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Abstract This paper is devoted to studying an augmented Lagrangian method for solving a class of
manifold optimization problems, which have nonsmooth objective functions and nonlinear constraints.
Under the constant positive linear dependence condition on manifolds, we show that the proposed method
converges to a stationary point of the nonsmooth manifold optimization problem. Moreover, we propose
a globalized semismooth Newton method to solve the augmented Lagrangian subproblem on manifolds
efficiently. The local superlinear convergence of the manifold semismooth Newton method is also estab-
lished under some suitable conditions. We also prove that the semismoothness on submanifolds can be
inherited from that in the ambient manifold. Finally, numerical experiments on compressed modes and
(constrained) sparse principal component analysis illustrate the advantages of the proposed method.
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1 Introduction

Manifold optimization is recently growing in popularity as it naturally arises from various applications
in many fields, including phase retrieval [18, 62], principal component analysis [50, 52], matrix com-
pletion [15, 61], medical image analysis [46], and deep learning [24]. Tt is concerned with optimization
problems with a manifold constraint, and has been extensively studied when the objective function is
smooth during the past decades [2, 34, 39, 40, 63, 67]. Nonsmooth manifold optimization is less explored
but has drawn increasing attention in recent years [20, 22, 43, 45]. In this paper, we consider the following
nonsmooth and nonconvex manifold optimization problem:

min {f(z) +¢(hi(2))}, s:t. 2 € M, ha(z) <0, (1.1)

where M is a Riemannian manifold, f : M — R, hy : M — R™, hy : M — R? are continuously
differentiable, and ¢ : R™ — R is convex. Besides the nonsmooth function ¢ in (1.1), the inequality
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constraint can be modeled using the nonsmooth function d¢(z), where d¢ is the indicator function of the
set C := {x : ha(z) < 0}. From the perspective of algorithm design, the two nonsmooth terms in (1.1)
are difficult to handle in general. On the other hand, the model (1.1) has many important applications in
machine learning and scientific computing. We list some typical examples as follows and refer the readers
to [1, 20, 39] for more examples and details.

1. Compressed modes (CM) [53]. The CM problem seeks for sparse eigenfunctions to a class of
Hamiltonian operators, as these localized spatial bases play an important role in representing the
rapid varying functions in physics and quantum chemistry. Numerically, let H be a discretization of
the Hamiltonian operator, then the CM problem is formulated as:

i tr(Q H

ouin - {tr(QTHQ) + pl|Qll} (1.2)
where St(n,7) := {Q € R"™" : QT Q = I,.} is the Stiefel manifold.

2. Sparse principal component analysis (SPCA) [72]. Let A € RP*™ be a data matrix where n
and p are the number of variables and the number of observations, respectively. Setting f(Q) =
—tr(QTATAQ), v(Q) = p||Qll;, M(Q) = @, h2(Q) = 0 and M = St(n,r), the SPCA problem has

the form (1.1), i.e., it aims at solving

i —tr(QTATA :
ocmin - {~tx(Q Q) +ullQl} (1.3)
3. Constrained SPCA [50]. To further enforce the orthogonality among principal components, the

constrained SPCA problem imposes additional constraints on each column of ), which has the form

. _ TATA
Qeréltl(rvlz,r) { tr(Q Q) +u HQ||1} s

(1.4)
st |QTATAQ,| < Ay, Vi #

where ); denotes the i-th column of @ and A;; > 0 are the predefined tolerances.

It is worth mentioning that (1.1) can be regarded as an unconstrained nonsmooth optimization
problem on M when the inequality constraint is dropped, i.e., ho(x) = 0. Various methods are designed
to solve such problems. The subgradient methods in the Riemannian setting are studied in [14, 31].
Riemannian proximal point algorithms are investigated by [20, 33, 43]. Operator splitting methods like the
alternating direction methods of multipliers (ADMM) and the augmented Lagrangian methods (ALM)
are also promising on manifolds [30, 44], in which unconstrained manifold optimization algorithms are
used to solve the subproblems. However, due to the presence of two nonsmooth terms in (1.1), the
existing manifold-based algorithms may not be directly applicable for solving (1.1) in general cases. For
example, the direct application of ManPG [20] or the Riemannian proximal gradient method [43] requires
dealing with a subproblem with two nonsmooth terms, which is generally difficult to solve. Moreover, by
introducing more auxiliary variables, the multiblock ADMM method can be exploited, but there is no
convergence guarantee of such algorithm, to the best of our knowledge.

On the other hand, in many situations M is embedded in a Euclidean space and can be specified
by equality constraints, e.g., the Stiefel manifold or the Oblique manifold. In these cases, (1.1) can be
viewed as a constrained optimization problem in Euclidean spaces [22, 45, 50, 70], which has been widely
studied for many years [5, 17, 23, 60]. However, due to the complex constraints induced by embedded
manifolds, the constraint qualifications may not be satisfied, and the nonlinear methods are not applicable
for solving optimization problems over abstract manifolds. Motivated by the above analysis, we aim at
designing numerical algorithms for solving (1.1) by exploiting the intrinsic structure of manifolds.

The Main Contributions

In this paper, we propose a manifold-based augmented Lagrangian method to solve (1.1), which consists
of two nonsmooth terms. Compared to other existing methods, the proposed algorithm satisfies the
manifold constraint automatically at each step and exploits the second-order geometric property of
manifolds. The main idea of the proposed method is to introduce auxiliary variables that split (1.1)
into a smooth manifold constrained term, a nonsmooth term and an inequality constrained term. Then,



Table 1: Notations used in this work.

Notations Descriptions
[u]; The i-th component of u € RY
[M] The set {1,2,---, M}, where M is a positive integer
M A complete n-dimensional smooth Riemannian manifold
TpM The tangent space at p € M
M The tangent bundle of M
D(M) The set of smooth functions on M with compact support
do|p The differential of the smooth map ¢ at p € M
grad ¢ The gradient of the function ¢ on manifolds
de The Clarke subgradient of the function ¢ on manifolds
Hess ¢ The Hessian of the function ¢ on manifolds
XY Vector fields on manifolds
X (M) The set of all smooth vector fields on M
0X The Clarke generalized covariant derivative of the vector field X
VxY The Levi-Civita connection of two vector fields X and Y
VX (p;v) The directional derivative of a vector field X at p along v
VX(p) The operator v — V, X (p) from T, M to Tp M
PWSﬁt The parallel transport along a curve v from v(s) to v(t)
Ppq The parallel transport along the geodesic from p to ¢
exp, The exponential map at p € M
L(TpM) The linear space of all linear operators from T, M to T M
P,V The projection of a vector V € R? into T, M
By(r) The open ball {g € M :d(p,q) < r}
[1Q]1 The {1-norm of @ € R™*", namely >, ; Qi
QI F The Frobenius norm of the matrix Q € R™"*"
QI The operator norm of the matrix Q € R™"*"
[|z]l2, ||z|lgn | The £2-norm of the vector z € R™
|z 0o The ¢oo-norm of the vector z € R™
(n,§>p7<77,§> The Riemannian inner product of n,§ € T, M
lIml,, [Inll The norm of n € T, M

we apply the augmented Lagrangian method to solve the equivalent version of (1.1) and show the
global convergence property under some constraint qualifications on manifolds. Using the Moreau-Yosida
identity, the augmented Lagrangian subproblem can be converted to a continuous and differentiable
manifold optimization problem, but it is not second-order differentiable. This subproblem is inherently
different from the subproblems in ManPG [20] and the Riemannian proximal gradient method [43],
which are nonsmooth problems on the tangent space. To solve the augmented Lagrangian subproblem,
we propose a globalized version of the semismooth Newton method on manifolds and prove its local
superlinear convergence under some reasonable assumptions. We also provide a theorem showing that
when the manifold M is a compact submanifold of another Riemannian manifold M, the semismoothness
of a vector field X on M can be inherited from the semismoothness of its extension to M. Numerical
results in compressed modes (1.2), sparse PCA (1.3), and the constrained sparse PCA (1.4) show the
advantages of the proposed method comparing with existing approaches.

The remaining parts of this article are organized as follows: Preliminaries on manifolds and back-
grounds about previously mentioned optimization methods are presented in Sec. 2. The augmented La-
grangian method together with its convergence analysis are given in Sec. 3. The globalized semismooth
Newton method for dealing with the subproblem, and its global convergence together with the transition
to local superlinear convergence are shown in Sec. 4. The semismooth property on submanifolds and the
method for calculating the Clarke generalized covariant derivative are also explored in Sec. 4. Numerical
experiments are reported in Sec. 5. Finally, this article is concluded in Sec. 6.

2 Background

In this section, we review some concepts of manifolds and briefly discuss some related literature of
nonsmooth manifold optimization, nonsmooth nonconvex ALM in Euclidean spaces, and the semismooth
Newton method.



2.1 Preliminaries on Manifolds

A Hausdorff topological space M is said to be an n-dimensional manifold if it has a countable basis and
for each p € M there exist a neighborhood U of p, an open subset U CR" and a map ¢ : U — U such
that ¢ is a homeomorphism. The pair (U, ¢) is called a chart.

Notations used in the remaining part of this article are listed in Table 1. As the Euclidean spaces can
be interpreted as the linear manifolds [2], our notations for manifolds are consistent with those used in
Euclidean spaces when the function is defined on R", e.g., grad ¢ = Vg if ¢ is defined on R™. Now, we
briefly review basic definitions and properties of functions defined on manifolds. Most of these definitions
can be found in, e.g., [19, Chapter 1-3] and [2, Chapter 3].

Definition 2.1 A tangent vector £, : D(M) — R to a manifold M at a point p is a linear operator such

that for every f € D(M), &, f =4(0)f = W , where v : (—1,1) — M is a smooth curve on M
t=0

with v(0) = p.

The tangent space T, M is the space containing all tangent vectors at p, which is an n-dimensional

R-linear space. A Riemannian metric (-,-), gives an inner product on 7, M, which smoothly depends

on p.! Moreover, a Riemannian metric gives a metric on M and the gradient of functions defined on M.
Below we assume that M is equipped with a Riemannian metric.

Definition 2.2 Given p,q € M, the distance between p and ¢ is defined as

1
d(p,q) = inf {aw 1= [ <w<tm<t>>dt},

where inf is taken over all piecewise smooth curves 7 : [0, 1] — M with v(0) = p and (1) = q.

Definition 2.3 Let f : M — N be a smooth map between smooth manifolds M, A, the differential
of f at p € M, denoted by df|,, is a map from T, M to T, N such that (df|,n)g := n(g o f) for all
g € D(NV) and n € T,M.

Definition 2.4 Let f : M — R be a smooth function and p € M, the gradient of f at p is defined as
the unique tangent vector grad f(p) € T, M that satisfies

Epf = <§pa gradf(p» , pr € TPM'

The uniqueness of grad f(p) follows from the Riesz representation theorem. Define TM := Upe m M
to be the tangent bundle of M and a map X : M — T'M to be a vector field on M if X (p) € T, M for
all p e M.

Definition 2.5 For any X,Y € X(M), a map VxY € X (M) is called the Levi-Civita connection if it
is an affine connection? and satisfies

X{Y,Z)=(VxY,Z)+(Y,VxZ) and VxY —-VyX=XY -YX,
for all X,Y,Z € X(M).
The Levi-Civita connection is unique [19] and can define the parallel transport of a vector field.

Definition 2.6 A vector field X is parallel along a smooth curve v if V5X = 0.

Given a smooth curve v and n € Ty)M, there exists a unique parallel vector field X, along 7 such
that X, (0) = n. We define the parallel transport along 7 to be PWO_”n = X, (t). A curve v is called a
geodesic if it is parallel to itself, i.e., V4% = 0, which implies Pg_’t"y(O) = 4(t). For given initial conditions
v(0) = p € M, 4(0) = n € TyM, the geodesic equation V:4 = 0 has a solution locally. Let V,, be the
set of n € T, M such that v is a geodesic, v(0) = p, ¥(0) = n and (1) exists. The exponential map
exp, : V, — M is defined as 7 — 7(1). When the geodesic from p to ¢ is unique, denoted by 7,4, we

1 The subscript p in (-, ->p is usually omitted for simplicity.

2 An affine connection is D(M)-linear w.r.t. X, R-linear w.r.t. X, Y, and satisfies the product rule, see Chapter 5 in [2].



define P, := ng_q*l. We highlight that the parallel transport Pff"t is a linear isometry, i.e., PWO_>75 is
linear and (¢, ¢) = (P97, PY7C) for &, ¢ € Ty M (see Sec. 5.4 in [2] for details).

The exponential map is not always tractable, e.g., it may be expansive to compute or does not
have a closed-form solution (since we need to solve a differential equation). However, it is possible that
the convergence properties of an optimization algorithm remains the same when the exponential map
is replaced with its first-order approximation [2, 4]. Such an approximation is called a retraction and
defined as follows.

Definition 2.7 A C? map R : TM — M is a retraction if R,(0) = p and %Rp(tn)hzg = g for all
n € T,M and p € M, where we denote R, := R(p, -).

Generally, we only require that for every p € M, R is defined on a neighborhood of (p,0) € T M.

Definition 2.8 ([28, 29]) Let X be a vector field on M. The directional derivative at p € M along
v € T, M is defined as

. 1
VX(p;v):= t1—1>%1+ " [Pexpp(m),pX(expp(tv)) — X(p)] € T,M. (2.1)
We say X is directionally differentiable at p if VX (p;v) exists for all v € T, M. When X is smooth at p,
we know VX (p;v) = V,X(p) (see [58, p. 234]).

Definition 2.9 Let f : M — R be a smooth function. The Hessian of f at p € M, denoted by Hess f(p),
is defined as a linear operator on T, M such that Hess f(p)[v] := V, grad f(p) for all v € T,,(M).

We refer readers to [2, 19, 47, 48] for more details about manifolds.

2.2 Nonsmooth Manifold Optimization

As suggested in [20], most nonsmooth manifold optimization algorithms can be classified into three
categories: subgradient methods, proximal point algorithms and operator splitting methods.

2.2.1 Subgradient Methods

The subgradient methods on manifolds [14, 31] naturally generalize their Euclidean space counterparts.
Suppose f : M — R is a locally Lipschitz function® on a manifold M and (U, ) is a chart containing
p € M. From [8, 31, 38], the Clarke generalized directional derivative of f at p, denoted by f°(p;v), is
defined by

2 (piv) = lim sup Fley) + tdolpo) — fle(y)
7 ' y—p,tl0 t ’

1

where f = foe™" and dy|, is the differential of ¢ at p. The Clarke subgradient is

0f(p) :={§ € LM : (§,v) < f°(p;v), Vv € TyM}.

Indeed, f°(p;v) is the Clarke directional derivative of f in Fuclidean spaces and is independent of the
choice of ¢. Moreover, the Clarke subgradient df(p) can be obtained from the Euclidean version as shown
in Proposition 3.1 of [66]:

D (p) = (dely) 1[G, 07 (0], (2.2)

where G, € R™*™ is the metric matrix such that its (i, j)-th element is g;; := ((de|,) " "es, (dolp) ~'e;),
where {e;}ic[,) is the standard basis of R, i.e., the j-th component of e; is d;;.

The update rule of the subgradient method in the Riemannian setting [14, 31] is pry1 = exp,, (txv),
where v, € 0f(px) and ¢y, is the stepsize. These methods are known to be slow in the Euclidean setting.
From the experiments in [20], it is also observed that subgradient based methods are slower than proximal
point algorithms and operator splitting methods in the Riemannian setting.

1

3 We say a function f on a manifold is locally Lipschitz if f o ¢! is locally Lipschitz in U for every chart (U, ).



2.2.2 Proximal Point Methods

The extension of proximal point algorithms on manifolds is proposed in [33] and the subgradient methods
are suggested in [9] to solve the subproblem. In [33], manifolds with non-positive sectional curvature are
considered, which exclude many important applications such as optimization problems on the Stiefel
manifold. Very recently, Chen et al. proposed the proximal gradient method (ManPG) on the Stiefel
manifold [20] with proved convergence. More specifically, it aims at solving the following problem:

min /(@) +¥(Q)}. 23)

where M = St(n,r) is the Stiefel manifold, f is smooth with Lipschitz gradient, and v is convex and
Lipschitz. In each step, the descent direction is determined by solving the subproblem

Vii= argmin {(grad (@), V) + g VI + 0(Qu+ V) | (24
VeTq, M

via the regularized semismooth Newton method [64]. Besides, Huang and Wei extended an accelerated
version of the proximal gradient method to manifolds [42]. They also proposed a Riemannian proximal
gradient method [43] to solve (2.3) for general manifolds by replacing the term ¢ (Qx+V') with (R, (V)),
where Rq, is a retraction, and analyzed the iteration complexity for convex objectives under some
assumptions. However, the direct application of the above three methods for solving (1.1) has to deal
with the subproblem:

. 1
Vioi= argmin { (grad £(Qu), V) + o VI3 + $(Qx + V) +de(@e + V) },
VETQkM 2t
(or ¥(Rq,, (V))+dc(Rq, (V)

where d¢ is the indicator function of the feasible set corresponding to the inequality constraints in (1.1).
In general, the above problem is difficult due to the presence of two nonsmooth terms.

It is worth mentioning that (2.3) may be solved in a more efficient way when M has specific structures,
e.g., M = M; x My where M; and M; are two manifolds. Chen et al. [21] proposed an alternating
manifold proximal gradient algorithm to solve (2.3), which alternatively updates the variables in Gauss-
Seidel fashion based on the linearized formulation (2.4). It is empirically observed that this effective
alternating strategy leads to better performance than ManPG [21]. Exploring the special structure of
the manifold is a promising direction, and we leave it as our future work.

2.2.8 Operator Splitting Methods

Operator splitting methods on manifolds split (2.3) into several terms, each of which is easier to solve.
For example, the manifold ADMM proposed in [44] rewrites (2.3) to

min {f(Q)+¥(2)} st. Q=2 QeM. (2.5)
Then, a two-block ADMM is used to solve it, which has the following update rules:

Quer = argmin { £(Q) + 2 1Q = Zu + Unll7 }
QeM

Z+1 7= argmin {7/)(2) + g |Qk+1 — Z + Uk||2F} ;
z

Uit1 = Uk + Qp41 — Z11-

The @-update requires smooth manifold optimization algorithms and the Z-update is the proximal
mapping of . Besides, an inexact ALM framework to solve (2.5) with some convergence results is
considered in [30].

When the manifold M can be embedded in a Euclidean space, classical nonsmooth nonconvex con-
strained optimization algorithms can also be explored. Lai et al. proposed a splitting method for orthog-
onality constrained problems (SOC) [45], which reformulates (2.3) into

5{1}13%{1”@) +9(R)} st. P=R, Q=P, Q'Q=1,. (2.6)



A three-block ADMM is then used to solve the above problem:

P11 := argmin {f(P) + P |P — Ry + Ak”iﬂ + P 1P —Qr + Fk“i"} )
P€R7L><"‘ 2 2

Riy1 := arg min {w(R) + PP R Ak||§} ,
RGRTLXT 2

Qusr = argmin £ [Py — Q+ Tull: st QTQ =1,
QGRHXT 2

App1 = A + Peyr — R, T := I + Prypr — Qrt1s

where the R-update can be solved by a proximal map, and the Q-update has the closed form solution,
and the P-update can be solved using gradient based methods. Although these ADMM-type methods
are simple, to the best of our knowledge, it is unclear whether they converge to a KKT point of (2.6).
Unlike ADMM, ALM usually has theoretical guarantees. In [22], Chen et al. proposed the proximal
alternating minimized augmented Lagrangian method (PAMAL), which solves the augmented Lagrangian
subproblem by the proximal alternating minimization (PAM) scheme [7]. In [70], the so-called EPALMAL
is proposed, where the PALM [12] is used for solving the subproblem. Although both PAMAL and
EPALMAL have certain convergence guarantee, the analysis is not complete for solving (1.1).

2.3 Augmented Lagrangian Methods for Nonsmooth and Nonconvex Problems

Here, we review some augmented Lagrangian methods in constrained optimization, which has been
studied for many decades [10]. We consider the following problem:

felﬁg {f(x)+P(x)} st g(x)=0, h(z) <0, (2.7)

where f, g, h are smooth and @ is lower semicontinuous. It is noted that the original problem (1.1) has
the above form when the manifold M can be written as

M={x:g1(x) =0, hi(z) <0}, (2.8)

where g; and h; are parts of g and h, respectively. When & = 0 and the constraints can be divided
into g1(z) = 0, g2(x) = 0, hi(z) < 0 and ho(x) < 0 such that the minimization problem is easier
on {z : ga(x) = 0, ha(z) < 0}, Anderani et al. proposed an Augmented Lagrangian (AL) method [5]
to solve (2.7). It is shown that any feasible limit point generated by the algorithm is a KKT point
under the constant positive linear dependence (CPLD) condition [55], which is weaker than the linear
independence constraint qualification (LICQ) condition. However, this method cannot guarantee that
any limit point is feasible when the penalty parameter, i.e., the coefficient of the quadratic term in the
augmented Lagrangian function, tends to infinity as the iteration proceeds (see Theorem 4.1(i) in [5]).
This infeasiblity phenomenon also exists in other literature such as [26].

To alleviate this issue, another AL method is proposed in [50], where two nonmonotone proximal
methods are applied to solve the subproblem. They consider the problem (2.7) with the additional as-
sumption that & is a convex function. A feasible point is assumed to be known, and is used to guarantee
that the augmented Lagrangian function is uniformly bounded from above at points generated in sub-
problems. Besides, the method in [50] modifies the update rule of the penalty parameter to ensure that
the penalty grows faster than Lagrangian multipliers (see, e.g., (3.14) in Algorithm 3.1). Using these
two properties, the convergence result that any limit point is a KKT point under Robinson’s constraint
qualification is established. Recently, Chen et al. [23] proposed an AL method to solve (2.7) with ¢ pos-
sibly being a nonconvex non-Lipschitz function. Under a weak constraint qualification called the relaxed
constant positive linear dependence (RCPLD) condition [6], they provided a global convergence result.

2.4 Semismooth Newton Methods

The subproblem in ALM generally requires tackling a nonsmooth equation, which usually can be effi-
ciently solved by the semismooth Newton method [51, 54, 59]. Under suitable assumptions, the semis-
mooth Newton method has the local superlinear convergence rate. Recently, this method is generalized



to solving nonsmooth equations [28] on manifolds based on the Clarke generalized covariant deriva-
tives [35, 56]. Below we introduce several definitions for locally Lipschitz vector fields on manifolds.

Definition 2.10 ([28]) Let L > 0 and 2 C M be given. We say a vector field X : M — T M on a
manifold M is L-Lipschitz in (2 if for each x,y € {2, and each geodesic « joining z,y, it holds

| PO X (z) — X (y)|| < Le(v),

and we say that X is locally Lipschitz at p € M if there exist a neighborhood U, > p and a constant
L, > 0 such that X is L,-Lipschitz in U,. If X is locally Lipschitz at every p € M, we say that X is
locally Lipschitz on M.

Since a locally Lipschitz vector field X on manifolds is differentiable almost everywhere [28], we denote
Dx as the set of its differentiable points and define the Clarke generalized covariant derivative as follows:

Definition 2.11 ([28, 35]) Let X be a locally Lipschitz vector field on M. The B-derivative is a
set-valued map OpX : M = L(T M) with

0uX(0)i= {H € LTM): 3(p) D, Jim p=p, H= i VXGu)}. 9

where the last limit means that || VX (pg)[Ppp, v] — Ppp, Hv|| — 0 for all v € T, M. The Clarke generalized
covariant derivative is a set-valued map 0X : M = L(T'M) such that 9X (p) is the convex hull of 95 X (p).

The above definitions are consistent with those in R™ as the tangent spaces can be identified with R™ so
P,,.p and P,,, are the identical mappings. The properties of the Clarke generalized covariant derivative
are similar to those in Euclidean spaces. For example, 95X (p) and 0X (p) are non-empty compact sets
and the maps 9pX,0X are locally bounded and upper semicontinuous [28, Proposition 3.1]. Having
introduced these notions, the Newton method for a locally Lipschitz vector field X on M is [28]:

Pht1 := exppk(—Hk_lX(pk))7 where Hy, € 0X (pi)- (2.10)

To obtain the convergence rate, we have to impose the semismooth property of the vector field X.

Definition 2.12 ([28]) Let X be a locally Lipschitz vector field on M. We say X is semismooth with
order p at p € M if it is directionally differentiable in a neighborhood U of p, and there exist C' > 0,6 > 0
such that

1X (p) = PyplX (q) + Hyexpy " pl|| < Cd(p,9)' ™, Vg € Bs(p), Hy € 9X(g), (2.11)
where Bs(p) := {q € M : d(p,q) < 6} and exp, ' p is the inverse of the exponential map?.

In [28], it is shown that if X is locally Lipschitz, X (p.) = 0, all elements in 0X (p.) are nonsingular and
X is semismooth at p, with order u, then the Newton iteration (2.10) has the local convergence rate
1+ p. This result is similar to that in Euclidean spaces [51, 54, 59].

3 An Augmented Lagrangian Framework

In this section, we present an augmented Lagrangian method to solve (1.1) and establish its convergence
result. The method for solving the subproblem is deferred to the next section.

4 This is well-defined in a small neighborhood of ¢ [19, Proposition 3.2.9].



3.1 Algorithm

Recall that we consider the following optimization problem:
min {f(x) +v(hi(2))}, st.xz€M, hao(z) <O0. (3.1)

Throughout this paper, we always make the following assumptions:

Assumption 3.1 M is a complete smooth Riemannian manifold.

Assumption 3.2 f: M - R, hy : M — R™, hy : M — R? are continuously differentiable, and 1 :
R™ — R is a convex function. f(x)+ ¥ (y) is bounded below for (z,y) € M x R™.

Note that we can reformulate (3.1) to the following problem:

min {f(z) +¢¥(y)}, st.xeM, y=hi(x), z=ha(x), 2<0. (3.2)

z,Y,2z

The augmented Lagrangian function L, : M x R™ x RZ x R™ x RY — R of (3.2) is given by

CINEH G (58

A
h — Z
1() y+ - 5

Lo(z,y,2,\,7) = f(z) +¥(y) + %

2
o 112
2+2H 2(7) Z+0 2

We note that simultaneously minimizing L, with respect to x,y, z is equivalent to

zeM

Win { fla)+° <h1(x) + j_) + 670 (hg(m) + g) } , (3.4)

where 17, 02, are the Moreau-Yosida regularization of 1, dgs , respectively. More specifically, it holds
that

Y7 (x) = min {w(y) + % Iz — yllg} : (3:5)
% (2) = min {One () + 2 llo — 23} (3.6)

where g is the indicator function of RZ. Since the above two functions are crucial in developing our
algorithm, we present some important properties.

Proposition 3.1 (Theorem 4.1.4 in [36]) Let 0 > 0 and f : R® — R U {400} be a closed proper
convex function, then the Moreau-Yosida reqularization f° is continuously differentiable, and its gradient
18

L (z — prox; (7)), (3.7)

g

Vo (x)

where proxy , is the prozimal map of the function flo:
) o
prox; () = argmin { f(y) + = = yl13} (3.8)
y

The minimization problems (3.5) and (3.6) are related to finding the proximal maps prox, , and
Proxs , which can be easily solved in many cases. In addition, since g, and 7 are continuously

differentiable, (3.4) is a smooth optimization problem on manifolds. These observations suggest the
following augmented Lagrangian method, whose framework is similar to [23, 50].

Algorithm 3.1 (An augmented Lagrangian method for solving (3.2)) Choose initial values xo €
M, v eRL, N € R, 09 >0, a,7 € (0,1), p > 1 and a sequence {e} C Ry converging to 0. Let
Yo = Proxy, s, (h1(z0) +Xo/00), 20 = e (ha(20)+70/00), where ITga is the projection onto RL. Choose
a feasible point xiens and a constant @ such that

¢ > max{f(xfeas) + w(h‘l(mfeas))) LUO (l‘o,yo, 20, )‘Oafyo)}' (39)

Our algorithm repeats the following steps for k =1,2,...



(i) Find x, € M such that

ngade(mk)H < €k, Lk(a:k) <, (3.10)
where

— o Ak o Vi
Li(x) == f(x) + 7% | hai(z) + — ) + 0gh | ha(x) + — | . (3.11)

Ok - Ok

(i) Update y and z using
Ak
Y = pI‘OXw/mc hl(Ik) + ;k y (312)
2 = Iga (hg(Ik) n 7’“) . (3.13)
‘ or

(i1i) Update the multipliers:
Met1 = Mg+ ok(h () —yk), Vo1 = e + ox(ha(k) — 25).

(i) Let 6, = max {|[h1(zk) = yrlly, h2(zr) — 2k}
If 0, < T0;—1, then ox41 = 0. Otherwise, set

orer =max {po, a5 Il ) (3.14)

3.2 Convergence Analysis

In this part, motivated by the proof in [23], we first give the feasibility result of Algorithm 3.1.
Theorem 3.1 Let {(xk, yk, 2k)} be the sequence generated by Algorithm 3.1. Then, we have

T (1 ) = el + aon) = 21l,) = 0.

Consequently, if x. € M is an accumulation point of {x}, then (x4, h1(x4), ha(xy)) is a feasible accu-
mulation point of {(xk, Yk, zx)}. Moreover, {z} always contains an accumulation point if M is compact.

Proof First, consider the case where {0} is bounded. There exists k; € N such that o341 < 70y for any
k > ki. Then, limy_,o 05 = 0 since 7 < 1. By the definition of 0y, we know limj_, o ||h1(2x) — y&ll, = 0
and limy_, o ||h2(zk) — 2kl = 0.

In the case where {0} is unbounded. By the update rule, oy is updated for infinitely many times.
Then, we can find k1 < ko < --- such that

Ok = Ok, = max {pgki—17 ”)‘kq ||é+a ) prki, ”é_‘—a }’ Vi <k< ki-‘rl'

From (3.10) and the definition of Ly (z), we know that L, (g, Yk, 2k, Ak, Vi) < @, where L, is defined
in (3.3). Therefore, we have

2 2

A P _ _ A2+ 2
‘ ha(zw) — g + 22| + ‘ ho(ze) — 2 + 2| <2 F k) = $(ur) n Akl . ||%”2. (3.15)
Ok |2 Ok ||o Ok oj.

Since f + v is bounded below and o, — oo, then the first term of (3.15) converges to 0. Next, we
show that the second term also converges to 0. Notice that ||)\ki||§+a < oy, and o, — oo, we have

Akl for, < J,;“%‘l — 0 as ¢ — oo. A similar result also holds for |v,|l5 /o%,. Then by (3.15) and the
definition of dg,, we have lim;_,~ dx, = 0. By the update rule of A\, for k; < k < k; 41, it holds that
Aelly o k=1l

Ao
< b (rms) = ol < ezl
Ok Ok, Ok,

Also note that 6, < 76— for all k; <k < k;41 — 1. Then, for k; < k < k;41 the following inequality
holds by induction
<

[Arlly _ 1Ak,

Ok O

i

+ 0p—1-

= [BYs FETT I 5,
2+Z5j§712+5ki Z i< 10802 TR

Of. . Of. ].—’T.
i §=0 i

j=ki

Thus, we have limy_,o || Ak|ly /ox = 0. Similarly, limy_,oc |||y /0% = 0. Therefore, from (3.15), we
conclude that limy_, o 0 = 0. O

10



Next, we consider the convergence result of Algorithm 3.1 by introducing an extension of the constraint
qualifications on manifolds [66]. Consider the problem (3.1), we define the active set of a feasible point
x to be A(z) := {i € [¢] : [h2(x)]; = 0}. The following constraint qualification can be introduced [66]:

Definition 3.1 (LICQ) We say that a feasible point 2z € M of (3.1) satisfies the linear independence
constraint qualification (LICQ) if {grad [he(z)]; : ¢ € A(x)} are linearly independent in T, M.

The above definition is the same as that in the Euclidean case except that Euclidean gradients are
replaced by Riemannian gradients. Indeed, there is a weaker constraint qualification:

Definition 3.2 (CPLD) Let € M be a feasible point of (3.1) and define S(x) := {grad [ha(z)]; : 1 €
A(z)}. We say that z satisfies the constant positive linear dependence constraint qualification (CPLD)
if for each subset Sp(x) C S(z) whose elements are linearly dependent with non-negative coefficients, Sy
remains linearly dependent in a neighborhood of x.

The first-order optimality condition of (3.1) can be stated as follows using the LICQ condition, which
is a direct consequence of [66, Theorem 4.1].

Corollary 3.1 Define the Lagrangian of (3.1) as
L(z,7) = f(x) +P(hi(2)) + 7 ha(z), €M, v>0.

Suppose x, is a local minimum of (3.1) and the LICQ holds at ., then there exists a multiplier v, such
that the following KKT conditions hold:

0 € 0pL(s,Ye), (3.16a)
ha(z.) € RL, 7. € RL, ] ho(z.) = 0. (3.16b)

Remark 3.1 The Lagrangian of the equivalent problem (3.2) is

L(,y,2,7,7) = f(2) + ¥(y) + AT (ha(z) = y) + 77 (ha(2) - 2).

Under the LICQ condition, a necessary optimality condition is the following KKT system [66]:

y = hi(z), z = ha(x), (3.17a)
z€RL, yeRL, 4T2=0, (3.17Db)
0e ay/j(x,y,z,)\,'y), (3.17¢)
grad,, L(z,y,2,\,7) =0. (3.17d)

Before presenting the relationship of these two optimality conditions, we give the following chain rule.
Lemma 3.1 Let p e M, and h: M — R™ be a smooth map, b : R™ — R be a convex function. Then,
(¥ o h)(p) = {Zai grad [h(p)]; o € aw(h(m)} : (3.18)

i=1

Proof For any point p € M and a fixed chart (Up,,¢) at p, the map ho ™! : o(U,) C R® — R™ is
differentiable at p, and hence the chain rule in Euclidean spaces (e.g., Theorem 2.3.9 in [25]) implies

O o h)(¢(p)) = co {Zaifi fa€ w(y)} = {Zai@ o€ aw(y)} :

where h = ho ot y:=h(p), & = Vﬁi(go(p)) and “co” denotes the convex hull, and the last equality is

from the fact that 91 (y) is a compact convex set. Note that from [2, p. 46], (de|,) "G~ = grad [h(p)]:,
where G is the metric matrix defined around (2.2). Combining with (2.2), we know (3.18) holds. O

Using the chain rule, the following proposition shows that the two optimality conditions are equivalent.

Proposition 3.2 Conditions (3.16) and (3.17) are equivalent:

11



(i) If (z,v) satisfies (3.16), then there exist y, z, X such that (z,y, z, \,7y) satisfies (3.17);
(ii) If (z,y, 2, \,7) satisfies (3.17), then (xz,v) satisfies (3.16).

Proof When the conditions in (3.16) hold, we set y = hy(x), 2 = ha(z), and choose g € 9(¢) o hy)(x)
such that grad f(z) + g + > i, [7]; grad [ho(z)]; = 0. By (3.18), there exists o € 9¢(y) such that g =
o, i grad [hy (x)];. Therefore, (3.17d) holds by setting A = a. As (3.17¢) is equivalent to A € dv(y),
it also holds by the choice of A. Other conditions directly follow from (3.16).

Conversely, when the conditions in (3.17) hold, (3.17¢) and (3.18) imply that A € O0¢¥(y) and
Yo Aigrad [hi(z)]; € 9(¢ o hy)(x). Combining with (3.17d), the condition (3.16a) holds. O

Finally, we show that Algorithm 3.1 converges to a KKT point.
Theorem 3.2 Suppose there exist K CN and (2., Ys, 2+) € M X R™ x R? such that

i (@) + g =l + 12k = 2 ]) = 0.

If the CPLD condition holds at x., then there exist Ky C K and A\, € R™ ~, € Ri such that
limg,sk—00 Akt1 = A, and the KKT conditions (3.17) hold at (%, Ys, 2x, A, Vs). Moreover, when the
LICQ holds at x., we can choose vy such that Ump,s5k—00 Yit1 = Ve-

Proof First, from Theorem 3.1, we obtain the feasibility condition (3.17a). From (3.12), (3.13) and the
property of Moreau-Yosida regularizations in Proposition 3.1, we know that

A 1 A 1
yr = hi(xr) + Zk gy (h1(mk) + k) , and zp = ho(zg) + SL — Vs (hg(ack) + %) )
Ok Ok Ok Ok Ok - Ok
From the definition of A\;y; and k41, combining the above two equations, we have
m q
grad L (zy) = grad f(zg) + Z[Ak.ﬁrl]i grad [hy (zg)]; + Z["Yk_l,_l]i grad [ha(zk)]s, (3.19)
i=1 i=1

where the chain rule for gradients on manifolds is used®.
Since yj = prox,/,, (h1(zk) + Ai/ok), then

0 € 0Y(yx) — (on(hi(zr) — yr) + Ak) = OV(Yx) — Ay1- (3.20)

Note that img sk oo Y& = Y«, then {yi}, o i is bounded. By the locally boundedness of the subdifferen-
tial [57, Corollary 24.5.1], |J,c x 0¥ (yx) is also bounded. Therefore, {Ar41}rex is bounded, so we can
choose K1 C K, A\, € R™ such that limg, 5500 Ak+1 = Ax, which implies A, € 99 (yx).

On the other hand, since

2
2 = Ilga (hz(fﬂk) + %> = argmin ||ha(z,) + LI
B Ok 2<0 O 2
then from the optimality condition of the above problem, it holds that
0= [og(ha(ar) = 21) + W) 2k = W12k and Y1 > 0. (3.21)

Let Ay = {i € [q] : [21]: = 0}, from (3.21), we know [yr+1]; = 0 for i ¢ Ai. Define A, := {i € [q] :
[24]; = 0}. Since 2z — 2., we also find that for sufficiently large k and i ¢ A., [Yx+1]; = 0. Then, when
k is large enough (3.19) can be written as

m

grad Ly, (zx) = grad f(zx) + > _[Meya]s grad [ha(za)li + Y [yesa)i grad [ho (). (3:22)
i=1 1€ A

5Let g: M — R™ and f : R™ — R be two smooth maps, we can use Definition 2.4 to compute the gradient of
fog. Forp e M, & € TpM, choosing any curve v : (—1,1) — M such that v(0) = p and 4(0) = &p, we have

(9, grad (f 0 9)(p)) = &p(fog) = oGN] 57 o, LB 570 0y (€500) = DI, o (6, grad [ (p))),
where o := V f(q), ¢ := g((t)) and g; is the i-th component of g. Thus, grad (f o g)(p) = >, a; grad [g(p)];-

12



Using the Carathéodory’s theorem of cones [11], there exist J, C A, and [%]; > 0, where j € Jj, such
that {grad [ha(xk)]; : j € Ji} are linearly independent and

m

grad Ly, (zy,) = grad f(zx) + Y _[Nega)i grad [ha(zi))i + > [4nl; grad [ha (@), (3.23)
i=1 J€Jk

Since Ji C [q] is a finite set, we can choose J, and Ky C K;j such that J, = J, for all k£ € K, and
|K2| = co. Define My, = max {[yx]; : ¢ € J,.} for k € K3. When { M} }rek, is bounded, then we can find
K3 C K5 and 7, € RE such that [v.]; = 0 for ¢ ¢ J, and limg,5k—00 k)i = [74)i for ¢ € J,. Using the
fact that ||grad Ly (zx)| — 0, (3.19) implies (3.17d). Since J. C A, and [y.]; = 0 for i ¢ J,, then (3.17b)
follows.

When {Mj} ek, is unbounded, we can find K4 C K, and 4 € R such that limg, sk o0 []i /My =
[4]; for i € J, and [§]; = 0 otherwise. By the definition of My, we have 4 # 0 and ||¥|/c = 1. Dividing
(3.23) by M, using the boundedness of grad Ly (xy), grad f(xy) and grad [hy(zk)]s, letting k € Ky — o0
and noticing that A\g4+1 — i, T — =, we can get

Z [9]; grad [ha(2.)]; = 0.

Due to ||§]|oc = 1 and 4 > 0, we know {grad [ha(z.)]; : j € J.} are linearly dependent with non-negative
coefficients. However, they are linearly independent near z., which contradicts to the CPLD assumption.
Thus, M, is always bounded. Moreover, when the LICQ holds at z, but {yx+1} is unbounded, we can
divide (3.22) by ||Vk+1/|, and yield a contradiction to the LICQ condition. Therefore, {71} is bounded
and contains a convergent subsequence. d

4 A Globalized Semismooth Newton Method

Recall that at every step we have to find an approximated stationary point of the following problem.

zeEM Ok

min Ly(z) = f(z) + ¢ (hl(x) + j’;) + 8% (hg(x) + W“) . (4.1)

It is known that Ly is continuously differentiable, and from the calculation around (3.19), the gradient
of Ly, is

grad L (z) = grad f(z Zal ) grad [hy(x)]; + Zﬁl ) grad [ha ()]s, (4.2)

where a(z) and B(x) are gradients of the Moreau-Yosida regularization )% and dgt at hy(z) + /o

and ho(z) + i /ok, respectively. Note that a(z) and S(z) are continuous but not differentiable, so the
Newton method cannot be applied, and we need the semismooth Newton method. For simplicity, we
consider the following abstract problem

min (), s.t. x € M, (4.3)

where ¢ : M — R is continuously differentiable. We make the following assumption.

Assumption 4.1 The vector field X := grad o is locally Lipschitz and can be factorized into X =
X1 4 Xo + X3 such that X7 is smooth and Xs, X3 are locally Lipschitz.

Due to the existence of two nonsmooth terms in X, we need to extend the Clarke generalized covariant
derivatives in the definition of the semismoothness in (2.11) to a general set-valued map.

Definition 4.1 Let X be a vector field on M and K : M = L£(TM) be an upper semicontinuous®
set-valued map such that K(p) is a non-empty compact subset of £(T,M). Suppose X is Lipschitz and

6 We say the map K is upper semicontinuous if for every & > 0 there exists § > 0 such that for all ¢ € Bs(p) we have
PypK(q) C K(p) + Be(0), where B:(0) := {V € L(TpM) : [V]| <e}.
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directionally differentiable in a neighborhood U of p € M. We say that X is semismooth at p with
respect to K if for every ¢ > 0, there exists ¢ > 0 such that for every ¢ € Bs(p) and H, € K(q),

||X(p) — Pyl X(q) + Hy eXP(;lP]H < ed(p,q), (4.4)

Moreover, we say that X is semismooth at p with order u € (0,1] with respect to K if there exist
C > 0,0 > 0 such that for every ¢ € Bs(p) and H, € K(q),

HX(p) - Pqp[X(Q) + H, equ_l P H < Cd(p, q>1+“~ (4.5)

In particular, we say X is strongly semismooth at p with respect to K if g =1 in (4.5).

Remark 4.1 Definition 2.12 and Definition 4.1 coincide when I = 0X [28, Proposition 3.1].

When one of the nonsmooth terms vanishes, i.e., Xo = 0 or X3 = 0, we can choose KX = dgX3 or
K = 0pXs. When both terms X5 and X3 are non-trivial, it is difficult to compute dp(X2+ X3) in general
as we only know dp(Xs + X3) C 95Xs + 0 Xs. In this case, we choose K = 0 Xy + 05 X3. The next
proposition guarantees that such a choice does not affect the semismoothness of X5 + X3.

Proposition 4.1 Let X,Y be vector fields on M and p € M. Suppose X is semismooth at p with order
€ (0,1] with respect to Kx, and'Y is semismooth at p with order p with respect to Ky. Then, X +Y
is semismooth at p with order u with respect to Kx + Ky .

Proof By Definition 4.1, there exist C > 0,6 > 0 such that (4.5) holds for both X and Y. Then, for
every q € Bs(p), Hx € Kx(q), Hy € Ky (q), we have

(X +Y)(p) = Ppl(X +Y)(q) + (Hx + Hy) expy |
< || X (p) — PgplX(q) + Hx expy ' pl|| + ||Y (p) — Pyp[Y (q) + Hy exp, ' p]|| < 2Cd(p,q)" ™,

where the first inequality follows from the linearity of P,, and the triangle inequality of the norm.
Therefore, the vector field X + Y is semismooth with order p with respect to Kx + Ky O

From the numerical perspective, we impose the assumption on K in our following analysis.
Assumption 4.2 For every p € M, every element in K(p) is self-adjoint (symmetric).

Since the Riemannian Hessian is self-adjoint and an element in dX(p) is the limit of a sequence of
self-adjoint operators, then the Clarke generalized covariant derivatives fulfill the above assumption.
Now, we are ready to present the semismooth Newton method for finding p € M such that X (p) = 0.

Algorithm 4.1 Choose pg € M, v € (0,1] and let {ny} C Ry be a sequence converging to 0. Set
1% S (Oa 1/2)76 S (Oa l)ammax S N; and paﬁOa/Bl > O}
Our algorithm repeats the following steps for k=0,1,2,...

(i) Choose Hy € K(pi) and use the conjugate gradient (CG) method to find Vi, € T,,, M such that
I(Hk + wrD)Vi + X (pi) || < 7k, (4.6)

where wy, == || X (pr)||”, A := min {mw, 1X (pi) || }. Note that CG may fail when Hy, is not positive
definite, we choose the first-order direction Vi, = —X (px) in this case.
(ii) Choose the stepsize by one of the following linesearch methods:

(LS-I) If Vi, is not a sufficient descent direction of v, i.e. it does not satisfy

(=X (p), Vi) = min{Bo, B1 [V} IVilI*, (4.7)

then, we set Vi, to be —X (pg).
Next, find the minimum non-negative integer my such that

©(Ryp, (6™ Vi) < o(pr) + pud™ (X (pr), Vi) - (4.8)

(LS-1I) Find the minimum non-negative integer my < Mmax such that
[ X (R, (8" Vi)l < (1 —2p6™*) || X (pi) | -

If my, cannot be found, then we set My = Mpyax-

14



(ZZZ) Set Pk+1 = Rpk (57”" Vk)
We make several remarks for the above numerical algorithm.

Remark 4.2 LS-1 is a standard way to globalize the semismooth Newton method for minimizing smooth
functions. Note that the CG method may fail, or V3 may not be a descent direction as Hy may not be
positive definite. In both cases, Algorithm 4.1 reduces to the first-order method. It is noted that the
condition (4.8) always holds for finite my as shown in Theorem 4.1, so the requirement my < Mmyax
in LS-T is not needed. In Theorem 4.3, we show that the LS-I globalization method has a superlinear
convergence under a “convexity assumption” and some regularity conditions.

Remark 4.8 LS-II is another way to globalize the Newton method [31, 51, 59]. In the Riemannian setting,
the convergence result is established under the assumption that || X ||2 is differentiable [29]. However,
| X|? = || X1 + X2 + X3|? is not differentiable in general. Thus, LS-II does not have a convergence
guarantee. In our experiments, we find both LS-I and LS-II have a similar performance for “convex
problems” like (1.2) and LS-IT is suitable for “nonconvex problems” like (1.3) and (1.4).

Remark 4.4 We can use the method in [23] to choose an initial point of Algorithm 4.1 to guarantee the
condition (3.10). For LS-I, since it is a descent method, it suffices to choose pg such that Li(pg) < &.
This can be done by

Po = Tteas Lk(‘rkfl) > @7
0 =
Tr—1, Lip(xp—1) <P,

where Zfeas and xp_q is defined in Algorithm 3.1. The same initialization method is used for the LS-II
method. However, the LS-IT method has no convergence guarantee as it is not a descent method.

4.1 The Analysis of Global Convergence

We collect two technical lemmas for the subsequent analysis of Algorithm 4.1. The second part of the
first one can be regarded as an approximated cosine law on manifolds.

Lemma 4.1 (Lemma 2.3 and 2.4 in [27]) Fiz p € M, the following properties hold.

(i) There exists r > 0 such that for every q € B.(p), the exponential map exp, is a diffeomorphism from
{veTM:|v|| <2r} to Bar(q).
(ii) There exist K >0 and r > 0 such that for every v,w € ToM with ||v||, ||w|| < 2r, it holds

|d(exp, v, expy w)? — [l — w|*| < K[jv]*|w]*. (4.9)

The second lemma is an extension of Proposition 2 in [3], which follows from the compactness of U
and Taylor’s theorem. Since it is the key lemma for extending the analysis of Algorithm 4.1 from the
exponential map to general retractions, we give its proof in Appendix A.1 for completeness.

Lemma 4.2 Let U C M be a compact subset and R be a retraction, then there exist C,r > 0 such that
for any g € U and v € T,M with ||v|| < r, the following inequalities hold

d(Rqv.q) < Clv|| and  d(Rqv,exp,v) < C|lvlf. (4.10)
The next theorem establishes the global convergence of Algorithm 4.1 with LS-I.

Theorem 4.1 Let {py} be the sequence generated by Algorithm 4.1 with LS-1. Suppose there exists 6 > 0
such that 2 := {p € M : p(p) < v(po) + d} is compact. Then, the following properties hold:

(i) For every k € N, there exists my < oo such that (4.8) holds. Moreover, if there exist ko € N and
€o > 0 such that the following holds for every k > ko,

(=X (pr), Vie) = eollViell?, (4.11)

then there exists an Mmax € N such that my < mmax for all k € N,
(ii) Let P be the set of accumulation points of {pr}, then P is a non-empty set and every p, € P is a
stationary point of ¢, i.e., X (p.) = 0.
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(111) limg o0 [| X (pr)|| = 0 and limg_,o | Vi|| = 0.

Proof (i) Let r,C be the constants such that Lemma 4.2 holds for U = (2. Since X is locally Lipschitz,
for every p € §2 we can find Sy, L, > 0 such that X is L,-Lipschitz in Bag, (p). Since {2 is compact,
we can find a finite set {g1,...,gr} € 2 such that |J; Bs, (g;) D §2. Define R := min{r, min; S, },
L := max; Lq,. Since there exists Bg, (g;) > p for every p € £2, we find Br(p) C Bss,, (gj)- Thus, X
is L-Lipschitz in Bg(p) for every p € £2. Fix p € 2 with ¢(p) < @(po) + 6 and V € T, M, and define
v(t) = exp,(tV). Consider the function ¢ = ¢ o+, we know that ¢'(t) = (X (y(t)),¥(t)). Note that for
0<s,t<R/|IV]

|2(t) = &' ()| = KX (v(£)), 4(1)) — <X(7(S)) Fs)] = [(X(v(t) = Py X (7(s)), (1))
< [|X(y(@) = P57 X (v(s))[ 15 (0] < Lecy] 9t]) @Il =LVt - sl,

where the last inequality follows from the Lipschitzness of X and £(vy|js4) = [t — s|||[V]| and [|§(t)|| =
[5(0)]] = I[V|l.” Thus, ¢ is L ||V ||*-smooth. Besides, we know ¢ is Lipschitz on the compact set 2 since
grad ¢ = X is bounded. Setting p = px, V = Vi to be the quantities defined in Algorithm 4.1, L to
be the Lipschitz constant of ¢ and L := L + 2LC, we know when 0 < t < R/|Vi|, it holds that
[P (Rp, (Vi) — plexpy, (tVi))| < Ld(Ry, (tVi), expy, (tV4)), and

(o) — PR (V) 2 o) — plexp,, (tVR)) — LV

> (=X p0), Vi) — 22 .

(4.12)

In view of (4.12), when Vj # 0, we have for 0 <t < R/ ||Vk||,

>t{1- m) (=X (p), Vi), if (4.7) holds,

— @(Ryp, (tVy
P(pr) — (R (tVk)) I 7) X () Vo) V= X (o),
where 5y, 81 and p are constants defined in Algorithm 4.1. Thus, for a fixed k € N, (4.8) holds whenever
0™ < min{R/ |Vi| ,2min{1, Bo, B1||Vik|[P}(1 — )/L}. On the other hand, (4.8) automatically holds for
my, = 0 when Vj, = 0. Thus, {¢(px)} is a non-increasing sequence, which implies {px} C £2.

Next, we show that supy, || Vx| < co. We assume on the contrary that there exists a subsequence {k; }
such that [|Vy,|| — oco. The compactness of 2 and the continuity of X imply that supy || X (pr)| < oo.
Since Vi, satisfies (4.7) or Vi, = —X (px,), it holds that ||V, || < || X (pk,)||/ min{1, Bo, B1||Vi, ||’}, which
is bounded and hence contradicts to the assumption that ||V, || — oo. Therefore, ||V is uniformly
bounded and (4.12) holds for all k € N and 0 <t < R/sup,, ||Vi| =: t. Moreover, when (4.11) holds, we
can choose my such that §™* < min{¢,2min{1,e0}(1 — p)/L}. Since the term on the right-hand side is
independent of k and positive, {my} is uniformly bounded.

(ii) Since {2 is compact and {pr} C {2, the set P is non-empty. Let p, € P, then there exists a
subsequence {k;} such that py; — p. as j — co. Now, we prove that X (p.) = 0. Assume on the contrary
that X (p.) # 0, then we claim that inf; ||V}, | > 0. Otherwise, when inf} [|[Vi,[| = 0, in view of (4.6),
we have either | X(pg,)|| = Vi, Il or X (o, Il < me, + |(Hi, +w, 1)V, |- The upper-semicontinuity
of L and 0X shows that they are locally bounded and the compactness of {2 gives that K U 90X is
uniformly bounded in £2. Therefore, sup; || Hy,|| < co. Since g, — 0, wi; = [| X (p,)||” is bounded and
inf; [|Vi, || = 0, we conclude that liminf;, || X (pk,)|| = 0, which contradicts to X (p.) # 0. Thus, ||V, ||
is bounded away from zero.

From (4.8) and the fact that {((px)} is non-increasing, we know

Qp(pkwrl) - @(pkj) < @(pkj-l‘l) - @(pkj) < :u’(smkj <X(pkj)7 ij>
< —p6™% min{1, Bo, B[ Vi, [P HI Vi, [|> < 0.

7 Since 7 is a geodesic which is parallel to itself, i.e., V54 = 0, then %H'y(t)“2 =2 <V.y'y,"y> = 0. Therefore, we have
[51 = 5O = V]| and £(v](s.4) = [2 ¥ (w)lldu = [t = s[[|5(0)]|-
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Taking j — oo, the term on the left vanishes. Since ||V4,|| is bounded away from zero, 6™* — 0 as
J — oo, and hence my; — oo. Thus, for sufficiently large j, we know ¢; := 6™k Y < £ As my, is the
smallest integer such that (4.8) holds, when replacing my with m; — 1, we have

¢(a5) > @(pr;) + it (X (Pr; ), Vi)
where ¢; := Ry, (tjVk,). Together with (4.12), it holds

Lt?
pti (X (pr; ), Viey) < 0(q5) — 0(pr;) < (X (px;), Vi) + TJHij [
and thus,

Lt;

0.< (1= gy min{1, fo, Bl Vi, [IPHIVa, 2 < (1= i) (=X oy, ), Vi) < =

Vi I
As {V4;} is bounded, by passing to a subsequence if necessary, we assume that lim; o Vi, = Vi # 0.
Dividing the above inequality by [[Vi, [|? and letting j — oo, we obtain (1 — x) min{o, 81 ||Vi|[P} = 0,
which leads to a contradiction since p € (0,1/2). Thus, we conclude that X (p.) = 0. From the choice of
Vi, in LS-I, we can also conclude that lim; o, Vi, = 0.

(i) If the whole sequence {||X (px)||} contains an accumulation point other than 0, then there exists
a subsequence {|| X (p,)|[} such that [ X (px;)|| - o« > 0 as j — oo. By passing to a subsequence if
necessary, we could assume pg; — p. as j — oo. Thus, p. € P and the above discussion gives that
X (p«) = 0, which leads to a contradiction. Similarly, it can be shown that the only accumulation point

of {||Vi]l} is 0. O

4.2 The Analysis of Local Superlinear Convergence

To obtain the locally superlinear convergence rate of Algorithm 4.1, we first introduce some basic results
of Riemannian manifolds and technical lemmas.

Lemma 4.3 Suppose X is a locally Lipschitz vector field on M, p. € M, K is defined in Definition 4.1
and all elements in K(p..) are nonsingular and there exists A > 0 such that A > max {|[H~'|| : H € K(p.)}.
Then, for every e > 0 and e\ < 1, there exists a neighborhood U of p. such that all elements in K(p) are
nonsingular for p € U and

(L [

H .
o VPeU HeKp)

Proof The proof is the same as the proof in [28, Lemma 4.2] in which £ = 0X and only the upper-
semicontinuity of X is used. (]

Below is a second-order Taylor theorem on manifolds, a generalization of Theorem 2.3 in [37]. Its
proof can be found in Appendix A.2.

Lemma 4.4 Suppose ¢ : M — R is a continuously differentiable function with Lipschitz gradient,
and p,q € M. Let v : [0,1] — M be a geodesic joining p and q. Then, there exist & € (0,1) and
M, € 0grad o(y(€)) such that

1
2

A direct consequence of Lemma 4.3 and 4.4 provides the following theorem that characterizes the
second-order optimality conditions of (4.3).

(q) — ¢(p) = (grad ¢(p), ¥(0)) + 5 (PE7O M P744(0),4(0)) -

Theorem 4.2 Suppose ¢ : M — R s continuously differentiable with locally Lipschitz gradient, then
the following properties hold

— (Second-order necessary condition). Suppose x.. € M is a local minimum of @, then for anyv € T,,, M,
there is H, € 0grad o(x,) such that (H,v,v) > 0.

— (Second-order sufficient condition). Suppose x. € M such that grad o(z.) = 0 and all elements in
dgrad (x,) are positive definite, then x, is a strict local minimum of .
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Remark 4.5 Using Lemma 4.4, we can see that the second-order sufficient condition implies the strongly
geodesic convexity of ¢ near p, as defined in [68].

The next two lemmas give the local analysis around the critical point of X. Their proofs are deferred
to Appendices A.3 and A 4.

Lemma 4.5 Let X be a locally Lipschitz vector field on M and p € M. If X is directionally differentiable
at p and X(p) = 0, then || Pexp, v,pX (exp, v) — VX (p;v)|| = o(||v]) as T,M > v — 0.

Lemma 4.6 Suppose {pr} C M and Vi, € T,, M satisfy limg_oopr = p € M, klim Vil = 0 and
—00
d(Rp, Vie,») = o(d(pk,p)). Then, klgrgo IVell/d(pk,p) =1 and d(Ry, Vi, p) = o(||Vkl)-

Theorem 4.3 Under the same assumptions as in Theorem 4.1, let K be the set-valued map used in
Algorithm 4.1, and let p. be an accumulation point of {px}. If X is semismooth at p, with order v with
respect to KK U 0X, and all elements of K(p«) U 0X (ps«) are positive definite, then we have py — pi as
k — oo and for sufficiently large k, it holds

d(pk+1,p*) S [0) (d(pk7p*)1+mi“{”7’7})7
where v € (0,1] is the parameter defined in Algorithm 4.1.

Proof Since K(p.) U 0X (p.) is positive definite, by Lemma 4.3 and the upper-semicontinuity of K and
X, we can find a neighborhood U > p, and constants w, M > 0 such that M||V||? > (HV,V) > 2w|V|?
for every p e U, H € K(p) U0X(p),V € TyM. By Lemma 4.1 and the semismooth condition of X, there
exist Cp > 0 and rg € (0,1/2] such that B, (p.) C U, the unique shortest geodesic joining points in
B, (ps) exists, and

HX(q) + H, equ_lp* | < Cod(ps, )", Vg € By, (ps), (4.13)

and X is L-Lipschitz in By, (ps). From Lemma 4.2 and the compactness of {2 (the set defined in Theo-
rem 4.1), we can further assume that (4.10) holds for ¢ € 2 and ||v]| < 7o, and denote the constant in
(4.10) as C1 > 0.

From Theorem 4.1, both ||V and || X (px)|| converge to zero as k — co. Given arbitrary 0 < r < rg,
there exists some Ky > 0 such that wy = | X(pp)||” < 1/2, [|Vk]l < 7/(2C1), B1||Vk||P < w and (2M +
D7) Vi|]” < w for k > Ky. From Lemma 4.4, we know ¢(q) — ¢(p«) > wd(q, p«)? whenever q € B,.(p).
Since p. is an accumulation point, we can find K7 > Kg > 0 such that ¢(pk, ) —@(ps) < wr?/4 and pk, €
B, (p«). Note that from (4.10), d(px,, pr,+1) < C10™51||Vk, || < r/2. Then, d(pg,+1,P+) < d(pK,, D) +
d(pK,, Pry+1) < T, 1., pr,+1 € Br(ps). Since p(py) is non-increasing, we still have ¢(pg,+1) — @(ps) <
wr?/4. By induction, we know {pi}r>r, C B.(p.) which implies that p, — p. as k — oco. Below we
assume that k& > Kj.

By the positive definiteness of KUJX near p, and the self-adjoint assumption of K (Assumption 4.2),
the CG method in Algorithm 4.1 is able to find a direction V}, satisfying (4.6). Thus, we know [|.X (px)| <
|y + on 1| 1Vl /(1 — | X (pg)[¥) < (2M + 1) [ Vi Then, we obtain

(=X (pr), Vie) = (Hp + wied) Vi, Vie) — (Hi + wi D) Vi + X (pr.), Vi)
> 20 ||Vi|l? = ik Vil = 20 |[Vi|l? = 2M + )7 Vi |27 > w]| Vil

(4.14)

Thus, the condition (4.7) holds as w > B1||Vi||P. Note that ||(Hy + wil) 7| < (2w)™!, and || X (pr)]| <
Ld(p, p«). Define C := 2max{Cp(2w) !, L'*” + (2w)~1L}, by the definition of wy, 7, we have
Vi — expy,! pell < [[(Hi + wel) ™ X (p) + expp,! pl| + (200) 71
< (2w) 7 HIX (pr) + (Hi + wid) expy, pul| + (20) ik
< (20) 7 (I1X (pr) + Hy expy,! pill +will expy,! pll) + (20) ™ i
< (2w) ™! (Cod(pr, )™ + wid(pr, pi)) + (20) " Yigg, < Cd(pys, po) TR

Using (4.14) we find ||[Vi|| < [| X (p)|l/w < Ld(pg, p«)/w. From Lemma 4.1, we know

4.10
d(RPkaap*)z ( = : O(d(expp,c Vkap*)Q)
< O(|IVi — expy,! pull® + K|[Vil[*d(pr, p+)?) < O(d(pr, pa)> T2 i),

(4.15)
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where K is the constant defined in Lemma 4.1. To complete the proof, we need to show that for p €
(0,1/2) and sufficiently large k, the linesearch condition

P(Rp Vi) < @(pr) + 1 (X (pr), Vi) (4.16)

holds with my = 0. Define Uy := eXp;*1 Pr, Wi = exp;*1 R, V. Applying Lemma 4.4 to p,, p, and
R, Vi, we have

1, - 1, -~
(pr) = @(ps) + 5 (BiUs, Ur)s and @(Bp, Vi) = @(p) + 5 (M Wi, W),
where Ry = P, . RiP,.p., My = P, , MyP,_, , Ry is a Clarke generalized covariant derivative at

pr := exp,, (0xUy) for some 0 € (0,1), and My is a Clarke generalized covariant derivative at p,, :=
exp,, (W) for some & € (0, 1). Subtracting the above two equations, we know

O(Ry, Vi) — p(pr) = *%(RkUk,Um + O (|[Wk?) -

Thus, we have

(R, Vie) — o(pe)— 5 (X (pr), Vi) = _1<RkUk7Uk> - % (X (pr), Vi) + O (W ?)

(4.17)
1
5 Vi, X (pre) = Py p. ReUs) — < Ppop. Vi + Ui, ReUs) + O (|[Wie]?) -

Since Py, p. exp;r1 P« = —exp, ' pr = —0,U; and X (p,) = 0, then by the semismoothness P, ,, X (p.) —
0k RxUx = P, . (X (p,) + Ry, exp, ! p.) — X (p«) = o(||0xUs|)). From Lemma 4.5, we know P, ,, X (p,) =
0,V X (pi; Ug) + 0(||0xUk||) and Py, . X (pr) = VX (ps; Ug) + o(||Uk||), which implies

Poyp. X (pr) = RiUs + o( | Uk ). (4.18)

Moreover, applying klim pr = ps« and (4.15) to Lemma 4.6, we have
— 00

||Vk||: Vil
Ukl d(pr,p«)

— 1 and |Wg|| = d(Rp, Vi, p«) = o(||Vi||) as k — oo. (4.19)

From Lemma 4.1, it holds

Vi, — exp, !t pol|? < dlexp,, Vi, ps)? + K||[Vil[?|| exp,,! ps?

4.20)
(4.10) (4.19) (

< Wl +o((IVill®) "= o(|[Viel|*).-
Then, the above three displays imply that

[(Vis X (P) = Poopi Bk U] < Vil X (9) = Pp.pi B Ukl < oIVl 1U]]) = o (IVall) , (4.21)
[{Prip. Vie + Urs RiUx)| < [[Vie = expp,! pa[[[| R Uk < o0 ([IVil1?) -

Combining (4.14), (4.17) and (4.21), we have

1

P(Bp, Vi) = olpw) = 5 (X (px), Vi) +o0 (IV&l1?)
1
< XG0 = (5 0) AT+ (WAIE).

Thus, (4.16) holds for sufficiently large k and my = 0 in LS-I. O
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4.3 The Semismooth Condition on Submanifolds

In this section, we assume that the manifold M is embedded in an ambient space M and the vector field
X on M is the restriction of a vector field X defined on M. Our goal is to answer a natural question:
can the Lipschitzness, the directional differentiability and the semismoothness of X be inherited from
those of X? Throughout this section, we make the following assumptions.

Assumption 4.3 The n-dimensional Riemannian manifold M is a compact embedded submanifold of
the d-dimensional Riemannian manifold M, i.e., M C M and the inclusion map t : M — M is a smooth
injection, and the differential of ¢ is injective, M and (M) are homeomorphism, and the Riemannian
metric of M is inherited from that of M (see, e.g., [48, Chapter 8)).

Assumption 4.4 The vector field X is the restriction of X on M, where X is a vector field on M.

It is noted that the compactness of M is not essential as the semismoothness involves only local properties.
For simplicity, we impose the assumption that M is compact. To answer the aforementioned question,
we need to introduce some concepts about submanifolds. Notations in Table 1 are defined for M, and
we add a line over them to represent corresponding notations on M, e.g., €XD,, ps_)t and VxY are the
exponential map, the parallel transport and the Levi-Civita connection on M, respectively. We use dy
and d g to denote the distance on M and M, respectively.

According to [48, p. 226], for every p € M, the tangent space T, M can be decomposed into T, M @
(T,M)*,i.e., v € T,M can be uniquely written as vt +v, , where v1 € TpM and v, € (T,M)*. Let Y, Z
be smooth vector fields on M, and Y, Z be smooth vector fields on M such that Y = Y|y and Z = Z| z,
then the second fundamental form of M is defined as II(Y, Z) := (?yZ)L Proposition 8.1 in [48] shows
that II(Y, Z) is independent of the extensions Y, Z; II(Y, Z) is C>°(M)-bilinear; and the value of I1(Y, Z)
at p € M depends only on Y (p), Z(p). Thus, we could safely write II(v, w) for v,w € T, M, and II(Y, Z)
is still valid even for non-smooth vector fields Y, Z. Moreover, the Gauss formula [48, Theorem 8.2,
Corollary 8.3] relates Levi-Civita connections on M and M as follows:

VyZ=VyZ+11(Y,Z) and V:Z=V:Z+11(%,2), (4.22)

where v : (=1,1) — M is a smooth curve. Note that II(Y, Z) is orthogonal to the tangent space of M,
the above equations imply that Vy Z is the projection of Vy Z onto T M, i.e.,

VyZ = (VyZ)T. (4.23)

Before presenting the main theorem of this section, we need to introduce the directional differentia-
bility in the Hadamard sense whose Euclidean counterpart can be found in [13, Definition 2.45].

Definition 4.2 A vector field X : M — T M is directionally differentiable at p € M in the Hadamard
sense if it is directionally differentiable at p and

VX(p;yv) = lim [Pexpp(tv/)’pX(epr(tv/)) — X(p)}. (4.24)

It is clear that the above definition is a stronger version than the directional differentiability in Def-
inition 2.8. In Euclidean spaces, the Lipschitzness and the directional differentiability can imply the
directional differentiability in the Hadamard sense [13, Proposition 2.49]. However, it is unclear whether
this result can be generalized to Riemannian manifolds.

Below is our main theorem whose proof is deferred to Appendix B.1.

Theorem 4.4 Let K : M = L(T'M) be an upper semicontinuous set-valued map such that K(p) is a
non-empty compact set for every p € M, and let K : M = L(TM) be a set-valued map satisfying the
conditions in Definition 4.1. Suppose X is continuous on M, then the following statements hold.

(i) If):( is locally Lipschitz at p € M, then X is locally Lipschitz at p (see Definition 2.10).
(i) If X is directionally differentiable at p € M in the Hadamard sense, then X is directionally differen-
tiable at p in the Hadamard sense, and the directional derivative is

VX (p;v) = VX (p;v) — (v, X (p)) = (VX (p;0)) 7. (4.25)
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(iii) Suppose there ezists a neighborhood V,, C M of p such that one of the following assumptions holds:
(a) X(p) =0, and for every q € V,,, H, € K(q),v € T, M, there exists H, € K(q) such that (Hyv)t =
Hyv.
(b) X is locally Lipschitz at p, and for every q € V,, H, € K(q),v € T,M, there exists H, € K(q)
such that (Hyv)T = Hyv and (Hyv), = 11(v, X (q)).
Fiz p € [0,1] and C > 0, if there exists § > 0 such that for every ¢ € M with d,;(p,q) < ¢ and every
H, € K(q), the inequality (4.5) holds, i.e.,

1X(p) = Pypl X (q) + Hyexpy plll < Cdy(p, q)' (4.26)

Then, there exist C > 0,6 > 0 such that for every ¢ € M with d (p,q) < 6 and every H, € K(q),
the following inequality holds.

X (p) — Pyp[X (q) + Hyexp, ' pl|| < Cdpq(p, q) . (4.27)

Moreover, when u € [0,1), the constant C can be chosen as 2C.

(iv) Suppose either the assumption (iii.a) or (ii4.b) is fulfilled, and X is Lipschitz and directionally differ-
entiable in the Hadamard sense in a neighborhood Up C M of p€ M. If X is semismooth at p with
respect to IKC, then X is also semismooth at p with respect to K. Moreover, if X is semismooth at p
with order p € (0,1] with respect to IC, then X is semismooth at p with order p with respect to K.

Next, we show that the Clarke generalized covariant derivative satisfies the assumption (iii.b), and
illustrate how to verify the semismoothness condition in Theorem 4.3.

The following proposition relates the Clarke generalized covariant derivatives on M and its ambient
space M. As a special case when M := R" C R"** =: M, the second fundamental form II(u,v) = 0
and (4.28) can be obtained from the corollary in [25, p. 75]. The proof of this proposition is deferred to
Appendix B.2.

Proposition 4.2 Let p € M and v € T,M, if X is locally Lipschitz at p, then
90X (p)[v] € 9X (p)[v] — II(v, X (p)), (4.28)
where 0X (p)[v] := {Hv : H € 0X(p)} and 0X (p)[v] = {Hv: H € 90X (p)}.

Corollary 4.1 Suppose that X is Lipschitz and directionally differentiable in the Hadamard sense in
a neighborhood U, C M of p € M. If X is semismooth at p with respect to 0X (p), then X s also
semismooth at p with respect to X (p). Moreover, if X is semismooth at p with order u € (0,1] with
respect to X (p), then X is also semismooth at p with order u € (0, 1] with respect to 0X (p).

Proof Proposition 4.2 shows that the assumption (iii.b) in Theorem 4.4 is satisfied, then the conclusion
follows from Theorem 4.4 (iv). O

Remark 4.6 When X = X7 + X5 + X3 as in Assumption 4.1, where X5, X3 are locally Lipschitz and
X is smooth. Suppose X5, X3 can be extended to X5, X5 in a neighborhood of M in M. If we could
apply Corollary 4.1 to show that X5, X3 are semismooth with respect to the Clarke generalized covariant
derivatives, then Proposition 4.1 would imply that Xs + X3 is semismooth with respect to 0Xs + 0X5.

Ezample 4.1 In the CM problem (1.2), the function L used in Algorithm 4.1 (see (5.8) for its gradient)
can be naturally extended to the Euclidean space R™*". We denote this extension by L. It is the sum of
the smooth function tr(X " HX) and the Moreau-Yosida regularization of the ||-||;-norm whose Euclidean
gradient is a piecewise linear map. It is well-known that a piecewise linear map (in Euclidean spaces) is
strongly semismooth (see, e.g., [32, Proposition 7.4.7]), and hence V Ly, is also strongly semismooth (with
respect to the Clarke generalized derivative). Since X (Q) := grad L,(Q) = PoVLy for Q € St(n,7),
and Po(V) =V —Q(Q"V +VTQ)/2 (see, e.g., [39]), then X can also be extended to a vector-valued
map X in R™"*". Note that X is the composition of a smooth map and a strongly semismooth map, so
X is also strongly semismooth. By Corollary 4.1, we know that grad Ly = X is strongly semismooth
with respect to 0 grad Li(p«). Indeed, the SPCA problem (1.3) and the CM problem have the same
non-smooth term, so grad Ly, for (1.3) is also strongly semismooth. The constrained SPCA problem (1.4)
has an additional non-smooth term, i.e., the indicator function of a convex set. The Euclidean gradient
of the Moreau-Yosida regularization of this term is also strongly semismooth, and therefore grad Lj, for
(1.4) is strongly semismooth.
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4.4 Calculations of Clarke Generalized Covariant Derivatives

In this section, we discuss the approach of calculating the Clarke generalized covariant derivative of a
locally Lipschitz vector field X, which is difficult in general manifolds. Here, we follow Assumption 4.3
and 4.4, and further assume that M is the Euclidean space R.

If X is differentiable at p € M, it is known from (4.23) (see also [39]) that for every v € T, M,

VX(p)l] =Py (VX(p) ), (4.29)

where P, is the projection onto T;, M. If X is not differentiable at p € M, Proposition 4.2 shows that
0X(p)[v] € P,(0X(p)[v]). As illustrated by the following example, the inclusion relationship can be
strict, and thus we need further discussion for finding an element in 90X (p).

Ezample 4.2 Consider the manifold S' = {(z,y) € R? : 22 +y? = 1} C R? and the vector-valued function

Y : R? = R? defined by Y (z,y) = (2|x—1/\[\ 4ly — 1/\f|) Let po = (1/v/2,1/v/2)T € S*. Note
that the pI‘OJeCthH onto the tangent space T,S! is I — pp', we can define the vector field X : S' — T'S!

by X(p) = (I —pp")Y (p) € T,S! for p e S". Inthlscase X R2? — R? is also X(p) = (I —pp" )Y (p) for
p € R2. If X is differentiable at p € S!, we know from (4 29) that

VX(p) = —pp")VX(p) =T —pp")(VY(p) —p"Y(p)I). (4.30)

Moreover, by a direct calculation, it is known that
_— Ao 1 -2 1 2
PPO (aX(pO)) = (I — PoPo )6X(p0) =cos+ -1 2 ) + -1-2 ) (431)

where “co” is the convex hull. Since T,,,S' = {v € R? : v py = 0} = {(t,—t) € R? : t € R}, then a
linear operator on T,,S! can be uniquely determined by a real number a € R, i.e., (t,—t) — a(t, —t). As
P, (0X(po)) C L(T},S'), we know the set P, (0X (po)) is equivalent to co{+3,+1} = [-3,3].

Next, we consider 0X (pg). Let pr € S! be a sequence converging to py. We may assume pp =
(cosO,sinby), where 0, — w/4 and 0, # /4. The derivative of X (pi) can be given by (4.30). The
second term in (4.30) converges to 0 since Y (pg) = 0. Observe that VY (p;,) = diag(2, —4) when 65, > 7/4
and VY (py) = diag(—2,4) when 6, < m/4. Then, we know the Clarke generalized covariant derivative

of X at pg is
0X (po) =coq £ 12
O C 71 72 ’

which is equivalent to co{£1} = [~1, 1]. It is clear that [—~1,1] C [-3, 3], and thus X (py) C P,(0X (p)).
This strict inclusion is mainly because we can only find the two tangent directions on S' converging to
po, while the other two normal directions are available only in R2.

We make the next assumption on the vector field X, which covers the problems in our experiments.

Assumption 4.5 For any p = (p1,...,pa) € M, the vector field X(p) := F(p, fi(p1),-.., fa(pa)) €
Tp,M is locally Lipschitz, where

(i) F:REx R™ x ... x R — T, M is continuously differentiable;
(i) fj R — RY, j=1,...,d and the non-differentiable points of f; are isolated, i.e., for any point
q € R, there exists some 6 > 0 such that f; is continuously differentiable on (¢ —d,q + 6)\{q};
(111) The left and right derivatives of f; exist.

Based on the above assumptions, the next lemma finds an element in X (¢) by choosing a proper path
that converges to the point ¢ € M.

Lemma 4.7 Fixz g € M. Suppose that Assumption 4.5 holds, and {q(")} C M is a sequence converging

to q such that for each j € [d], it holds that either qj(-n) > gq; foralln €N, or qj(-n) < gj for alln € N. Then,

we have Py o dF|q o (idge,71,72,...,7rq) € 0X(q), where dF|q is the differential of F : RATE-ni 5 RY
at (¢, f1(q1), - -, fa(ga)), and r; : TygM — R™ is a linear operator such that

o lim £(6), - if ¢\" > g,
ri(v) = a (4.32)

L (n)
vggrqnf’() ifq;” <q;.
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Proof This is a direct consequence of Definition 2.11 and (4.29). O

It is noted that the existence of the sequence {¢(™} depends on the manifold. The next theorem gives
a construction of such a sequence on the Stiefel manifold, which relies on the following assumption.

Assumption 4.6 Let Q € St(n,r) and V € TgSt(n,r). Then, for all i € [n|,j € [r], it holds that
Qi; € {£1} whenever V;; = 0.

Theorem 4.5 Let Q S St(n,r), Ve TQSt(TL, 7’), and X(P) = F(P, fll(P11)7 flg(Plg), ey f?L?"(P’VLT)) be
a locally Lipschitz vector field on St(n,r) such that Assumption 4.5 and 4.6 hold. Then, Pg o dF'|g o
(idgnxr, Hi1, ..., Hyr) € 0X(Q), where H;; : ToSt(n,r) — R™ is a linear map satisfying H;;(W) =
WijDZ‘j and

Di; — limg)q,; fi;(t), Vij >0, or Vi; =0 but Qi = —1,
hmtTQij fl/](t), V;j <0, or Vvij =0 but Qij = 1.

Proof When V;; > 0, we consider the sequence QM = epr(th) with ¢,, | 0. Since %‘t:O €XPg (tV) =
V', then QZ(-;L) > ;; for sufficiently large n. In the case where V;; = 0 and Q;; = —1, since PT P = I, for

every P € St(n,r), then there exists a sequence Q™) converging to @ such that QE?) > —1 = Q,; for all
n € N. The other two cases are similar, and hence we can use Lemma 4.7 to find the derivative. O

The following proposition shows that for a fixed Q € St(n,r), Assumption 4.6 holds for almost every
V e ToSt(n,r).

Proposition 4.3 Let Q € St(n,r) and Z = {(i,7) : Vij = 0 for all V € ToSt(n,r)}, then the following
properties hold:

(7,) If (Z,j) €7, then Qi]‘ S {:l:l};
(i) If (i,7) ¢ I, then the set Z;; :={Z € R**" : (PgZ);; = 0} has zero Lebesgue measure.

Proof First, the second property holds since Z;; is a linear subspace in R™*" with dim Z;; < nr.

Next, we prove that Q;; € {£1} for all (i,j) € Z. If (io, jo) € Z, then the matrix N € (TpSt(n,r))*,
where N;; = 1if i = 4g,j = jo and N;; = 0 otherwise. From [2, Example 3.6.2], the normal space can
be written as (TSt(n, 7))t = {QS : S € R™", ST = S}. Without the loss of generality, we can assume
i=j =1 and there exists S = ST such that QS = N, and then the equations QS = N,Q"Q = I, can
be rewritten using block matrices:

ax’ bzt (10 ay’ ax’ (10
() (C5)-00) Ca)Ga)-(.n)
where a,b € R, y,z € R"™1, z e R* 1, A ¢ R*=Dx("=1) and BT = B ¢ RO—Dx(r=1),

From a(ab + x'z) = a and y' (yb+ Az) = 0, note that a> + y'y = 1 and az’ + y' A = 0, we
know a = b. Similarly, B = 0 holds by combining equations z(az” +2"B) = 0, AT (yz" + AB) = 0,
za+ATy=0and zz’ + ATA=1,_,. Note yz' + AB =0 and B = 0, then either 4 = 0 or z = 0 holds.
Therefore, 1 = a? +y "y = a® when y = 0; and 1 = ab+ 22 = a® when z = 0. Thus, Qi =a = +1. [

When Z € R™"*" is randomly sampled from a probability measure that is absolutely continuous with
respect to the Lebesgue measure in R™*", the tangent vector V := P Z fulfills Assumption 4.6 almost
surely. Therefore, we derive the following algorithm, which finds an element of the Clarke generalized
covariant derivative almost surely.

Algorithm 4.2 Input: @ € St(n,r), Output: H € 0X(Q).

(i) Sample Z € R™ " from the standard Gaussian distribution.

(i) Calculate the projection V =PqZ.
(iii) If there exists (i,j) such that Vi; =0 and Q;; ¢ {£1}, re-run (i)-(ii).
(iv) Calculate H by Theorem 4.5.
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Fig. 1: Comparisons on CM with (n, u) = (500,0.05) and r = 20, 35, 50. The top row plots the termination
condition, which is the sum of the left-hand parts in (5.3) and (5.4) for SOC, and similar for other
algorithms. The bottom row plots the eigenvalues of QT HQ, where @ is the solution of the corresponding
method. “LS-I" and “LS-1I” refer to our algorithms using the exponential map.

5 Numerical Experiments

In this section, we evaluate our algorithm on three problems mentioned before: compressed modes
(CM) [53], sparse PCA and the constrained sparse PCA [50]. In CM and SPCA, we compare our al-
gorithm with SOC [45], ManPG [20, ManPG-Ada (Algorithm 2)], accelerated ManPG (AManPG) [42],
and accelerated Riemannian proximal gradient (ARPG) [43]. In the constrained SPCA, we compare our
algorithm with ALSPCA [50]. Codes of SOC and ManPG are provided in [20], codes of AManPG and
ARPG are provided by [43], and the code of ALSPCA is provided by [50]. The ManOPT package was
used in our implementation [16]. All codes are implemented in MATLAB and evaluated on Intel 19-9900K
CPU. Reported results are averaged over 20 runs with different random initial points.

5.1 Compressed Modes

We consider the CM problem (1.2) and follow the setting of [20] to solve the Schrédinger equation of 1D
free-electron model with periodic boundary condition:

_%Aw) — A(z), @€ [0,50].

We discretize the domain [0, 50] into n nodes, and let H be the discretized version of —3A. The CM
problem needs to solve (1.2). The first-order optimality condition is

0 € 2Po(HQ) + uPo(]1Qll,).

It is worth mentioning that this condition is difficult to check in general because of the existence of the
projection. Recall that ManPG solves the following subproblem:

(5.1)

Vi arg min

VeTqSt(n,r)

{{eradq (@ 1@ ) + L IVIE+1Q+ VI |

The solution of the above problem satisfies

V.t € 2PG(HQ) + 1P (91Q + Vi)
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Fig. 2: Comparisons on the first-order method [63] and the second-order method in solving the CM
subproblem (3.11). Columns represent the behavior of these methods in solving different subproblems in
Algorithm 3.1.
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Fig. 3: Comparisons on SPCA with (n,r, ) = (500,20, 1.00) and three different AT A. The shifted loss is
the loss subtracted by the minimal loss among all iterations, i.e., F(z})—min; F(z;). “LS-I" and “LS-II"
refer to our algorithm using the retraction based on the QR decomposition.

As suggested by [20, 42], ManPG and AManPG use ¢t | V4| /(||@Q|lF+1) < 5x 1077 as the termination
condition, which can be regarded as an approximation of the optimality condition (5.1) of the CM
problem.

For SOC and our algorithm, the termination rules are their KKT conditions. Specifically, SOC rewrites
(1.2) into the following problem:

min
Q,P,RER"XT

st.Q=P,R=P,Q € St(n,r).

{tr(PTHP) + u ||R||1} )
(5.2)
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The Lagrangian of (5.2) is Ls(Q, P, R, I, A) = tr(PTHP) + u||R|, + I'T(Q — P)+ AT (R — P), where
P,R e R™" and @ € St(n,r). We terminate SOC when both the following conditions are satisfied

1Q — P |R— P 7
20 + 20 <5%x1077, (5.3)
max{||Qll g, [[Pllp} +1  max{||R|p,[|Plz}+1

lgradg Ls|| . | VpLsll, | mingesnrs 1G]
IQIr+1 " [[Plp+1 IR]F+1

Similarly, our algorithm rewrites the problem into

. T
mn {(QTHQ) + R} (5.5)

s.t. @ = R,Q € St(n,r).

<5x107°. (5.4)

The Lagrangian is Ly (Q, R, A) = tr(Q " HQ)+u || R|,+AT (Q—R), where R € R"*" and Q € St(n,r).
The termination conditions are both (5.6) and (5.7):

max{||Qllp, | Rl z} +1

||gradQ LNHoo mingesy Ly |Gl
QI +1 IRl +1

Below we illustrate how to apply our algorithm in this problem. In the subproblem of our algorithm,
we need to find an approximated stationary point of Li(Q) = tr(QTHQ) + G (Q + A/0c), where G, is
the Moreau-Yosida regularization of A ||-||;. Let Ly : R"*" — R be the extension of Ly, into the Euclidean
space, i.e., Ifzk\St(W«) = Lj. The Euclidean gradient and Hessian of L; at a differentiable point @ can be
easily computed as

<5x 1077, (5.6)

<5x 1075, (5.7)

VLi(Q)=2HQ+ (6Q + A) — oF, (5.8)
V2Li(Q)[Z) =2HZ +0Z ® E, (5.9)

where © is the Hadamard product and F, F' € R"*" are matrices such that E;; = 1{9,;+4,,/0|<A/0} and
Fij = proxy ., /o(Qij + Aij/o). When Ly is differentiable at @, the Riemannian gradient and Hessian
can be written as [2]

grad Ly (Q) = PoVLi(Q), (5.10)
Hess Li,(Q)[Z] = Po(V2Li(Q)[Z] — Zsym(QTVLL(Q))), (5.11)

where sym @ := (Q + QT)/2. We note that grad Ly, fulfills Assumption 4.5 with f;;(Qi;) = F;, and thus
Algorithm 4.2 can be applied to find an element of 0 grad L;, when L, is non-differentiable at Q.

The parameters of ManPG and SOC are the same as those in [20]. The codes and parameters of
AManPG and ARPG are adopted from the SPCA implementation of Huang et al. [43]. All the four
methods are terminated when their termination conditions are satisfied or the number of iterations
exceeds 30000.

We consider the exponential map and two retractions from [2, Example 4.1.3] in Algorithm 4.1. One
of these retractions is based on the polar decomposition:

R (V)= (X + V)T +VTV)~2,
and the other one is based on the QR decomposition:
RYU(V) == qf(X + V),

where qf(X) is the @ component in the QR decomposition of X.

In our algorithm, let Ag, I'y be the left-hand sides of (5.6) and (5.7) evaluated at the k-th step,
respectively. We set 7 = 0.97, p = 1.25, a = 1.01, 09 = 1, and € = min{0.95%, 54}, in which the 0.95%
component ensures that €, — 0 and the 5A, component suggests that the violation of the stationary
condition (5.7) would not be large when the violation of the feasibility condition (5.6) is small. We also
update o, using (3.14) when Ay > 2.5, i.e., the converse of the aforementioned case.
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To solve our subproblem, we use the first-order method to find a good initial point, and start the
second-order method when ||grad Ly | < 5 x 107* =: Ag, where Ly is defined in (3.11). The maximum
numbers of iterations in CG and the first-order method are both 1000. In Algorithm 4.1, the linesearch
parameter is g = 0.1. We set wy, = min{0.7%,200|| X (px)||} and the minimal stepsize of the linesearch is
10~%. When CG finds a negative direction py, we set wy = —2Hess L (Q ) [pr, pr]/ |lpx]|> and restart the
iteration. Parameters in the condition (4.7) are p = 0.05, 3y = 1,31 = 1073, The threshold Ag will be
modified during the iterations when one of the following cases occurs.

— When the linesearch does not find an my, such that 6™ > 10~%, we replace Ag with 0.95A¢.
— When the number of iterations of Algorithm 4.1 exceeds 10, we replace Ag with 0.9A¢.
— When ||Vi|| > 10, i.e., Hy + wi! is nearly singular, we replace Ag with 0.8A¢.

These modifications of Ag may be helpful when Algorithm 4.1 starts too early. We also note that from
Table 3 the second-order method generally starts (i.e., the condition || grad Li|| < Ag holds) during
nearly the last 1/4 iterations of Algorithm 3.1.

We report the results in Table 2 and Figure 1, from which we see that all methods find solutions with
similar objective function values and comparable sparsity levels. It is noted that our method is generally
faster than (or comparable to) other methods. The running time for different retractions in our algorithm
are close, except that when r = 10 and 15, LS-I seems extremely slow because the second-order method
starts too early such that most evaluations of second-order directions are wasted. This issue could be
addressed by a careful tuning of parameters. From Figure 1, we find ManPG has difficulty attaining the
desired termination condition when r is large. The performance of the two linesearch methods are similar,
except for the aforementioned cases in which the second-order method does not start appropriately.

Next, we examine whether the second-order method is helpful in this problem. We terminate our
method when both (5.6) and (5.7) are less than 5 x 10~® and report the number of iterations and the
computational cost of the second-order method used to solve subproblems.® We also try to run the first-
order method [63] from the same initial point in each subproblem and terminate it when it attains the
same accuracy as the second-order method. Results are illustrated in Figure 2 and reported in Table 4.
From Table 4 and the bottom row of Figure 2, we see that to achieve the same accuracy, the number
of iterations of the second-order method is significantly smaller than the first-order method. Since the
second-order method requires solving a linear equation in each iteration, the first-order method may be
faster than the second-order method in terms of the computational cost as can be observed in Table 4.
However, by comparing the computational cost of these two methods in LS-I, we see that the second-
order method can be faster in some cases due to its fast convergence, which is also illustrated in the top
row of Figure 2. The average iteration number of CG and the percentage that CG detects a negative
curvature direction are also reported in Table 4, from which we observe that negative curvature directions
are frequently detected when r = 10 and 15. We suspect that this is possibly because the CM problem
is more “singular” in these cases, which may also be supported by Table 5, in which the minimum
eigenvalue is found to be significantly smaller.

Finally, although the CM problem appears “convex”, the positive definiteness of d grad Ly required by
Theorem 4.3 is neither obvious nor easy to theoretically verify. Indeed, finding all elements in 0 grad Ly
is also difficult (see the discussions in Sec. 4.4). We partially verify this condition using numerical sim-
ulations and report the minimum eigenvalue of one element in 0 grad Lj. The results in Table 5 suggest
that the positive-definite condition may be fulfilled in this problem.

We also note that in the Euclidean setting the sparsity may be exploited to accelerate the conjugate
gradient in the second-order method [49]. However, this is not straightforward in the Riemannian setting
since the existence of the projection in the Riemannian Hessian may destroy the sparsity. Our current
implementation of Algorithm 4.1 does not exploit the sparsity of the solution. It is believed that the
second-order could be accelerated if we could exploit the sparsity to design a faster CG method.

5.2 Sparse PCA

In this section, we consider the SPCA problem (1.3). We compare our algorithm with AManPG, ARPG
and SOC in high accuracy. The termination conditions are similar to those in CM and the threshold

8 We only consider our method in this setting since other algorithms mentioned in Table 2 have difficulty in reaching
these stopping conditions. Indeed, these observations are also valid for the original termination conditions with a lower
significance.
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Table 2: Comparison on CM. (n,r, u) = (1000, 20,0.1) and one of them varies. MANPG is the adaptive
version (ManPG-Ada) in [20]. LSE, LSQ, LSP denote our algorithm with the exponential map, the
retraction using QR decomposition the retraction using polar decomposition, respectively.

MaANPG  AMANPG ARPG SOC LSE-I LSEIlI LSq-I LSq-II LSp-I LSp-II
Running Time (s)

200 11.54 3.86 6.43 1.78 1.20 1.70 1.21 1.76 1.10 1.54

500 21.02 8.32 9.15 5.41 4.00 6.19 3.96 5.88 4.15 6.14

n 1000 66.30 8.60 11.30 14.99 12.06 11.34 14.07 11.11 11.93 9.49
1500 44.73 40.18 42.85 39.69 24.00 27.93 24.42 27.85 25.88 33.46
2000 42.48 46.86 51.47 46.33 33.50 28.42 31.77 29.05 27.91 26.22

10 15.35 15.63 15.71 17.28 31.60 12.74 70.55 15.74 80.23 11.26

15 35.35 9.55 11.17 15.47 49.14 12.07 53.59 11.74 51.58 12.01

T 25 87.64 22.73 23.93 27.11 17.39 20.99 17.79 20.61 18.41 20.53
30 83.13 27.41 29.35 18.10 11.49 15.49 11.40 15.13 11.02 14.42

0.05 102.63 14.86 13.98 6.34 7.19 8.04 717 7.97 7.03 7.60

0.15 65.08 17.09 21.48 32.51 14.22 16.03 14.13 15.69 13.98 15.59

H 0.20 51.46 12.96 24.12 33.71 17.31 20.66 19.94 19.92 21.92 22.65
0.25 42.74 13.41 25.43 34.80 18.08 20.84 61.23 53.44 35.93 44.30

Loss Function: tr(X " HX) + u| X |1

200 14.10 14.10 14.10 14.10 14.10 14.10 14.10 14.10 14.10 14.10

500 18.60 18.60 18.60 18.60 18.60 18.60 18.60 18.60 18.60 18.60

n | 1000 23.30 23.30 23.30 23.30 23.30 23.30 23.30 23.30 23.30 23.30
1500 26.90 26.80 26.80 26.80 26.80 26.80 26.80 26.80 26.80 26.80
2000 29.80 29.70 29.70 29.70 29.70 29.70 29.70 29.70 29.70 29.70

10 10.70 10.70 10.70 10.70 10.70 10.70 10.70 10.70 10.70 10.70

15 16.50 16.40 16.40 16.40 16.40 16.40 16.40 16.40 16.40 16.40

T 25 32.00 32.00 32.00 32.00 32.00 32.00 32.00 32.00 32.00 32.00
30 42.90 42.90 42.90 42.90 42.90 42.90 42.90 42.90 42.90 42.90

0.05 15.10 15.10 15.10 15.10 15.10 15.10 15.10 15.10 15.10 15.10

0.15 31.00 31.00 31.00 31.00 31.00 31.00 31.00 31.00 31.00 31.00

® 0.20 38.30 38.20 38.20 38.20 38.20 38.20 38.20 38.20 38.20 38.20
0.25 45.30 45.20 45.20 45.30 45.20 45.20 45.20 45.20 45.20 45.20

Table 3: The average iteration number of Algorithm 3.1 in the CM problem. The number in the bracket
is the percentage that the second-order method starts.

\ LSE-I LSE-II LSqQ-1 LSqQ-IT LSp-1 LSp-11

200 78 (23%) 78 (23%) 78 (23%) 79 (23%) 74 (25%) 74 (25%)

500 75 (31%) 76 (32%) 75 (31%) 76 (32%) 74 (31%) 75 (32%)

n | 1000 46 (25%) 44 (22%) 45 (18%) 44 (21%) 44 (17%) 43 (20%)
1500 57 (37%) 58 (38%) 57 (37%) 58 (38%) 57 (36%) 58 (38%)
2000 56 (34%) 55 (34%) 56 (31%) 55 (34%) 55 (33%) 55 (35%)

10 103 (38%) 75 (16%) 93 (16%) 75 (16%) 98 (13%) 80 (17%)

15 67 (33%) 48 (7%) 70 (4%) 48 (6%) 71 (4%) 50 (7%)

" 25 61 (36%) 61 (36%) 61 (36%) 61 (37%) 61 (34%) 61 (35%)
30 56 (27%) 59 (30%) 56 (27%) 59 (31%) 56 (28%) 58 (30%)

0.05 67 (34%) 67 (34%) 67 (34%) 67 (34%) 67 (33%) 68 (34%)

0.15 54 (32%) 54 (32%) 54 (32%) 54 (32%) 54 (33%) 55 (33%)

Bl 0.20 51 (23%) 51 (24%) 51 (19%) 50 (21%) 53 (22%) 51 (22%)
0.25 49 (9%) 48 (8%) 59 (8%) 49 (5%) 54 (7%) 49 (5%)

is set to 5 x 1078, In our algorithm, we set 7 = 0.99, the maximum numbers of iterations in CG and
the first-order method are both 300. We set &5, = 0.9¥ and the initial value of o is 3Apax (AT A), where
Amax denotes the maximal eigenvalue. Other parameters of our algorithm are the same as those in CM.
Note that since ManPG generally cannot achieve our requirement on the accuracy, we omit it in this
experiment.
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Table 4: Comparison on CM with higher accuracy. (n,r, u) = (1000,20,0.1) and one of them varies. The
termination threshold is 5 x 10~8. The column SECOND-ORDER is the total number of iterations, CPU
time, average CG iteration number of the second-order method, together with the percentage that CG
detects the negative curvature direction (denoted by CG RsST). The column FIRST-ORDER is the total
number of iterations and CPU time of the first-order method [63] started from the same initial point as
the second-order method and terminated when it attains the same optimality condition.

SECOND-ORDER FIRST-ORDER
ITERATION TIME (S) Ava. CG ITER CG RsT (%) ITERATION TIME (S)
LS-I LS-II | LS-I LS-1I LS-I LS-I1 LS-I  LS-II LS-I LS-1I LS-I LS-II

‘ Exponential Map

200 288 369 3.06 5.12 66.13 82.87 0.00 0.26 28924 23605 9.22 7.52
500 298 358 5.73 10.44 60.53 88.65 0.00 0.00 39901 27498 | 18.83  13.17
n | 1000 244 90 7.22 4.27 45.13 96.49 4.34 24.03 3504 4374 2.65 3.24
1500 251 363 26.61 65.24 156.09  256.81 1.66 3.97 68778 58475 | 70.11  60.56
2000 203 202 21.52  33.61 157.13  249.48 4.72 0.18 37675 21100 | 53.22  27.54

10 267 373 2493  76.76 290.48 568.20 | 21.91 18.23 3955 23636 1.94 11.84
15 240 306 30.79  81.31 313.80 592.89 | 25.47 1991 6277 11495 4.20 9.39
25 237 334 14.51 28.99 104.94 141.85 0.00 0.00 29139 25811 | 27.10 23.94
30 239 441 24.02  83.16 139.21  254.22 0.00 0.79 33426 20143 | 36.68 22.24

0.05 174 292 5.61 13.44 73.71 93.62 0.00 0.00 9940 7906 7.40 5.91
0.15 182 215 7.28 13.31 83.12 124.71 0.00 0.00 27398 19627 | 22.43 16.62
1 0.20 121 178 6.11 27.31 104.88  297.51 1.13 4.47 13972 16872 | 10.42  13.02
0.25 133 378 10.96  142.51 | 169.43 652.74 3.53 10.39 | 15413 23251 | 12.23 19.91

‘ Retraction using QR Decomposition

200 264 377 2.39 5.12 60.13 83.44 0.00 0.00 25699 25639 8.15 8.16
500 265 373 4.32 9.96 53.93 84.43 0.00 0.00 30973 29728 | 14.61 14.04
n | 1000 110 86 5.12 3.63 89.69 85.90 20.93 18.24 2478 4965 1.85 3.69
1500 238 360 22.33  65.66 142.90 263.24 2.35 5.87 69516 59054 | 71.92 61.12
2000 136 197 14.89  32.68 182.04  249.38 5.51 0.31 23681 21536 | 29.78  28.15

10 603 335 87.72  65.44 | 415.50 548.50 | 34.42 14.05 | 44448 26438 | 22.12 13.01
15 393 331 50.38  70.59 286.62 481.59 | 44.88 23.94 | 24163 18022 | 16.03 11.89
25 225 327 12.83  26.98 103.27  137.76 0.55 0.00 29205 24441 | 26.70 22.44
30 177 439 16.66  77.70 145.66  238.25 0.00 0.00 27444 20960 | 29.86 23.22

0.05 165 278 5.25 13.06 74.65 97.48 0.00 0.00 9431 7887 7.00 5.85
0.15 136 217 5.64 12.71 98.06 120.97 | 0.00 0.00 21286 20372 | 17.11  17.39
1 0.20 99 161 6.75 16.89 151.63  211.26 8.47 0.33 18256 13665 | 13.92  10.27
0.25 210 354 33.98  89.84 313.85  450.47 | 20.33 0.36 79478 37584 | 61.58  29.45

Retraction using Polar Decomposition

200 274 369 2.62 5.07 61.67 83.38 0.00 0.00 28362 25357 | 9.02 8.06
500 295 335 5.19 9.91 55.56 91.45 0.00 0.00 39868 27719 | 19.18  13.40
n | 1000 113 71 4.84 3.78 84.84 106.35 | 18.23  18.42 2783 5549 2.09 4.18
1500 251 390 23.54  74.01 142.35  267.34 2.79 4.64 73268 62999 | 75.87 65.86
2000 137 201 14.82 32.11 184.55  240.82 5.04 0.18 23561 21548 | 29.89  29.70

10 491 264 69.46  50.06 | 408.00 536.71 | 32.46 14.51 | 45323 34803 | 22.18 17.09
15 394 274 50.06  56.21 284.55  462.63 | 44.71 23.48 | 25270 18112 | 16.94 12.11
25 217 328 12.65 28.22 106.78  143.70 0.55 0.00 28576 26171 | 25.92  23.86
30 160 432 15.85 76.47 156.98  239.43 0.00 0.00 24631 20308 | 26.58  22.41

0.05 160 281 5.17 13.37 77.30 98.57 0.00 0.00 9345 8016 6.88 5.97
0.15 136 214 5.73 12.49 96.72 122.45 0.00 0.00 21143 18790 | 17.08  14.89
1 0.20 93 151 5.74 14.92 143.59  199.05 7.25 0.28 16898 13309 | 12.59  10.08
0.25 194 281 26.74  72.03 269.42  465.45 | 20.43 0.41 75149 36278 | 57.65 28.19
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Table 5: The minimum eigenvalue of the Hessian matrix of (3.11) in the CM problem (1.2). (n,r,x) =
(1000, 20,0.1) and one of them varies. We report the results of 5 different runs. Let {x)} be the sequence
generated by Algorithm 3.1 and I be the index set at which Algorithm 4.1 is called, then each number
of this table is minge s Amin (Hg), where Apin is the minimum eigenvalue and Hy, € d grad Ly () is from
Algorithm 4.2.

| MINIMUM EIGENVALUE (x10)

200 3.04960 3.05820 3.05160 3.23330  1.75420
500 0.97663  1.08610 1.14290 1.17090  1.01000
n | 1000 | 0.13422 2.06550 0.22452  1.88420 0.05863
1500 | 0.65285 0.61208 0.63683 0.86749  0.80422
2000 | 0.24362 0.24363 0.24154  0.24101  0.23518

10 0.00264 0.00570 0.00287  0.00901  0.00005
15 0.06096  0.05403 0.01370 0.00334 0.06086
25 0.60886  0.60154  0.36930 0.76388  0.06192
30 3.01550  6.18060 2.96390 6.18660  5.35900

0.05 | 0.58725 1.03500 1.01720 1.12870  1.15590
0.15 | 0.57333 0.73569 0.39304 0.57299 0.53624
1020 | 034736 0.20896 0.45627 0.34404  0.03558
0.25 | 0.01539 0.16556  0.05790 0.01262  0.05763
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Fig. 4: Results of Algorithm 3.1 and 4.1 on constrained SPCA with (n, ) = (600,1.0) and r = 3,5, 10,
respectively. We use the first-order method to find an initial point for Algorithm 4.1 and start the second-
order method when || grad Ly || < 5x10~%. “Feasibility” refers to the condition like (5.6) and “Stationary”
refers to the condition like (5.7). The second-order method is able to start when r = 3,5 and fails to
start when r = 10.

The data matrix A € R?0%" is generated as follows: First, we randomly generate A from the standard
Gaussian distribution. Then, we modify the singular values of A to {w} + 107°}2%, to make A ill-
conditioned, where {w;} is sampled from the standard Gaussian distribution. Finally, columns of A are
normalized to have zero mean and unit length. Results are reported in Table 6 and Figure 3. We find
that the losses of the solutions obtained by these methods are comparable, and our algorithm (LS-II) is

faster than other methods when one of u,r,n is large.

5.3 Constrained Sparse PCA

Since the SPCA problem in Sec. 5.2 has no guarantee on finding eigenvectors, the constrained SPCA
problem (1.4) is considered in [50]. In this section, we compare our algorithm with the method in [50],
which will be referred to as ALSPCA. In our implementation, we apply the first-order feasible method
on Stiefel manifolds [63] to solve the subproblem when the iterates do not meet the starting conditions
of the semismooth Newton method. Following [50], the termination condition of the subproblem is based
on the feasibility conditions (5.6). In our algorithm, we set 7 = 0.25, p = 10, @ = 1.01, the maximum
number of iterations of the first-order method is 2000. We set £ = 0.1% and the initial value of o is
1. The parameters of ALSPCA are the same as those in [50]. The data matrix A € R59%" is generated
from the standard Gaussian distribution and each column of A is normalized to have zero mean and unit
length.
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Table 6: Comparison on SPCA. A € R*" (n,r,u) = (2000,20,1.0) and one of them varies. LSE,
LSqQ, LSP denote our algorithm with the exponential map, the retraction using QR decomposition the
retraction using polar decomposition, respectively.

AMANPG ARPG SOC LSE-I LSE-II LSQ-1 LSQ-11 LSp-1 LSp-11
Running Time (s)
500 6.77 48.25 18.85 7.69 7.60 5.12 5.19 5.14 5.03
1000 12.05 79.78 34.94 14.66 18.24 13.56 11.93 13.19 12.06
n 1500 34.72 87.92 57.74 29.49 28.77 24.94 25.12 27.76 23.55
2000 34.64 112.64 94.48 33.30 42.67 47.19 34.15 45.30 30.55
2500 57.50 116.51 124.66 45.11 42.63 46.11 37.25 52.52 37.63
3000 81.80 134.70 158.95 77.56 81.44 99.62 58.87 79.36 64.45
5 7.37 25.00 55.96 20.86 19.32 17.73 17.86 18.37 16.04
” 10 18.52 44.10 75.23 22.49 32.83 25.89 18.12 29.05 19.12
15 38.14 67.22 86.39 35.84 31.50 38.00 18.94 30.52 19.12
25 62.88 146.31 105.45 39.49 35.56 27.73 27.45 33.83 28.75
0.25 70.97 80.56 93.19 116.40 141.50 89.27 96.15 87.74 97.62
0.50 57.01 86.69 93.66 53.81 50.27 58.37 41.38 57.38 38.75
® 0.75 51.82 98.02 94.44 37.36 39.85 43.89 32.15 39.06 30.23
1.25 37.36 112.67 93.86 40.34 30.16 53.26 23.25 52.10 24.18
Loss Function: —tr(X T AT AX) + u|| X1
500 -337.79 -337.73 -337.32 -337.82 -337.82 -337.82 -337.82 -337.82 -337.82
1000 -749.79 -749.92 -749.62 -749.61 -749.61 -749.61 -749.61 -749.61 -749.61
n 1500 -1207.65 -1207.83 -1206.96 -1207.57 -1207.48 -1207.57 -1207.48 -1207.57 -1207.48
2000 -1621.52 -1621.85 -1621.35 -1622.69 -1622.69 -1622.69 -1622.69 -1622.69 -1622.69
2500 -2077.05 -2077.30 -2076.24 -2077.13 -2077.13 -2077.13 -2077.13 -2077.13 -2077.13
3000 -2542.05 -2541.80 -2541.15 -2542.36 -2542.36 -2542.36 -2542.36 -2542.36 -2542.36
5 -1497.56 -1497.50 -1497.52 -1497.66 -1497.67 -1497.67 -1497.67 -1497.67 -1497.67
” 10 -1640.15 -1640.17 -1639.74 -1640.63 -1640.63 -1640.63 -1640.63 -1640.63 -1640.63
15 -1641.56 -1641.60 -1640.95 -1640.68 -1640.79 -1640.79 -1640.79 -1640.79 -1640.79
25 -1636.00 -1636.46 -1636.54 -1636.48 -1636.48 -1636.48 -1636.48 -1636.48 -1636.48
0.25 -1874.13 -1874.15 -1871.42 -1874.23 -1874.23 -1874.22 -1874.22 -1874.22 -1874.22
0.50 -1780.83 -1780.81 -1778.62 -1780.71 -1780.69 -1780.69 -1780.69 -1780.69 -1780.69
® 0.75 -1698.08 -1697.79 -1695.84 -1698.17 -1698.17 -1698.17 -1698.17 -1698.17 -1698.17
1.25 -1552.05 -1552.28 -1552.04 -1553.42 -1553.41 -1553.41 -1553.41 -1553.41 -1553.41

Table 7: Comparison on constrained SPCA. (n,r, u) = (2000, 20, 1.0) and one of them varies. EQUALITY
and INEQUALITY are the logarithm of the violation of equality/manifold and inequality constraints,
respectively.

CPU (s) SPARSITY (%) CPAV (%) EqQuALITY INEQUALITY
Ours ALSPCA | Ours ALSPCA | Ours ALSPCA OURS ALSPCA | Ours ALSPCA

5 9.01 12.17 37.83 34.43 11.82 11.93 -15.31 -9.19 -8.21 -8.46

10 14.67 20.80 38.16 33.74 22.77 23.19 -15.32 -8.74 -8.29 -8.19

T 15 21.10 31.29 38.85 38.62 33.03 32.97 -15.27 -8.73 -8.33 -8.19
25 32.51 33.67 39.23 38.68 51.59 52.09 -15.14 -9.06 -8.36 -7.98

30 39.79 39.84 39.65 40.51 60.09 60.31 -15.12 -9.03 -8.23 -7.91

500 10.14 17.13 72.62 68.67 35.71 35.61 -15.23 -8.93 -8.32 -8.26
1000 | 15.64 22.97 56.07 49.80 40.57 41.78 -15.20 -8.99 -8.23 -7.96

n | 2000 | 26.23 28.91 38.74 38.01 42.65 42.94 -15.12 -8.76 -8.11 -8.22
4000 52.48 44.21 23.30 21.65 43.22 44.06 -15.08 -9.13 -8.62 -7.89
6000 71.72 60.98 17.68 16.99 43.13 43.74 -15.22 -8.89 -8.79 -7.94

In our experiments, we observe that our algorithm and ALSPCA find very different solutions for the
same penalty parameter u. To better compare their performance, we set p = 1 for our algorithm, and
tune u to achieve a comparable sparsity for ALSPCA. We compare the quality of solutions in terms of

31



the cumulative percentage of adjusted variance (CPAV) proposed by [50]. It is defined as follows:

CPAV(V) = ﬁ (tr(VTATAV) - Z(VZ_TATAij) .
i#j

This quantity measures how well the data is explained by the found principal components. We set A;; =
1078 and report the results in Table 7. We find solutions obtained from these algorithms are comparable
in terms of CPAV, and we also find there is a trade-off between the sparsity and the explainability
(CPAV). The speed of our algorithm is comparable with ALSPCA for large n,r, and is faster for small
n, . Moreover, as shown in the first two columns in Figure 4, the semismooth Newton method can start
when r = 3 and r = 5. When r = 10, the behavior of our algorithm is similar to the first order methods
as it is difficult to fulfill the stationary conditions like (5.7). One possible reason is that (1.4) has r(r —1)
inequality constraints such that the non-degeneracy condition required by Theorem 4.3 is likely violated
for the case when r is large. A similar phenomenon has also been observed in SDP [69, 65]. Even in this
case, we find that our algorithm is still faster than the ALSPCA method.

6 Conclusion

The paper proposes an augmented Lagrangian method for solving a class of nonsmooth optimization
problems on manifolds with proved convergence. Using the Moreau-Yosida regularization, the augmented
Lagrangian subproblem can be efficiently solved by the globalized semismooth Newton method, which
exploits the second order geometry structure of manifolds. The local superlinear convergence rate is
established under certain non-degenerate conditions that are similar to the case in the Euclidean space.
Our numerical experiments on various applications show the advantages of the proposed method over
the existing methods. The work done in this paper on ALM for solving the nonsmooth optimization
problems on manifolds is by no means complete. There are many unanswered questions on both theory
and algorithm design. For example, the convergence results of ALM for solving the nonsmooth manifold
optimization problem are established under the constraint qualifications such as CPLD and LICQ. A sys-
tematical study on the convergence analysis of ALM under weaker assumptions is certainly of paramount
necessity for solving the nonsmooth manifold optimization problems. Another direction is to design more
efficient algorithms for solving the ALM subproblems in particular for the more challenging problems
such as the constrained sparse PCA. It is our firm belief that a better usage of the inherent second order
geometry structure of manifolds rather than projecting them into the tangent spaces will lead to more
efficient optimization methods for solving nonsmooth manifold optimization problems.
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A The Deferred Proofs in Sections 4.1 and 4.2
A.1 Proof of Lemma 4.2

Proof From the compactness of U, there exist C, K,y > 0 such that Lemma 4.1 holds for every ¢ € U.
By shrinking the constant ry if necessary, we could also assume that for every ¢ € U, R,v is defined
for every v € TyM with |lv|]| < ro. For a fixed point ¢ € M, let {e;}ic[n) be an orthonormal basis
of TuM. We define the isomorphism v, : R" — T,M as 94(w1,...,w,) = Y i, wie;, and the chart
©q : Bro(q) = R™ as @q (exp, 1hq(w)) = w, where ||w||gr < ro,” which implies that (14 0¢q)(p) = exp; ' p
for every p € By(ro).

9 Indeed, this is called the normal coordinate (see, e.g., [19, p. 86] and [48, p. 131]).
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For |jv]| < ro, we define the curve v(t) := R, (tv), then

1 1
d(Rqv,q) < (¥]jo,1)) =/0 ||7(1f)Hdlﬁ=/0 [dRy[e[v][|dt < Cqllv]], (A1)

where C, := SUD|ju]| <1 |[dR,l,||. Since R,v is C? with respect to ¢ and v and U is compact, we know
C:= SupquC < 00. Thus, exp,; ' Ryv is defined for ¢ € U and [|v]| < r := =1o/C.

Let B, := {w € R" : ||w|g= < 7}, and Ry, E, : B, — R" be the maps ¢, o R, o Yalp, > Pq©
exp, ot B, respectively Since the differentials of exp, and R, are the same at 0, then the differentials

of E’q and ]:Bq also coincide at 0. Let ﬁq = E'q — ]:Bq, then Taylor’s theorem states that for any w € BT,
there exists t, € (0,1) such that [|Dy(w)|gs = %Hvzﬁq(tww)[w,w]ﬂw < Cy|lw|3., where C,
%Sup|\w|h«n<r ||V2D (w)]|.

Since 1), is a linear isomorphism, then (¢4 o D oY, D) = (g0 (40 exp, —pq © Ry))(v) = (g 0
©q0exp,)(v) — (1hg 0 g 0 Ry)(v) = v — exp, ! Ryv. Therefore by Lemma 4.1, we have

d(Ryv,exp,v)” < ||v — exp, Ryo|® + Kl exp, ' RyolPlJol? < (€2 + C2K) o]

for every v € T;M with [[v|| < r, where the last inequality follows from (A.1) and [|exp;' Ryv| =

d(Ryv, q). Finally, since R,v and exp, v are both C? with respect to ¢ and v, C'q is uniformly bounded
on the compact set U. Thus, the required constant C' exists and is finite. O

A.2 Proof of Lemma 4.4

Proof Define ¢ = @po~y. We know that ¢ is continuously differentiable with Lipschitz gradient in [0, 1]. By
Theorem 2.3 in [37], there exist £ € (0,1), M € 8>@(€) such that ¢(1) —@(0) = ¢’ (0)+%. Note that due
o ¢'(t) = (grad p(v(¢)),%(t)) and V4% = 0, we find ¢"(t) = <Vv(t) grad o(v(t )),"y(t)>, whenever ¢’ is
differentiable at ¢. From the linearity of the parallel transport, it suffices to consider the case Mg € 8%@(5 ),

i.e., there exists {t} — & such that @” exists at ¢, and ¢"(t;) — Mg Since by the isometry property
of the parallel transport, &' "(tk) = <V () 81ad (Y (tk)), (tk)) = (PF7EV pene s o grad o(y(te)), 4(6)),

then there is Mg € dgradp(y(€)) such that M = (Me5(€),4(€)). Note 4(€) = P,?Hg'y(O), then the
conclusion holds. O

A.3 Proof of Lemma 4.5

Proof Suppose the conclusion does not hold, then there exist 6 > 0 and vy € T, M — 0 such that
HPeXp,J vie.pX (€XP, o) = VX (P ve)| = 6 [|oel -

By Lemma 4.1 and the locally Lipschitz condition on X, there exists g > 0 such that for every pi1,ps €
B, (p), there exists a unique shortest geodesic joining p; and psy and X is L-Lipschitz in B,,(p). Let
0 < r < ro, by taking the subsequence of {v;}, we assume that 7, := Tou = © € Ty M with lo|| = r. We

define t), = |lvg|| /7, gx = exp,, vk, Tk = exp, Uy, and sy = exp,, tv, then it holds that {qx, 7%, sk} C By, (p),
and hence we have

| PopX (ar) — VX (05 08) || < ([ Py pX (k) — Py ,p X (s)[| + |1 Psy pX (s1:) — VX (p30k) |
< 1Py, Pa p X () = Poyo s X (@) + [ Pi 0 X (i) — X (1)
(A) (B) (A.2)
+ [Py p X (s1) — i VX (p;0) || + [[VX (ps o) — 66 VX (p50)|] -
(&) (D)

From Lemma 10 in [41], there exists C' > 0 such that

(A) <|Psy.a0 Pp.si Papp — 1[I X (qr)l] < C max(d(p, qr), d(gr, s6)) [ X (qr)l] = o(tr), (A.3)
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since || X (qx)|| < L|lvg]l = 0 as v, — 0. Moreover, since X is locally Lipschitz and directional differen-
tiable at p, using Lemma 4.1, as k — oo, we have

(B) < Ld(gk, s1) = o(t), (C) = [|Ps; p X (s) = X(p) = s VX (p; )| = o(tr), (A.4)

where the first estimate follows from Definition 2.10 and £(y) = d(qx, si). Let ¢}, = exp,, tU and q =
exp,, tv, from Lemma 10 in [41] and Lemma 4.1, we have when ¢ — 0,

1Py X (ah) — Par p X (a5) | < Byt P X (a) = Pag an X(GI + | Py g X (gh) — X (1)
< Py gt Pt Pyg p — 1l X (ah) | + Ld(gh 41) = O(#) + O(®) [ — o]

w4~ Py~ qpsP

where the constants in the big-O notation depend on p, v and M. An intermediate result of the above
estimate is

IVX(p; ox) = VX (p50)|| < O([|os = v]) = o(1). (A.5)
Thus, the last term in (A.2) is
(D) = t|[ VX (p; 0x) = VX (p; )| = o(tr) (A.6)

Combining (A.3), (A.4) and (A.6), we find that || P, ,X(qx) — VX (p;vr)|| = o(ty) = o(]|vk||), which
contradicts with our assumption. O

A .4 Proof of Lemma 4.6

Proof Define qr1+1 := Ry, Vi. Let B.(p), K be the quantities in Lemma 4.1. Without loss of generality,
we may assume pr € B,.(p) and ||v|| < r for every k, and shrink the ball B,.(p) such that (4.10) holds
in B,(p). Using Lemma 4.1, we know the following inequality holds for every geodesic triangle in B,.(p)
whose edges are a, b, c:

a? < b? + 2 — 2bccos A + Kb3c? < (b—&—c)2 + Kb%c?,

where A is the angle between b and ¢. Let a = d(pk, qx+1), b = d(pk, D), ¢ = d(qx+1,p), then we have

. d(pr, qrs1)? . - ( d(Qk+1,p))2
limsup ———=— < K limsupd , +limsup 1+ ————— | =1. A7
k—mp d(pk,p)?  ~ k—mp (@+1,7) k—><>op d(px,p) ( )

Define a = d(pk,p), b = d(pk,qr+1), ¢ = d(qr+1,p), note that d(gr+1,p) = o(d(pk,p)), then for
any ¢ > 0 there exists k. > 0 such that for any & > k., it holds that d(qx1,p)? < ed(pr,p)? <
2ed(qr+1,p)? + 2ed(pr, qr+1)? + eKd(qri1,p)*d(pr, qrs1)?. From (A.7) and the fact that py — p as
k — oo, there exists Kq > 0 such that Kd(pk,qri1)? < 2Kd(pr,p)? < 2 for k > Ky. Thus, for all
e € (0,1/8) and k > max{k., Ko}, it holds

< 2e
" 1—2e —eKd(pr, qr+1

d(qrs1,p)° 2 d(pr, gr+1)? < 4ed(pr, gr)?,

ie., d(qrt1,p)* = o(d(pk, gr+1)?). From (4.10), we have

d(prs qe1) < d(prsexpy, Vi) + d(exp,, Vi, qre1) < Vel + ClVell?,

and hence it holds d(gx+1,p) = o(d(pk, qr+1)) = o(|| V).
On the other hand,

d 2
lim sup 7(1%’ P)

d 2
5 < K limsup d(qrs1,p)* + limsup (1 + M) =1.
koo d(Pk,Tk+1) k—o00 k—00

APk, Qet1)

. . : d(pr.p)
Combining with (A.7), we have kl;rgo d(pk,’;k+1) =1. O
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B The Deferred Proofs in Section 4.3
B.1 Proof of Theorem 4.4

We prove Theorem 4.4 in this section. First, we give a simple result that will be frequently used in our
proof: For p € M, ¢ € T, M, and a curve v : [0,1] — M with v(0) = p, the vector field Z(t) := PO%tﬁ is
parallel to v, and hence by the definition of parallel transport we have

V5P =0. (B.1)

Similarly, for p € M,{ € T,M and ~: [0,1] — M, it holds that VﬁPg_’tC =0
The following lemma compares the parallel transports of the manifold M and its ambient space M.

Lemma B.1 There exists C > 0 such that for every p € M, and every smooth curve v : [—-1,1] = M
with v(0) = p, and every v € T,M, t € [0,1], it holds that

1P~ 0 — PP~ < Cl(ylo,)llv]l- (B.2)

Moreover, there exists C' > 0 such that for every p € M, w € T,M with ||w|| < 2, and every t € [0,1],
the following inequality holds for (t) := exp, (tw).

[ POy — P97 — tII(5(t), Py )| < C'2. (B.3)

Proof Let Y : [0,1] — TM be a smooth vector field along ~. For any fixed ¢ € [0,1] and & € T,y M, it
holds that

d 5 — d DS— d pl—s
<dSP5 ty(s),§> = £<P7 Y (s),&) = £<Y(s),P; '3

= (VY (s), PLog) + (Y (5), V5 PI7%€)

(B.1)

Therefore, L P37V (s) = PV, Y (s).
Setting Y( ) PY=ty for v € T,M, we know

(B.1)

vy 2 vy 16, v) B e, v,
and thus,
t
PO s DS :
Y(t)— P)7'Y (0) / &P,YﬁtY d5:/0 P37 I((s), Y (s))ds. (B.4)

Since II smoothly depends on the Riemannian metric of M and M is compact, the constant C' :=
sup{||I(u,v)|| : p € M,u,v € T,M, |lu|]| = ||v|]| = 1} is finite. As the parallel transport is an isometry, it
holds that ||Y (¢)|| = |Y (0)|| = ||v|| and

t
1Y () = Py=Y (0)] < /0 Cllvllliy(s)llds = Cllolle(v]o,1)-

Moreover, we have

(0. (0) = ¥ () - Py) = [ 1060, 7(0) - B . Y (9)s

/ / < P (), Y () duds = /0 t / tPﬁtvm(y(u),y(u))duds.

When ~v(t) := exp,(tw) for w € T, M with [[w]|| < 2, the above integrand is continuous with respect
to v, w,t,u,p, and thus, the constant C' := 2sup{[|[V;II(§, PY7"0)| : p € M and w,v € T,M, |w|| <
2, ||v]| <2,t €10,1]} is finite. Therefore, (B.3) holds. O

The following lemma controls the error of parallelly transporting a vector along the shortest geodesic
on M and then moving back along the shortest geodesic on M.
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Lemma B.2 Fiz p € M, then there exists C > 0 such that for every v € T,M with |jv|]| <2, t € [0,1]
and w, & € T,M, the following inequality holds

[Py p Py 71w, €) — (w, ) | < C2||wll €], (B.5)
where «(t) := exp, (tv). Consequently,
| Pty — PS”tH < Ct%. (B.6)

Proof Let w,§ € T,M and v € T,M with [Jv]| < 2 and y(t) := exp,,(tv), then

Py P, €) = 5 (P, By)

ZW PY7w, By )€) + (P 7'w, Vs By 1)€)

(P, V5B ) (B.7)
((11; (Py) p Py 1w, €) = (V4 Py 7w, Vs By yy€) + (P70, Vs Vs By yn€)

" <p$ﬁtwa vﬁwpp,w)@ : (B-8)

Let Y (q) := Ppeé for ¢ € M, then Y (y(t)) = P, €. From [19, Proposition 2.2(c)], we know VY =
VP, by (1) By the definition of Y, V,Y(p) = 0 for every v € T, M. Therefore, the right-hand side of
(B 7) vanishes at ¢ = 0. Since V \V& Pp ~(t)§ is continuous with respect to ¢,v and is linear with respect
to &, then

€= sup {19395 Pyl £ € (0,1, o] <2, €] < 1} < oc.
Applying Taylor’s theorem at ¢ = 0, we know for every t € [0,1] and w,& € T, M,

[{(Pyyp Py~ w, €) — (w,€) | < C[|w]|[l€].
Since C' is independent of v, then the above holds for every ||v|| < 2. Finally, (B.6) follows from
[P0 PO_MH = [Py pPS_M —1d|| < Ct%.
This completes the proof. (]

The lemma below bounds the error of the inverse exponential maps of M and M, which is proved by
extending exp,, to a retraction on M using the Fermi coordinate [48, p. 135] and applying [71, Lemma
3] to bound the difference of two inverse retractions.

Lemma B.3 Fiz py € M, there exist C,r > 0 such that the following inequality holds for every p,q €
Br(p())‘
| exp, "¢ —exp, 'q|| < Cdy(p,q)*. (B.9)

Proof From Lemma 4.1, there exists r > 0 such that exp,, is a diffeomorphism from {v € T, M : [jv|| < 4r}
to Ba,(p) for every p € By, (po). According to Theorem 5.25 in [48], there exists 7/ > 0 such that exp
is a diffeomorphism from V := {(p,v) € NM : p € Ba.(po),||v|| < r'} to its image under V', where
NM = UpeM(Tp/\/l)L is the normal bundle. Let Ei,..., Eq be vector fields on By, (pg) such that

{E1(p),...,En(p)} and {Ey41(p), ..., Eq(p)} are orthonormal bases of T, M and (T,M)*, respectively.
For p € Br(po), v := .0, w;Ei(p) € Ty,M with [[or| < 7 and |JuL|| <7/, we define ¢(p,v) := exp, (vT)

and
d
E(pa U) = mq(p,v) ( Z szZ(Q(pa U))) :

i=n+1

The above discussion shows that £ is well-defined, and E(p,v) = exp, v if v € T,M and [jv]| < r, and

E(p,v) = exp,v if v € (T,M)* and |[v|| < r’. Thus, E can be regarded as a retraction on M defined
near po, and (B.9) follows from [71, Lemma 3]. O
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Proof (Proof of Theorem 4.4)

(i) First, we verify the local Lipschitz property of X. Since X is locally Lipschitz at p € M, then
there exist L, > 0 and a neighborhood U, C M at p such that X is L,-Lipschitz in U,. By Lemma B.1,
we know for every p,q € M N Up and every geodesic « joining p and g, it holds that

1P X (p) — X(q)|| < |PY7' X (p) — PY7' X (p)|| + 1PY7 X (p) — X (g)|

< (0555 IX@)) + Lp) (),

where C'is the constant in Lemma B.1. Since M is compact and X is continuous, M := sup,c o [| X (p) <
00, then X is Lipschitz on M N Up, i.e., X is locally Lipschitz at p.

(ii) Next, we show that X is directionally differentiable at p in the Hadamard sense. Fix v € T, M
with |lv]| = 1 and let ¥(t) := exp,(tv’) for t € (=1,1) and v € T, M with [[v[| < 2, and decompose
PL70X (exp,(tv')) — X (p) into

(P70 = Py7O)X ((1) = tS(1) + (Py7° = Py p) X (V(1)) + Pyy p X (4(1)) — X (p) +1S(),
(A) (B) (©)

(B.10)

where S(t) := II(—5(0), PL 70X (y(1))).
From Lemma B.1 and B.2, there exists C' > 0 (independent of v’) such that

(B.3) 2 pt—0 b (B-6) 2
(W) < ¢ and  [(B)| <[P0 = Py, I X ()] < M,

When ¢ — 0 and v — v, we know [(A)| + |(B)| = O(#?) and v} := t~'exp, '7(t) — v, and hence the
continuity of S(¢) and the Hadamard differentiability (4.24) imply that

o / im ~
12&)1 n [Pexpp(tv/)7pX(epr(tv ) —X(p)] - ltlfg E(C)
v’ —wv Vi
—mllp X(exp, (tv))) — X lim 5(t) 2" VX (prv) - 11(0, X
= lim 7 [P, o (exp, (tv})) — X(p)| + i (t) = (p;v) — (v, X (p)).
v —v

Note that II(v, X (p)) € (T,M)*, we find VX (p;v) = VX (p;v) — II(v, X (p)) = (VX (p;v))T for every
[lv]] = 1. Since VX (p; tv) = tVX (p;v) for all ¢ > 0, we know X is directionally differentiable at p in the
Hadamard sense.

(iii.b) Finally, we need to verify the inequality (4.27). Suppose that the assumption (iii.b) holds. Since
the parallel transport is an isometry, then from (4.26), there exist C' > 0,46 € (0,1) such that for every
q € M with d,y(p,q) < 6 and H, € K(q), it holds that

| Ppg X (p) — X (q) — Hgexp, 'pll < Cd iy (p,q) ™ < Cd(p, ) . (B.11)

Without the loss of generality, we could assume that Bs(p) C V), where V,, is the neighborhood of p in
the assumption (iii.b). For every ¢ € M and H, € K(g) such that da(¢,p) < d, the assumption (iii.b)
states that there exists H, € K(q) satisfying (Hyexp, ' p)1 = H(exp, ' p, X(q)) and (Hgexp,'p)t =
H, exp;lp. Let a = dam(p,q), £ :=a™ ! exp;1 q and y(t) := exp,,(t£), it holds that

| PpeX (p) — X(q) — Hy englpH < [|Ppg X (p) — PS—WX(p) + H(equ_lp, X))l
A)
+ [(PY7* = Po) X (P)|| + [ Pog X (p) — X (q) — Hyexp, 'pl| + || Hy (€55, 'p — expy ' p)|l -
(B) (©) (D)

Let T,C' > 0 be the constants such that Lemma B.1, B.2 and B.3 hold with py = p, and f/p >0
be the Lipschitz constant of X at p, and by the compactness of M and the continuity of II(v,w), we
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further assume that sup{||II(v,w)| : p € M,v,w € TyM,|jv|| = ||lw| = 1} < C < oo. Note that
Y(a) = —a~texp; ! p and H(exp, ' p, X (¢)) = —odI(§(a), X (q)), then

(A)] < [PpuX(p) — P2 X (p) — all(§(a), PO X (p)] + al|TI(3(a), P& X (p) — X (g))]
"L 602 1+ Cal (@[ X (p) - X(g)]) < CL+ Ly

where the last inequality follows from the Lipschitzness of X at p. From (B.6) we find that |(B)| < CMa?.
Since K is locally bounded, there exists M > 0 such that all elements in | J d(p.q) <6 K(q) are bounded by

M, and thus (B.9) yields |(D)| < CMa?. Combining with (B.11) and letting Co := C'(M + M + L, + 1),
it holds that

1Pog X (p) — X(q) — Hyexp, ' p|| < Cdm(p, ¢)'™* + Codpa(p, 9)°.

Thus, the inequality (4.27) holds for ¢ € M with daq(p,¢) < 6 := min{1,r,8} and C' := C'+Cj. Moreover,
when g € [0,1), the same inequality holds for ¢ € M with da(p,q) < 8 := min{r,, (C/C’o)ﬁ} and
¢ :=2C.

(iii.a) When X (p) = 0, we know

X (q) + Hgexpy " pll = (X (q) + Hqexp, ' p)7 | < [ X(q) + Hgexp, ' pl|
< [|X(q) + Hyexp, 'pl| + || Hy(exD, 'p — exp, " p)||.

The above two terms can be controlled by (4.26) and (B.9), respectively, and therefore the conclusion
follows from a similar discussion as in (iii.b).

(iv) Since when p = 0, we know for every C' > 0, if (4.26) holds, then (4.27) holds with C' = 2C,
which implies the semismoothness in Definition 4.1. The conclusion for the semismoothness with order
u € (0,1] directly follows from (i), (ii) and (iii). O

B.2 Proof of Proposition 4.2

First, we briefly review how to represent quantities on manifolds under a local coordinate. Let (U, ¢) be
a chart near p € M, and {e;} be the standard basis of R", i.e., the j-th component of e; is d;;, and let
E; := (dp)~![e;], then E; is a smooth vector field near p and {E;(q)} is a basis of T, M for every q € U.
Let g;; == (E;, Ej), G :== (gu) ,ge[n] and ’; be the Christoffel symbols such that Vg, E; = > _, Fi@-Ek,
and g% be such that (¢9"/); je;n) = G~', and we call G the metric matrix. The gradient of a smooth
function f : M — R is gradf = Z:j_l(g”Eif)Ej (see [48, p. 27]). Two smooth vector fields XY
defined near p can be represented as X = > . | X'E; and Y = Y. | Y'E;, and their inner product is
(X,Y) =220 9 X 'YJ. The covariant derlvatlve VxY can be ertten as (see [48, p. 92])

VY =Y (XY)E; + Z XYk Ey. (B.12)
i=1 i,5,k=1

When (U, ¢) is the chart constructed in the proof of Lemma 4.2, ¢~! is the normal coordinate at

p € M (see [48, p. 132]). Proposition 5.24 in [48] shows that g;;(p) = &;;, I}5(p) = 0, and all partial
derivatives of g;; vanish at p. Thus, grad f(p) = > (E;:f)(p)Ei(p), VxY(p) = > (XY (p)Ei(p)
and (X (p),Y (p)) = 32i_, X' (p)Y"(p)-

The following two lemmas are some chain rules on manifolds, which are proved by pulling functions
on manifolds back to Euclidean spaces and then applying the Euclidean chain rules.

Lemma B.4 Let M, N be two Riemannian manifolds, and F' : M — N be a smooth map, g : N = R
be a map that is locally Lipschitz at F(p) € N, then the following chain rule holds at p € M

d(g o F)(p) € dg(F(p))dF(p), (B.13)

where the inclusion means that for every & € d(g o F)(p), there exists ¢ € dg(F(p)) such that (§,v) =
(¢, dF|p[v]y for every v € T,M.
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Proof Let (U,¢) and (V,1) be charts near p € M and F(p) € N with ¢(0) = p and ¢(0) = F(p),
respectively. We denote G, Gaq as the metric matrices on N, M defined above, respectively. Define
Gg:=goy~tand F:=1oFop ! Then, Theorem 2.3.10 in [25] yields that

8(g o F)(0) C g(F(0))dE(0).

Fix ¢ € d(g o F)(p), then from (2.2) we know & := G rdg|,[¢] € A(§ o F)(0). The above display shows
that there exists ¢ € 8§(F(0)) such that for every © € R”, it holds that £ & = (T (dE(0)[0]). Let v :=
(dgly) o). then €70 = (dgl,f€) T Canldilylol) = (€,0). Since ¢ = (Al ) 1GRAC € Dg(F(p) and
dF = dyp o dF o (dp) !, we find that CT(dF(0)[6]) = (] [C) T Car(dblpp [AFT,[0]]) = (¢, dF[o]).
Therefore, (§,v) = (¢, dF|,[v]) for every v € T, M, and hence £ € dg(F(p))dF(p) O

Lemma B.5 Let M be a Riemannian manifold, X be a vector field on M that is locally Lipschitz
atp € M, andY be a smooth vector field on M. Define f := (X,Y), then the following chain rule holds.

9f(p) = (0X(p), Y (p)) + (X(p), VY (p)) , (B.14)

where & € Of(p) is regarded as the operator ¢ — (&, () for ¢ € T,M, and the right-hand side is understood
as the set of operators ( — (H(, Y (p)) + (X(p), VY (p)) for ¢ € T,M and H € 0X(p).

Proof Let (Uy, ) be a chart such that ¢~! is the normal coordinate. Suppose that X = 7" | X'E;
and YV = Zi:l YE;, we define f := fo o1, Xi = XJo o1, X = (X17...,X"), and Y likewise.
Thus, f(z) = X(2)TG(z)Y () for z € U, := ¢(U,), and can be regarded as the composition A o X,
where A(z,v) == v G(2)Y (z) and X () := (x, X (z)) for z € U,,v € R™. Since A is smooth and G(0) =
I,,, VG(0) = 0, we know V.A(0,v)[w,£] = vT VY (0)[w]4+£T Y (0) for w, £ € R™. Note that dX = (Id, dX),
then the chain rule in Euclidean spaces [25, Theorem 2.6.6] implies that

df(0) = VA0, X(0))[Id, X (0)] = X (0) T VY (0) + Y (0)T6X(0). (B.15)
We define the linear bijection J : L(R™) — L(T,M) as

(JH)o:= 3 _[Hil:Ei(p),

where H € L(R™), v € T,M and % := dp|,[v]. Below we show that J(9X(0)) = dX (p).

Suppose H € GB)A(( 0), then there exists zy — 0 such that X is differentiable at xj, and VX(xk) —H
as k — oo. Let H := JH, & € R", v := (dg|,) " [0], px := ¢ '(zx) and vy := (dg|,, ) '[9], then
VX (24)[0] = dX|, [0] = AX 7|, [vk] = v X*(pr), and therefore

Vo, X ZVXZ ) [0]E; + Z X'YITEE
i,5,k=1

Let k — oo and note I7(p) = 0, we find V,, X (px) — S [H0];Ei(p) = Hv. Since  is arbitrary, we
conclude that VX (py) — H € 83X (p). By reversing this argument, we can show that J—'H € 9X (0) for
every H € 9X(p). Then, J(9pX(0)) = X (p), and by the linearity of .J, we know J(9X(0)) = X (p).

Thus, Y (0)T (H?) = S Y (p)(JHv, E;(p)) = (JHv,Y (p)) for every H € dX(0), v € T,M and
 := dg)|,[v]. Similarly, it holds that X (0)TVY (0)[0] = (X (p), VY (p)[v]). Besides, (2.2) yields 8f(0)[0] =
Of(p)[v]. Therefore, the proof is completed by plugging these equations into (B.15). O

Proof (Proof of Proposition 4.2) Since Theorem 4.4 shows that X is also locally Lipschitz at p, then
0X (p) is well-defined. Let U, C M be a neighborhood of p, £ € T, M and V be a smooth vector field on
M such that V7 (q) = Pp& for ¢ € Uy, and ¢ : M — /\;l_b_e the embedding map. Define fy := <X, V>
and fy := fy o, then Lemma B.4 shows that dfy (p) C dfy(p)di(p) = 8fv( ), M-

Let v € T), /\/l then Lemma B.5 gives that dfy (p)[v] = (0X (p)[v],V(p)) + < p), VoV (p)). Since

v, X(p) €T, M Proposition 8.4 in [48] shows that

(X(p), VoVL(p)) = (X(). (Vo VL(p))T) = (X (p), Vo Vi(p)) = — (IL(v, X (p)), VL.(P)) -
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Note that V, V7 (p) = Vy(Ppeé)(p) = 0, then (X (p), V,V7(p)) = (X (p), Vo V7 (p)) = 0, and thus,

(X(p), VoV (p)) = (X(p), Vo, ViL(p) + VoV (p)) = — (I(v, X (p)), VL(p)) = — (Il(v, X (p)), V(p)),

where the last equation follows from (IT(v, X (p)), V+(p)) = 0.

Combining these arguments, we know 9 fy (p)[v] C (90X (p)[v] — II(v, X (p)), V(p)). Note that X (q) €

Ty M for q € Up, then fy(q) = (X(q), V7 (q)) for ¢ € U,. Since V,V7(p) =0 and 0X (p)[v] C T, M, then
Lemma B.5 yields 0 fy (p)[v] = (90X (p)[v], VT (p)) = (90X (p)[v], V(p)). Therefore, we know

(OX (p)[v], V(p)) € (9X (p)[v] — TI(v, X (p)), V(p))-

Note that V(p)T = & and V(p), are arbitrary and X (p)[v],0X (p)[v] are compact convex sets, the
inclusion relationship (4.28) follows from [57, Corollary 13.1.1]. O
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