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Abstract Euclidean embedding from noisy observations containing outlier errors is an important and chal-
lenging problem in statistics and machine learning. Many existing methods would struggle with outliers due
to a lack of detection ability. In this paper, we propose a matrix optimization based embedding model that
can produce reliable embeddings and identify the outliers jointly. We show that the estimators obtained by
the proposed method satisfy a non-asymptotic risk bound, implying that the model provides a high accuracy
estimator with high probability when the order of the sample size is roughly the degree of freedom up to a
logarithmic factor. Moreover, we show that under some mild conditions, the proposed model also can identify
the outliers without any prior information with high probability. Finally, numerical experiments demonstrate
that the matrix optimization-based model can produce configurations of high quality and successfully identify
outliers even for large networks.
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1 Introduction

Finding a complete set in a low-dimensional Euclidean space from partial noisy Euclidean distance observa-
tions, so-called embedding, is an important distance geometric problem in data science applications. In par-
ticular, when the distances are assumed to be measured in higher dimensional spaces, this leads to a typical
nonlinear dimensional reduction which is widely used in statistics and machine learning. One of the biggest
challenges in embedding is that some noisy distance observations are usually contaminated with positive outlier
errors. Due to the nature of applications, the outlier errors are usually much larger than the commonly assumed
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zero-mean measurement noises. Moreover, in many applications, the outlier errors are even larger than the true
distance (e.g., the Non-Line-Of-Sight (NLOS) errors from wireless sensor network localization [32\37.[16]),
which is the main reason for the distance based methods often fail in practical embedding applications.

Needless to say, it is important to mitigate outlier errors from the observation distances for embedding.
In literature, for some applications (e.g., wireless communication), one way to mitigate outlier propagation is
to develop some methods to identify outlier errors through prior information, such as the outlier distribution
and physical characteristics of networks [41,35]. For the overview of various outlier identification techniques
and optimization methods in wireless communication applications, see the nice survey [16]. However, in most
applications, the prior information of outliers is either technically non-available or costly to obtain due to
hardware limitations. Therefore, it is even more crucial to identify and mitigate the outlier propagation from
the observed distance data without prior information. To this end, different matrix optimization models are
proposed and become popular in applications. For instance, in wireless sensor localization, different semidef-
inite programming (SDP) based methods are proposed by [7,140,48], and numerical experiments demonstrate
that SDP based models can provide descent estimations even without prior information on outliers for some
small-scale applications. More recently, based on the concept of the Euclidean distance matrix (EDM), a new
matrix optimization model for the outlier mitigation has been proposed in [10] (see Section 2] for details). Nu-
merical tests on both simulations and real-world applications show that the EDM based method proposed in
[1O]] can produce high quality embeddings without prior information even for large-scale networks. Numerical
experiments show that one of the main advantages of the EDM model [[10] comparing with the existing SDP
approaches is that the EDM model usually is able to identify outlier errors index sets (i.e., the index sets of
observation distances which contain outlier errors). However, there is no theoretical guarantee on the outlier
detection ability provided in [10]]. The main purpose of this paper is to study the statistical performance anal-
ysis of the EDM based embedding with outliers by establishing the recovery error bounds and the embedding
dimension and outlier detection guarantee.

In general, the EDM based embedding model proposed in [10] belongs the category of low-rank matrix
approximation problems [27./14]], which had many exciting developments recently and attracted much attention
from optimization and machine learning communities. More precisely, in principle, the proposed EDM model is
in line with the general framework of robust principal component analysis (Robust PCA) [6.3]], i.e., estimating
an unknown low-rank matrix X € R"™*" from a collection of partially noisy observed elements X; = X; i+
Sij+ Tijs (i,)) €  C{1,...,m} x {1,...,n}, where S is a sparse matrix consisting of outliers, T represents
the random noise and € is the observation index subset.

Enlightened by the previous tremendous success of the convex matrix optimization approaches in low-rank
matrix completion [5)4], Chandrasekaran et al. [6] first study the Robust PCA for the case that the elements
X are fully observed and without noise. In particular, Chandrasekaran et al. [6] showed that under the rank-
sparsity incoherent property, the unknown true low-rank matrix X and sparse outlier matrix S can be recovered
exactly based on the convex “nuclear norm plus /;-norm” approach. For the general setting with missing ob-
servations, by employing the previous developed probability analysis techniques for exact matrix completion
problems [511341[15]], Candes et al. [3] provided the probabilistic guarantees for exact recovery of the convex
“nuclear norm plus /;-norm” approach for Robust PCA. Later a sharper probabilistic exact recovery guaran-
tee was established by Chen et al. [9] focused on high-dimensional statistical settings (i.e., the sample size is
smaller than mn).

For the more realistic noisy setting, Zhou et al. [49] proposed a convex “nuclear norm plus /;-norm”
constrained matrix optimization model and studied its statistical performance guarantees, and later the nuclear
norm plus /;-norm penalized formulation was studied by Hsu et al. [19]]. Based on the unified restricted strong
convexity (RSC) framework introduced by [31130]], Agarwal et al. [1] obtain a sharper statistical error bound
for the nuclear norm plus /;-norm penalized model. However, in prior studies [49,[19l|1] on the noisy robust
PCA, the performance guarantee results are all based on the full observation assumption, which may not be
practical in applications. In [45], Wong and Lee established an estimation error bound for the noisy robust
PCA, with an assumption that the number of observed entries is in the order of mn. However, this also may not
be useful for high-dimensional applications, since the sample sizes there are usually much smaller. For high-
dimensional settings, under the boundedness assumptions on the true low-rank matrix X and sparse outlier
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matrix S, Klopp, et al. [22]] derived a statistical estimation error bounds for the /.. constrained convex program
based estimators, in which the minimal sample size required for a faithful estimation is roughly on the order of
max{m,n}rlog(n). Recently, Chen, et al. [8], improved and derived a near-optimal statistical guarantee of the
convex nuclear norm plus /;-norm penalized model for the Robust PCA by building up the connection between
the convex estimations and an auxiliary nonconvex optimization algorithm.

The results mentioned above are all about the “classical” robust PCA, in the sense that for the proposed
models there is no “hard-constraints”, e.g., the noisy correlation matrix recovery (i.e., a positive semidefinite
matrix whose diagonal elements are all ones) and the EDM estimation considered in this paper. However, these
“hard-constraints” are usually crucial and must be satisfied in the convex estimation models in many applica-
tions e.g., the EDM embedding. Consequently, the results obtained in [45/22|8]] have become inadequate in
these applications. For the correlation matrix estimation problem, Wu [46] first studied the probabilistic guar-
antees of the Robust PCA with “hard-constraints” for both noiseless and noisy cases. The main techniques
employed in [46] are the unified restricted strong convexity (RSC) framework introduced by [31,30]] and a ma-
trix Bernstein inequality (cf. e.g., [42]), which are wildly used in the study of statistical performance guarantees
of convex models in matrix completion problem (e.g., [15,34,221/3021,29.28]]) and the EDM embedding prob-
lem without outliers [[11]].

In order to establish the theoretical performance analysis of the convex matrix optimization model for
EDM embedding with outliers, we first adopt the error bound analysis approach introduced in [46]] to EDM
embedding with outliers and obtain the statistical guarantee of the convex estimation model. Furthermore,
based on the resulting error bound results, we show that under some wild conditions, with high probability, the
convex EDM estimator will recover the true unknown embedding dimension. Simultaneously, we also show
that the outlier estimator obtained by the convex matrix optimization model will recover the index set of the
support set of the unknown outliers with the same probability. Finally, we verify the proposed theoretical results
by numerical experiments.

The remaining parts of this paper are organized as follows. We briefly introduce the matrix optimization
based EDM embedding with outliers model originally proposed in [10]. Section [3| contains the statistical re-
covery error bounds for the EDM embedding EDM model. In Section ] we establish the probability recovery
guarantee of the embedding dimensionality and outlier detection. We verify the theoretical results obtained in
Sections [3|and [f] through numerical examples in Section [5] We conclude the paper in Section [6]

Below are some common notations to be used in this paper:

- For any Z € R™*", we denote by Z;; the (i, j)-th entry of Z.

— We use “o” to denote the Hadamard product between matrices, i.e., for any two matrices X and Y in R™*"
the (i, j)-thentry of Z := X oY € R™*" is Z;; = X;;Y};.

— For any Z € R"*", we use Z!/2 € R"™*" to denote the m x n matrix whose (i, j)-th entry is Zilj/z.

— Let1 € R" be the vector whose elements are all ones. Denote the n X n identity matrix by / and the centering
matrix by

J:=1-117/n. )

— For a given Z € ", we use A;(Z) > ... > A4,(Z) to denote the eigenvalues of Z (all real and counting
multiplicity) arranging in non-increasing order and use A (Z) to denote the vector of the ordered eigenvalues
of Z. Let Q" be the set of all n x n orthogonal matrices.

— Let sgn(-) : R™" — R"™*" be the (component-wise) sign function, i.e., for any Z € R™*", sgn(Z);; = 1 if
Z;j > 0 and sgn(Z);; = 0 otherwise.

— For any z € R", we use Diag(z) to denote an n x n diagonal matrix with z on the main diagonal. Meanwhile,
for any Z € R™*", diag(Z) denotes the column vector consisting of all the diagonal entries of Z being
arranged from the first to the last.

2 The EDM based embedding with outliers

Let p;, i =1,...,n be n points in a r-dimensional subspace. For each i,j € {1,...,n}, denote aT,-J- > 0 the
distance between the i-th and j-th points on the r-dimensional subspace. A n x n matrix D is called Euclidean
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distance matrix (EDM) if Eij = (d_, j)z fori, j=1,...,n. An alternative definition of EDM that does not involve
any embedding points {p;} can be described as follows. Let S be the hollow subspace of S, i.e., S}, :=
{X €§"| diag(X) = 0}. Define the almost positive semidefinite cone K’ by

Kﬁ::{AeS”|xTAx20Vxell}:{AeS"|JAJtO}, 2)

where 1+ := {x € R" | 17x = 0}. It is well-known [36/47] that D € S" is EDM if and only if —D € S} NK"..
Moreover, the embedding dimension is determined by the rank of the doubly centered matrix JDJ, i.e., r =
rank(JDJ). Given a true EDM D, since —JDJ is positive semidefinite, its spectral decomposition can be written
as

1
—5/DJ = PDiag(Ay,...,A,)PT,

where P € Q" and A; > A, > -+ > A, > 0 are the eigenvalues in nonincreasing order. Let P; be the submatrix
consisting of the first » columns (eigenvectors) in P. One set of the embedding points are

T
Pi
= PDiag(\/A1,...,V Ar). 3)
T
Pn

In order to find a set of relative embedding points {p;}, we are interesting in estimating the ture EDM D from
the partial noisy observation distances d;;. The basic noisy model takes the following form

d;j:‘iij+n5ija i,jE{l,...,n}- (4)

where &;; are i.i.d. noise errors with E(;;) = 0 and E(i ) = 1, n > 0 is a noise magnitude control factor.

Unlike the standard zero-mean noise assumption, we are attractive to the case where the distance measure-
ments d;; are also contaminated with the errors arising from outliers, which usually have significant positive
biases and cause the measured distances d;; ;j significantly diverging from actual values d;;. The errors from
outliers frequently appear in many applications such as the Non-Line-Of-Sight (NLOS) errors from wireless
sensor network localization [32l[37./16], the errors arising from outliers in manifold learning and others [18],
23].

We use § € S” to represent the outlier errors, whose elements are either zero or positive accordingly. There-
fore, the basic noisy model (@) then takes the following form

0<djj=d;j+5;+n&;j, i,je{l,....n}. 3)
For notational simplicity, we define the outlier matrix S € S" as follows

Sij =55 +2di;) >0, i, je{l,....n}. ©)
Then, by (3), we know that

Dyj=d% = (dij+5;;+n&;j)* =Dyj+Sij+ Ty, i.j€{1,...,n}, )

where D and D € S” are the observation and unknown true EDMs, whose (i, j)-element are a,'~2 and d?], respec-
tively, and 71 € §” is defined by

Tij =2y +5)n&+n*ES, ije{l,..n} (8)

Without loss of generality, we always assume that the magnitude of measurement error [1&;;] is strictly smaller
than the true distance d;; for each i, j € {1,...,n}. Thus, since d;; > 0, we know that for any i, j € {1,...,n},

Sij = 0 <«— E,‘j =0.
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For eachi € {1,...,n}, we use ¢; € R" to denote the i-th canonical basis of R". Let S} € S" be the hollow
space, i.e.,
Z:I {ZGS" |Z,'l'=07 i= 1,...,11},

whose dimension equals to dsy = n(n—1)/2. Let { (e eT +eje; )}1<' g be the standard basis matrices of
<i<j<n
Sj.
For the given observation set Q, let {X,...,X,} with m := |Q| be the numbered sampled basis matri-
ces from the standard basis matrices set { (eie; T +ejel) L<ic i<n’ Therefore, the corresponding observation
<i<j<n

operator Og : S" — R™ can be written as
Oo(A) = ((X1,A),..., (X, A))| €R", A€S". ©)

That is, O (A) samples all the elements A;; specified by (i, j) € Q. Let 05 : R" — S" be its adjoint, i.e.,
0 (z) =Y , 21X;, z € R™. Then, we further define the observation vector

y:=0qa(D) €R™. (10)

Finally, under the assumption that S is sparse (i.e., the cardinality of nonzero elements of S is small), we
may estimate the unknown matrices D and S by solving the following nonconvex optimization model:

.1
min = [ly = 0o (D+S)[* +plIS]o
st. DeS}, —DeK", rank(—JDJ)<r, (11)
Ses', S>0.
Since the rank constraint and the zero norm || - ||p are computational intractable, we may consider the following
convex relaxated matrix optimization problem
. 1 ~ ~
min &y, po(D,8) 1= 5 -|ly — Oa (D+8)|>+ppI —F,—JDJ)+ps(E —G,S)
st. DS}, -DeK}, §>0,

(12)

where pp and pg are two given positive parameters, £ € S" is the matrix whose elements are all ones, and F
and G are two given symmetric matrices. In particular, when both F and G vanish, the model (12) reduces to
the following convex nuclear norm /;-minimization EDM matrix optimization problem:

|
min ——|ly— G (D+5)[* +pp{l,~IDJ) + ps(E,S)
st. De§), -DeK}, S§>0.

13)

We use (ﬁm,§ ) to denote an optimal solution of the above convex model @), and in later discussions, we
often drop the subscript “m”, when the dependence of (ﬁ,§ ) on the sample size m is clear from the context.
Furthermore, we use (D, S) to denote the unknown true EDM and outlier matrix.

In this paper, we choose the symmetric matrices FeS"and G €S" in the objective function of (T2) by
following the suggestions [29, (25) and (26)] (see also [46, Chapter 5.3]). Suppose that the EDM D and the
non-negative matrix S are the given initial estimators (e.g., the estimators obtained by (I3)). Define Fes" by

F =F(-JDJ), (14)
where F : S" — S" is the spectral operator [[12l[13]] associated with the symmetric function (cf. [12] Definition

1]) f : R" — R" defined by

) = {g(xi/max[{xl}) ifxA0, o, as)

otherwise,



6 Qian Zhang et al.

with the scalar function ¢ : R — R takes the form

T

¢(t):(1+87)ﬂ:_781, teR (16)

for some € > 0 and 7 > 0. Meanwhile, we define the symmetric matrix G € S" with respect to 3 by

~ {(])(.,Stij/maxkﬁl{gk/}) 1f§7é O,
0

Gij= .
otherwise,

(i,)) e {1,...,n}, 17)

where ¢ : R — R is the scalar function defined by (I6).
Throughout this paper, the following condition is assumed to hold, which ensures the existent of the optimal
solution of (12).

Assumption 1 There exists constant pp, > 0 and pg > 0 such that for any «, the level set
Ly, ps(a) :={(D,S) €S" | D, 5,(D,S) <, DS}, -D €K, $>0}
of is closed and bounded.

It is worth to note that for any 0 < < 1, ¢( ) € [0,1]. Thus, it is easy to check that for any given initial
EDM estimator D and outlier matrix estimator S, the symmetric matrices F and G satisfy (I — F —JDJ) >0
and (E — G7S) > 0. Therefore, we know that for any pp > pp, > 0 and ps > pg > 0, Ly, ps(0t) C LpDapS( )
for any «. This yields that under Assumptionm for any pp > pp > 0 and ps > pg > 0, the optimal solution
of (T2) exists. Moreover, under Assumption [[] we know that there exist two positive constants bp and bg such
that the optimal solution (D S of (12) for any pp > p,, and ps > pg and the unkown true EDM and outlier
matrix (D, S) satisfy

IDllee <bp, |ID]l <bp. |Slle <bs and |[[S] < bs.

3 Recovery error bounds

In this section, we aim to derive a recovery error bound for the proposed matrix optimization based EDM
embedding model with outliers (12). Here we adopt the approach introduced by Wu [46]] for studying recovery
error bounds of the noisy low-rank and sparse matrix decomposition with fixed basis. Essentially, the proofs
are in line with the well-studied unified framework introduced by Negahban et al. [31] for high-dimensional
analysis of M-estimators with decomposable regularizers, which is used frequently in the study of noisy matrix
completion [30L211128.29./46./11]]. For the sake of completion, we include the detailed proofs in Appendix.

Recall that D is the unknown true EDM matrix. Suppose that the positive semidefinite matrix —JDJ has
the eigenvalue decomposition

—JDJ=PAP, (18)

where A € S” is a diagonal matrix whose diagonal elements are the eigenvalues of —JDJ arranged in the
non-increasing order, and P = [Fl Fz] € 0" with P, € R and P, € R™("7)_ We define the generalized
geometric center subspace in S" with respect to Py by T := {Y € S" | YP; =0}. Let T+ be its orthogonal
subspace. Then, the orthogonal projectors to the two subspaces can hence be calculated respectively by

Pr(A) :=P,PyAP,Py and Py (A):=P,P,A+AP\P, —P\P,AP\P,, AcS". (19)
Moreover, we have the following orthogonal decomposition

A=Po(A)+ Ppi(A) and (Pp(A), Ppi(B) =0 VABES". (20)
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It then follows from the definition of Pt that for any A € S", P (A) = P FlTA +F2F;AF1 FIT, which implies
that rank( %1 (A)) < 2r. This yields that for any A € S",

|22 ()]l < V2rljA]l. @1
For any given S € S”, we use suppy to denote the index set of the support of S, i.e.,
Supp(S) = {(l’]) | Sij #Oaiaj € {lvvn}}

Suppose that the unknown matrix S has k nonzero entries, i.e., IS|lo = |supp(S)| = k. The tangent subspace L
with respect to the k-sparse subset {S € S" | ||S||o < k} at S then takes the form

L:={S€S"|supp(S) C supp(S)}.

Denote the orthogonal complement of L by - Let 47, and ;.1 be the corresponding orthogonal projections
onto L and .. Then, we have the following decomposition

B=2.(B)+ 2, (B) and (ZL(A), P, . (B)=0 VA BeS" (22)
Moreover, for any B € S", since |22 (B)]|o < k, we have that
2L B < VK|B|. (23)

Define

1, — -7 = _
aD::WHPlPlT—FH and ag:=— Gl. (24)

\/ Isgn($) —
It is also easy to verify the following result.
Lemma 1 For any D € S}, we have D — JDJ = }(diag(—JDJ)1" + 1diag(—JDJ)T).

The following result represents the first important step to derive our error bounds of the convex model (T2).

Proposition 1 Lez (D,S) and (D,S) be an optimal solution of (T2) and the underground true EDM and outlier
matrices, respectively. Let Kp > 1 and Ks > 1 be given. Suppose that the parameters pp and ps satisfy

po= 21060, and ps= 0RO >

where § := Oq(T) €ER™ and T € S" is given by ), then we have

*Hﬁn(D D)+ 0qa(S- S)H2<Puf(ap+£)lll) D\|+Psf(as+ )HS S|l (26)
and
HD D||. < 1((aD—|—2\[)\f\|D DH—i——(as—l- )\[HS S||>
- Ks Pp 2V2 27
I5=51h < = 22 ap + 22) VFIB Dl + (as-+ 1) VEIS -]

where ap and ag are given by @24).



8 Qian Zhang et al.

Proof By (10) and (7), we know that for any D and S € S",

ﬁHﬁQ(BJrE)nLC— ﬁ’Q(DjLS)H2

b D o Lo pis serens L
— 5 0a(D-D)+ Ga(S=3)|F — (D~ D+5-5,04(5)) + 5 -ILI* @8)

1
—|ly— Oo(D 2
2m\ly 2(D+5)]

~

Since (D, S) is a feasible solution of (T2), we know from the optimality of (D, S) that
1 ~ ~ 1 ~ o~ ~ = ~ ~
5-100(D=D)+0a(S=3)|* < - (04(§).D—~D+S~5) —pp ({1, ~I(D—D)J) ~ (F.~J(D~D)J))
—ps (IS = ISl = (G.5-%)).. 29)
By the Holder inequality, we know that the first term of the right hand side of (29) satisfies
L/ n = oo I T I
08061 45-5) < L1051, 15-Dl + L 1050115511
Since |D—D||, = ||D—D—J(D—D)J +J(D—D)J|., we know from Lemma|[l]that
|D=Dl| < |[D=D~J(D=D)J||.+ [J(D—D)J||. < V2|D~D—J(D~D)J||+|J(D—-D)J]..

Moreover, since <J(B—E)J, 13-5-1(5-5)]> =0, we have |[D—D|?> = ||D—D—J(D—D)J|*+||J(D—
D)J||?, which implies that |[D — D||, < v/2||D—D|| + || — J(D — D)J||... Thus, since ||J(D—D)J|| < ||D —D||,
by (23) and 1)), we know that

GO ID DI, < - 16Ol (VZID D)+ -/(B D).

< 08l (V21D DIl + | 25(~J(B - D)) + | . (~I(B~D))|.)

< P (\@Hﬁ—BH + | ZPr(—J(D—D)J) ||+ + ||'@TL(_J(B_5)J)”*>

KD
< 22 (V2D ~D +|25(~I(D~ D))\l +V2r|(D~D)| )

< 2 (24 v2n|D =D+ |Zr(~1(D-D))]l.) .
Similarly, we know from 23) and (23) that
L G <y o Ps ¢ < ¢ < Ps (e < < <
NGO IS =Sl < 2> (12LE =) + 120 E=9)) < 2 (VIS5 +11 2. S=3)II) .
m Ks Ks
Therefore, we obtain that the first term of the right hand side of (29) satisfies
L/ e B B o\ = PO (315 7 P P
2 (0a(8).D-D+5-5) < 2 (V2D =D+ 2e(~I(D~D))|. + | P (~1(D-D))|.)
+25 (VKIS =51+ 12,2 (5= 5)Ih ). (30)
s

Meanwhile, since for any A € S", ||Z1(A)]]. = |\F§AF2\|* and both —JDJ and —JDJ are positively
semidefinite, we know from the directional derivative formula of the nuclear norm [43| Theorem 1] that

{1,~J(D~D)J) = || —JDJ||..~ || —JDJ||. > (PP, ~J(D—D)J)+ P (~J(D—D)J)P|.

= (P\P{,~J(D—D)J)+||P(~J(D—D)J)| ..
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which implies that the second term of the right hand side of (29) satisfies
~po ({1, ~I(D=D)J) — (F,~J(D~D)J)) < ~pp ((P1P{  F,~J(D~D)J)+ | Z2(~J(D~D)J)|. ).
By using the decomposition (20) and the notations defined in (24), we obtain that
~po ({1,~1(D~D)J) ~ (F,~J(D~D)J)) < po (IP1P{ ~F|[|4(D~D)|| ~ | #x(~J(D~D))].)
< po (apV/rID =Dl — | 2r(~)(D-D))].). G1)
Similarly, we know from the directional derivative of the /;-norm at S that
18T~ 1181 = {sign(5),8—5) + (|2, (S =Sl

Therefore, by the decomposition (22) and the notations defined in (24)), we know that the third term of the right
hand side of (29) satisfies

—ps (ISl = ISl (G.5-3)) < —ps ((sien(5).5~5) + | Z. (S-)lls ~ (G, -5))
< ps (lsign(S) = GIlIS =S| - | 2. (S=S)Ih)
< ps (asVEIS =Sl = |20 S=3)lr ). (32)
Finally, by substituting (30), (3T) and (32) into (29), we obtain that
S |0a(B~D) + 0o (S-S
2 ((V2+v2n) D =D + | 2r(~I(D-DW)|I. ) + 2 (VRIS 5]+ |21 (S-S )
D S
+po (apV/FID=DI| - |Z2(~I(D=D)J).) +ps (as VRIS =S = | Z,.. S=)I)
= oo (g (V24 V2 +apvF ) 1D - D||+ps( +as) VRIS -S|

K‘Df

|22 (~J(D—D)J)|, — (S=3)]1. (33)

—Pp

Since r > 1, together with the assumptions that kp > 1 and ks > 1, we know that the inequality (26) holds.
Next, we shall show that the inequalities also hold. By (33), we have

KDKIil <\/;<a0+2\[> |D— D\|+\fps (a5+ )||s s|>
51<\/;’,’)';(D+2f)||a D\|+f(as+ ) 15- S|>

Therefore, we know from 20), 22)), 21) and (23) that

ID =D < ID=D—J(D—=D) |+ | P5: (~J(D=D))s + | Z(~I(D—~D)J)||.

|22 (=1 (D=D)J)|. <

|2, (S=9)|i <

< (V2+V2r)|D~ Dl<w(aD+M)|D D|\+f”s (as+ )ns S|>
< o2 ((an+2VDVAID DI+ 5 (as ) VAIS -3 )
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and
[S=Sllt < 2L =I)l1 + [ PLL (S-S
2
< Vk||S- SH+ (pr ( f) ID— D\|+\/<as+ >HS SI)
K Z\f
< @(aD )\fHD D||+ (as+ 1) VK|S -5
kKs—1\ ps
This completes the proof. O
Since Xi,...,X), are the i.i.d. random observations, i.e., forany 1 <i< j<mn,

1
P (Xz = E(eieJT-JrejeiT)) =mj, 1=1,...,m,

where 0 < 7;; < 1 is the probability that the (i, /) and (/,i)-th element be sampled in the observation model.
We propose the following assumption to control the sampling probability.

Assumption 2 There exist two absolution constants 1, Uy > 1 such that

2

<mp <~
Hidsy dsp

Vi<i<j<n,

where dsp =n(n—1)/2.

It is easy to see from Assumptionthat for any A € S}, we have

A (34)

E((4,X)?) > 2indsy

Furthermore, let mmax be the maximum number of repetitions of any (i, j) index in £. By noting the sample
size m is assumed much smaller than dg;«l, we obtain from [46, Lemma 5.5] the following result on the upper
bound of mp,x. For simplicity, we omit the detailed proof here.

Lemma 2 Let the observation index set 2 be generated by the uniform sampling with replacement. Then,
there exists a constant C > 0 such that

Mmmax < |0 Oall2 < Clog(2n2)
with probability at least 1 —1/(2n?).

We further introduce the following two useful notations:

1 %
O ._EHmﬁQ (¢) , (35)

1
d O5:=E|—0¢
an S Hm o)

2

=)

where {¢€),...,€&,} is a Rademacher sequence, i.e., an i.i.d. copy of Bernoulli random variable taking the values
1 and —1 with probability 1/2.
For the given positive numbers pi, p2, q1, g2 and ¢, define the following subset K(p1, p2,41,492,t) € S" by

[Apll« < p1llAp|| + p2||As||, Ap € S},
K(p,q,1) == A=Ap+As| [Asll < q1l|Ap|| + q2[|As]|, As € S}, , (36)
|Ap +Asleo = 1, [|Ap||* + [|As||* > 11y

where p := (p1,p2) and q := (g1,42). Denote ¥, := (19Dp1 19Dp2 + ﬁszp% + ﬁszp%).
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Proposition 2 Suppose that Assumption holds. Let p1, p2, q1, q2 and t be any given positive numbers. For
any 7| and T satisfying

T
0<t <1 and 0<r2<51,

it holds that for any A € K(p, q,1),

1 T 32
—|Ga(A)? > E((A,X)?) — Ap|? +1As]?) — ==ty dgn B2 37
mH 2(A)|* > E((4,X)?) dsy (I1Apl* + [|As]1?) 2, 1950 (37)

with probability at least
~exp(—(m —21)2mt*/8)
1— exp(—3(‘L'1 — 212)2mt2/8) '

Proof We will show that the event

E —{EIAEK(p,qJ) St %HﬁQ(A)HLE((A,xV) >

A +||A + — i dsn
inds, (llApl* +llAs]1?) o Hids; m}

exp[— (71 —2m2)2mt? /32]
1 —exp[—3(1) —27)2mr2 /32]

happens with probability less than . First, we decompose K(p, q,?) by

o

g 1 ,
K(p,q.1) U {A €K(p,q.1) |21 < de (I4p+ [1As]1*) <2’t}-
h

For any s > t, define the sunset I}(p,q,t,s) CK(p,q,?) by

~ 1
K(p.q.t,s) :=SA€K(p,q,t) | —— (lAp[|* + | As]]*) <s .
Hidsy
Furthermore, for j = 1,2,..., let E; be the set defined by

~ . 1
Ej:= {HA € K(p,q,1,2/t) such that | —[|0q(A)|* —E ((A,X)?)
m

: 32
> 112171t+ 7“1d§n19nzl} .
TZ h

Then, it is not difficult to see that E C U‘;-“:lE ;- Thus, it suffices to estimate the probability of each simpler event
E; and then obtain the estimated probability bound of the event E. Denote
Zy = L Gaa)P—E ((4,x)2
si=  sup [0a(A)]l ((4,X)%) 1.
A€K(p,q,t,s) m

For any A € S}, the strong laws of large numbers yield that
1 2 1 & 2 av
—[[Ga(A)|> ==Y (X1,A)> “HE((A,X)?) as m —eo.
m m =

Since ||All =1 for all A € K(p, q,), we know that for any 1 <! <m and A € K(p,q,?),
|(X;,A)* —E ((X;,A)?)| < max {(X;,A)*, E ((X;,A)%)} < 1.

Then, according to Massart’s Hoeffding-type concentration inequality [2, Theorem 14.2] (see also [26, Theo-
rem 9]), we know that

2
P(z, <E(Z )+n)<exp<—%) v >0. (38)
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Next, we estimate an upper bound of IE (Z;) by using the standard Rademacher symmetrization in the theory of

empirical processes. Recall that {g1,...,&x,} is a Rademacher sequence. Then, we have
1y 2 2 e 2
E(Z)=E| sup |=Y(X,A)°-E[X,A)?]| | <2E| sup |—) &(Xi,A)
Aek(p.ars) | 1= AcK(p.qr.s) | M i=1
L 1
< 8E sup Z (X1,A)| | =8E sup <ﬁ*(s)7A>‘
AeK(p.q,.s) | I=1 AcK(p.as,s) |\
1
< 8]E< w ([ PG |AS||1)>
A€K(p,q.t,s) m o0
| 1,
<8E( sup ||—=0"(e)|| [Apll.+ sup || —O"(e)|| [Asll,
AEK(p.q,t.s) 2 ACK(p.q.1.5) o
1 1
<380 ( sup ||AD||*> +4E oo ( sup ||As|1>,
n 2 \A€K(p.qt.9) mn o \A€K(p,q.t,5)

where the first inequality is due to the symmetrization theorem [39, Lemma 2.3.1] or [2| Theorem 14.3], and
the second inequality follows from the cogtraction theorem (e.g., [24, Theorem 4.12] and [2} Theorem 14.4], ).
Notice that for any # > 0,v >0 and A € K(p,q,1,s),

16m 1
ul|Ap|| +v[|As|| < — (> +v*) + || 1> < W +v7) + —Tys,
T1 64

where the first inequality is due to the inequality of arithmetic and geometric means. We derive that

E(Z)

IN

8< sup Op(pillApll+ p2llAs) +  sup 19s(611|AD|+612||As|))
A€K(p.q.t,s) AcK(p,q.t,s)

16 2 2 2 2y, U 2y
< ?lm(ﬁnm+19DP2+195P1+195P2)+3*25* o m,, 32

According to (38), it follows that

(o> s ) <2 o200 G- ) <o - (3-5) %)

This, together with the choice of s = 2/t, implies that P(E;) < exp ( %22<j*1>(71 — 212)2mt2). By using the
fact that 2/ > 1+ j(2—1) for any j > 1, we obtain that

oo oo 1.
P(E) < Y P(Ej) < Y exp (7§22<J*‘)(n 721'2)2mt2>
< exp (7%(‘51 — 21’2 mt ) Z exp ( 22<] 1 _ 1)(‘51 7212)2111[2)

< exp (-é(ﬁ—%’z ) ZCXP (—%( — 1) (7 —2%)°mt )

_exp(—(11 —2m;) mt2/8)
1 —exp(=3(t) —272)2mt2/8)

The proof is then completed. O
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Proposition 3 Let (D,S) and (D,S) be an optimal solution of (T2) and the underground true EDM and outlier
matrices, respectively. Let kp > 1 and ks > 1 be given arbitrarily. Suppose that the parameters pp > 0 and
ps > 0 are given by (23). Under Assumption@ there exist some positive absolute constants Cy, C and C, such
that either

|D—DJP” +IS -S|

log(2n
< Copti (bp + bs)? % (39)

or

ID DI+ IS -S|

22\’ 1)?
SC],UlzdS;’l C% plz,r(aDJrKl)) +p§k<ag+;§)

b o a8 o 2)]

Kp—1 Pp Ks
2 ) Ks | Pb 2V2 ’ 2
06 (b b — = —_— k 1
+max S( D+ S) 7,u12d§2 (K'_g—l) rpg ap + Kp =+ (aS+ ) (40)

with probability at least 1 — (4/7)n~!, where ap and as are given by 24) and Op, and Vs are defined by (33).

Proof Denote A := Ap +Ag with Ap := D-DandAg:=S—S. Leth:= |Ale and ¢ := Lg(z"), where

— 2
¢ > 0and 1, 75 satisfying 0 < 7 < % < 1/2 are arbitrarily fixed constants. Consider the foll(()T\lJviing2>t$o cases.
Case L. (||Ap|>+ [[As]?) < b*udgt. Since b = [|A]l.. < [Apllw + [As]le < 2(bp + bs). we know that
there exists a positive constant Cy such that (39) holds.
Case 2. (||Ap|]*+ ||As]*) > bzﬂldgﬁl. By in Proposition we know that A/b € K(p,q,t), where
K(p,q,?) is the subset defined by (36) with p = (p1,p2) and q = (g1,42) are given by

1
Plzﬂ(ao—ﬂ\ﬁ)\/;, p2= ¥ _Ps (as—i-f)\//;

Kp—1 kp—1pp K @)
Ks Pp 2V2 S
= Zvs = 1 .
e (a[)‘l- P N o1 (as+1)Vk

Therefore, it follows from Proposition|2|and (34) that with probability at least 1 — (4/7)n"1,

1 2,Ll,1 211 64
[TllAH2 <2mE ((A,X)?) < == (|G ()P + 7= (IAp|* + 1As]1%) + —pids; 0%,
s m dsy )
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By (26) in Proposition [T} we obtain that for any 0 < 73 < (1—21)/2,

2V/2
HAHZ <4u1pD\f(aD+—)\IAD\|+4u1psf(as+ )HASH

211
d (I4p|* +llAs1* )+ Nldgnl‘/‘zbz
h
4t pprdsy 2V2\2 13 ,  4uipskdsy 1\2 13 )
< 0 (ap+ 22) o Bl (a4 — ) 2 as
73 Kp dsy 7 K dgy,
2T1

(I4pl1* + lIAs]1? )+ ,uldgnﬂzbz

h
4uipprds, 2V2\2  4uipskds; 1\2 27 +71
7 3 dg

(1ApII* + llAs]1*)

Kp h

+6 w3y 0207, 42)
In addition, since ||Ap|| < 2bp, we then derive from that
1A > 1ADI1* + IAs]|* = 2|Ap I lIAslli > I AD|> + I As]|* — 4bp(q1 [ Ap | +g2l|Asl)
> [lAp|* + [IAs]|* ~ %b%(tﬁ +a3) = 13(|Ap|> + [ As]).

This, together with @2), yields that

1—73 1
—— (I4p]* + 14s]%) < ——|AII* +
d dsy

h

bp (a1 +43)

dsi 13

4uipprds 2v2\2  4uipikdsy 1\2 21+7
< SR (4 22T HP ( L) ZRE (o ag )
T KD T dsp
64 4
o, Hide Ob” + b (41 +43)
;73
Apdgy 22 1\2) 27+7
= S5 Do (an+ 222 ) o p3k(as ) )+ 2R (IR + )
T3 Kp dSh

64 4
o, Wi+ (41 + )-
si13

h

Since 1 —2(7; + 13) > 0, we have

2
|Apl* + | As]|* 4pidsy L, 5 2V2, 5 Loy 16 55
< : —(ppriap+——)"+psk(as+—)7) + —0,,b
dgz T1-2(114+m) \ 1 (pD (ap KD )"+ psklas Ks) ) n "

1
+———bh (g +43) |
déz.u'lzf?ﬂ D( 1 2)

Recall that 192 191% 191% p% + ﬁszq% + ﬁszq%. By plugging this together with into the above inequality
and choosing 7, T and 73 to be constants, we complete the proof. O
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In order to obtain the explicit formulas of the penalized parameters pp and ps based on (23), we shall derive

the probabilistic upper bounds on the terms %H 0% (8)]2 and %H 0% (&)]|o- To this end, similar with [L1]], from
now on, we always assume that the i.i.d. random noises &, / = 1,...,m in the sampling model () satisfy the

following sub-Gaussian tail condition.
Assumption 3 There exist positive constants K| and K> such that for all t > 0,

P(|&| > 1) < Kiexp (—17/K) .
The following proposition on the upper bounds on the terms %Hﬁﬁ(@ )||2 is taken from [11} Proposition
4].

Proposition 4 Let { = Oq(T) € R™ and 71 € S" be given by [8). Suppose that there exists Cy > 1 such that
m > Cinlog(n). Then, there exists a constant C» > 0 such that with probability at least 1 —1/n,

Lo 2, [log(2n)
%Hﬁg(g)HzSCz(Z(‘)U‘FTI) p—— (43)

where © = || (d +5) ||

The following result on the upper bound of % |G*(&)]l.. are a direct consequence of the large derivation
inequality for sums of independent sub-gaussian/sub-exponential random variables [42 Proposition 5.10 &
5.16].

Proposition 5 Let { = O (7) € R™ and 71 € S" be given by ). Then, there exists a positive constant Cs such
that with probability at least 1 —2/n?,

1 k 2 10g(2n2)
P 106(E).. <C320n +1 )T’ (44)

where ® = || Oq (d +5)]|e.
Proof From (E) and the definition of {, we know that

16&(0)]l.. < 20M [65(E)ll+n* 65 0 &)l

Therefore, for any given t1, t, > 0, we have

P (1060l 2 20m0+n0°n) <P(104(8)lle 2 1) +P(|05(E o). 2 1) 45)

Denote the random matrix ¥ := 05 (&) =Y § X and Z := 0 (E o & —1) =¥, (§7 — 1)X;. Then, for each
i,j€{1,...,n}, the (i, j)-th elements of Y and Z can be written as ¥;; = Y/" | agl])c‘j; and Z;; =Y all (§7 — 1),
where a/) := ((X1);j,--+,(X)i;)T € R™. Since & is an i.i.d. copy of sub-Gaussian random variables, we know
that there exist positive constants M; such that [|§|,,, < M [42| Section 5.2.3]. Due to E(§;) = 0, we know
from [42] Proposition 5.10] that there exist positive constant C4 such that for each i,j € {1,...,n} and any
given t; > 0,

P(|Y~‘>l‘)< ],C47t12
A= =EP T el )

which implies that

C4l‘12
PIYI. >#) < dw -5 |. 46
(H ||oo = ]) — Shexp ( Mlzmax Ha(U)HZ ( )

Meanwhile, since & is sub-Gaussian, we know that <§,2 is an i.i.d. copy of sub-exponential random variables,
which implies that there exists positive constant M, such that H 3,‘12 H ” <M, l=1,...,m(seee.g., [42] Section
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5.2.4]). Moreover, since E(ﬁlz) =1, we know from [42} Proposition 5.16] that there exist positive constants Cs
such that for each i, j € {1,...,n} and any given #3 > 0,

2
Pzl 219 5 2000 (Comin{ s s )
which implies that
P(||Z]|, > t3) < 2dspexp (—C5min{ 5 5 . 5 }) . 47)
M3 max ||ali)||2” M, max [|a(i) ||,
Moreover, for each i, j € {1,...,n}, it is clear that [|a/)||> < myax/4 and |[a) ., < 1/2, where mp,yx is the

maximum number of repetition of (i, j)-th index in Q. Thus, it follows from (#6) and (@7) that for any given
1,13 >0,

4C41?
Mnyuwzn)ﬁs;exp(l— Cat ) 48)
1 Mmax
and
412 213})
P(||Z]|., > 13) < 2dsnexp | —Csmin 3 2. (49)
(12l > 15) < 2dsy p( ; {M%mmx o

Therefore, it follows from Lemmathat with probability at least 1 — 1/(21?), there exists a constant Cg > 0
such that my,x < Cglog(2n?). Thus, by [@S), we know that for any #; > 0,

4Cut3 ) 1

-l )4 50
M3Cglog(2n?) )~ 2n? (50)

P(|04(E)ll. > 1) < degexp <1

On the other hand, since [|Z], > |0 (§ 0 &)l = |04 (Dllee > [0 (S © &) oo —1mmax/2 = (|05 (§ 0 )l —

Colog(2n?) /2 if mpyax < Cglog(2n?), we know from Lemmathat for any #, > Cglog(2n?)/2,

n2
P(|03(E08) | >n) <P (||sz >0 M) !

2 202

(2t — Cglog(2n?))? 2t — Cglog(2n?) }) 1

< 2dgrexp [ —Csmi : .6l
= “dsexp ( Smm{ 4M2Cglog(2n?) M> + oD

2n?

Therefore, by setting t; := M) % log(2n?), we obtain from (50) that

Co 5 111
P pa > M/ —log(2 <—+—=—.
(%(&)HM_ W ae og<n>)_2n2+2n2 2

Meanwhile, by setting 1, := 2™ Cglog(2n?) > Cglog(2n?) /2, we conclude from (ST) that

1 1

1
2 —
Colog(2n )) <sstyz=

JAHIEE S

Finally, it follows from (3] that there exists a constant C3 > 0 such that
2
P (165Dl > C(20m +n°)log(2n?)) < .,

which implies (@4) holds with probability at least 1 —2/n?. This completes the proof. O
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Next, we shall present our statistical error bound results on the proposed convex model (T12). Proposition E|
and 5] suggest that the penalized parameters pp and pg based on (23] can take the following particular values:

log(2 log(2n?

pp=0 ((an +1°) g(”)> and ps:0(<2wn +n2>M), (52)
mn m

where © = ||0q (d +5)||. Moreover, it follows from [[T1}, (31)] and [46, Lemma 5.6] that if there exists Cj > 1

such that m > Cinlog(n), then there exist positive constants C4 and Cs such that ¥y and ¥ defined by @

satisfy

log(2 1 log(2n?
Y LU B ,SS_EH@)(&) log(2n%)
m

1
—E| =0
19D Hmﬁg(e) m

<Cs

oo

(33)
) mn

Finally, by combining Proposition E[, El and E[, we obtain the following error bound, immediately. We omit
the detail proof for the sake of brevity.

Theorem 1 Let (D,S) and (D,S) be an optimal solution of (12) and the underground true EDM and outlier
matrices, respectively. Assume the sample size m satisfies m > Cinlog(2n) for some constant C, > 0. For
any given kp > 1 and ks > 1, suppose that the parameters pp > 0 and ps > 0 in the objective function (12))
satisfy (52). Under Assumption 2] there exist some positive constants Cy, C3, C;, Cy and C} such that either
ID—D|?+|IS=5|* < I or

ID-DI*+[5—5|* < I3

with probability at least 1 —2/n—2/n?, where I} and I} are defined by

log(2n
I} = Copu (b + by g | 25 (54)
and
rdsn log(2n) 1 o kdgnlog?(2n?)
I = Cuidsy {Ciﬂz(zw +1)? | (kpap +2v2)* ———— + (as + *)21172
nm Ks m

2 2
, », Kp \2 2rds7 log(2n) Ksas + 1 2deZ log~(2n*)
24/2)2
+Ch(bp + bs) (KDq) (ap+2V2) ——+( P ) —
K Kpap +2+/2 o rdsn log(2n) kdsn log? (2n?)
+Ch(bp +bs)? (—— ) {( e \f)z " +las+12—— 2L (55
Kg— 1 Ks nm m

with ap and as are given by 24).

We know from Theorem 1] that since the unknown true EDM D and outlier matrix S are bounded, in order
to control the estimation error, we only need samples with the size m of the order max{r,k}(n— 1)log(2n)/2,
since dsp = n(n— 1) /2. Note that, it is reasonable to assume the embedding dimension r = rank(JDJ) and the
outliers number k are small. Therefore, the sample size m is much smaller than n(n — 1) /2, the total number
of the off-diagonal entries. However, we shall mention that one cannot obtain exact recovery from the bound
obtained in Theoremmeven without noise, i.e., 7 = 0. Furthermore, as mentioned in [30]], even for the outlier-
free case (i.e., S = 0), this phenomenon is unavoidable due to lack of identifiability. For instance, consider the
EDM D and the perturbed EDM D = D + eejel . Thus, with high probability, ¢(D*) = & (D), which implies
that it is impossible to distinguish two EDMs even if they are noiseless. If one is interested only in exact
recovery in the noiseless setting, some addition assumptions such as the matrix incoherence condition (see
e.g., [5) AO]) are necessary. In fact, recently, under matrix incoherence, random signs of outliers (i.e., the signs
of the nonzero entries of S are i.i.d. symmetric Bernoulli random variables) and other assumptions, Chen et



18 Qian Zhang et al.

al. [8] obtained a near-optimal statistical guarantee of the convex nuclear norm plus /;-norm penalized model
for the (unconstrained) Robust PCA by building up the connection between the convex estimations and an
auxiliary nonconvex optimization algorithm. For the Gaussian noise and squared matrices case, the estimation
error bound achievable by their estimator [8]] reads as

-~ — n
|ID-D|| <Cny/—
m

with high probability, where C > 0 is a constant. Clearly, the resulting bound is stronger than ours for the case
of the (unconstrained) Robust PCA. However, as we mentioned before, the results obtained in [8] have become
inadequate since the model studied in their paper has no “hard-constraints”, e.g., the noisy correlation matrix
recovery (i.e., a positive semidefinite matrix whose diagonal elements are all ones) and the EDM estimation
considered in this paper. Furthermore, neither matrix incoherence nor the random signs of outliers condition is
assumed in this paper.

4 Recovery of the embedding dimensionality and outlier detection

In order to study the recovery guarantee of the dimensionality of embedding and outliers cardinality, we first
introduce some useful notations and results on the proposed convex model (I2) in Section 2] First, it is clear
that the following generalized Slater condition for (T12) always holds:

Definition 1 There exists D € §" and S € S" such that
diag(D’) =0, —-D°cint(K") and S°>0,
where K, is the almost positive semidefinite matrix cone defined by (2)) and int(K?”.) is its interior.
Let (K )° € S" be the polar cone of the almost positive semidefinite matrix cone K7 , i.e.,
(K1) :={ZeS"|(Z,Y) <0 VY eK.}. (56)

We use H € S" to denote the Householder matrix, i.e.,

2
H;:pmuuT with w:=(1,...,1,v/n+ 1T eR". (57)

It is clear that the Householder matrix H is symmetric and orthogonal (i.e., H> = I). Also, the centering matrix
J defined by () satisfies

L1 0
J=H H. (58)
00
For any X € S", we rewrite the matrix HXH as the following block form:
X & -
HXH=|" '~ } with X €S, xeR"' and %HeR (59)
X X0

Moreover, by and simple calculations, we obtain the following basic identity:

X1 0

JXJ=H H, (60)

where X;; € S"! is the first block defined by (59) for HXH.
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By [17, Theorem 2.1], we have the following characterizations on K" and its polar (K’ )°:
n Zz n n—1 n—1
K\ =dH ZTZOHeS\Ze&,zeIR ;20 €R (61)

and

(Kﬁ)O:{H KS]HGSHZGS”‘}. (62)

Thus, for any given integer 1 < r < n, by and (61), we know that X € K"} and rank(JXJ) < r if and only
if Xp, € S’}r_] and rank()?”) <r,and K% X 1Y € (K%)° if and only if

SO Y11 0
S'oX) LY €S and HYH = [ (1)1 0} , (63)

where X, 11esS™and 1711 € S" ! are the first blocks defined by (B9) for HXH and HY H, respectively (see also
[33, Lemma 2.1] for detalls)

Let D€ S" and S € S" be the given initial estimators. Recall that F € S” and G € S" are the symmetric
matrices defined in (T4) and (T7) with respect to (D, S). For the given (D, S), denote 7p € R and 75 € R by

Ars1(=Dyy) ifD 7S
=1 aeon PFN g f= e if S0, (64)
0 otherwise 0 otherwise,

where (i, j') € {1,...,n} x {1,...,n} be the index such that §,-/j/ = max {g‘,] | (i,)) ¢ supp(g)}. Now, we are
ready to present the results on the guarantee of recovery of the embedding dimensionality and outlier detection.

Theorem 2 Let (D,S) and (D,S) be an optimal solution of (12) and the underground true EDM and outlier
matrices, respectively. Assume the sample size satisfies m > Conlog(2n) for some constant Cy > 0. Suppose
that the initial estimators D and S satisfy i € [0,1) and s € [0,1), where iy and fs are defined by (©4). Let F
and G be the symmetric matrices defined by (1) and (T7) with respect to (D N ) Suppose that the parameters

log(2n)
mn

pp > 0and ps > 0 in the objective function (12)) defined by (52) satisfying pp > G /) A C(Z(vn +n?)

) log 2n

and ps > m CRRon+n for some large constant C > 0. Then, we have

rank(—JDJ) < rank(—JDJ) and supp(S) C supp(S)

with probability at least 1 — 1/n— 3/n% Furthermore, in addition, if |D —D| < A.(—~JDJ) and ||S —5S|| <
min {S;; | (i, /) € supp(S) }, then with the same probability, we have
rank(—JDJ) = rank(—JDJ) and supp(S) = supp(S).

Proof Since (I2) is convex and the generalized Slater condition (Definition [I) always holds, we know that
there exist Lagrangian multipliers (z,I",U) € R" x §" x $" such that (D S) satisfies the following Karush-
Kuhn-Tucker (KKT) condition:

~Loy (y— O (5+§)) — ppJ(I— F)J —Diag(z) — " =0,
—%ﬁ*( ﬁg(ﬁ+§))+ps(E—6)+U:o,
diag(D) = 0,

K'>-D1Te (KL, 0<S8;LU;<0, ije{l,....n}.

(65)



20 Qian Zhang et al.

Consider the first equation of (63). By denoting " := — % 0% (y —Oq (ﬁ + S)) , we obtain that

HDiag(z)H = HYH — ppH(J(I — F)J)H — HT H, (66)

where H is the Householder matrix defined by (37). Since I" € (K" )°, we know from and (62) that the
last columns of the symmetric matrices H(J(I — F)J)H and HI'H are all zero. Moreover, for any z € R", we
know that the last column of HDiag(z)H can be calculated as follows

1
(HDiag(Z)H)(:,n) = _WHZ eR™

Consequently, we know from (66)) that the multiplier z can be characterized by

|

where (D, f)o)T € R" is the last column of HY H in the form (]3_% Thus, since 1" € 7, we know from Lemma
that

g’ <

Z——\/ﬁH[

. . 1
|Diag(2) 2 < IDiag(2)] < 2V T 0] < 22T ~11[> < 4v2

Meanwhile, by (I0) and (7), we have

Y= %ﬁg (ﬁg(§+§)*Y) = L 05 (Galan+45) - 0),

m

where { = 0 (), Ap =D —D and Ag = § — 5. Thus, we know that

1 1,
ITll2 < 1100 0all Ap +As] + €0 (5)]2-

Under Assumption [I} we know that there exists a constant C; > 0 such that [|[Ap + Ag|| < C;. Moreover, by
combining with Lemma [2] Proposition E| and m > Cynlog(2n), we obtain that there exist positive constants
C, > 0 and C3 > 0 such that

log(2n2 log(2n log(2n
17 < 61622 e am + )y /252 <y 2am 42, 022,
m nm nm

with probability at least 1 —1/ (2n2) — 1/n, where Cy4 := C1C, + C3 > 0. Thus, by the assumption, we know
that -
er+1f

Pp > (1+4ﬁ)m”r”2 (67)
D

with probability at least 1 —1/(2n%) — 1/n. N
Denote r = rank(—JDJ). It is clear that » < n— 1. By (T4), we know that F satisfies
AO

JFJ=H H with A = QDiag(f(A(—Dy;))Q" € S" !,

where f: R"~! — R"! is the symmetric function defined by (T3), and Q is a given (n— 1) x (n— 1) orthogonal
matrix. It then follows from the well-known Weyl eigenvalue inequality [44]] (see also [20, Theorem 4.3.7])
that

Arp1(ir) < A4 (H(Y —Diag(2))H) + Ary1 (—pp (L1 — A))
< |IY - Diag(z) 2 + ppAr+1(A) = pp
< (1+4V2)|T |2+ pp ($(Fp) — 1), (68)
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where ¢ : R — R is the scalar function given by (T6), which implies that

~ e (5 — 1)
A1 (1) < (1+4V2) Y ||+ pp = 2—
fh+e

Thus, we know from (67) that with probability at least 1 — 1/(2n%) — 1/n, A,41(Ii1) < 0. Since K. 3 —D 1
I' € (K")°, we know from (63)) that

rank(—JDJ) < rank(—JDJ) (69)

with probability at least 1 — 1/(2n%) — 1 /n.
Meanwhile, we know from the second equation of (63) that the multiplier U € S" is given by

U=-Y—ps(E—QG).

Again, under Assumption we know that there exists a constant C; > 0 such that ||Ap + As|| < C;. Moreover,
by combining with Lemma|2| and Proposition EL we obtain that there exist positive constants C, and C3 such
that

log(2n? log(2n? log(2n2
1T < €15 2830 | ¢, l08@MT) _ o log(2m)
m m "
with probability at least 1 —5/(2n?), where Cy := CC, + C3 > 0. Therefore, by the assumption, we have
e" +1ig

m”rnm (70)

ps >
with probability at least 1 —5/(2n?).
Let (i,7) € {1,...,n} x {1,...,n} be the index such that §u = max {§,j | (i,)) ¢ supp(E)}. By (7), we
know that

Uy =T+ ps (0 /max(Gub)-1).

where ¢ : R — R is the scalar function given by (T6). It is clear from (64) that SN‘U / manJ{gk,} < fs. Therefore,
since ¢ is non-decreasing, we have

Uy = —T;+ps (¢(§;j/mk3X{§kz}) - 1) < —Yi+ps(9@s)—1). (70

Thus, we know from (71)) and (T6) that

. erFE—1)
U < [T [leo +ps(9(fs) — 1) = ||TH°°+PSW
s
This, together with (70), yields U; -+ < 0 with probability at least 1 —5 /(2n*). Moreover, since 0 < S; i LU; <0
for any i, j € {1,...,n}, we know that with probability at least 1 —5/(2n?), §u = 0. By noting that for any
(i,j) ¢ supp(S), 0 < §ij < §u =0, we conclude that
supp(S) < supp(S) (72)

with probability at least 1 —5/(2n?). R

By combining (69) and (72), we obtain that with probability at least 1 — 1/n —3/(n?), rank(—JDJ) <
rank(—JDJ) and supp(S) C supp(S). This completes the proof of the first part. ~

Next, we proceed with the proof of the second part. We know from the assumption ||D — D|| < 4,(—JDJ)
that

|A-(=IDJ) — A,(=JDJ)| < ||JDJ —JDJ|| < ||D—D|| < A(—JDJ),
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which implies that A,(—JDJ) > 0. This yields
rank(—JDJ) > rank(—JDJ). (73)
Meanwhile, let (7, ) € {1,...,n} x {1,...,n} be the index such that S;; = min {Sj; | (i, j) € supp(S) }. Again,
we know from the assumption H§ —-8| < E;JT that
1Si;—Sijl < IS—S| <S5 V(7. j) € supp(S).

This yields that for any (i, j) € supp(S), S;j > S;j — 877> 0, which implies that

supp(S) 2 supp(S). (74)
Therefore, by combining (73) and (74), we know from the first part of this theorem that with probability at
least 1 — 1/n—3/(n?), rank(—JDJ) = rank(—JDJ) and supp(S) = supp(S). The proof is completed. O

Remark I In our implementations, we may choose the initial estimators D and S obtained by the nuclear norm
[1-minimization EDM problem to generate F and G by and (I7), since the corresponding 7p and 7s
satisfy 7p € [0,1) and 75 € [0, 1) with high probability. Moreover, by combining Theorem [I]and Theorem 2] we
know that if in addition A,(—JDJ) > max{I;'/*, ;"/*} > 0 and

1/2

min {3;; | (i, j) € supp(8)} > max{I;", 1;'/*} > 0, (75)

where I3 and I} are defined by and (53), respectively, then
rank(—JDJ) =rank(—JDJ) and supp(S) = supp(S)

with probability at least 1 —3/n —5/n>.

5 Numerical experiments

In this section, we shall demonstrate and verify the theoretical results obtained in Section 3| and [ for the pro-
posed matrix optimization model (I2) by numerical experiments. In this paper, we directly employ the sym-
metric Gauss-Seidel decomposition based proximal alternating direction method of multipliers (sGS—ADMM)
(cf. [38123]]) to solve the proposed matrix optimization model (I2)). The detail algorithm for solving can
be found in [[10]. The numerical examples were tested on Matlab (2019b) under a Windows 10 64-bit Desktop
(4 core, Intel Core i7-4790K @ 4.00 GHZ, 16 GB RAM). We terminate sGS—-ADMM if the KKT condition [10}
(27)] are met, i.e.,

max{R,, Ry, rel_gap} < 1074, (76)

where R, R; and rel_gap are the relative infeasibilities of the primal problem and its dual problem, and
the relative primal-dual gap, respectively, which are given by [10} (28)].

In order to demonstrate and verify the theoretical results, we only focus on the examples coming from a
simulated network. For numerical performance results of the proposed model on real-world applications such as
the no-line-sight mitigation in collaborative position localization, one may refer [[10] for more details. Consider
arandomly generated network in R” with r = 2, where n points {p;} € R" located randomly in the square area
[0,100] x [0, 100]. We construct the observation operator &g, defined in (9) by picking {X;,...,X,,} uniformly
at random from the standard basis matrices of the hellos space S} with the sample size m = O(rnlog(2n)).
Meanwhile, we randomly add k outliers which are modeled as the i.i.d. random variables to the true pairwise
distances. The i.i.d. noise errors &; in (3) follow a zero-mean Gaussian distribution with standard deviation and
the noise magnitude control factor ) = 0.5. In all numerical experiments conducted in this paper, the parameters
pp > 0 and ps > 0 in the convex model are chosen exactly based on the rules suggested in B2, ie.,
pp = O(+/log(2n)/mn) and ps = O(log(2n?) /m). Meanwhile, the symmetric matrices F and G are defined
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Fig. 1: Performance comparison for different pp and pg

by (14) and with respect to the initial estimators Dand S. In particular, we adopt the recommendation
provided in [29, (25) and (26)] and [46, Chapter 5.3] with € ~ 0.05 (within 0.01 ~ 0.1), T = 2 (within 1 ~ 3)
for the scalar function ¢ defined by (T6). Also, the initial estimators D and S are generated from the nuclear
norm and /; penalized least squares problem (i.e., the convex problem defined in (T2) with F=0andG=0).
It seems that these particular settings for F, G and initial estimators work quite well based on our numerical
experiments.

Example 1. In this example, we use a simulation network with n = 1000 random points to demonstrate the
quality of the proposed estimators for different parameters pp and ps. Here, k = 457 outliers are modeled as
the i.i.d. exponential random variables with the rate parameter A = 100. The sample size m of the random
observation operator O equals to 15202, which is in the order of O(rnlog(2n)). The numerical performance
for different parameters pp and ps are illustrated in Figure|I} The blue lines in both Figure [Ta] and [Tb] indicate
the relative errors of both estimated EDM and outlier matrices, i.e., ||D — D|| +|S — S||, with respect to log(pp)
and ps, respectively. It can be seen clearly when pp and ps are increasing, the relative errors are decreasing.
The red line in Figure stands for the estimated embedding dimension, i.e., rank(—JﬁJ ), which indicates that
the estimated embedding dimension is always less or equal to the true r =2 when pp and ps are large enough.
In fact, it actually equals » = 2 for large pp and pgs. It is worth to note that in this example the r-th eigenvalue
A-(—JDJ) of —JDJ is in the order of O(10°), which is much larger than max{Fll/z,leﬂ} ~ 10°, where I3 and
I; are the error bounds defined in (34) and (53)), respectively. Meanwhile, the red line in Figure[Tbjrepresents the
number of outlier detection errors obtained by the proposed convex model, which includes both false-negative
errors denoted by FN (i.e., :S\‘l ;= 0 but the true S; ;> 0) and false-positive errors denoted by FP (i.e., §l ;> 0but
the true f,;,- = 0). We know from Figure |1b|and Table|l|that the detected outlier number nz_S = 456, #FN = 1

~ —

and #FP = 0, when pp and pg are large enough. This implies that supp(S) C supp(S), which is consistent with
Theorem Interestingly, in this example, we find that min {S;; | (i, j) € supp(S)} &~ 25.2695 is much smaller

that ||§ —5|| ~ 10%. The detail numerical performance can be found in Table

Example 2. We use this example to illustrate the quality of the proposed estimators for problems with different
dimensions. Ten simulation networks with n = {200,400, ...,2000} random points in the square area [0, 100] x
[0,100] are generated in a similar manner as Example 1. The sample sizes of the corresponding observation
operators and the numbers of outliers for different networks are reported in Table [2] The black lines in both
Figure [2a) and [2b|represent the theoretical (relative) upper bounds in Theorem i.e., max(I7,13)/(1+||D|| +
[S]]) and I3 and I are defined in (54) and (B3)), respectively. The blue lines in both Figure [2a and [2b] are the
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(Pp, Ps) (Rp, Ry, rel_gap) (rel_err,r_dimnz_Smis_0) | cpu(s)
(0.0035, 0.0194) (4.25e-06, 7.18e-006, 8.83e-05) (0.0064, 31, 2265, 1808) 360.84
(0.0040, 0.0389) (6.35e-06, 1.03e-05, 8.09¢-05) (0.0062, 31, 2323, 2780) 319.67
(0.0034, 0.0865) (1.61e-06, 2.35e-06, 9.55e-05) (0.0060, 30, 797, 342) 321.04
(0.0052, 0.0778) (1.28e-06, 2.27¢-06, 9.71e-05) (0.0058, 29, 655, 200) 336.43
(0.0058, 0.0972) (5.27e-07, 5.07¢-07, 9.91e-05) (0.0056, 29, 468, 13) 430.75
(0.0288, 0.1264) (3.72e-07, 5.56e-07, 9.96e-05) (0.0043, 2, 456, 1) 363.16
(0.0576, 0.1361) (3.17e-07, 4.35e-07, 9.94e-05) (0.0042, 2, 456, 1) 304.29
(0.5762, 0.1458) (9.41e-07, 9.97e-07, 6.69¢-05) (0.0034, 2, 475, 20) 142.06
(2.8520, 0.1555) (4.73e-06, 8.29¢-06, 2.50e-06) (0.0022, 2, 529, 74) 328.50
(2.8808, 0.1653) (5.91e-06, 1.00e-05, 3.18e-06) (0.0022, 2, 533, 78) 325.34
(5.7616, 0.1750) (4.71e-07, 3.85e-07, 9.59¢-05) (0.0017, 2, 456, 1) 795.77
(11.5233,0.1847) (1.12e-07, 2.15e-08, 9.73e-05) (0.0013, 2, 456, 1) 1357.65
(17.2849, 0.1944) (2.52e-08, 5.78e-09, 9.93e-05) (0.0011, 2, 456, 1) 1890.97
(23.0465, 0.2041) (1.57e-09, 4.22¢-09, 9.98e-05) (0.0011, 2, 456, 1) 2401.03
(28.8082, 0.2139) (6.43e-10, 1.41e-09, 1.00e-04) (0.0010, 2, 456, 1) 2783.24
(57.6164, 0.2333) (5.60e-11, 3.89e-11, 9.98e-05) (0.0009, 2, 456, 1) 4079.01
(86.4245, 0.2527) (1.76e-11, 3.07e-11, 9.98e-05) (0.0009, 2, 456, 1) 4581.41
(115.2327,0.2722) | (2.94e-11, 2.13e-11, 9.98e-05) (0.0009, 2, 456, 1) 4592.07
(144.0409, 0.2916) | (1.73e-11, 2.46e-11, 9.99e-05) (0.0009, 2, 456, 1) 4633.12
(172.8491, 0.3111) | (1.10e-11, 1.47e-11, 9.99e-05) (0.0009, 2, 456, 1) 4809.25

Table 1: Numerical performance of the network with (n,m, k) = (1000, 15202,457) for different pp and ps:
R), Ry and rel_gap stand for the relative primal feasibility, dual feasibility and relative duality gap obtained
by sGS-ADMM, respectively; we use rel_err, r dim, nz_S, mis_0 to denote the relative error, recovery
embedding dimension, detected outlier number and outlier detection error; cpu(s) is the total computational
time (in seconds) of sGS—-ADMM.

square sum of relatlve errors with respect to D and S, i.e., |[D—D||? + HS SI?/(1+ HDH + HSH) It can be seen
clearly from Flgure 2al and [2b| that the square sum of (relative) errors with respect to D and § is smaller than
theoretical (relative) upper bounds defined by (®4) and (B3). It can be seen from Flgure@ that the proposed
convex model provides the estimators D with the true EDM dimension, i.e., rank(—JDJ) = r =2 in all ten
networks. Similar with Example 1, we note that for these ten cases, the r-th eigenvalues A, (— —JDJ ) of —JDJ

are in the order of O(10°), and the upper bounds defined in (54) and (53) satisfy max{Fll/ S ol 2} ~ 10°. One
the other hand, the red line in Figure [2b|indicates the number of outlier detection errors obtamed by (12) for
different networks. We know from Figure [7_5] and Table @] that for all networks with different dimension scales,
the detected outlier numbers nz_S < k and nz_S +mis_0 =k, which implies that for each case, the outlier
detection errors if exist are the false-negative errors (FN) and supp(S) C supp(S). Similarly with Example 1,
this result is consistent with the outlier detection guarantee results proposed in Theorem 2] Also, it is worth
noting that 10 ~ min {S;; | (i, ) € supp(S) } < |S—5|| A 10° for these cases. The numerical details are reported
in Table[2]

Example 3. Finally, we conduct an experiment to verify the proposed sufficient condition for the outlier detec-
tion in Theorem 2] Consider a simulation network with n = 200 points which are randomly located in the area
[0,100] x [0, 100]. The observation operator g, and i.i.d. noise errors &;; are generated in the same manner as
those in Example 1 & 2. Moreover, we randomly add k = 24 outliers errors, which are the i.i.d. uniform ran-
dom variables with different magnitudes such that S satisfies one of the following conditions, respectively (a)
min {S;; | (i, /) € supp(S) } ~ 1 x 10 denoted by the “small magnitude” of S, (b) min {S;; | (i, ) € supp(S) } ~
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Fig. 2: Performance comparison for networks with different dimension scales

(n,m,k) (Pp,Ps) (Rp,R4.82p) (rel_err,r_dimnz_Smis_0) cpu(s)

(200, 2397, 72) (393.7605, 1.5738) | (8.44e-11,7.14e-11, 9.95e-05) (0.0018, 2, 72, 0) 17.30

(400, 5348, 161) (157.6384, 0.6341) | (2.67e-11,7.02e-11, 9.97e-05) (0.0015, 2,161 0) 193.20

(600, 8509, 256) (157.3630, 0.6350) | (3.04e-11, 4.36e-11, 1.00e-04) (0.0010, 2, 255, 1) 688.16
(800, 11805, 355) (111.6860, 0.4516) | (4.87e-11,3.19¢-11, 9.99¢-05) (0.0010, 2, 354, 1) 1974.85
(1000, 15202, 457)  (125.0299, 0.5063) | (1.92e-11, 2.01e-11, 1.00e-04) (0.0008, 2, 457, 0) 4583.55
(1200, 18680, 561) (69.6896, 0.2825) (2.70e-11, 2.87e-11, 9.99¢-05) (0.0010, 2, 561, 0) 7161.07
(1400, 22225, 667) (88.5303, 0.3592) (1.96e-11, 1.71e-11, 9.99¢-05) (0.0008, 2, 665, 2) 12641.73
(1600, 25827, 775) (78.9857, 0.3207) (1.49¢-11, 1.57e-11, 1.00e-04) (0.0008, 2,774, 1) 21380.81
(1800, 29480, 885) (52.1488, 0.2119) (1.69¢e-11, 2.11e-11, 1.00e-04) (0.0008, 2, 883, 2) 33169.30
(2000, 33177, 996) (44.9024, 0.1825) (2.24e-11, 1.93e-11, 9.99¢-05) (0.0008, 2, 993, 3) 48297.41

Table 2: Numerical performance for networks with different dimension scales: n,m, k indicate the number of
points in network, sample size of the observation operator and number of outliers; R, R; and rel_gap stand
for the relative primal feasibility, dual feasibility and relative duality gap obtained by sGS-ADMM, respectively;
we use rel_err, r_dim, nz_S, mis_0 to denote the relative error, recovery embedding dimension, detected
outlier number and outlier detection error; cpu(s) is the total computational time (in seconds) of sGS-ADMM.

10? denoted by the “middle magnitude” of S, and (c) min{S;; | (i, ) € supp(S)} ~ 5 x 10* denoted by the
“large magnitude” of S. Note that in this example, we have max{Fll/ 2,1“21/ 2} ~ 10°. By [73), we know that
the condition [|S— || < min {S;; | (i, j) € supp(S)} is satisfied in the “large magnitude” case. First, the estima-
tors D obtained by the convex model (T2) in all cases satisfy rank(fJﬁl ) = r = 2, since the r-th eigenvalues
A-(—=JDJ) of —JDJ are in the order of O(10°). For comparison, we report the relative errors and the outlier
detection errors after 100 Monte Carlo simulation runs in Figure El Note that for all cases, the outlier detec-
tion errors if exist are the false-negative errors (FN) and supp(:S‘\) C supp(S), since the detected outlier numbers
nz_8 < k = and nz_S +mis_0 = k. For the small and middle magnitude of § cases (Figure [3a| and [3b)), only
a few estimators S satisfy supp(s:) = supp(S) exactly (13 out of 100 MC simulation runs for the small mag-
nitude case; 77 out of 100 MC simulation runs for the middle magnitude case). However, it is worth noting
that for the large magnitude of S case (Figure , with probability 1, the estimator S obtained by (12) satisfies
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~ —

supp(S) = supp(S) exactly (100 out of 100 MC simulation runs). Also the empirical cumulative distribution
functiorﬂ (CDF) of different cases are reported in Figure

6 Conclusions

Euclidean embedding from noisy observations containing outliers is an important and challenging problem in
statistics and machine learning. Many existing methods would struggle with outliers due to a lack of detection
ability, while the matrix optimization based embedding model introduced in [10] usually can produce reliable
embeddings and identify the outliers jointly. This paper aimed to explain this mysterious situation by studying
the estimation error bounds and outliers detection ability of the proposed model. In particular, we show that
the estimators obtained by the proposed method satisfy a non-asymptotic risk bound, implying that the model
provides a high accuracy estimator with high probability when the order of the sample size is roughly the degree
of freedom up to a logarithmic factor. Moreover, we show that under some mild conditions, the proposed model
also can identify the outliers without any prior information with high probability. As we mentioned in the

! Letxy,...,x, be independent, identically distributed real random variables. The corresponding empirical distribution function
F, () is defined as F, (1) = 1 YL Oy<s» Where &y, is the indicator of event x; < 1.

~n
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Section@ Chen, et al. [8]], derived a near-optimal statistical guarantee of the convex nuclear norm plus /;-norm
penalized model for the classical Robust PCA by building up the connection between the convex estimations
and an auxiliary nonconvex optimization algorithm. It seems their approach would lead to some interesting
error bound results for our EDM embedding model. However, it seems difficult to extend their results directly
to the convex models involving “hard-constraints”, e.g., the noisy correlation matrix recovery and the EDM
estimation studied in this paper. We plan to investigate those issues in the future.
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