. Therefore, we have dom ¢ = Z.
Denote

3(z) = max {maX {(Qa ) ci}}, x € dom ¢

1<i<p | QePn

It is clear that ¢(x) < ¢(x) for any x € dom . On the other hand, for any x € dom ¢, there exist
i€{l,...,p} and Q € P" such that

o(x) = <@a€7 x> —c; = <a;, @Tx> —c¢; < lrgzagx {<ai7 @Tx> — ci} = gb(@Tx).

p

Finally, since ¢ is symmetric over R", we have ¢(QTX) = ¢(x). Thus, we know from the above inequality
that ¢(x) < ¢(x) for any x € dom ¢. Therefore, we know that ¢(x) = ¢(x) for any x € dom ¢. The proof
is completed. 0O

Remark 1 Tt is easy to verify from Proposition [I] that if a proper convex piecewise affine function ¢ is
symmetric, then both of its components ¢; and ¢5 in are symmetric.

To proceed, we denote
D; = {x€d0m¢| <aj,x>—cj < (ai7x>—ci,Vj=1,...7p}, 1=1,...,p.

It follows from [24] Proposition 3.2] that dom ¢ = U D;. For any X € dom ¢, we further denote the
1=1,...,p
following two index sets:

uX):={1<i<p|xeD;} and (X):={1<i<q|(b"X)—d; =0} (9)

It is known that the pointwise-max function ¢, in @ and 9 in @ are directionally differentiable
everywhere with the following directional derivatives (see, e.g., [4 Example 2.68])

#(X;h) = max (a’,h) and ¢/(X;h) = max (b',h), hecR" (10)

i€L1(X) 1€12(X)



Denote 0f as the subgradient of a convex function f. It also holds that
0¢1(X) = conv{a’, i € 11(X)} and 0¢2(X) = Niom ¢(X) = cone{b’, i € 12(X)}, (11)

where ‘convC’ and ‘cone(C’ stand for the convex hall and conic hall of a given nonempty closed set C,
respectively (if ¢2(X) = 0, then 0¢2(Z) = {0}). Therefore, for any given ¥ € 9¢1(X) and zZ € dpa(X), we
are able to define the following two index sets

mxy) = {icu®| Z u;a' =7y, Z ui=1, 0 <u; <1},
i€e1(X) i€e1(X)
1(X2z) = {icu®| Y wb =z u >0}
i€12(X)
The following corollary is a direct consequence of Proposition
Corollary 1 The following two statements hold.
(i) For any i € 11(X), j € 12(X) and Q € PL (i.e., QX = X), there exist i’ € 11(X) and j' € 12(X) such
that a' = Qa’ and bl = Qb7 , respectively.
(ii) For any i € m(X,¥), j € 12(X,Z), Q' € Pz NP and Q? € PLNPZ, there exist i’ € 71(X,y) and
§ € 12(X,Z) such that a¥ = Q' a’ and bl = Q2 b7, respectively.

Let Z be a finite dimensional Euclidean space and w : Z — (—00, 00| be a proper closed convex
function. The Moreau envelop and proximal mapping of w are defined by

1 1
Xw(2) := min { w(w) + = ||w — z||? and Prg(z) := argmin{ w(w) + =||lw —z|*}, zcZ (13)
wWeZ 2 wEZ 2

It is known that Pry is globally Lipschitz continuous with modulus 1 [32, Proposition 12.19]. The
directional derivative of the proximal mapping is closely related to the critical cone associated with the
generalized equation z € dw(z), which is defined as

C(z;0w(z)) = {d e R" | @'(z;d) = (Z — z, d)} .
The following proposition shows the directional derivative of the proximal mappings associated with d¢q
and O¢s. Necessary and sufficient conditions for them to be F(réchet)-differentiable are also provided.
Proposition 2 Let ¢; : R® — R and ¢2 : R® — (—o00,00] by given by , Then the following two
properties hold for the corresponding prozimal mappings Pry, : R™ = R™ and Prg, : R™ — R™.

(1) Prg, and Pry, are directionally differentiable everywhere with the directional derivatives
Pr}, (x:1) = argmin {||d — hif* | d € Clox: 961 (Pry, (x)))}
) ) x,h e R". (14)
Prf, (x: ) = arganin {d — B[* | d € 06 (Pry, (x)))}

(ii) Let the index sets t1, t2, m1 and 12 be given by @ and , respectively. Then Pry, is F-differentiable
at X if and only if

m (PI‘¢1 (X)7 X = PI‘¢1 (X) ) =4 (Pr¢1 (X) ) ;
stmilarly, Pry, is F-differentiable at x if and only if
12 (Prg, (%), x = Prg, (x) ) = 12 (Pry, (%)) .

Moreover, under the above two conditions, the derivatives Pr’¢1 (x) and Pr;2 (y) are given by
P, (x) b = arguin {[d - B[ | (.o’ ~ %) = 0. ] € 1 (Pro, () }

) _ ) . . x,h e R™. (15)
Pry, (x)h = azg%nn{ [d—h|?](d,b") =0, i € ta(Prg,(x)) }
oR

Proof Statement (i) follows from [3| Proposition 7.1 and Theorem 7.2]. To prove statement (ii), we first
note that based on similar arguments of [I6, Corollary 4.1.2], Pry, and Pry, are F(réchet)-differentiable
at x and y if and only if the critical cones C(x;0¢1(Prg, (x))) and C(y;0¢2(Pre,(x))) are two linear
subspaces in R™. The stated results then follow from [25 Proposition 3.2].



3 Variational analysis of spectral functions

In this section, we study several important variational properties of the spectral function 6 = ¢ o A for a
symmetric piecewise affine function ¢. According to the decomposition of ¢ = 1+ ¢ in , the function
0 can be decomposed as

0(X) = ¢1 0 AMX) + p20NX) , XeSm (16)
—— ——
denoted as 01(X)  denoted as 02(X)

The following lemma on the subdifferentials of spectral functions can be found in [20121],

Lemma 4 Let ¢ : R™ — (—o0, 00| be a proper closed conver and symmetric function. Let X € S™ have
the eigenvalue A(X) in dom¢. Let W € S™. Then W € 9(¢ o A\)(X) if and only if \(W) € 0p(A(X)) and
there exists U € O™(X) NO™(W). In fact, d(¢ o \)(X) = {UDiag(u)U " | u € dg(A\(X)), U € O"(X)}.

In the following two subsections, we characterize the tangent sets, critical cones and the so-called
“o-term” associated with 6, and 605, respectively. Since the analysis of #; and 65 are similar, we only give
the detailed proof of the results for #;; the properties of 85 are presented without proof.

3.1 Variational properties of 8¢
We first study the variational properties of the spectral function 6; = ¢ o A.

Tangent set and its lineality space. Let X € S™ be given. Since #; is Lipschitz continuous on S",

it follows from [4, Proposition 2.58] that the tangent cone Tepig, (X,0,(X)) of the epigraph epif); at
(X,01(X)) € epib is given by

'Tepigl(Y,Hl(Y)) =epif)(X; o) = {(H,h) €S xR| 0 (X;H) < h}.

The lineality space of Tepig, (X, 01(X)), i.e., the largest linear subspace contained in Tepig, (X, 01(X)), is
given by
lin(Tepio, (X,01(X))) = Tepioy (X, 01(X)) N [~Tepio, (X, 01(X))]

= {(H,y) €S" x R | 0(X; H) < h < —0}(X; —H)}
= {(H,y) €S" xR | 01(X; H) = h=~01(X;-H)},
where the last equality follows from [3I, Theorem 23.1]. We consider the following linear subspace
T (X) == {H € S" | 01(X; H) = —01(X; —H)} . (17)
Let {0/}{=1 be the index sets given by with respect to X. Define the index set
E:={le{l,...,r}|3i,j € o! such that (a®); # (av); for some w € 11(A(X))},

where ¢1(A(X)) is the set defined in (9) with respect to A(X). The following proposition presents the
characterization of Ty™™(X).

Proposition 3 For any H € S™,
HeTy™(X) « [(N(X;H),a' —al) =0, Vi jeu(\X))].
In fact, for each given H € 'Teli“(Y) andl € fj‘, there exists a scalar p; such that for any U € O™(X),

T R
Uy HU oo = pi 11| Moreover, we have

<>‘I(Y; H)a ai - aj> = Z<ﬁl €lal]| (ai)al - (aj)ozl> = Oa v ivj € Ll(A(Y))
lc€



Proof Notice that for any H € S™ and U € O"(X),
_ T T AT
N(X; H) = ()\(UaTlHUal )y )\(UITHUQTD :
T T N\T
N(X;—H) = ()\(—U;HU(Xl),...,/\(—UZTHUM)) .

For each 1 <[ < r, we have )\(—U; HU,) = —)\T(UL HU ). Moreover, we obtain from the symmetry
of ¢ that for each permutation matrix Q € Pt\L(Y)’ ie, QAX) = A(X),
¢'(A(X);h) = ¢'(M(X); Qh), VheR"

Therefore, 0 (X; H) = ¢ (MX); N(X;H)) = sup  (z, N (X;H)) and
z€9¢1(M(X))

—01(X;—H) = =gy (AMX); N (X; —H)) = =1 (MX); =N (X; H))

=— sup (z,-N(X;H))= inf  (z, N(X; H)).
z2€9¢p1 (M(X)) 2€0¢1 (N (X))

We thus derive from (17) that H € 7, (X) if and only if (z, X'(X; H)) is invariant over z € 8¢ (A\(X)).
This, together with (11), implies the first claim of this proposition. The rest of the statements are
consequences of Corollary ad

Critical cone. Suppose that Y € 90;(X). Then the critical cone of 96;(X) at X + Y is defined as
C(X+Y;00,(X)):={HeS"|6/(X;H)=(Y,H)}. (18)

For each | € {1,...,r}, we further partition the index set ol into {ﬂ,lc}ilzl such that each % contains
one distinct eigenvalue of Y, i.e.,

_ _ (19)
NY) >N (Y) ifiepl,jepl and kK € {1,...,s'} with k < k.

We also denote
Ehi={ke{1,...,5'} | 3i,j € B such that (a®); # (a); for some w € 11 (A(X), \(Y))}, (20)

where 71 (A(X), A(Y)) is the index set defined in with respect to A(X) and A\(Y). The characterization
of the critical cone C(X + Y;06,(X)) is provided in the following proposition.

Proposition 4 Suppose that (X,Y) € gphdf; and U € O"(X)NO"(Y). If H € C(X + Y;00:(X)),
then the following three properties hold:

(i) for each l € {1,...,r}, U;HUM has the following block diagonal structure:
U;;HUQL = Dlag (<U;‘|—ZHU@[)BiBi’ ceey (UIZHUO‘Z)IBllﬁlL> N

(i) (N(X;H),a') = (N(X; H),a) =  max_ (N(X;H),a"), Vi,jemAX),AY));
i€ (AN(X))

(iii) for each 1 € {1,...,7} and k € E', there exists a scalar pl, such that (U; HUQL) »

EME

In fact, H € C(X +Y;00,(X)) if and only if for any i,j € m(MX), A\(Y)),

<diag(UTHﬁ), ai> = <diag(ﬁTHﬁ), aj> = max_(N(X;H),a"), (21)
i€ (M(X))

where the index sets n1 and 11 are defined in and @, respectively.



Proof Tt follows from Ky Fan’s inequality in Lemma [l| that for any H € S,

=1

<3 @), \T o HT 1)) = (AT, X (X; H)) (22)
=1

< sup  (z,N(X;H)) =6/(X;H). (23)
z€9¢1 (A (X))

Therefore, in order for H € C(X +Y;00;(X)), the equalities in and must hold.
Consider the inequality in . For each I € {1,...,r}, we know from Ky Fan’s inequality that the
equality in holds if and only if there exists R! € 0le'l such that

A )it = RAY) it (RYT and U HU . = RAULHU )R,
where R has the following block diagonal structure:
R' = Diag (RL,...,RL) with RLe0lfl k=1, 4.

Here {ﬁ,lf}zlzl is defined in . The statement (i) thus follows. In order for the equality in holds,
we must have (A\(Y), N (X;H)) =  sup (z,N(X;H)), which implies the statement (ii).
z€d¢1 (A(X))
On the other hand, for each [ € {1,...,r}, if k € &', then there exist i,j € 8. such that (a®); # (a¥);
for some w € 11 (A(X), A\(Y)). Consider the n x n permutation matrix Q%/ satisfying

(aw>j if z= i,
(Qi’jaw)z =4 (@) ifz =7, z=1,...,n.

(a"), otherwise,

Since A;(X) = X\;j(X) and \(Y) = X;(Y), it is clear that QW A(X) = A(X) and QWIA(Y) = A(Y). It
then follows from Corollary [1 that there exists w’ € ny(A(X), A(Y)) such that a*" = Q"7a®. Therefore,
we derive from (ii) that

N(X;H),a" —a"') = (\(X; H) — Nj(X; H))((a”); — (a");) =0,
which implies that
N(X; H) = Nj(X; H).

For any i’ € B! with i’ # i and ¢’ # j, if (a¥)y # (a%), by replacing ¢ by i’ and j by i in the above
argument, we obtain that

N (X H) = N(X5 H) = Nj(X5 H);

otherwise if (a®); = (a®);, then by replacing i by i’ in the above argument, we can also obtain the above
equality. Consequently, we know that for any k € £, there exists some pﬁc € R such that for any i € B}C,

N(X; H) = py.,
which, together with Lemma shows the property (ii).

To establish the last statement of this proposition, we observe that for each [ € {1,...,r},if k ¢ &,
then for any w € 11 (A(X), A(Y)), there exists a scalar gl such that

(a®); = (a“); = pf, Vi,j € B,



which yields

T

WX, )% = 30 (SN H) g (@) )+ 30 (VL H)gy (a%) )

I=1 keé&l kg&l

( > (e @) + D MO HT o) gy 1), ﬁielﬁ,@ﬁ)

1 kegl kgel

(3 ke @) + 3 trace (T HT) )

1 ke&! kg&l

(Z dlag lHU )512512)’ (aw)ﬁ]z) + Z <diag((UIlHUal)'BIlc'BIlc)’ ,5%6 6‘5L|>)
1 egl kgl

<

l

<

l

l

= <diag(U HU),aw>.
Conversely, suppose that H € S™ satisfies . We have
— == =1 5= ~ . —=T 55 i 9. =T = '~
(Y,H) = (A(Y),U HU) = (\Y),diag(U HU)) = > u;(al, diag(U HU)) = 0,(X; H),
i€ (A(X),A(Y))
which shows that H € C(X + Y;06:(X)). The proof of this proposition is thus completed. O

Based on the above proposition, we can further characterize the affine hull of C(X +Y; 96 (X)), which
we denoted as aff (C(A;9601(X))). The proof can be directly obtained from Proposition 4} For simplicity,
we omit the details here.

Proposition 5 Suppose that (X,Y) € gph 30y and U € O"(X) N O™ (Y). Then H € aff (C(A;00,(X)))
if and only if it satisfies the the properties (i) and (iit) in Proposition[f, and

(diag(T ' HU),a’) = (diag(T ' HU),al), V4,5 € m(MX), \T)). (24)

o-term. Suppose that Y € 96;(X). Let H € C(X +Y,96,(X)) be arbitrarily given. Since ¢; is Lipschitz
continuous, we know from [2, Lemma 3.1] that 6; is (parabolic) second-order directionally differentiable
with the second order directional derivative

FY,H(W) =07 (X; HW) = ¢ (NX); N(X; H), N (X; HW)), W eS™ (25)

Moreover, it is easy to see that % , : S™ — R is convex. We define the “o-term” associated with the

spectral function 6; = ¢; o X at Y € 90;(X) as the conjugate function (cf. [31] for the definition) of
Fx.pat Y, that is, we consider the function

Fu(¥) = swp {WY) =1z, (W)}

The proposition below characterizes the property of F *Y -

Proposition 6 Suppose that (X,Y) € gph 90y and U € O"(X) N Q"(Y). Denote vy > vy > -+ > Uy as
the distinct eigenvalues of X. Let H € C(X +Y,060,(X)) be given. Then

F%H 22 alal , H(Y—EII)THUM>, (26)
where for each 1 € {1,...,7}, (X —0,1)" is the Moore-Penrose pseudo-inverse of X — v;1.

10



Proof For any W € S™, we have

(W,Y) = (W, TAY)T") = (T WU, AY))

r

- Z V)atats Ut W) = S (AT it Uot (W = 2H(X — 0,1) H)T 1)
=1

42 Zm(?)alal, UL H(X —5I) HU ).

It follows from [4, Example 2.68] that

TGN (X H), N (X H W) = max _ (\'(X;H,W),a’),
1€&1 (AN(X),N(XH))

where & (A(X), N (X; H)) C 11 (A\(X)) is defined by
ENX), N icuANX)) | N(X;H),a") = max  (N(X;H),al)p.
jet1(M(X))
We then have

Fen(®) = sup {(WY) = 6/ M N (X3 H), X'(6; H, W)}

2Z<A(?)QZQZ7UILH(Y — 511)THUQl>

T

- sup {3 AWV Yot Une(W = 2H(X = 0ul) H)T o) = max (VX5 H,W),a0) |,
west >33 €& (A(X), N (XH))

denoted as =(WW)

Therefore, in order to prove this proposition, it suffices to show that sup =Z(W) = 0. In fact, since
Wesn

H € C(X+Y,00,(X)), we know from Proposition i) that for each [ € {1,...,7}, there exists R! € ole'l
such that

AX )it = RAY) it (R)T and UL HU . = RAULHU . )(R)T.
Therefore, for any W € S™ and [ € {1,...,r},

< A(?)azaz , Ul—[ (W — 2H(Y — Q_JZI)TH)Ual >

/\

A ) gt (BYTT L (W — 2H(X — 0,1) H)T . B! >

T

I
I\g
il
7~

(A )iat)aiai s (RLy) T [W = 2H(X - 0,1) H] Ualez>

N
Il
-

IA
HIM%»

Z ( TUL (W 2H(X — ) H) alR~l) SN H W),
i€Q i€al
where the first inequality follows from Ky Fan’s 1nequahty in Lemma [I] and the last equality is due

to Lemma I Since \(Y) € 9¢1(A\(X)), we know from ([11) that there exists {u; € [0, e, 0@

with Z = 1 such that \(Y) = Z u;a’. Tt then follows from Proposition (4| (ii) that if
z'ei(A(Yi)) o i€t (M(X))
HeC(X+Y,00,(X)), then

mAMX),A(Y)) C &(MX), N (X H)),

11



where the index set 71 (A(X),A(Y)) is defined in (12). We then derive

EW) < AN(VN/ (X5 HW) — max  (\/(X;H,W),a’)
;g{; 1€€&1 (MX),N(XH))
= > wa N (X HW) ) - max _ (N'(X;H,W),a’)
i (M) 1€& (AM(X),N(XH))
< > wW(XHW)a') - max (N'(X; H,W),a’)

iem AT AT)) EEARON )

< > w;  max _ (\(X;H,W),a’) — max  (N'(X;H,W),a’)
em ATy EMAEAT) i€ (AX), N (X3 H))

= max  (\'(X;H,W),a’) — max  (\'(X;H,W),a’) <0.
i€m (A(X),A(Y)) i€81 (A(X), N (X5 H))

On the other hand, it is easy to see that E(W) =0if
T o~ — T — —
U WUy =2U,HX -5 ) HU ., 1=1,...,r

Therefore, we know that sup =(W) = 0. This completes the proof of the proposition. a
Wesn

Remark 2 In fact, for any given X € S® and any Y, H € S" (not necessary in C(X +Y,00;(X))), we
can define the function T% :S" x S™ — R as the right side of 7 ie.,

L (Y, H) _22 Vet Ut H(X — 5, 1) HU 1), (27)

where U € O"(X) N O"(Y). Notice that if Y € 96 (X), it holds that

M(T) = \,(7)
T+ (Y, H) = -2 mZ > Z, ) = (Y) (UQLHUQZ,)U (28)
<U<rieal jeal
Since for any i € ol and J € ol withl<i<l <r, (7) 3(7) > 0, we conclude that
Ai(X) = A(X)

T (Y,H) <0, VHeSs"

3.2 Variational properties of 6o

In this subsection, we present analogue results with respect to the function 6. Recall the definition of
the convex piecewise affine function 1 in @ For notational simplicity, we denote ( := 1 o X\ as the
spectral function associated with . Thus, the function #; can be viewed as the the indictor function of
the closed convex set K that is defined in the following way

K:={XeS"| AMX) edom¢} ={X € S"| {(X) <0}. (29)

Let X € K be given. Denote Ny (X) as the normal cone of K at X € S™ in the sense of convex analysis
[31]. In the rest of the paper, we assume the following Slater condition for the closed convex set K.

Assumption 1 There ezists X € K such that ¢((X) < 0.

12



It is worth mentioning that the above assumption automatically holds for many interesting matrix opti-
mization problems, such as the negative semidefinite programming (where K is the negative semidefinite
matrix cone).

Recall the index sets {ozl}lrz1 given by with respect to X. Three variational properties with respect
to 0 are in order.

Tangent cone and its lineality space. Let X € K be such that ¢((X) = 0. Since ¢ : S* — R is a

closed convex function, it follows from [4, Proposition 2.61] that the tangent cone Ti(X) of the closed
convex set K is given by

Te(X):={H eS"|{(X;H) <0}.
Let 15(A(X)) be the index set defined by () with respect to A(X), i.e.,
(MX)) ={1<i<q| (b, MX)) —d; =0}
It then follows from [4] Example 2.68] that for any H € S,

(X H) = ¢'(MX); N(X5H)) = Z_@H(l‘;l&))(‘f)i, N(X; H)).

Thus, the tangent cone Tic(X) of the convex set K can be re-written as
Te(X)={H eS" | (b N(X;H)) <0, Vie w\X))}. (30)
Moreover, the corresponding lineality space lin(7x (X)) of Tx(X) is given by
lin(Tc (X)) = Tie(X) N (=T (X)) = {H € 8" | '(X; H) <0 < —¢'(X; —H) }
= {H es" |{'(X; H) = —('(X;—H) = 0}, (31)
where the last equality follows from [3I, Theorem 23.1]. Define the index set
F:={le{l,...,r}| 3i,j € o such that (a®); # (av); for some w € 1a(A(X))}.

By employing similar arguments in the proof of Proposition [3} we obtain the following characterization
of lin(7x (X)) based on Corollary

Proposition 7 For any H € S”,
H elin(Te(X)) <= [(N(X;H),b") =0, Viewn\X))].

In fact, for each given H € lin(Tx(X)) and | € {1,...,r}, there exists a scalar p; such that for any
Ve O"(X),
Vot HV oo = i Liot).

Critical cone. Let X € K and Z € Njc(X). The critical cone of Nx(X) at X + Z is defined by
CX +Z:Ne(X) =Te(X)NZ" = {H eS" |('(X;H) <0, (Z,H) =0} (32)

For each [ € {1,...,r}, similar to the definition of the index sets B in , we use the notation {7,2}?:1
to further partition the set ol based on the eigenvalue of Z as

{/\i(Z):/\j(Z) ifi,je~l and k€ {1,...,t}, )
33

N(Z)>Nj(Z) ifient,jeql, and kK € {1,.... 4} with k < K.

Recall the index set 72 (A(X), A(Z)) defined in with respect to A\(X) and A\(Z). For each [ € {1,... 7},
define the index set

Fr={ke{l,...,t;}| 3i,j € 4L such that (b®); # (b*); for some w € 72(A(X), \(2))}. (34)
The following result on the characterization of C(X +Z; Nic(X)) can be obtained similarly as Proposition
[ for 0;. For brevity, we omit the proof here.

13



Proposition 8 Suppose that (X,Z) € gph N and V € O"(X)NO"(Z). If H € C(X + Z; Ni(X)), then
the following three conditions hold:

(i) for each 1 € {1,...,r}, VIZ HYV i has the following block diagonal structure, i.e.,

=T _— . —T = —T

V. HV, = Diag ((VQZHVQZ)WM, ] HVaani,) ;
(ii) (N(X; H),b") = max (N(X;H),b") =0, Vien\X),\Y));

€12 (AN(X))
(iii) for each 1 € {1,...,r} and k € F,, there exists a scalar pl, € R such that (V;HVM),YM = pk Iy
In fact, H € C(X + Z; Nxc(X)) if and only if for any i € na(MX), M(2)),
(diag(V' HV),b)) = max_ (N(X;H),b") =0,
€12 (A(X))

where the index set no and 1o are defined in ) and @D

The results below on the characterization of the affine hull of the critical cone C(X + Z; N (X))
follows from Proposition

Proposition 9 Suppose that (X,Z) € gphNx. Let V.€¢ O"(X) N O"(Z). Then H € aff (C(X +
Z; Nk (X)) if and only if it satisfies the properties (i) and (iii) in Proposition @ and for any i €
772(/\(?)7>‘(7))7 T

(diag(V HV),b*) =0,
where the index set n2(AN(X), MN(Z)) C 12(N(X)) is defined in with respect to A\(X) and \(Z).

o-term. Suppose that (X, Z) € gph Ni. Let H € C(X+Z, Nic(X)) be arbitrarily given. Since ¢ : S — R
is Lipschitz continuous, we know from [2] Lemma 3.1] that ¢ is (parabolic) second-order directionally
differentiable and for any W € S™,

¢"(X5H,W) = 9" (X)) N (X H), X' (X HW)).
Since K is C2-cone reducible (see [4, Definition 3.135] for the definition) and Assumption [1| holds, the
second order tangent set of IC at X along H is given by
Te(X,H)={W eS"| {"(X;H,W) < 0}.

As in the conventional conic programming, the “o-term” associated with K is defined as the support
function of its second order tangent set, whose explicit expression is given in the following proposition.
The proof can be obtained in a similar fashion as that of Proposition [6]

Proposition 10 Suppose that (X,Z) € gphNx and V € O"(X) N Q" (Z). Let H € C(X + Z; N (X))
be given. Then the support function of 7'2(X H) at Z takes the following form

* —T — _ —
e Z Jatats Var HX = 0])THV o). (35)

Remark 8 Similarly as that for 6y, for any given X € S”, define the function T2 : Nig(X) xS™ - R as
the value of the right side of (35| ., ie.,

Y2 (Z H):= 22 Dot VuHX — 5 ) HV ), Z € Nx(X) and HeS", (36)

where V € O"(X). If Z € Nx(X), then for V € Q"(X)NO"(Z),

12 (Z, 2 Y > > M(VLHVM)Z. (37)

1<I<V<rical jeal Ai(X) = A;(X)

Moreover, since for any i € ol and j € o withl1<l<l < r,
0 =

5 (Z,H) <0, VHeS".
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4 Characterization of the strong regularity

This section is devoted to the characterization of the strong regularity of the solution to the KKT
optimality condition for problem . Based on the decomposition of € in , we can rewrite problem

as follows:

xeX
subject to h(x)

g(x) € K,

where the closed convex set K is given by . In fact, all the subsequent analysis does not require the
function g in the objective and constraint to be the same. In order to make the discussions more general,
we allow two different continuously differentiable functions ¢g; and go in this problem, i.e., we consider
the problem

minimize f(x) + 61 (g(x))
= O,

minimize f(x) + 61(g1(x))
subject to h(x) =0, (38)
g2(x) € K.
The Lagrangian function £ : X x S” x Y x S — R of the above problem can be written as
L(x,y,Y, Z) = f(x) + (Y, 91(x)) + (v, h(x)) + (2, 02(x)),  (%,¥,Y,Z) € Xx§" x ¥ x§",
yielding the following KKT optimality condition of :

{L;(x,y,Y, Z)=0, h(x)=0,

Y € 901(g1(x)), Z € Nx(g2(x)), (39)

where L) (x,y,Y, Z) is the partial derivative of £ with respect to x. For any (x,y,Y,Z) € XxYxS"xS"
satisfying ([39)), we call x a stationary point, (y, Y, Z) the corresponding multiplier and (x,y,Y, Z) a KKT
point of respectively. We also use M(x) to denote the set of multipliers (y,Y, Z) for any stationary
point x such that (x,y,Y, Z) is a KKT point.

The following concept of nondegeneracy for the nonsmooth matrix optimization is adopted from
Robinson [30], which is an analogue of the LICQ for the conventional nonlinear programming.

Definition 1 The constraint nondegeneracy of problem is defined as

K (%) {0} Y
9@ [ X+ | TpMa®) | =[S"|, (40)
95(X) lin (T (92(%))) st

where the affine spaces 7)™ (g1(X)) and lin (Tx(g2(X))) are defined in and (31)).
Let X € X be a stationary point of problem and (¥,Y,Z) € M(X). Since M(X) is nonempty, the
critical cone of can be defined as
W(®)d =0, ¢(X)d € C(g1(X) +Y;001(1(%))),
95(X)d € C(g2(X) + Z: Nic(92(X))) } |

where C(g1(X) + Y;001(g1(X))) and C(g2(X) + Z; N (g2(X))) are the critical cones defined in and

([32), respectively. .
For notationally simplicity, we define the outer approximation set to C(X) with respect to (¥,Y,2) €
M(X) as

C(x) = {d exX ’ (41)

h(®)d =0, g;(X)d € aff (C(g1(X) +Y;001(9(X)))) , }
(42)

95(X)d € aff (C(92(%) + Z: Nic(92(%))) )

The following definition of the strong second order sufficient condition of problem generalizes the
concept from the conventional nonlinear programming introduced by Robinson [29] to the nonsmooth
matrix optimization.

app(y,Y,Z) = {d €X ‘
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Definition 2 Let X € X be a stationary point of the problem . We say the strong second order
sufficient condition holds at X if

sSup { <d7 E;éx (ia Y, ?u Z)d> - Tgll (x) (?7 gll (i)d) - Tg22 (%) (77 gé (i>d) } >0,

¥.Y,Z2)eM(X)
vde () app(y.Y,2)\{0}.
¥.Y,Z)eEM(x)

(43)

Let X be a local optimal solution to with M(X) # (). Then there exists (¥,Y, Z) € YxS"xS" such
that the KKT condition holds, i.e., (X,¥,Y, Z) is a solution of the following generalized equation:

Ly Y.2)] [ {0
o) (0)

" e | emon | .
—g2(x) 065-(Z)

where 0 is the support function of the nonempty closed convex set IC. The following concept of strong
regularity for a solution of the generalized equation is adapted from Robinson [29].

Definition 3 Let T = X x Y x S x S". We say that (X,y,Y,Z) € T is a strongly regular solution of
the generalized equation if there exist neighborhoods U of the origin 0 and V of (X,¥,Y, Z) such
that for every § € U, the following generalized equation

Ly ¥.2)] [ )

s )
a0 | T e )

w0 ] Lo

has a unique solution in V, denoted by Sy,(d), and the mapping Sy : U — V is Lipschitz continuous.

In fact, the solution of the generalized equation can be viewed as the solution of the following
nonsmooth equation

Li(xy.Y,2)

_ h(x) _
POy T2 0100~ Proy (a0 + 1) | )

92(x) — Il (g2(x) + 2)

where Prg, : S® — S” is the proximal mapping of 6; and IIx : S® — S™ is the metric projection
onto K. The function F is said to be locally Lipschitz homeomorphism near S if there exists an open
neighborhood U such that the restricted mapping Sy, : U — S(U) is Lipschitz continuous and bijective,
and its inverse is also Lipschitz continuous. The following result on the relationship between the strong
regularity of and the locally Lipschitz homeomorphism of F in can be obtained directly from
their definitions.

Lemma 5 Suppose that F(X,y, Y,Z) = 0. Then F is locally Lipschitz homeomorphism near (X,¥y,Y, Z)
if and only if (X,y,Y,Z) is a strongly regqular solution of the generalized equation ,

Let S = (X,y,Y,Z) € T be such that F(X,y,Y,Z) = 0. Denote X := g(X), A := X +Y and
B := X + Z. By [8, Lemma 1], we know that W € 0F(X,y,Y,Z) (respectively, W € 0gF(X,y,Y,Z))
if and only if there exist S' € Pry, (A) (respectively, S' € dpPrp, (A)) and S? € 1l (B) (respectively,
S? € 0pllx(B)) such that for any (Ax, Ay, AY,AZ) €T,

Lo (X 7.Y,Z)Ox + W (X)* Ay + g, (R)*AY + gh(X)*AZ
B (%) Ax
W (Lx, Dy, ANY,NZ) = . (47)
91(X)Ax = S' (g () Ax 4 AY)
(

/
1
9h(R) Ax — S2(gh(R)Ax + AZ)
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Next, we shall provide the explicit formula of the generalized Jacobian dF (X,¥,Y, Z). We first con-
sider the characterization of S* € dPrg, (A). Recall that the proximal mapping Prg, : S* — S" is the
spectral operator with respect to the proximal mapping Pry, : R® — R", i.e.,

Prg, (A) = X = UDiag(Pry, AA))T

where U € O™(X). To proceed, we denote W' :=[],_, Sl x ... x Sl and

. {(()MX) — N (X))/(4) = A (A)) ft}?(i)# NA s

We also define the spectral operator with respect to the directional derivative Priy(A(X); o)
D= (X, BN R ) W5 W

and
DY (H) = (U;%HUB%, U HU g ..., U HUg, ... ,U;THU%) e W, (49)

Since Prg, is globally Lipchitz continuous and directionally differentiable at A(A), we know from [I3]
Remark 1 and Theorem 6] that Prg, is directionally differentiable at A and the directional derivative
Pry (A; H) at A along H € S™ is given by

Pry (A H) = UPr([;l] (A4; H)ﬁ—r7
where Pr[bll] (A; H) is the first divided directional difference of Pry, at A along H with the expression
T . .
Pl (A; H) := Ao U HU + Diag (S}(D'(H)),..., X5 (D'(H))) € S",

It follows from Proposition [2 that X : W! — W' is actually the metric projection operator over the
following nonempty closed convex set A C W1,

A= {W €| (u(W).a) = (u(W).) = e (u(V). ), Vi € m(A(XM(Y))} o)
where the index set 7, is defined in (12), and for any W = (W{,..., Wk, ..., W, ..., W) € W,
p(W) i= AW, .. WA, AW, M(WE)).
Finally, since Pry, is piecewise affine, we know from [3| Section 7.3] that
Pry, (x +h) — Pry, (x) = Prj (x;h), Vx,heR"
Thus, it follows from [I4] Theorem 7.8] that
0Py, (A) = 0(0),

where ¥ := Pry (A; e) : " — S™ is the directional derivative of Prg, at A. Therefore, we obtain the
following result on the characterization of OPrg, (A4).

Lemma 6 It holds that S € OPry, (A) if and only if there exists U = (UY,... . UL, ..., Uf,....UL) €
OITA1(0) such that for any H € S,

S(H)=T [,4 o (UTHU)} U' + U Diag (Ui (D (H)),... .Ul (D(H))T ',

where DY(H) € W is defined by , Al is the nonempty conver set defined by and I o1 denotes
the metric projection onto Al.

Similarly, for B = X + Z with (X, Z) € gph N, we have the following characterization of Ik (B).
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Lemma 7 It holds that S € OIlx(B) if and only if there exists V = (Vi,.. .,Vt117...,V1T, V) €
OIT A2(0) such that for any H € S™,
S(H) =V [B o (VTHV) } V' 4+ V Diag (VH(D2(H)),... ,Vi-(D*(H))) V',

with W2 := [[1_, SMl x ... x shul,

Ai(X) = X(XD)/(Mi(B) = Xi(B)) if \i(B) # Xi(B),

g o [0 =N OB) =X (B) FNB) £ 0B,
0 otherwise,

D2(H) = (VI%HVV%,...,V;IHVVH,...,VI{HV,YI,...,VIQHVW) W2,

and A%2 C W2 is the nonempty conver set defined by

A? = {W cW? 0= (v(W),b") = i@n(lim(xy))@(W),bi), Vi€ na(ANX), )\(Z))} ,

where the index set no(AN(X), \(Y)) is defined in with respect to N(X) and \(Z), and for any W =
(Wi, Wh, W W) € W2,

v(W) = AWE), o MWL), AT, A(WR)).

By comparing the characterizations of Clarke’s generalized Jacobian of the proximal mapping Prg,
in Lemma |§| with aff (C(X +Y;860:(X))) in Proposition [5, we derive the following lemma.

Lemma 8 Suppose that Y € 901(X) and S € 0Prq, (X +Y). Then
S(H) € aff (C(Y+?; 801(Y))) , VHeS" (51)

In addition, if S(H) = 0 for some H € S™, then the following two conditions hold:
(i) the matriz UTHU € S™ has the following block diagonal structure:

U' HU = Diag (UL HU,,--- ﬁ;Hm) :
(ii) forl=1,...,r, if k € E', then there exists {k;; € R}i,jeLl(A(Y)) such that

771 7T i j .

tr(UﬁkHUﬁi): Z K¢j<€‘ﬂ]l€‘7(a—a])ﬁll€>,
i,j€u(MX))
otherwise if k ¢ E', then U;LHUBILC =0, where the index set E' is defined by ,

Proof To prove the inclusion in this lemma, it suffices to check the three conditions in Proposition
hold. For any given S € 9Pry, (X +Y) and H € S™, we obtain from Lemma@that foreachl € {1,...,r},
there exists U = (U, ..., U") € OITA1(0) such that

ULSH)T o = Ay o (ULHUM) + Diag (UL(D'(H)),..., U’ (D (H))).
For each [ € {1,...,r}, since \;(X) = );(X) for any 4,5 € qy, it follows from that Aa,a, = 0, which
implies that the condition (i) in Proposition 5| holds.

Let DHAI C W! be the set of all points at which IT4: is differentiable. We define

Ti={W e W' |foreach I € {1,...,7} and k € {1,...,s'}, the eigenvalues of W} are distinct} .

Since W' \ T has measure zero (in the sense of Lebesgue), we know from [38, Theorem 4] that

OITA1(0) = conv { Vlvimo I\ (W) | W € Dy, N 7} . (52)
—
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Then for any © € {V%/imo I (W) | W € Dp,, N _i}, there exits a sequence
—

{Wq - ((W})q, W (Wb (WST)‘?)} CDp, N
converging to 0 € W such that for any H € S™,

O(D'(H)) = lim IT\, (W?)(D'(H)).

q—o0

Consider any fixed ] = 1,...,r and k = 1,..., s'. For each ¢, assume that (W,i)q admits the eigenvalue
decomposition

(W = (R)TA(W)D (RN with  (R})? € O,

Notice that ITa: : W! — W' is the spectral operator with respect to the symmetric mapping = :=
Pr, (A(X); ) defined by (14). Thus, we know from [I3, Theorem 7] that ITx: is differentiable at W if
and only if 7 is differentiable at

pt = p(W) = (A((WH)9), .., (W) D).
For each [ € {1,...,r} and k € {1,...,s'}, denote

(i, (19))i — (m (1)) it
(AL ()i = ¢ (WD) = A (W)9) Vi,je{1,...,18L},
0 otherwise
ht = (diag(((R})Q)Tﬁgmi)(R})q), ..., diag(((RL)") T Har, g, (R;T)q» 7 (53)

H=TU HU,

(24)7 = (R [AL(u) o [ (R T Hay oy (RL)T | + Diag (' (40 ) | (R

It has been shown in [I3] Theorem 7] that for each g, the derivative of ITn1 at W1 is given by
H/Al (Wq)(Dl(H)) = ((Q%)qa R (‘Qil)qv R (Q{)q7 EERR (Q:T)q) € Wl'
For each | € {1,...,r}, recall the index set £ defined by . We know from Proposition that for each
le{l,....,r}, k€ & and q,
A () = 0. (54)
Denote X7 := X+W4. Based on [25, Theorem 2.1], for any ¢ sufficient large, it holds that 11 (A(X), A(Y)) C

t1(M(X9)). Again using Proposition [2, we obtain that for each [ € {1,...,7}, k € £ and ¢, there exists
pﬁﬂ, € R such that

(7' (B g1 = Prejal)s

and for any 7,7 € 1 (MX), AM(Y)),

T

(diag($27),a’ —a’) Z Z <d1ag (24)9), (ai)ﬁi - (aj)ﬁi>

=1 ke&!

= i Z <p§€€\5,lc|7 (ai)ﬂk, - (aj)5;€> =0,

=1 ke&!

where diag(29) = (diag((£21)?),...,diag((£2})7),...,diag((£2])?),...,diag((£2%-)?)). Thus, we know
that S(H) satisfies condition (ii) and of Proposition [5| The above arguments show that holds.
In the following, we assurne S(H) = 0 for some H € S" and prove the rest of the lemma. Since

S(H) =0, it is clear that U S( YU = 0. It then follows from Lemma |§| that for any 1 <1<l <r,
— — _ — N\ T _ —
0=TuSH) = (Tar SHU o) = Agiqrr o (Tat HU 1)
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By the definition of A in (48], we have A1 = (Ayirgt) | #0forall 1 <1<l <r, which implies that

=T = —T — \! ,
Ui U = (U HU ) =0, 1<1<U <.

This proves the statement (i).
We further obtain from Lemma [6] that

7T — . r
0=U S(H)U = Diag (U} (D' (H)),...,.U..(D'(H))). (55)
By Carathéodory’s theorem, we obtain from that there exist

u{z}e{vlviglongl(WHWeDHAl rﬂ}, i=1,...,w

for some positive integer w such that U = (Uf,...,.UL,... . U,... . UL ) € DI 51 (0) can be written as
w w
U:ZQU{” forsomegi20,i:1,...,w,and2gi:1.
i=1 i=1

For each U{?}, there exits a sequence {W9} C Dir,, N7 converging to 0 € W such that

Ul (DY(H)) = lim I (W?)(D'(H)).

q— o0

Following the same notation in with respect to the newly defined sequence {W?}, we know from
Propositionthat for each I € {1,...,r} and k € £ and all ¢,

0 ifkeé&l

1 ifk¢él Vi j € {1, B} with i # j.

(Ak(1?))ij = {

For each ¢, denote X7 := X + W4, Then, by [25, Theorem 2.1], we know that for all ¢ sufficient large,
m(AX),MY)) C t1(A(X1)). Therefore, if k € & for some I € {1,...,r}, then there exists a scalar (p},)?
such that

(pgﬂ)q e|IBz| lkaEl,
(n' (u)h) g, = S
(hq)ﬁL if k¢ &

yielding
: / — (Al : l
(Ly = Diag ((7r (;ﬂ)hq)ﬁi_) =(pp) g ifkeE,

This further implies the existence of a scalar p} such that

N - !
) 1 pk‘lj‘ﬁl‘ lkaS,
(u™) @E) = tm (2 =4
Taking into account the equality in (55]), we derive

tr (Hﬁiﬁi«) = Z Kij <e|5;c|, (a — aj)ﬁk> for some scalars {ri;}; je,, (\(3))-
ij€n(A(X))

If k ¢ £, then ﬁﬂiﬁi = 0. This completes the proof of this lemma. O
By comparing the characterization of Clarke’s generalized Jacobian of the proximal mapping ITx in

Lemma 7| with aff (C(X + Z; Nic(X))) in Proposition @ we can obtain the following results with respect
to 06,. Its proof can be obtained similarly as that of Lemma |8 We omit the details here for brevity.
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Lemma 9 Suppose that Z € Nic(X)(= 802(X)) and S € 0IIxc(X + Z). Then
S(H) € aff (C(X + Z; Nk(X))), VHeS"
In addition, if S(H) = 0 for some H € S™, then the following two conditions hold:
(i) V' HV € S™ has the following block diagonal structure:
V' HV = Diag (VL HV 1, ,VI,,HVM.) ; (56)
(ii) forl=1,...,r, let F' be the index set defined by . Ifk € FL, then there exist {K;; € R}i,jELz(A(Y))
such that S ‘ ‘
w (Vo HV, )= 30 iy (epys (07 b))
,j€e2(A(X))
otherwise if k ¢ F', then V;ljll HV,YL =0.

Finally, we establish a connection between the function 1L defined in Remark I and the Clarke
generalized Jacobian of Pry, given by Proposition @ This result plays a key role in our subsequent
analysis.

Lemma 10 Suppose that Y € 001(X). Then, for any S € 0Pry, (X +Y) and (AX,AY) € S* x S" such
that AX = S(AX + AY'), it holds that

(AX,AY) > -T% (Y, AX).
Proof Denote H := AX + AY. For any given S € dPry, (X +Y), it is known from Lemma that
U ' AXU = AoU' HU + Diag (Z/Ill(Dl(UTHU)), . ,u;(Dl(UTHU))) ,
where U € O"(X) N O"(Y). This further yields that
TLAXT v = Ayow o UW(AX + AY)T 0 VLI €{1,... .7} with I £ 1/,

5 = ’
al al

UL AXU, = Diag (u{ (DYT " HD)),.... U, (Dl(UTHU))) Vie{l,...,r.
Therefore, we have

(AX,AY) = <UTAXU, UTAYU>

=N OasXT T bYT ) +2 Y (U AXT o, Ui AYT o)

1=1 1<i<l/<r

T Sl
=3 N O AXTy Uy AYTg) 42 Y (UaAXT 0 U AYT )

=1 k=1 1<i<l/<r

,U(Il AYUal/ >

al’

T Sl
—T_ — . =T — —T —
=Y > (ULD" (T HU)), Uy AYTUg)+2 Y (UuAXU

1=1 k=1 1<i<l/<r

- (ULDNU HU)), Uy HUpy ~ Uy AXUp) +2 Y. (Usi AXTU 0 U AYT )
=1 e ' 1<I<l<r
L
Tsllfofo Uim =T o —T o= =T =
= (UL(DNT HU)),Ug HUg —Uy(DU HU))+2 > (TuAXU 0, U AYT 1)
I=1 k=1 1<Ii<l<r

T AYT ).

’
ol

|
/\

L{(Dl(UTHU)),Dl(UTHU)—U(Dl(UTHU))>+2 N (TaAXT

1<I<l'<r
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Since U € OIT51(0) and A! is a nonempty closed convex set defined by , we know from [22], Proposition
1 (¢)] that

(u(D'(U" HD)), D\U " HT) ~uU(D ([T HT))) > 0.
Therefore,

TLAYT ). (58)

’
al

(AX,AY) 22 Y (TnAXT
1<i<l/<r

On the other hand, one can easily verify from Remark [2| and that
YLV, 8X) =2 Y (UulXT 0, UpSYT,0).
1<i<l'<r
Thus, together with , establishes the desired result in this lemma. a

We also have the following parallel results with respect to the function 6.

Lemma 11 Suppose that Z € 302(X). Then for any S € Il (B) and (AX,AZ) € S™ x S" such that
AX =8(AX 4+ AZ), it holds that

(AX,NZ) > -T2 (Z,AX). (59)

The following theorem, which is the main result of our paper, establishes the relationship between
the strong second order sufficient condition and constraint nondegeneracy for problem ,
the non-singularity of Clarke’s Jacobian of the mapping F' and the strong regularity of a solution to the
generalized equation .

Theorem 1 Let X € X be a feasible solution to problem with M(X) # 0. Suppose that (¥,Y,Z) €
M(X). Consider the following three statements:

(i) the strong second order sufficient condition and constraint nondegeneracy hold at X for
problem ;

(ii) every element in OF (X,¥,Y, Z) is nonsingular;
(iii) (X,y,Y,Z) is a strongly regular solution of the generalized equation ([4).
It holds that (i) = (i1) = (i#1).

Proof “(i) = (ii)” Since the constraint nondegeneracy (40]) holds at X, we know that M(X) = {(y,Y, Z)}.
Then the strong second order sufficient condition in (43) reduces to

<d7 L:;:x(iv ya ?v 7)d> - Tgll (%) (?v gll (i)d) - Tgi(i) (77 g/2 (i)d) > Oa vd € app(?; ?a 7) \ {O} (60)

Let W be an arbitrary element in 0F(X,¥,Y, Z). We shall show that W is nonsingular. Suppose that
(Ox, Ay, AY,AZ) € X x Y x S" x S" satisfies W (Ax, Ay, AY,AZ) = 0. By , we know that there
exists St € OPry, (g1(X) +Y) and S? € 0l (g2(X) + Z) such that

"

LoX7,Y, Z2)Ax + N (X)* Ay + g1 (X)*AY + g5(X)*AZ
(%) Ax
W (Ax, ANy, AY,NZ) = =0.
g1 (X)Ax — SHg) (X) Ax + AY)
gh(X)Ax — S%(gh(X)Ax + AZ)
It then follows from Lemma [§ and Lemma [0 that
{g'l(x)Ax = SHg1(X)Ax + AY) € aff (C(gl(i) +Y; 891(g1(i)))) ,
95(X)Ax = §2(g5(X) Ax + AZ) € aff (C(92(X) + Z; Nk (92(X))) ) -

22



We thus obtain from ) that Ax € app(y,
that

<
I
N

). In addition, we derive from Propositions 10| and .

0= <Ax, L (X5,Y,Z2)Ax + h(X)*Ay + g, (X)*AY + gh(X)* AZ>
(%5, Y, Z)A%) + () (R)Ox, AY) + (gh(R) A%, A7)

2 <AX, ‘Cxx(i7 yv ?’ 7)Ax> - Tgll(i) (?ﬂ gl( )AX) 92(x) (Zagé(i)AX) . (61)

«l
I
N

Since Ax € app(y, we conclude from and that Ax =0 and

W(RX)*Ay + g1 (X)*AY + gh(X)*AZ
SYAY) —0. (62)
S2(AZ)

By the assumed constraint nondegeneracy condition , we know that there exist h € X, H' ¢
T4 (91(X)) and H? € lin (Ti(g2(X))) such that

FEh=Ay, g¢i(Xh+H'=AY and gh(X)h+ H>=AZ.
It then follows from the first equation of that
(Dy, Ay) + (AY,AY) + (ANZ,NZ)
= (W(X)h, Ay) + (g1(X)h+ H', AY) + (¢5(X)h + H?, AZ)
= (b, (%) Dy + ¢y (X) DY + g5(X)" AZ) + (H', AY) + (H?, AZ)
= (H',AY) + (H?, AZ) = <U H'T, UTAYU> + <VTH2V, VTAZV> .
Combining Proposition [3] Proposition [/} Lemma [§] and Lemma [0} we derive

(T HTT aYT) = > S Uy H'Tyy, Uy AYTy )

1<i<r kegl

Z Z <ﬁz e\a ), diag ((Rfﬂ)Tﬁgi AYU%R@)> =0

1<I<r keé&!

and

>
N
<l

~
|

> (VL VAV, )

1<I<r ke Fl

> <ﬁl e, diag ((RQ)TVIL AZV%RQ) > =

1<I<r keF!

Therefore, we get
(Ay, Ay) +(AY, AY)Y+ (AZ,NZ) =

which implies that W € 0F(X,y,Y, Z) is nonsingular.

“(ii) = (iii)” By Clarke’s inverse function theorem [9l[I0], we know that F' is a locally Lipschitz
homeomorphism near (X,¥,Y, 7). Thus, we know from Lemma [5| that (X,y,Y, Z) is a strongly regular
solution of the generalized equation . O

It has been proved in [34] that for the nonlinear semidefinite programming, the three statements in
Theorem [1| are actually equivalent. Regrettably, we fail to establish the implication (iii) = (i) for the
general CMatOPs. Nevertheless, for a class of special nonsmooth matrix optimization problem involving
the largest eigenvalue, we can show the equivalence of these three conditions via the relationship between
the so-called uniform second order growth condition and the strong second order sufficient condition.
This is the subject of the next section.
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5 Applications to CMatOPs involving the largest eigenvalue

In this section, we apply our obtained results to a class of CMatOPs involving the largest eigenvalue of
a symmetric matrix. Relying on its special structure, we improve the results in Theorem [I] by showing
that the three statements therein are actually equivalent.

Specifically, we consider the following problem

xeX

minimize f(x) 4+ A1 (g(x))
(63)
subject to h(x) =0,

where A\ (g(x)) denotes the largest eigenvalue of a symmetric matrix g(x). This corresponds to a special
case of problem where
¢(x) = max {(e’,x)}, x€eR"

1<i<p

with e’ being the unit vector whose i-th component is 1 and others are zero. Based on the formulas
derived in Section [3] we get the following results.

Tangent cone and its lineality space. Recall the definitions of {a'} in (@) and ¢;(A(X)) in (9). We
have

BOE) = {1<i<n| N®) =0} =al.
It follows from Proposition [3] that
HeTy"(X) < [MN(X;H)=XN,(X;H), VYijea'].
Based on Lemma [2] the above right-side is further equivalent to the existence of a scalar p such that
UIlHUal = p 1o for some U € 0"(X).
The value of p is independent of the selected orthogonal matrix U in Q"(X) ([I3, Proposition 2]).

Critical cone. Given (X,Y) € gphd); and let U € O"(X) N Q" (Y). It follows from Lemma and [40,
Lemma 2.2] (see also [26, Lemma 3.1]) that

0< M) <1, Vieal and Y N(Y)=1,
— i€al (64)
NY)=0, Vied, 1=2,...,m

Denote
pi={ica | NT) >0} and vi={iecal | M) =0} (65)

For each | € {1,...,7}, we further partition the index set ol by {Bllc}il:l as in based on A(Y). We
then obtain from that

st—1

nuAX) =o' =pUry, p= Uﬁ,ﬁ, v=p84 and ol =4 for 1=2,...,m
k=1

Recall the index set 71 (A(X), A(Y)) C ¢1(A(X)) defined in (12). Obviously 11 (A(X), A(Y)) = p. It follows
from Proposition [4] that

He X +Y;00(X)) < [ (diag(UTHU))l = \TLHT,.), Yiepu

One can also derive from Proposition [5| that

_ _ — 1
H e aff (C(A;0M (X)) — ULHUal = [p OM il for some p € R. (66)

v

0
HU,
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o-term. Also given (X,Y) € gphd\; and let U € Q"(X) N O"(Y). Denote w := U o'. By noting that
1=2
Ai(Y) =0 for any i € v Uw, we derive from and that

TRV, H)=-2)">" M;)i(};)j(X)(UZHUW)?j <0, Hes" (67)

In the rest of this section, we show that the strong regularity of the generalized equation for the KKT
system at a local optimal optimal of problem implies the strong second order sufficient condition and
the constraint nondegeneracy at the same point, i.e., the three statements in Theorem |I| are equivalent.

Given a feasible point X of problem , we say Robinson’s constraint qualification (CQ) [28] at X
holds if

NEX=Y. (68)

It has been proved in [II, Proposition 3.3] that the function A;(e) is C?-cone reducible at any point so
that the set epi)\; is second order regular [4, Proposition 3.136] (see [4, Definitions 3.85 & 3.135] for the
definitions of C2-cone reducibility and second order regularity). One can then obtain the following second
order necessary and sufficient conditions of by adapting the proof of [4, Theorems 3.45 & 3.86]. For
brevity, we omit the detailed proof here.

Proposition 11 Suppose that X € X is a local optimal solution of and the Robinson’s CQ
holds at X. Then the following second order necessary condition holds at X:

sup {(d, L0 (x5, 7)) — T (Y, g’(i)d)} >0, Vde (%),
¥, Y)eEM(X)

where Tgl(i) is given by (@ Conversely, let X be a feasible point of and assume Robinson’s CQ
holds at X. Then the following condition

FY)eEM(X) '

is necessary and sufficient for the existence of a positive scalar p and a neighborhood N of X such that
F(x)+M(9(x) > F(X) + M (X)) + pllx —X|* Vx €N such that h(x) = 0. (69)

The inequality is usually called the quadratic growth condition at z of problem . In the con-
ventional nonlinear programming, there is a stronger concept termed uniform quadratic growth condition
[4, Definition 5.16]. Let U be a Banach space and consider functions f : X xU - R, g : X x U — S
and h : X x U — Y. We say that (f(x,u),g(x,u),h(x,u)) is a C?-smooth parameterization of
if f(o,e), g(e,e)and h(e,e) are twice continuously differentiable and there exits @ € U such that
fle, @) = f(eo), g(e,) = g(e) and h(e,u) = h(e). Let X € X be a stationary point of problem
. We say that the uniform second order growth condition holds at X with respect to a C?-smooth
parameterization (f(x,u), g(x,u), h(x,u)) if there exist p > 0 and neighborhoods V of X and U of T such
that for any u € Y and any stationary point x(u) € V of the corresponding parameterized problem, the
following holds:

fx,u) + A (g(x,u)) > f(x(u),u) + A (9(x(n),u)) + pl|x — x(n)||?>, Vx €V such that h(x,u) = 0.

We say that the uniform second order growth condition holds at X if the above inequality holds for every
C2-smooth parameterization of ([63).

The following proposition shows that the uniform second order growth condition of problem at a
stationary solution implies the strong second order sufficient condition at that point. Its proof is similar
to [34, Lemma 4.1] for the nonlinear semidefinite programming problem.

Proposition 12 LetX € X be a stationary point of problem . Suppose that Robinson’s CQ holds
at X. If the uniform second order growth condition holds at X, then the strong second order sufficient
condition holds at X.
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Proof Denote X := g(X). Let (¥,Y) € M(X) and U € O"(X) N O"(Y). Recall the index sets p and v
defined by . Given a positive scalar 7, we consider the following problem:

mingglize F(x)+ M\ (g(x) — TUVUI>
subject to h(x) = 0.
Let M (X) be the set of all (y,Y) € Y x §™ such that (X,y,Y) satisfies the KKT optimality condition of

the above problem. Similarly, let C(X) be the the critical cone defined in with respect to the above
problem. For all sufficiently small 7, we have

0 (A (X -10.0))) = mAEAD) =

where the set 1 and 7, are defined in @ and . It then follows from and the above equality that
for such sufficiently small 7, (7,Y) € M, (X) C M(X). In addition, we know from Propositions 4| and
that

CT (i) 2 app(yv Y)v
where app(y,Y) is defined in . Therefore, Proposition |11} implies that for all sufficiently small 7,

sup {(d, £l (Xy,Y)d) -1}
(V)M ) (
Since \;(Y) = 0 for all i € v, we obtain from and that

T oomy (F0/ Q) =13 (V. (R)a).

X0,07) (Y, d} (x)d)} >0, Vdel,(x)\{0}.

Combining the above derivations together, we know that the strong second order sufficient condition

holds at Xx. O

By considering the epigraphical formulation of and following the proof of [4, Theorem 5.20], one
can show that the strong regularity of a KKT solution (X,y,Y ) implies the uniform second order growth
condition at X. We again omit the proof here.

Now we are ready to present the main result of this section pertaining to the necessary and sufficient
conditions for the strong regularity of for problem , which can be directly obtained by combining
Theorem [1| and Proposition

Theorem 2 Let X € X be a locally optimal solution of problem . Suppose that Robinson’s CQ

holds at X. Let (¥,Y) € M(X). Then the following statements are equivalent:
(i) the strong second order sufficient condition and constraint nondegeneracy hold at X;

(ii) every element in OF(X,y,Y) is nonsingular;
(iii) (X,¥,Y) is a strongly regular solution of the generalized equation for .
(iv) The uniform second order growth condition and constraint nondegeneracy hold at X.

6 Conclusion

In this paper, we conduct an extensive study on the characterization of strong regularity of the KKT
solutions for a class of nonsmooth composite matrix optimization problems (CMatOPs). Due to its non-
polyhedrality, the classical perturbation analysis developed for the nonlinear programming has become
inadequate for CMatOPs. We have systemically analyzed second-order variational properties of spectral
functions associated with piecewise affine symmetric functions, including the characterizations of their
induced tangent sets, lineality spaces, critical cones and the “o-term”. These variational results provide
the necessary tools for the characterization of the strong regularity for the general CMatOPs. The
work done on CMatOPs in this paper is by no means complete. Due to the rapid advances in matrix
optimization applications in emerging fields, we believe that the fundamental perturbation analysis of
CMatOPs will become even more important and many other variational properties are waiting to be
explored.
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