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Nonsmooth Composite Matrix Optimization Problem

CMatOP:
minimize ®(x) £ f(x) + ¢ o A(g(x))

xeX
subject to  h(x) =0,

e X and Y: two given finite dimensional Euclidean spaces

e [ X—=R, ¢g:X—=S"and h: X — Y: twice continuously
differentiable functions

e ¢:R"™ — (—o0,+00]: a symmetric function, i.e., for any u € R"
and any n X n permutation matrix P,

¢(Pu) = ¢(u)
e )\: the vector of eigenvalues for any symmetric matrix
% We focus on the symmetric case just for simplicity;

% The obtained results can be extended to non-symmetric cases;

% This is a general model which includes many “non-polyhedral’ OPs:
SDP, Eigenvalue optimization, etc 1



More applications

e Fastest mixing Markov chain problem (fast load balancing of
paralleled systems)

e Fastest distributed linear averaging problem

e The reduced rank approximations of transition matrices

e The low rank approximations of doubly stochastic matrices
e Low-rank approximation of matrices with linear structures

e Unsupervised learning
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Spectral functions

¢ o \: spectral function (Friedland, 1981)

e ¢:R"™ — (—o0,+00] is a symmetric convex piecewise linear
function

e a convex piecewise linear function: a polyhedral convex
function (Rockafellar, 1970)



Convex piecewise linear functions

Theorem (Rockafellar & Wets, 1998)
¢ can be expressed in the form of

P(x) = ¢1(x) + ¢2(x), x€R",
with ¢1 : R™ — R and ¢5 : R™ — (—o0, +00] are defined by

¢1(x) := max {(ai,x) — ci} and  P2(%x) := ddom ¢(X),

1<i<p

eal', ..., a? cR” ¢!, ..., c” € R with some positive integer p > 1;

e dom ¢ is a polyhedral set:

dom ¢ := {x € R™ | max {(b*,x) —d'} < 0}

1<i<q

e bl ....b?cR” andd',...,d? € R for some positive integer ¢ > 1.
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SDP:

ST = {X €8" | Amax(X) <0} = {X € 8" | max {(e", \(X))} <0}
e e’ € R™: the canonical basis of R"

Q(X) €S = ¢yo0 )\(Q(X)) = 6dom¢7(g(x))

Eigenvalue optimizations:

e a’ € R™: the vector contains k ones and n — k zeros
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Perturbation analysis of CMatOPs

Canonically perturbed CMatOPs with parameters (a,b,c) € X x Y x S™

mir)l(ielgize f(x) — (a,x) + ¢ o A(g(x) +c)

subject to  h(x)+b=0

The Karush-Kuhn-Tucker (KKT) optimality condition for perturbed
problem takes the following form:

a=V[fx)+hx)y+9x)Y+9x)Z

b = —h(x)

ce —g(x)+ 067 (Y)

ce —g(x)+005(2)
with 67 = ¢ o X and 03 = ¢3 o A are two spectral functions

Strong regularity:

When the solution mapping Skkr(a, b, ¢) is Lipschitz continuous?
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Variational analysis but in slightly different way:

Variational analysis of spectral functions

e Tangent sets

Critical cones

Second-order tangent sets

The “o-term”: the key difference between NLPs (polyhedral) and
CMatOPs (non-polyhedral)
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Cr(; K)
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The “o-term”: polyhedral — non-polyhedral (cont’d)

Metric projection operator Tlx:
_ (1 )
A =Tk (C) := argmin §||Y -ClIFlY ek

If IC is a polyhedral closed convex set,

e Ilx is directional differentiable (Facchinei & Pang, 2003)?

M(C + H) = Te(C) = Mgy oy (H) =: e (C; H) W H

1T, FACCHINEI AND J. S. PANG. Finite-Dimensional Variational Inequalities and
Complementarity Problems: Volume I, Springer-Verlag, New York, 2003.

10



The “o-term”: polyhedral — non-polyhedral (cont’d)

Metric projection operator Tlx:

A= I (C) := argmin {;”Y - CH2 RES IC}

If IC is a polyhedral closed convex set,

e Ilx is directional differentiable (Facchinei & Pang, 2003)?
Ik (C+ H) — 1k (C) = ey (o) (H) = M (C; H) VH

e Ci(C) is the critical cone of K at C

1T, FACCHINEI AND J. S. PANG. Finite-Dimensional Variational Inequalities and
Complementarity Problems: Volume I, Springer-Verlag, New York, 2003.

10



The “o-term”: polyhedral — non-polyhedral (cont’d)

If I is a non-polyhedral closed convex set
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The “o-term”: polyhedral — non-polyhedral (cont’d)

If K is a non-polyhedral closed convex set but C?-cone reducible,

e Ilx is directional differentiable and IT}-(C; H) is the unique optimal
solution to (Bonnans et al., 1998):

min {||D - H|]* - o(B, T&(A, D)) | D € Cx(C)}

2]F. BonNANS, R. COMINETTI AND A. SHAPIRO. Sensitivity analysis of optimization problems
under second order regular constraints. Mathematics of Operations Research 23 (1998) 806—831.
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The “o-term”: polyhedral — non-polyhedral (cont’d)

If K is a non-polyhedral closed convex set but C?-cone reducible,

e Ilx is directional differentiable and IT}-(C; H) is the unique optimal
solution to (Bonnans et al., 1998):

min {||D - H|]* - o(B, T&(A, D)) | D € Cx(C)}

e B:=C—Aand 0(B, T3(A, D)) is the “o-term” of K

polyhedral: non-polyhedral:
min ||D — H|? min ||D — H|]? — o(B, TZ(A, D))
st. De CK(C) st. De C}C(C)

2]F. BonNANs, R. COMINETTI AND A. SHAPIRO. Sensitivity analysis of optimization problems
under second order regular constraints. Mathematics of Operations Research 23 (1998) 806—831.

11
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(Rockafellar & Wets, 1998): ¢ = ¢1 + @2 with ¢2 = ddom ¢

¢1(x) = max {(a’,x) —c'}, dom¢ = {x € R” | max {(b’,x) —d'} <0}

1<i<p 1<i<q

12



(Rockafellar & Wets, 1998): ¢ = ¢1 + @2 with ¢2 = ddom ¢

¢1(x) = max {(ai,x> —ci}, dom ¢ = {x € R" | max {(bi,x> fdi} < 0}

1<i<p 1<i<q

Proposition

Let ¢ = ¢1 + ¢p2 : R™ — (—00, 0] be a given proper convex piecewise
linear function. ¢ is symmetric over R™ if and only if the functions
¢1 : R™ = R and ¢y : R™ — (—00, o] satisfy the following conditions:
for any x € R",

01 = o { e {10a'x) = '} | and 62030 = Baam o),

1<i<p | Qepn

where dom ¢ = {x € R™ | 1rggg><q{cr?r1€%§ {{(Qb*,x) —d'} } < O}.

12



+ (cont’d)

e Fori=1,...,p, define
D; = {xedomd)\<aj,x>—cjS(ai,x>—ciVj:1,...,p}7
then dom ¢ = U D;
1=1,...,p

e any X € dom ¢, we have two active index sets:

nX) ={1<i<p|xeD}, X :={1<i<q|{d, x)-d =0}

13



+ (cont’d)

e Fori=1,...,p, define
D; = {xEdomé\(aj,X)—cj < (ai7x>—ciVj:1,...,p}7

then dom ¢ = U D;
1=1,...,p
e any X € dom ¢, we have two active index sets:

nX):={1<i<p|xeD}, X :={1<i<q| (" x)—d =0}

Proposition

For any i € 11(X), j € 12(X) and Q € PZ (i.e., QX =X), there exist
i’ € 11(X) and j' € 15(X) such that a’ = Qa’ and b’ = Qb7,
respectively.

13



+ (cont’d)

Rockafellar & Wets, 1998, Mordukhovich & Sarabi, 2016:
e the subgradients:

O¢1(X) = conv{a’, i € 11(X)}, 0p2(X) = Naom ¢(X) = cone{b’, i € 15(X)}
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Rockafellar & Wets, 1998, Mordukhovich & Sarabi, 2016:
e the subgradients:
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= : — 'V is fini h
#1(x) 1I£flgxp{<a ,x) — c'} is finite everywhere,
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+ (cont’d)

Rockafellar & Wets, 1998, Mordukhovich & Sarabi, 2016:
e the subgradients:
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e ¢ is directionally differentiable

e the directional derivate:
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+ (cont’d)

Rockafellar & Wets, 1998, Mordukhovich & Sarabi, 2016:
e the subgradients:
001 (X) = conv{ai, i € 11(X)}, 002(X) = Naom ¢(X) = Cone{bi, i€ (X))}

= : — 'V is fini h
#1(x) 11;1?%{(;1 ,x) — c'} is finite everywhere,

e ¢ is directionally differentiable

e the directional derivate:

#,(X;h) = max (a’,h), heR"

€11 (X)

Let 1(x) := max {(b’,x) — d'}. Then, dom¢ = {x € R" | ¢(x) < 0}

1<i<q

14



+ (cont’d)

Rockafellar & Wets, 1998, Mordukhovich & Sarabi, 2016:
e the subgradients:
001 (X) = conv{ai, i € 11(X)}, 002(X) = Naom ¢(X) = Cone{bi, i€ (X))}

= : — 'V is fini h
#1(x) 11;1?%{(;1 ,x) — c'} is finite everywhere,

e ¢ is directionally differentiable

e the directional derivate:

#,(X;h) = max (a’,h), heR"

€11 (X)

Let 1(x) := max {(b’,x) — d'}. Then, dom¢ = {x € R" | ¢(x) < 0}

1<i<q
e 1 is directionally differentiable

e the directional derivate:

¢/(%;h) = max (b, h), hecR"

i€ (X)

14
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Tangent sets

For 6, = 6, o \:

e Tangent set of epigraph:

Tepio, (X,0(X)) = epify(X;-) := {(H,y) € S" xR | 01(X; H) <y}
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Tangent sets

For 61 = ¢1 0 A:
e Tangent set of epigraph:
Tepiey (X, 0(X)) = epi 01(X;-) := {(H,y) € S" x R | 6;(X; H) < y}

e The lineality space:

Ton(X) = {H € S" | 0,(X; H) = —0,(X; —H))}

15



Tangent sets

For 01 = ¢1 o\

e Tangent set of epigraph:

Tepioy (X, 0(X)) = epi 6y (X; ) := {(H,y) € S" xR | 61(X; H) < y}

e The lineality space:
To"(X) == {H €S" | 01(X; H) = —01(X;—H)}

Proposition
H € Tg™(X) if and only if (z, N (X; H)) is a constant for any

z € 091 (N(X)), i.e

(N(X;H),a' —a’) =0 Vi,jecuAX)).

15



Tangent sets (cont’d)

For 05 = ¢ 0 A:
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Tangent sets (cont’d)

For 85 = ¢5 0 A:
e 0y = 0 with
K={XeS"|AX) edomo} ={X €S"|{(X) <0},

where ( = 1o A
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Tangent sets (cont’d)

For 85 = ¢5 0 A:
e 0y = 0 with
K={XeS"|AX) edomo} ={X €S"|{(X) <0},

where { =1 o A
e Tangent set of K:

Te(X) = {HeS"|{(X;H) <0}
= {Hes" | (b N H) <0 Vie X))
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Tangent sets (cont’d)

For 85 = ¢5 0 A:
e 0y = 0 with
K={XeS"|AX) edomo} ={X €S"|{(X) <0},

where { =1 o A
e Tangent set of K:
Te(X) = {HeS"|{(X;H) <0}
{(Hes" | (b, N(X:H) <0 Vie (X))}
e The lineality space:

lin(Tx (X)) ={H €S" | {'(X;H) = - (X;—H) =0}
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Tangent sets (cont’d)

For 85 = ¢5 0 A:
e 0y = 0 with
K={XeS"|AX) edomo} ={X €S"|{(X) <0},

where { =1 o A
e Tangent set of K:

Te(X) = {HesS"|{(X;H) <0}
= {HeS"| (b, N(X;H) <0 Viewn\X))}
e The lineality space:
lin(Tx (X)) ={H €S" | {'(X;H) = - (X;—H) =0}

Proposition
H € lin(Tx(X)) if and only if (b, N (X; H)) = 0 for any i € 12(A(X)).

16



Tangent sets: SDP

ST = {X €8 | Amax(X) < 0} = {X € 8" | max {{e, \(X))} < 0}
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Tangent sets: SDP

ST = {X €8 | Amax(X) < 0} = {X € 8" | max {{e, \(X))} < 0}

0q - 0

X=V|: o5 |V, u0@)=aup=7
0 A

Tsn (X) = {HeS" | (' N(X;H)<0 ViewnAX))}

— {Hes |VIHV; 20}

17



Tangent sets: SDP

ST = {X €8 | Amax(X) < 0} = {X € 8" | max {{e, \(X))} < 0}

X=V

Tsn (X)

lin(Tsn (

=

0

0 |V
o A"/(X)
{HeS"| (" N(X;H)<0 ViewnAX))}

{H es" |VEHV; < 0}

{HeS"| (" N(X;H)=0 Viewu(AX))}

{Hes | VIHV; =0}
17



Critical cone

For 01 = ¢1 0 A:
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Critical cone

For 01 = ¢1 0 A:
o Let Y € 90;(X). Denote A =X +7Y.

e Critical cone:
C(A;00,(X)) =
= {H eS™ | 0)(X; H)

{Hes"|0(X;H)<(Y,H)}

I
=
=



Critical cone

For 01 = ¢1 0 A:
o Let Y € 90;(X). Denote A =X +7Y.

e Critical cone:
C(A;06,(X)) = {HeS"|6(X:H) < (V,H))
— {Hes"|6(X:H) = (V. H)}
Proposition

H € C(A;06,(X
<d1ag(U HU),a’) = max (N(X; H),a"),

(diag(T" HT),a’) =
€11 (X)

where the index set 11(X,y) C ¢1(X):

Z u'al =5, Z ut=1, 0<u <1}

mX,y) = {z €u1(X
i€y (X)

L611(x)

with X := \(X) and 5 := \(Y).

X)) if and only if H € S™ satisfies for any i,j € 71 (X, ),

18



Critical cone (cont’d)

For 05 = ¢ 0 A:
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Critical cone (cont’d)

For 05 = ¢ 0 A:

o Let Z € Nic(X). Denote B= X + Z.
e Critical cone:

C(B; Ne(X)) i=Te(X)NZ = {H eS" | '(X;H) <0, (Z,H) =0}
Proposition

H € C(B; Nx(X)) if and only if H € S™ satisfies for any i € 1>(X, %),

0 = (diag(V' HV),b") = max (N(X; H),b),

i€12(X)

where the index set 12(X,z) C 12(X):

n2(X,Z) := {i € 12(X) | Z u'b’' =2z, u' >0}

i€ (X)
with X := \(X) and z := \(Z).

19



Critical cone: SDP

¢ S% = {X €5 | hmax(X) <0} = {X €87 | max {(", \(X))} < 0}

OZENSE(Y)
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Critical cone: SDP

¢ S% = {X €5 | hmax(X) <0} = {X €87 | max {(", \(X))} < 0}

OZGNSE(Y)

H € C(B; Ns» (X)) if and only if for any i € n2(%,2),

0 = (diag(V' HV),b") = max (\'(X; H),b')

i€ (X)
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Critical cone: SDP

¢ S% = {X €5 | hmax(X) <0} = {X €87 | max {(", \(X))} < 0}

OZGNSE(Y)

0 e A
H € C(B; Ns» (X)) if and only if for any i € n2(%,2),
0 = (diag(V' HV),b) = max (X (X H), b)
1€ (X
diag=0 =<0 x

=0 < x

X X X
20



Critical cone: SDP

¢ S% = {X €5 | hmax(X) <0} = {X €87 | max {(", \(X))} < 0}

OZGNSE(Y)

0 AT
H € C(B; Ns» (X)) if and only if for any i € n2(%,2),

0 = (diag(V' HV),b") = max (\'(X; H),b')

i€ (X)
i.e.,
diag=0 =<0 X 0 0 x
VIHV=| <o < x| < VHV=|0 =0 x
X X X

X X X
20



For 01 = ¢1 0 A:
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For 01 = ¢1 0 A:

o Let Y € 90;(X). Denote A= X +Y and H € C(A;00,(X)).
e 0, is (parabolic) second-order directionally differentiable:

FW):=60{(X; H,W) = ¢ (MX); N(X; H),\'(X; H,WV))

21



For 01 = ¢1 0 A:

o Let Y € 90;(X). Denote A= X +Y and H € C(A;00,(X)).
e 0y is (parabolic) second-order directionally differentiable:

FW):=60{(X; H,W) = ¢ (MX); N(X; H),\'(X; H,WV))

The o-term of §; £ the conjugate function f *(Y) ]

21



For 01 = ¢1 0 A:

o Let Y € 90;(X). Denote A= X +Y and H € C(A;00,(X)).
e 0, is (parabolic) second-order directionally differentiable:

FW):=60{(X; H,W) = ¢ (MX); N(X; H),\'(X; H,WV))

The o-term of ;2 the conjugate function f *(Y) ]

Moreover,

(V) =23 (AT ) giat, U HX — 0" )T HU 1)
=1

21



For 01 = ¢1 0 A:

o Let Y € 90;(X). Denote A= X +Y and H € C(A;00,(X)).
e 0, is (parabolic) second-order directionally differentiable:
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Moreover,
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For 01 = ¢1 0 A:
o Let Y € 90;(X). Denote A= X +Y and H € C(A;00,(X)).
e 0y is (parabolic) second-order directionally differentiable:

) =07 (X5 H,W) = oY (MX); N (X; H), N (X5 H W)

F(w
The o-term of ;2 the conjugate function f *(Y) ]
Moreover,
V) =23 (AY) pint, U HX — ' 1)'HU 1) == T (V. H)
\(Y) (Y)
- ¥ ¥ ¥ M AD g,y
1<I<V<rical jeal i )
21




The “o-term” (cont’d)

For 05 = ¢ 0 A = dc with
K={XeS"|ANX) €edomo¢} ={X €S" | {(X) <0},
where ( = 1o A
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The “o-term” (cont’d)

For O3 = ¢p o A = dxc with

K= {X € 5" | A(X) € domg} = {X €§" | ¢(X) <0},
where ( = 1o A
Let Z € Nx(X). Denote B= X + Z and H € C(B, Nx (X))

the “o-term” of C £  the support function of T2(X, H)

3

(Z) =25 (ND) o, VL H(X — 0 DTHV 1)
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The “o-term” (cont’d)

For O3 = ¢p o A = dxc with

K= {X € 5" | A(X) € domg} = {X €§" | ¢(X) <0},
where ( = 1o A
Let Z € Nx(X). Denote B= X + Z and H € C(B, Nx (X))

the “o-term” of C £  the support function of T2(X, H)

3

(2) =23 (AND)iat, Ve HX = 0'T) HV 1) := Y% (Z, H)
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The “o-term” (cont’d)

For O3 = ¢p o A = dxc with

K= {X € 5" | A(X) € domg} = {X €§" | ¢(X) <0},
where ( = 1o A
Let Z € Nx(X). Denote B= X + Z and H € C(B, Nx (X))

the “o-term” of C £  the support function of T2(X, H)

(7) =2 <A(?)alulvvle(y - 'alI)THVal> = TZY (? H)

><\ N\
E\

QN

Q

v@-2 ¥ ¥y 200G

1<I<l'<rical jeal’ i

22




The “o-term”: SDP

[ ] STL’ = {X c Sn | )\max(X) S 0}
e ZeNs»(X), B=X+7Z, HeC(B,Nc(X))
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The “o-term”: SDP

[ ] STL’ = {X c Sn | )\max(X) S 0}
e Ze€Ngn(X), B=X+2Z, HeC(B,Nc(X))

AQ(Z) 0
X+Z=V| : o, o |V
0 A, (X)
The “o-term” of S™:
N N~
Y2 (Z,H) =2 L (H)Z,
(ZH) =2 Y

1€y, JEQ

23



The “o-term”: SDP

[ ] STL’ = {X c Sn | )\max(X) S 0}
e Ze€Ngn(X), B=X+2Z, HeC(B,Nc(X))

Ao(Z) - 0
X+Z=V| + o o |V
0 A, (X)
The “o-term” of S™:
N \(Z)  ~
Y2 (Z,H) =2 P22 (H)2,  cf. (Sun, 2006
X( ) ) ie’yzj:ea /\z(X)( )7,] c ( un )

where H = VTHV.
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Robinson CQ

CMatOP:

minirggliZf} f(x)+01(9(x))
x€
subject to  h(x) =0,

g(x)e K
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Robinson CQ

CMatOP:
minirgglize f(x) 4+ 61(9(x))
xXE
subject to  h(x) =0,
g(x) K
Proposition

Let X € X be a feasible point of the CMatOP. We say that the
Robinson CQ (RCQ) holds at X if

Y
Sn

X+

{0} 1
Tk (9(%))

Thus, the set of Lagrange multipliers M(X) is a non-empty, convex,
bounded and compact subset if and only if the RCQ holds at X.
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Second-order optimality conditions

Critical cone of CMatOP:
C(X) :={d e X|h(X)d =0,¢'(X)d € C(A;901(9(X))), ¢’ (X)d € C(B; Nk (9(X)))}
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Second-order optimality conditions

Critical cone of CMatOP:
CX) :={deX|n(X)d=0,¢'(X)d € C(4;01(9(X))), g’ (X)d € C(B; Nx(9(X)))}

Theorem (“no gap” second-order optimality conditions)

Suppose that X € X is a locally optimal solution of the CMatOP and
the RCQ holds. Then, the following inequality holds: for any d € C(X),

sup <d7‘cgéx(§7y7Y7Z d —Tl = Y7g’ x)d - > 0.
(y,Y,z)eM(f){ )d) = Tz (Y, 0'(R)d) — Y25 ( }
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Second-order optimality conditions

Critical cone of CMatOP:
CX) :={deX|n(X)d=0,¢'(X)d € C(4;01(9(X))), g’ (X)d € C(B; Nx(9(X)))}

Theorem (“no gap” second-order optimality conditions)

Suppose that X € X is a locally optimal solution of the CMatOP and
the RCQ holds. Then, the following inequality holds: for any d € C(X),
d, L (X y,Y,2)d) — Tt (Y,¢' (®)d - > 0.
B {00 05150 (2509
Conversely, let X be a feasible point of the CMatOP such that M (X)

X) Is
nonempty. Suppose that the RCQ holds at X. Then the following
condition: for any d € C(X) \ {0},

sup d, 2! (X,y,Y,Z)d le Y,q' (®)d) — 125 (Z,¢'(x)d) ; >0
<y,y,z>eM®{< ®y,Y,2)d) = Th (V,6' (R)d) = T2 (2,¢'(®)q) }
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Second-order optimality conditions

Critical cone of CMatOP:
CX) :={deX|n(X)d=0,¢'(X)d € C(4;01(9(X))), g’ (X)d € C(B; Nx(9(X)))}

Theorem (“no gap” second-order optimality conditions)

Suppose that X € X is a locally optimal solution of the CMatOP and
the RCQ holds. Then, the following inequality holds: for any d € C(X),

e ( } > 0.

Conversely, let X be a feasible point of the CMatOP such that M(X) is
nonempty. Suppose that the RCQ holds at X. Then the following
condition: for any d € C(X) \ {0},

sip  {(d, L (%, Y, 2)d) - Thig) (V.9 (R)d) —
(v,Y,Z)eM(%)

sup d, 2! (X,y,Y,Z)d le Y,q' (®)d) — 125 (Z,¢'(x)d) ; >0
<y,y,z>eM®{< ®y,Y,2)d) = Th (V,6' (R)d) = T2 (2,¢'(®)q) }

is necessary and sufficient for the quadratic growth condition at the
point X: for any x € N such that h(x) =0 and g(x) € K,

F(x) + 610 A(g(x) > f(X) + ¢1 0 A(g(X)) + pllx — X%
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Strong second-order sufficient condition

Definition
Let X € X be a stationary point of the CMatOP. We say the strong
second-order sufficient condition holds at X if for any d € C(X ) \ {0},

sup d, Ll (X,y,Y,Z)d) — T, (Y, ' (X x 0
e (G )d) = Thg) (V6 (3)d) = 125 (Z,6'(0d) }

with
C®:= (] app(y,Y,2),
(v, Y, 2)e M ()
where for any (y,Y, Z) € M(X), the set app(y, Y, Z) is given by
app(¥,Y,Z):={de€X | K (X)d=0, ¢'(X)d € aff (C(4;961(9(x)))),
g (X)d € aff (C(B; Nk (9())))}-
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Constraint nondegeneracy (LICQ)

The constraint nondegeneracy for the CMatOP is defined as follows
1 (X) {0} Y
J&® | X+ | TeE) sn
9'(%) lin (Tic(9(x))) s"
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Strong regularity of CMatOPs

Theorem

Let X € X be a stationary point of CMatOP with multipliers (y,Y ,Z):

(i) the strong second order sufficient condition and constraint
nondegeneracy hold at X;

(ii) every element in OF (X,¥,Y,Z) is nonsingular;
(iii) (X,¥,Y,Z) is a strongly regular solution of the KKT system.

It holds that (i) = (ii) = (iii).
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Strong regularity of CMatOPs

Theorem

Let X € X be a stationary point of CMatOP with multipliers (y,Y ,Z):

(i) the strong second order sufficient condition and constraint
nondegeneracy hold at X;

(ii) every element in OF (X,¥,Y,Z) is nonsingular;
(iii) (X,¥,Y,Z) is a strongly regular solution of the KKT system.
It holds that (i) = (ii) = (iii).

(iii) == (i) can be established for particular CMatOPs:

e NLSDP (Sun, MOR 2006)

e CMatOPs with the sum of k-largest eigenvalues, etc (in our work)
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Thank you!



