STRONG VARIATIONAL SUFFICIENCY FOR NONLINEAR
SEMIDEFINITE PROGRAMMING AND ITS IMPLICATIONS*
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Abstract. Strong variational sufficiency is a newly proposed property, which turns out to
be of great use in the convergence analysis of multiplier methods. However, what this property
implies for non-polyhedral problems remains a puzzle. In this paper, we prove the equivalence
between the strong variational sufficiency and the strong second order sufficient condition (SOSC)
for nonlinear semidefinite programming (NLSDP), without requiring the uniqueness of multiplier or
any other constraint qualifications. Based on this characterization, the local convergence property
of the augmented Lagrangian method (ALM) for NLSDP can be established under strong SOSC
in the absence of constraint qualifications. Moreover, under the strong SOSC, we can apply the
semi-smooth Newton method to solve the ALM subproblems of NLSDP as the positive definiteness
of the generalized Hessian of augmented Lagrangian function is satisfied.
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1. Introduction. The local optimality of the general optimization problem is a
crucial topic for its theoretical importance and wide application. Traditionally, it is
studied through the growth condition, e.g., the well-known first or second order op-
timality condition (cf. e.g., [6]). Recently, Rockafellar [34] proposed a new property
named strong variational sufficiency to deal with this topic geometrically. The key idea
of this abstract definition originates from a so-called (strong) variational convexity,
which indicates that the values and subgradients of a function are locally indistin-
guishable from those of a convex function. These two approaches seem to originate
from different angles to understand the local optimality, but whether they possess
deep connections is an essential issue as it provides not only a better comprehension
of optimization theory, but also a solid theoretical foundation in algorithm design.
Thus an explicit characterization of strong variational sufficiency is demanding.

The definition of (strong) variational sufficient condition (Definition 2.3) is offi-
cially given in [37] for the following general composite optimization problem
(1.1) min  f(z) + 0(G(x)),

zeX

where X and Y are two given Euclidean spaces, f : X — R and G : X — Y are twice
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continuously differentiable, and 6 : Y — (—o00, o] is a closed proper convex function.
The strong variational sufficient condition is firstly introduced to deal with the local
convexity of primal augmented Lagrangian function and the augmented tilt stability.
It has gained more and more attention for its mathematical elegance and wide appli-
cations in the convergence analysis of multiplier methods. Several characterizations
of this abstract property are also given in [37]. For instance, it is equivalent to the
positive definiteness of the Hessian bundle of the augmented Lagrangian function [37,
Theorem 3] or the criterion [37, Theorem 5] involving quadratic bundle (Definition
2.6).

In terms of the connection with traditional optimality conditions, Rockafellar [37,
Theorem 4] shows that the strong variational sufficiency is equivalent to the well-
known strong second order sufficient condition (SOSC), which is expressed entirely
via the program data, when the function 6 in (1.1) is polyhedral convex (i.e., the
epigraph epif of 0 is a polyhedral convex set). For non-polyhedral problems, the
equivalence is still valid if 6 in (1.1) is the indicator function of the second order
cone with G(Z) # 0, where T is a local optimal solution (see [37, Example 3] for
details). However, an explicit and verifiable characterization of strong variational
sufficient condition for general non-polyhedral problems remains unknown. In this
paper, without loss of generality, we mainly focus on the characterization of strong
variational sufficiency for the following nonlinear semidefinite programming (NLSDP):

(1.2) np S
st. G(x) e St,

where S™ is the linear space of all n X n real symmetric matrices equipped with the
usual Frobenius inner product and its induced norm, S? (S™) is the closed convex cone
of all n x n positive (negative) semidefinite matrices in S™. One of our contributions
lies in uncovering the equivalence between strong variational sufficient condition and
strong SOSC (see Definition 2.2 for details) for NLSDP problems without requiring
any other constraint qualifications.

An important application of the strong variational sufficiency of NLSDP is the
local convergence analysis of the augmented Lagrangian method (ALM). The ALM,
which was firstly proposed by Hestenes and Powell in 1969, and it has attained fruitful
achievements during the past fifty years. Especially, [33] uncovers the equivalence be-
tween the proximal point algorithm (PPA) and ALM for convex problems. This work
is of great importance in establishing the Q-linear convergence rate of the dual se-
quence for ALM. The conditions for the local linear convergence are further weakened
(see e.g., [24, 13]). For nonconvex case, the properties built up under the convexity
assumption have become inadequate. Many efforts have been made to explore the
convergence properties of ALM for nonconvex problems. See [4, 9, 10, 20, 17, 18]
for more details. It is worth noting that in [4], the author revealed a kind of lo-
cal duality based on sufficient conditions for local optimality, which turns out to be
the key to understanding the convergence of ALM for nonconvex nonlinear program-
ming. It follows that there may be a local reduction from nonconvex optimization
to convex optimization. This gives a hint on extending this local duality approach
to broader nonconvex problems. Recently, the newly published work [38] opens new
doors for the convergence rate analysis of ALM for nonconvex problems by using the
aforementioned characterization of strong variational sufficient condition without any
constraint qualifications.



For NLSDP (1.2), the Lagrangian function is defined by
(1.3) L(z,Y) = f(x) + Y,G(z)), (z,Y)eXxS"
For any Y € S™, denote the first-order and second-order derivatives of L(-,Y) at € X
by L (z,Y) and L”_ (z,Y), respectively. Given p > 0, the augmented Lagrangian
function of (1.2) takes the following form (cf. [39, Section 11.K] and [40])

Y
2p

Y
(1.4) L,(z,Y) = f(z) + gdistQ(G(a:) +8h) ,
where dist(z, S} ) is the distance from point z to S.. For a given initial point (z°,Y?) €
X x S" and a constant p® > 0, the (k + 1)-th iteration of (extended) augmented
Lagrangian method (ALM) for NLSDP (1.2) proposed by [38] takes the following
form

zF ~ argmin{ L (z,Y*)},
15) { {Lpw (2, YF)}

) . k
Yk+1 — Yk 4 D [G(xk'H) _ HS: (G(J;k'H) + %ﬁ)]7
where p*, p* > 0 and Hgi(-) is the metric projection onto S}. The (extended) ALM
(1.5) reduces to the traditional ALM when p* = p¥. To see how ALM (1.5) works for
nonconvex problems without constraint qualifications, consider the following simple
example:

1,
min -

(1.6) 0 0 0
st. —2*| 0 0 0 | eSi.
0 0 1

The optimal solution of (1.6) is & = 0 with the corresponding multiplier set M(Z) :=
{Y | Y €S2 }. Due to the unboundedness of M(Z), we know from [50, Theorem 4.1]
that the Robinson constraint qualification [30] does not hold at Z. Pick a particular
multiplier

[0 0o o0
Y=({0 -1 0 | eM(@).
0 0 -2

It is clear that L” (z,Y) = 4 > 0, which implies strong SOSC (Definition 2.2) holds
at (z,Y). We directly apply the ALM (Algorithm 4.1) to problem (1.6), and we find
that the corresponding ALM subproblem in (1.5) can be solved exactly. Then, it
can be observed from Figure 1 that for fixed p* and p*, dist(Y'*, M(Z)), the distance
between the k-th iteration Y* and M(Z), converges to zero linearly.

In this paper, combing [37] with our equivalence result, we obtain the Q-linear
convergence of dual variables and the R-linear convergence of primal ones of ALM for
NLSDP under merely strong SOSC, without requiring the uniqueness of multiplier or
any other constraint qualifications. It is worth noting that [44] and [21] obtained the
ALM local convergence result under (strong) SOSC and nondegeneracy [41, Definition
3.2] or strict Robinson constraint qualification (SRCQ) (see e.g., [15, (11)] for its def-
inition) respectively, both of which imply the uniqueness of multiplier. Although [48,
Theorem 2| relaxed the uniqueness assumption of multiplier, additional assumptions
[48, Assumption 1] with respect to multipliers are still needed.
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log (dist(Y*, M(z))

3 4 5
iteration of ALM

Fi1G. 1. ALM for solving (1.6) with different penalty parameters ok =p.

Another important and practical issue in applying ALM is how to solve the ALM
subproblem (1.5). For convex problems, the successes of SDPNAL [49], SDPNAL+
[45, 47] and QSDPNAL [23] have proved the efficiency of the semi-smooth Newton-CG
method. Its efficiency relies critically on the positive definiteness of certain generalized
Hessian of the augmented Lagrangian function. And we are able to show the positive
definiteness of the generalized Hessian under strong SOSC, as a direct application of
[37, Theorem 3] and our equivalence result.

The remaining parts of this paper are organized as follows. In the next section,
we introduce some preliminary knowledge in semidefinite cone and strong variational
sufficiency. In Section 3, we propose our main equivalence result for both nonlinear
second order cone programming (NLSOC) and NLSDP. Section 4, as a direct appli-
cation, copes with the convergence properties of ALM for NLSDP. Moreover, how to
solve the subproblems and the corresponding convergence analysis are discussed. In
Section 5, the numerical experiment of an example is given to show the validity of
the aforementioned results. We conclude our paper and make some comments in the
final section.

2. Preliminaries. For a given Euclidean space X, let C' be any subset in X,
aff C is the affine hull of C [32, page 6]. The Bouligand tangent/contingent cone of
C at z is a closed cone defined by

To(z) :={d e X |3t* | 0 and d* — d with z + t*d* € C for all k} .
When C' is convex, the normal cone in the sense of convex analysis [32] is defined as
Ne(z)={deX|({d,2' —z) <0V €C}.

For any z € C, the critical cone associated with y € Ng(z) of C is defined in [16,
Page 98]3 Le., Cc(l’,y) - Tc(l’) N (y)l
For a set-valued mapping F : X =2 X, its lim sup means

limsup F(z) :={d € X |3z, — T, yr — d such that y, € F(z) Vk}.

T—T

The following definitions of proximal and (general/Mordukhovich limiting) subdiffer-
entials of functions are adopted from [39, Definition 8.45 and 8.3].
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DEFINITION 2.1. Consider a function f : X — (—oo,+00] and a point T with
f (@) finite. The proximal subdifferential of [ at T is defined as

O™ f(z) :={d| 31> 0,r > 0such that f(z) > f(z)+{d, 2—2)—l||z—z|* Vz € B,.(2)},
where B, (Z) is the ball centered at T with radius r. The (general/Mordukhovich limit-
ing) subdifferential of f at T is Of (%) := limsup 0™ f(x), where x N signifies T — T

xlm’c

with f(z) — f(Z).

Note that in an Euclidean space, the (general) subdifferential also can be constructed
via the regular/Fréchet subdifferentials of functions of [39, Definition 8.3]. It is well-
known that these two definitions are equivalent (see e.g., [39, page 345] or [26, Theorem
1.89] for details). In particular, when f is convex and finite at the corresponding
point, the proximal and (general) subdifferentials coincide with the subdifferential in
the sense of convex analysis [32].

2.1. Variational analysis of NLSDP. Let A € S” be given. We use A\;(A4) >
A2(A) > ... > A (A) to denote the eigenvalues of A (all real and counting multi-
plicity) arranging in nonincreasing order and use A(A) to denote the vector of the
ordered eigenvalues of A. Let A(A) := Diag(A(A)). Also, we use v1(A) > --- > v4(A)
to denote the different eigenvalues and ¢; := {i | A;(A) = v;(A)}. Consider the eigen-
value decomposition of 4, i.e., A = PA(A)PT where P € O"(A) is a corresponding
orthogonal matrix of the orthonormal eigenvectors. By considering the index sets of
fpositive, zero, and negative eigenvalues of A, we are able to write A in the following
orm

A(A)aa O 0 PT
(2.1) A=[ Py Pg Py ] 0 0 pPr 1,
0 A(A)yy | L PF

0
0
where o := {i: A\j(A) > 0}, B:={i: \i(A) =0} and v := {i: A\;(4) <0},
The critical cone of S at YV € Ngn (X) with A = X +Y is given by (cf. [8,
equations (11) and (12)])

(2.2) Con(X,Y)={H es" | PTHP; es!]!, PTHP, =0, PTHP, =0}
and the affine hull of Csn (X,Y) is

(2.3) aff Cn (X,Y) = {H €S™ | P{HP, = 0, P HP, = 0}.

The NLSDP (1.2) can be written in the following form

(2.4) min  f(z) + 65y (G()),

where dgn : S" — (=00, 0] is the indicator function of positive semidefinite cone
S. Denote Sk kr(a,b) the solution set of the KKT optimality condition for problem
(2.4), i.e.,

(2.5) SKKT(a,b) = {(l‘,Y) eXxS"

L (z,Y)—a=0,
St 5 (G(x) —b) LY €S™. ’

For any KKT pair (z,Y) that satisfies the KKT condition with (a,b) = (0,0), we call
T a stationary point. Suppose Z is a stationary point. Define M(Z) as the set of all
multipliers Y € S™ satisfying the KKT condition (2.5), i.e.,

(2.6) M(Z)={Y eS" | (z,Y) € Skrr(0,0)}.
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The definition of strong SOSC for NLSDP, which demands the supremum of (2.7)
over Y € M(Z) holds, is originally given by [41] as an analogue for Robinson [31] for
the nonlinear programming (NLP). However, the strong SOSC mentioned here is
slightly different in only requiring the validity of (2.7) at Y. It is worth to note when
M(Z) is a singleton, both of them are the same.

DEFINITION 2.2. [41, Definition 3.2] Let T be a stationary point of NLSDP (2.4)
and Y € M(Z). We say the strong second order sufficient condition (SOSC) holds at
(z,Y) if
(2.7) (LU (z,Y)d,d) — Yo (Y,G'(Z)d) >0 VO0#G (2)d € aff Csn (G(z),Y).

where Y (Y, G'(2)d) = 2(Y,(G'(2)d)G(2)1(G'(2)d)) is the o-term and G(Z)! is
the generalized inverse matriz of G(T).

Suppose A = G(Z) +Y possesses the decomposition (2.1). From [8, page 386], we
know the o-term takes the explicit form of

/\](A) (ﬁij)27

(2.8) Tow (V. H) =2 ) Mi(A)

i€Q,JEY

where H = PTHP.

Next, we introduce some essential notation for our main result. The (second
order) generalized differentiability of the augmented Lagrangian function £, defined
by (1.4) for NLSDP (2.4) has been explicitly established in [44]. In fact, it is well-
known that £, is continuously differentiable with

(2.9) (Lp)p(2,Y) = f'(z) + pG'(2) Tsn (G(z) + p~'Y),

where Ilg» (+) is the metric projection over S” and G’(z)* denotes the adjoint of the
corresponding linear mapping. Moreover, since (£,)/, is Lipschitz continuous, by using
Rademacher’s theorem, the B(ouligand)-subdifferential of (£,)}, at (z,Y") is given by
(2.10)

08((£,);) (2, Y) 1= { lim ((L,);)'(«",Y") | (2%, Y%) e, (2%, Y%) = (2,Y)},

— 00

where U is the set of Fréchet-differentiable points of (£,)’,. It follows from [44, (18)]
(using [44, Lemma 2 and 3]) that

7205 ((Lp):) (2, Y)(Az)
= Ll (w0, pllgn (G(x) + p~'Y))(Az) + pG' (2)"0p1lsn (G(2) + p~ 1Y) G () (Aw),

where m,05((L,),)(x,Y) is the projection of dp((£,),)(z,Y) onto the space X and
Opllsn (G(z) + p~ 1Y) is the B-subdifferential of Ilgn (-) at G(z) + p~1Y. Actually,
the set m,05((L,),)(x,Y) is recently defined as the  part of the Hessian bundle [37,
(3.1)] for the augmented Lagrangian function £, at (x,Y) (see [37, (3.6)] for detail).

Let Z be the stationary point of (2.4). For each Y € M(Z) and W € 9plls (G(Z)+

p~ 1Y), define the following mapping
(2.11) A,(Y, W) :=L" (2,Y)+ pG'(2)* WG ().

Let Z = G(z) + Y possesses decomposition (2.1) with P € O"(Z). It follows from
[44, Lemma 5] that W € dpllg: (Z) if and only if there exists Wy € dpIly s (0) such



that for all H € S™

0 0 Say 0 Po HP,
= —T —T =T
W(H) =P 0 Wo(Ps HPp) P, HP, P,
SyaoPyHPo P HPg P HP,

where

RYEEY]

E —1_ max{/\“O}—i-max{/\J,O} (Z,j) ¢ 6 % ﬁ
Ez’j €[0,1] (i,5) € Bx B

with \; := \;(Z) for short. Let Q™ denote the set of n-dimensional orthogonal matrix.
Also, Wy € 95l s (0) if and only if there exist Q) € 0l8l and Q € SIAl with entries

Q;; € [0,1] such that for all H € Sial,

Wo(H) =Q(20 (QTHQ))Q".
By [44, Lemma 9], we have

(2.12)
(d, A, (Y, W)d) =(d, LT, (2,Y)d) +p Y _ (P (G'(@)d)P);; +2p Y (P d)P);;
i,jEY 1€B,JEY
=i ST .
+20 > (PG @AP) +p Y ()i (PTG (@)d) P,
i€a,jEY p)\ )\ ,jEB

where 0, € SI°! with entries (©2,);; € [0,1], P = [P, PsQ P,] with Q € Q¥l.

2.2. Strong variational sufficiency. The definition of (strong) variational suf-
ficient condition is given in [37] for general composite optimization problem (1.1). We
can recast (1.1) in the form

(2.13) min ¢(z,u) subject tou =0, where ¢(x,u) = f(z) + 0(G(x) + u).

The first order local optimality condition for (1.1) of Z is the existence of Y such that
L' (z,Y)=0 with Y €90(G(z)).

Define

(2.14) 6r = 9w, u) + Z[ul”.

The variational (strong) convexity, which is firstly proposed in [34], refers to the
existence of open convex neighborhoods W of (z,0) and Z of (0,Y) such that there
exists a proper closed (strongly) convex function 1 < ¢,.2 on W such that

W x Z)Nngphdy = (W x Z) N gph 0¢,

and for (z,u;v,y) belonging to this common set, ¥ (x,u) = ¢.(x, u).

DEFINITION 2.3. [37] The (strong) variational sufficient condition for local opti-
mality in (2.13) holds with respect to T and Y satisfying the first order condition if

there exists v > 0 such that ¢.(x,u) is variationally (strongly) convex with respect to
the pair ((f,O), (0, Y)) in gph 0o,
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To characterize the above property, the tools of the second subderivative and
generalized quadratic form are needed.

DEFINITION 2.4. [39, Definition 13.6] Let T be a point where the function f :
X = [—o00,+00] is finite. [ is twice epi-differentiable at T for v if the functions

f(@+tu) — f(Z) — t{v,u)

AL (@ | v)(u) = E

1
2

epi-converge to d?f(z | v) ast | 0, where d*f(z | v) is the second subderivative of f
at T for v defined as

d*f(z | v)(w) = liminf A?f(Z | v)(u)
tl0,u—w
We know from [25, Theorem 3.6] that dsy is twice epi-differentiable at X for Y with
Y € Ngi (X)

DEFINITION 2.5. [37] A generalized linear mapping R from X to'Y, is a set-valued
mapping for which gph R is a subspace of X xY. This means that domR is a subspace
Z of X, R(0) is a subspace Z' of Y, and there is an ordinary linear mapping Ro : Z —
Y such that R(z) = Ro(z) +Z' for x € Z. We call a function q : X — (—o0, +q] is a
generalized quadratic form on X if ¢(0) = 0 and the subgradient mapping dq : X = X
is generalized linear. A function g on X will be called generalized twice differentiable
at x for a subgradient y if it is twice epi-differentiable at x for y with the second-order
subderivative d*g(z | y) being a generalized quadratic form.

The following definition of the quadratic bundle is taken from [37], which is es-
sential in characterizing the strong variational sufficiency.

DEFINITION 2.6. For general optimization problem (1.1), suppose (Z,Y) is a KKT
pair. The quadratic bundle of 0 is defined as

the collection of generalized quadratic forms q for which
F(X*,Y*) = (G(7),Y) with 0 generalized twice differentiable
at X* for Y* and such that the generalized quadratic

forms qi, = £d?0(X* | Y*) converge epigraphically to q.

quad 0(G(z) | V) =

As mentioned in [37], the variational sufficient condition guarantees the local opti-
mality for (2.13). The following result is taken from [37, Theorem 5], which is useful
for the subsequent analysis.

PROPOSITION 2.7. For general optimization problewl(l.l), strong variational suf-
ficient condition for local optimality with respect to (z,Y) is equivalent to that every
q € quad0(G(Z) | Y) has

(2.15) %(L;’m(f,?)ct d) + q(G'(Z)d) > 0 when d # 0,

where quad §(G(z) | Y) is the quadratic bundle of 6.

3. The characterization of strong variational sufficient condition for
NLSDP. In this section, we will study the relationship between strong variational
sufficient condition and the well-known strong SOSC (2.7) for NLSDP by combining
(2.15) and [25, Theorem 3.3] together. Firstly, we use nonlinear second order cone
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programming (NLSOC) as an example to illustrate our approach. The general NLSOC
can be written as

(3.1) min  f(z)
st. g(z) ek,

where f,g are both twice continuously differentiable, IC is the second order cone
defined as KK = {(u1,...,um) € R™ | ug > ||(uz,...,um)||} = {v | h(u) < 0} with
h(u) = —ug + ||(u2, ..., un)||. The ordinary Lagrangian function of problem (3.1) is
defined by

(3.2) Liw,y) == f(@) + (. 9(), (2,9) € X x R™.

Given a stationary point z. Let

Mioe(Z) := {y eR™

Ly(z,y) =0,
K>g@) Lyeke |

be the set of all multipliers y € R™ satisfying the KKT condition for (3.1), where K°
is the polar cone of K defined in [32, Section 14]. The strong SOSC at (Z,7) is defined
as

(3.3) (L (2,9)d, d) = Yy (5, 9'(2)d) >0 V0 # g'(z)d € aff Cx(9(2),7),

where the explicit form of 7}z (¥, ¢'(Z)d) is given in [5, Theorem 29].

As illustrated in [37, Example 3], the explicit form of the quadratic bundle
quad dx(g(Z) | y) for certain reference KKT point (Z,y) can be obtained by using
corresponding results for polyhedral problems. For example, if ¢(Z) € int IC, we have
7 = 0. Tt can be checked directly by using [25, Theorem 3.3] and [5, (36),(43)] that
the quadratic bundle quad dx(g(Z) | §) consists of solely ¢ = 0. If g(Z) € bd K£\{0},
for any nonzero j € Ni(g(z)), the quadratic bundle quad dx(g(Z) | §) consists of the
generalized quadratic form

1 1 ..y = : ! = —

60 0= Lsctaa9) win o= { B O R =0
If g(z) = 0 and § € int(—K), the quadratic bundle consists of ¢ = d¢py. If g(Z) = 0
and g € bd(—=/K)\{0}, both d;oy and (3.4) constitute the quadratic bundle. It can be
checked directly that for NLSOC, strong variational sufficient condition is equivalent
to strong SOSC when the reference point (Z, 3) lies in one of the above circumstances.

Thus, only two circumstances for NLSOC remain to be discussed. The first one
is g(#) = 0 and § = 0. Since K is C2—cone reducible, we know from [25, Theorem
3.3], [5, Theorem 29] that for any (¢*,vy*) — (9(%), ) and w € R™,

(3.5) d*5ic (9" | y™)(w) = wTH(g", y")w + Gey (g 0y (w) > 0,

where H(g",4*) = % (¢5)T (1 07:0 — L,,_1)(g") i * € bd K\{0} and H(g",4*) = 0

otherwise. If we pick g* € int X — g(Z) and y* = 0 for all k, it is easy to see from [5,
Theorem 29, (35), (36)] that

d*0xc(g" | y*)(w) = 0+ e (g ) (w),
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where Ci(g*,4*) = R™. Thus we have proved 0 € quad dx(g(z) | 7). Combining this
with (3.5), it follows that in this case, (2.15) is equivalent to strong SOSC.

The second case is ¢(#) € bdKC\{0} and § = 0. Let g* € int K — ¢(#) and y* =0
for each k. We know that

d*0xc(g" | y*)(w) = 0+ e (g ) (w),

where Cx(g*,y*¥) = R™. As k — oo, we know that limy_,o. d*5x (g% | y*)(w) = 0.
Using [5, (35), (36), (43)] again, we also have (2.15) is equivalent to strong SOSC.

Thus, we immediately obtain the following characterization of strong variational
sufficiency for NLSOC, which is a supplement for [37, Example 3].

PROPOSITION 3.1. Let & € X be a stationary point to the NLSOC (3.1) and
g € M(Z). The strong variational sufficient condition (2.15) with respect to (T,y)
holds if and only if the strong SOSC (3.3) holds at (Z,7).

It is worth noting that the above proposition is not surprising. If g(Z) # 0, we
can obtain this result by regarding the NLSOC problem as a polyhedral problem as
shown in [37, Example 3]. If g(z) = 0, the o —term happens to be 0, which makes the
calculation of the quadratic bundle much simpler. When it comes to NLSDP problem
(2.4), things are not so easy as we can neither regard SDP as a polyhedral problem
nor have a simplification for its c—term (2.8). However, the success of this approach
to NLSOC gives us a hint that this approach may also work for NLSDP. Before we put
forward our main result, we need the following proposition on the quadratic bundle
defined by Definition 2.6 for (551.

PROPOSITION 3.2. Let # € X be a stationary point to NLSDP (2.4) and Y €
M(Z), where M(Z) is given in (2.6). Let A= G(Z)+Y, which possesses the decom-
position (2.1). Then, there exists ¢ € quad dgn (G(Z) | Y) such that for all H € S™,

1 —
q(H) = _§TG(E) (Y, H) + 5affcgi(c(f),?)(H)

(3.6) = Z /\)Z\J(X)D (ﬁij)2+5aHCSi(G(§;),?)(H)7

where H = PTHP.

Proof. For each k, choose

AAoe 0 0
Xk=p 0 () 0 | PT and YF=Y,
0 0 0

where 2* | 0 (this notation means for each k, 2¥ > 0 and 2*¥ — 0 as k — o0o) with

each (2*); non-increasing on k. Let A¥ = X* + Y* for each k. Since S” is C?—cone
reducible [6, Example 3.140], we know from [25, Theorem 3.3], (2.2) and (2.8) that
for any H € S™,

1 k| vk _ _)‘j(Ak) 2
i€EalUB,jEY

_ “Aj(A) 7 2 —Ai(4) & 2

= > Sy W)+ D i ()
1€Q,jEY
+ 0y (xk,vH) (H),

(Hij)™ + ey vy (H)
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where Cgn (X*,Y*) = {H € S | H,, = 0}. Tt is worth to note that d?ogn (X* |

Y*)(H) is a generalized quadratic form by using Definition 2.5, as d2551 (X* [ YR)(0) =

0 and 8d25§w (Xk | Yk)( ) ( ) +Ncm (Xk)Yk)(H) with NCSn (Xl«,yk)(H) being a
+

subspace and

R(H)(AH) = -4 > lj )ij-(PTAHP);;—4 Z(i) )ij-(PTAHP),;

i€EQ,jEY i€B,JEY
being linear on H. This also implies that 581 is generalized twice differentiable at X*
for Y. "
-
Let ff(H) = Ziea,jey ,\(,(4) ( zy) f2( ) = 5C31(X’€7Yk)(H) and f:?(H) =

Zieﬁ ey %(ﬁ”)z By the definition of continuous convergence mentioned in

[39, page 250], we know that fF converges continuously to f; with

- 3

It follows from [39, Theorem 7.11] that fF epi-converges to fi. It can be checked
easily that fF also pointwise converges [39, page 239] to fi. Since Csn (X kYk) is
a constant closed set, we know that f§ pointwise converges and epi-converges [39,
Proposition 4.4] to fo with fo(H) = 665\:1 (xk,yry(H). Tt follows from [39, Theorem
7.46(a)] that fF+ f¥ epi-convergences to f + fo. Also, it can be checked directly that
fF + f¥ pointwise convergences to f; + fo. By the construction of z*, the sequence
of {f#} is nondecreasing (f§ < f¥*1). We know from [39, Proposition 7.4] that f§
epi-converges to sup,{clf¥}, where clf¥ is the closure of f¥. It is easy to see that
sup,{clf¥} = sup, {f¥} = 6y with V = {H € S" | ﬁﬁv = 0} and f¥ pointwise
converges to dy. Since fFf + f§ pointwise and epi-converges to fi; + f2, by using [39,
Theorem 7.46(a)] again, we obtain that fF + f5 + f¥ epi-converges to f1 + fa + fs.
Combining the above discussion with (2.3), the generalized quadratic form %dzégi (X* |

Y*)(H) converges epigraphically to generalized quadratic form

> _A?Z;?) (Hij)* + S0 Con (G(@),T) (H).

i€Q,jEY
Thus we have verified this proposition. 0

The following result is on the explicit characterization of the strong variational
sufficiency of local optimality for NLSDP, which is the main result of this paper.

THEOREM 3.3. Let Z € X be a stationary point to the NLSDP (2.4) and Y €
M(Z). Then the following three conditions are equivalent
(i) the strong variational sufficient condition with respect to (z,Y) holds;
(ii) the strong second order sufficient condition (SOSC) (2.7) holds at (Z,Y);
(#ii) there exist po > 0 and n > 0 such that for any p > po and any W €

Opllsn (G(z) +p~ 1Y),
(d, A,(Y,W)d) > n|ld|* VdeX,

where A, (Y, W) is defined by (2.11).
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Proof. “(i) = (4¢)”: This direction can be obtained directly from Proposition
3.2 and Proposition 2.7 as we only need to substitute (3.6) into (2.15).

“(44) = (#1)”: This proof sketch is similar to [44, Proposition 4] although
they require the validity of nondegeneracy, which is superfluous here. It follows from
Definition 2.7 that there exists 1y > 0 such that

(L, (2. Y )d, d) = Yo (V. G/ (2)d) = nolld]? ¥ G (2)d € aff Car, (G(7), V).

By using [44, Lemma 7], there exist two positive numbers p; and n € (0,70/2] such
that for any p’ > p1,

<L/m/x (ja ?)dv d> - TG’(:E) (?a G/(i‘)d)
7T _ J— 7T _ —
+ 0[P, (G'(2)d) P, ||* + p'|| P4 (G'(2)d) P, || > 2n]|d||* Vd e X.
Suppose a sufficient large pg > p1. For any p > pg and d € X, we have
P"(E @dP);
i€a,jEY

N (B (G @) )P

PAi = Aj
=9 —
Z i PAG — Aj

i€a, JEY i€a,jEY

N
N .
Nlone =gy (G @DPYG < nlldll,

Yo (Y, G'(@)d) =20 > =N
X B @)L -2 S

=2
1€a, JEY

where the last inequality can be obtained by sufficiently large p. Combining the
above two relations together, we have for any p > po, p' > po > p1,
_ N _
"= J /(= 2
1EQ,JEY

—T _ — —T _ J—
+ 1P (G (@)d) Py | + '[P (G'(@)d) P, |I* > nlld]*.

Then it can be checked directly that for all d € X and p > po, (d, A, (Y, W)d) > n||d||>.
“(iii) = (i)”: It follows directly from [37, Theorem 3] as A,(Y, W) coincides
with [37, (3.6)]. O

REMARK 3.4. Next, we will discuss the relationship between tilt stability and vari-
ationally strong convezity/strong variational sufficient condition. As shown in [35],
for general optimization problem, the variationally strong convezity implies the tilt
stability [35, Definition 3] of local minimizer. However, it is worth to note that tilt
stability usually does not imply variationally strong convezity as explained in [22, Re-
mark 2.8] and [35]. For NLSDP, the general objective function of problem (1.2) is
amenable under the Robinson constraint qualification (RCQ) [30]. It follows from [22,
Proposition 2.9] that variationally strong convexity is equivalent to tilt stability un-
der RCQ for NLSDP. For more information on the characterization of variationally
strong convezity, the readers may refer to [37, 38, 22].

As an application of the tilt stability to the minimization of ¢, (2.14), Rockafellar
defines the so-called augmented tilt stability (37, (2.18)]. In [37, Theorem 2], Rockafel-
lar also shows augmented tilt stability is equivalent to the strong variational sufficient
condition, i.e., the variationally strong convexity of ¢,, without constraint qualifica-
tions. By using Theorem 3.3, the strong SOSC is also equivalent to the augmented
tilt stability.
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Recently, Khanh et al. [22, Theorem 6.5] also provide a sufficient condition for
(strong) variational sufficiency of strongly amenable problem in the form of (1.1).
However, the strong variational sufficiency mentioned in [22] is different from the one
used here. In [22], strong variational sufficiency is defined as the variationally strong
convexity of the function x — f(x) 4+ 6(G(z)), while this paper focuses on that of the
perturbed function (z,u) — f(z) 4+ 6(G(z) + u) + % ||lu||*. In their result, they require
a condition named second order qualification condition [27, (3.15)] at Z, i.e.,

(3.7) ker G'(2)* N 8%0(G(z),Y)(0) = {0},

where 0%0(G(%),Y) is defined in [27, Definition 2.1]. It follows from [14, Theorem
3.1] that (3.7) is equivalent to the nondegeneracy [41, Definition 3.3] for NLSDP. By
combining [22, Theorem 6.2], Theorem 3.3 and [7, Theorem 5.6, Lemma 6.3] together,
we know that under the nondegenerate condition, the two strong variational sufficien-
cies are the same for NLSDP. However, their relationship without the nondegeneracy
condition remains unclear.

Moreover, by using [46, Example 2.2], it can be proved in a similar manner to
[37, Theorem 3] that the variational sufficiency of local optimality for NLSDP (2.4)
is equivalent to the existence of py > 0 and a convex open neighborhood V of (z,Y)
such that for any p > po, (z,Y) € V and any W € 9plls- (G(z) + p~1Y),

(d, A,(Y,W)d) >0 VdeX

However, whether the variational sufficiency of local optimality is equivalent to certain
second order optimality condition without any constraint qualification for NLSDP
(2.4) is still a future work that we are working on.

4. Semi-smooth Newton-CG based ALM for nonconvex NLSDP. In this
section, we apply the main result Theorem 3.3 to study the local convergence rate of
the (extended) ALM (1.5) for solving NLSDP. The detail algorithm is stated in Algo-
rithm 4.1. By [38, Theorems 1.1 and 1.2], the strong variational sufficient condition
with respect to (z,Y) for local optimality holds if and only if there exist p > 0 and
a closed convex neighborhood X x Y of (#,Y) such that for all p > p, L,(z,Y) is
strongly convex in x € X with modulus s > 0 LforallY € Y and concave in Y € Y
for all x € X.

In the above algorithm, subproblem (4.1) is solved inexactly. Three increasing
tightness stopping criteria for the updating of #**1 are illustrated in [38, equation
(1.15)]:

(4.2)

(a) €k>
< ¢ (0) epmin{L, [|B*(L,w )5 (2 Y )1},
(¢) e min{1, [|5* (L, )y (a1, YF)|12}

~k k+1 yky s EyT)1/2
(20" [Ln (=" Y )—H%fﬁpk(-,Y )
with e, € (0,1) Zek:0<ooandpk—>p°° < 0.
k=0

It is worth to note that (c) is first introduced in [36] to support linear convergence in
partnership with strong variational sufficiency. It follows from [38, Theorem 3.1] that

LA function ¢ : X — R is said to be strongly convex with modulus s > 0 if ¥ — 5| - ||? is convex.
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Algorithm 4.1 Augmented Lagrangian method for solving (2.4)

Require: Let (2°,Y%) € X x S™, p° > p. Set k := 0.
1: If (2", Y'*) satisfies a suitable termination criterion: STOP.
2: Compute 2" such that

Kl kel _ . k
(4.1) T =T farggél;(lﬁpk(x,Y ).

3: Update the vector of multipliers to
Yk+1 — Yk + ﬁk [G(.’Ek_‘—l) _ l—ISi (G($k+1) + Yk/pk)},
where p* = p* — p.

4: Update nondecreasing positive sequence p’c+1 according to certain rules.
5: Set k < k+ 1 and go to 1.

(4.2) can be replaced by

(@) €,
(43) VAL )u@ YR < () emind1 55 (L,0)5 (25, V),
() e min{1, [|5*(L,0)y (&1, Y9)]124,

where €, = €r+/s, as the strong convexity of L (-, Y*) with modulus s guarantees
Epk (.%'k+17 Yk) — inf y Epk (- Yk) < 715 ||(£pk)‘/r(.’1:k+1, Yk) ||2

By applying the local duality, which comes from the strong variational sufficient
condition through [37, Theorem 1], we suppose Sk x7(0,0)NX x Y # &, where X x )
is the neighborhood mentioned at the beginning of this section. As mentioned in [38,
page 9-10], we can define the associated local primal and dual problems to X x Y in
the following sense. The associated local primal problem is

~

(4.4) min f(z) := sup L;(z,Y) over z € X.
Yey

The associated local dual problem is

(4.5) max h(Y) := 122 L;(z,Y) over Y e).

In [38, Theorem 2.1], the author reveals the connection between problems (2.4), (4.4)
and (4.5), which is of great use in the following discussion.

4.1. Convergence analysis of ALM. By taking advantage of Theorem 3.3
and the genius work [38], we can view the convergence analysis of ALM for NLSDP
as a direct extension. To explore this topic, we need the definition of bounded lin-
ear regularity of a collection of closed convex sets, which can be found in, e.g., [2,
Definition 5.6].

DEFINITION 4.1. Let D1, Do, ..., D, C X be closed convex sets for some positive
integer m. Suppose that D := Dy N Dy N ...N Dy, is non-empty. The collection
{D1,Da,...,Dp} is said to be boundedly linearly reqular if for every bounded set
B C X, there exists a constant k > 0 such that

dist(x, D) < k max {dist (x, D1),...,dist (z, D,,)} Vz € B.
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A sufficient condition to guarantee the property of bounded linear regularity is estab-
lished in [3, Corollary 3]. Denote

(4.6)

Gi(z) ={Y €8" | f'(z) + G"(2)"Y = 0} and G2(z) ={Y € S" | Y € N5: (G(2))}.

It is easy to see that G;(Z) is a polyhedron and Go(Z) is convex.
For a stationary point Z of NLSDP (2.4), define

(4.7) £(G' (@) = min{[|G" () nl| : n € Gi(2) ", |In]l = 1}.

The following condition is adopted from [38] as it is essential in verifying the conver-
gence rate.

CONDITION 4.2. There existb > 0 and € > 0 such that the local dual problem (4.5)
satisfies h(Y') < maxy h — bdist>(Y,H) when ||Y —Y|| < e, where Y is the closed
convex neighborhood of Y given at the beginning of Section 4, H := arg maxy h.

The following result, which is originally proposed in [38, Theorem 4.2] for polyhe-
dral case, provides the sufficiency of Condition 4.2. By applying the boundedly linear
regularity [3], one can obtain the results in similar approach as that of [38, Theorem
4.2], directly. We omit it here for simplicity. Moreover, it follows from [38, page 34]
that Condition 4.2 trivially holds if G'(Z) = 0.

PROPOSITION 4.3. Let & € X be a stationary point to the NLSDP (2.4) and
Y € M(z), where M(Z) is given in (2.6). Suppose G'(z) # 0. If strong SOSC
with respect to (%,Y) holds and the collection {G1(%),G2(Z)} is boundedly linearly
regular, where G1(Z) and G2(T) are given in (4.6), then we have £(G'(Z)) > 0, where
E(G'(T)) is defined by (4.7) and Condition 4.2 holds for

2| L7, (2,Y) + pI|
(@ (@)

where p = Amax (PG (Z)*G'(T))+€’, €' is some positive constant and by is the quadratic
parameter k given in [12, Proposition 2.1].

REMARK 4.4. It follows from [12, Proposition 3.2] (see also [11, Proposition 17])
that the bounded linear reqularity of the collection {G1(Z),G2(Z)} holds under one of
the following two conditions:

(i) Ga2(Z) is a polyhedron, i.e., |y| > n — 1, where v is the negative eigenvalue

index set of matriz G(Z) +Y;

(ii) there exists a strict complementarity KKT pair (2,Y) (Y does not have to be

Y), i.e., rank(G()) + rank(Y) = n.

Next, we shall present the local convergence result of ALM for NLSDP. We say
k+1

48) b=

with as :ba1 +2p and ay =

as + ay

a sequence z¥ > 0 converges Q-linearly to 0 at a rate c¢ if lim sup
k—oo <

When ¢ = 0, we say z¥ converges Q-superlinearly to 0. Moreover, a sequence y* > 0
converges R-linearly to 0 at a rate c if y* < 2¥ with z* > 0 converges Q-linearly
to 0 at that rate. The following closedness condition relative to the closed convex
set M(Z) is taken from [38, Theorem 2.2]. Recall that X, } are the closed convex
neighborhood of Z, Y mentioned in the beginning of Section 4.

< c < oo

CONDITION 4.5. We say the initial point Y° and o > 0 in (4.2) satisfies the
following closedness condition relative to the closed convex set M(z) (2.6) if there
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exists n > dist(Y?, M(Z)) + o such that
Y]y =Y°| <3n}c).

It is easy to see that this condition indicates Y° to be sufficiently close to M(Z) and
Y. Also, the computations of subproblems at each iteration need to be sufficiently
accurate. If subproblems are solved exactly, a sufficient condition for the above one
is that there exists 7 > 0 such that B,(Y?) C intY and dist(Y?, M(z)) < n/3.

By using Theorem 3.3 and [38, Theorem 2.2, 2.3, 3.1, 3.2], we immediately get
the following local convergence result of ALM for solving NLSDP.

THEOREM 4.6. Let & € X be a stationary point to the NLSDP (2.4) and Y €
M(z). Suppose the strong SOSC (2.7) holds at (z,Y). Let the initial point Y° and
o in (4.2) satisfy Condition 4.5. Suppose the set {x | —(L;),(x,Y) € Nx(x)} is
nonempty and bounded when Y € int Y.

(i) Under stopping criterion (4.3 a), we have the sequence {Y*} converges within

intY to a particular Y €int Y. Moreover, both z* and z* converge to T.
(i) Stopping criterion in (i) is strengthened into (4.3b) and suppose {G1(Z), G2(T)}
is also boundedly linearly regular, where G1(Z) and G2(Z) are given in (4.6).

Then we have dist(Y*, M(z)) — 0 with

1
dist (Y, M(2)) € ——dist(Y*, M(z
ist( (@) < TR0 ist( ()
and % — T with 1
7" — 2| < ~dist(Y", M(3)),

where T is the exact solution of subproblems in (4.1), b is given in Condition
4.2 and s is the strong convexity modulus of L,(x,Y) on x with p > p.

(iii) If stopping criterion in (ii) is strengthened into (4.3 c), we have Y* — Y with

~ 1 ~
Y =Y € e IY* - Y.

T /14 b%(p)?
Moreover, if the stopping criterion is further supplemented by
||([,pk);(1’k+1,Yk)|| < c|Y*H — Y| for some fized c,

we have x* — Z with R
[a* — 2| < pl|Y* Y|

for some p > 0.

As illustrated in [38, Theorem 2.3], the condition “set {z | —(Lz),(z,Y) €
Nx(z)} is nonempty and bounded when Y € int J” can be reduced to “the existence
of Y € int Y such that {z | —(L;),(z,Y) € Nx(x)} being nonempty and bounded”.
This condition is trivially satisfied as X is a neighborhood of z and (z,Y) belongs
to the set. It is worth to note that as illustrated in [38, Theorem 2.3], the result in
Theorem 4.6 (i) only requires variational sufficiency. Under variational sufficiency, the
convergence of =¥ to Z can not be obtained. Meanwhile, under the stopping criterion
(4.3b), we may not be able to obtain from Theorem 4.6 (ii) the convergence of the
primal iteration sequence {z*}, since the exact solution Z* of subproblems in (4.1)
Z* is unknown in practice. Next, we shall show that the KKT residual of NLSDP
(2.4) also converges R-linearly, which means that the KKT residual can be used as a
verifiable stopping criterion for ALM. Its proof sketch is inspired by [13, Theorem 2].
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PROPOSITION 4.7. Suppose the conditions in Theorem 4.6 (ii) hold. Define the
following residual function

(4.9) R(z,Y) := || L (2, )| + [|G(x) — gy (G(z) + V).

Then, for k sufficiently large, if \/pFex < 1, we have there exists a > 0 such that
R(zF 1 YR < ckdist (Y, M(%))

with & = (e \/>—|— 1+ p+ap)(P*)"H (A — /prep) !

Proof. Let Y+ = Y* 4 pF(G(zF 1) — g (G(z*+1) + (p*)71YF)) and 2#+1 =
Hgi(G(ka)—I—(pk)_lYk). We have G(zF+1) — k‘“ = (p")"H (YL —YF). Tt follows
directly from (4.3 b) that for each k,

|LL @ LY = (L) @ YR < /BT =

Then, there exists a > 0 such that
L (@* L YR | = LG (@ YR 4 @ @M (v R - YR
SNLG @ LY 4 |G @ ) (YR - YRR < |LG (T YRR | al[ YT - YR
= 1L, @ YR |+ apl| Gt — THgn (G + (0F) 1Y)
(4.10)
= L5 @ YR 4+ ap(ph) THIYE = YR < (VPF +ap(pt)THIYET - Y,

where the second inequality follows from the twice differentiable continuity and the
boundedness of 2* obtained from Theorem 4.6(a). It can be verified directly from [39,
Theorem 2.26] that Y*+1 ¢ ddsn. (2%+1) and

1) — gy (a1 + 744

= ||G(xk+l) —IIg (G(:Ek-ﬁ—l) + ch-‘rl)” _ ||zlc+1 _ HSi (Yk+1 + Zk+1)||
< |G(z*t) — Mg (G(x BHL) | PR (R M. (PEH1 4 i)
S ||G(xk}+1) k+1|| ( ) 1||Yk+1 YkH.

+3

It then follows that

IG(@*+1) = gy (G + Y|

< ||G(a* ) — Mg (G(a™H) + YA | + |[Tsn (G(aF ) + YR — THgn (G(aF 1) + YR
< (FO)TY[YRH YR TR v R

= ()Y = YR 4 pl| G = ey (G2 + (7)Y Y|

(4.11)

= ()Y = YR 4 p(E) THY R YR = (14 p) (67) THIY R - YR

Combining (4.10) and (4.11) together, we obtain

(4.12) R(z*H YR < (/P + (1 + p+ap) () H|| Y - YH|.
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Then we will prove ||[Y*+! — Y¥|| < dist(Y*, M(z)). Let Py(Y*) = arg max{h(Y) —
ﬁHY —Y*||?}. Then, we have

YR YR < YR - PR+ P - YR
< (2P (L (4, Y ) = inf £ (4 YR))Y2 4 [ P(YE) — Y|

(4.13) < VR YT = YR+ | P(YR) = YR

where the second inequality follows from [38, (2.19)] and the last one follows from
(4.3b) and the paragraph under (4.3). By using [13, Proposition 1(b), the proof of
Lemma 3] and [38, Theorem 2.1], we have

(4.14) [|[Pe(Y®) — YF|| < dist(Y*, Mp),

where Mp denotes the solution set of (4.5). It follows from [38, Theorem 2.1] that
dist(Y*, Mp) = dist(Y*, M(z) N Y) = dist(Y*, M(Z)) since for k sufficiently large,
Y* € int). Based on (4.12)-(4.14), we obtain that for k sufficiently large,

R, YY) < (/7 + (14 5+ ap) (7)) (1 — V/iFer) dist(YF, M(2)).
This completes the proof. 0

REMARK 4.8. We compare our results with existing ALM convergence results for
nonconvex non-polyhedral problems. [21] justified the primal-dual linear convergence
of ALM under SOSC and strong Robinson constraint qualification (SRCQ) for C*-cone
reducible constrained problems, which include NLSDP and NLSOC. [}4] proved the
convergence rate of NLSDP under strong SOSC together with nondegeneracy. [48]
does provide the linear rate under SOSC and semi-isolated calmness of the KKT
pair without requiring the multiplier to be unique. But some other assumptions are
also needed. In this paper, to obtain the Q-linear convergence for multiplier and
R-linear convergence for primal variable, we assume strong SOSC (Definition 2.2),
which is much stronger than the aforementioned SOSC. However, we do not assume
any restriction on the dual variable.

In [38, Exzample 5.3], the author also studied the ALM convergence for second
order cone programming when G(Z) # 0. Moreover, [19] gives the primal-dual linear
convergence for NLSOC when the multiplier is unique while they only require SOSC
instead of strong SOSC. By using Proposition 3.1, without any constraint qualification,
the local convergence results of ALM for NLSOC can be obtained immediately.

4.2. Solving ALM subproblem: semi-smooth Newton-CG method. Al-
though the convergence properties of ALM have been established, it is equally impor-
tant to study how to solve the subproblem (4.1). To guarantee the convergence rate of
ALM, we need to employ the stopping criterion (4.3b or ¢). To meet the requirement
of this stopping criterion, we consider using the semi-smooth Newton-CG method to
solve the subproblem as it possesses the quadratic convergence rate under suitable
conditions.

It follows from the proposed characterization of strong variational sufficiency
(Theorem 3.3) that for NLSDP (2.4) if the strong SOSC (2.7) holds then there exists
a neighborhood B,.(zZ,Y) of (z,Y) such that for all (x,Y) € B.(Z,Y), every elements
in 7,05 ((£,),)(z,Y) is positive definite. Thus, the validity of semi-smooth Newton-
CG method to solve the subproblems (4.1) is ensured. The algorithm to solve the
(k 4 1)-th subproblem is stated below (see Algorithm 4.2). The convergence analysis
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Algorithm 4.2 Semi-smooth Newton-CG method for solving (4.1)

Require: Set the initial point zo = z*, where ¥ is obtained from the k-th iteration of
Algorithm 4.1. Let u € (0,1/2), 7 € (0,1], 71, 72,7 € (0,1) and 6 € (0,1). Set j := 0.
1: Given a maximum number of CG iterations ¢; > 0 and compute

vy = min{w, [[(£,0)} (25, Y7}

2: Choose W € dllgn (G(z;) + (p*)'Y"). Let Vi = Li, (5, Tsn (G(z;) + (p*)'Y") +
pF G (2;)*W;G/ (z;) and e; = 7 min{7s, V2L (z;,Y")||}. Apply the CG algorithm
(CG(vj,t;)) mentioned in [49, Algorithm 1] to find an approximate solution d; € X to

(Vi +&;1)dj = —(Lx )o@, YF)
such that
(Vs + &5D)d; + (L) 2 (25, Y < v

3: Set (; = 0™7, where m; is the first non-negative number such that

Lo (s +0"9d;, Y*) < Lok (s, YY) + pf™ (L r ) (25, V), d).

4: Set zj41 =x; + (jd; and j =7+ 1.

framework for Algorithm 4.2 is well-known [29, Theorem 3.2] (see also [49, Theorem
3.4, 3.5]). We omit the detailed proof here for simplicity.

PROPOSITION 4.9. Suppose the strong SOSC (2.7) holds at (z,Y) € Skxr(0,0).
Then, Algorithm 4.2 is well-defined and any accumulation point & of {x;} generated by
Algorithm 4.2 is the optimal solution to the subproblem (4.1). Furthermore, suppose
that at each step j when CG terminates, i.e.,

1V +esD)d; + (L) (w5, YO < vy
Then the whole sequence {x;} converges to & and
|lzj+1 — 2] = O(Jla; — 2[|**7).

REMARK 4.10. It is worth noting that for conver NLSDP, the convergence result
of ALM can be established under weaker conditions such that the optimal T can be
non-unique (see [11, Theorem 20]). This implies that when the problem is reduced to
convex case, Theorem 4.6 is much weaker than [11, Theorem 20] as it requires strong
SOSC, which implies the local uniqueness of T. However, the semi-smooth Newton
algorithm may fail to solve the subproblem in the absence of strong SOSC since it is
equivalent to the positive definiteness of the generalized Hessian of Newton equation of
the subproblem (4.1) (Theorem 3.3). Thus strong SOSC seems to be not only sufficient
to the local fast linear convergence rate of ALM, but also necessary for the invertibility
of generalized Hessian of augmented Lagrangian function for NLSDP, which is crucial
for the semi-smooth Newton CG method for solving the ALM subproblem (4.1).

5. Numerical experiments. Consider the following optimization problem

01
min - 3{X,Q0X)
(5.1) st. Xest

BoX =0,
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“a”

where “o” denotes the Hadamard product of matrices, i.e., for any U and V € RP*9
(Uo V)i =UiVij,

qg 1 1 0

0 0 1 1 4 L 0

B= and Q= | ! : :
T Y 11 g 0
o o0 --- 0 -1

with a given ¢ > n — 1. The Lagrangian function of (5.1) is given by
1
L(X,Y,2) = 5(X,Qo X) + (X,Y) + (Bo X, 2).

It can be checked directly that Yiz 0 is a local optimal solution with the multi-
plier Y = Diag(0,...,0,—1) and Z = Diag(0,...,0,1). In fact, the corresponding
multiplier set of X is given by

MX)={(Y,Z) eS" xS" |Y +BoZ=0,Y €S"}.

As the problem (1.6) mentioned in Introduction, it follows from [50, Theorem 4.1] that
the Robinson constraint qualification [30] does not hold at X, due to the unbound-
edness of M(z). It is clear that L% (X,Y,Z) = @Q, which is positive definite over
de{deS"[Bod=0,d€ aff Cs» (X,Y)}, implies the validity of strong SOSC (2.7).
Also, boundedly linear regularity is satisfied at (X,Y, Z) since (Y, Z) € G1(X)NG2(X)
with Y = Diag(—1,...,—1), Z = Diag(0,...,0,1).

Next, we shall apply Algorithm 4.1 to solve problem (5.1) with different dimen-
sions. The subproblem (4.1) is solved by Algorithm 4.2 where the exactness in (4.3) is
chosen as ¢€;, = 0.01 x (1/1.05)%~! and the stopping criterion (4.3 b) is employed. The
algorithm is stopped when the KKT residual R(z*,Y*) defined in (4.9) is less than
1e-5. The codes are implemented in Matlab (R2018a), and the numerical experiments
are run under a 64-bit MacOS on an Intel Cores i5 2.3GHz CPU with 8GB memory.
The following table (Table 1) shows the numerical results of different dimensions of
(5.1). Noting that the distance from (Y%, Z*) to M(X) is difficult to compute, we

n q iteration KKT residual  cpu(s)
3 2 8 8.27e-06 0.22
100 200 11 8.98e-06 3.11
1000 1500 21 9.57e-06 1083.34
TABLE 1

Numerical results of semi-smooth Newton-CG based ALM for problem (5.1).

use the following alternative dist((Y*, Z%), M(X)) = O(|[Y* + Bo Z¥|| + ||Tsx (Y*) )
as boundedly linear regularity is satisfied. The detail iterative performance of ALM
for solving problem (5.1) with n = 1000 and ¢ = 1500 is also reported in Figure 2.
It can be seen from Figure 2 (a) that although the problem is nonconvex and the
multiplier set is not a singleton, ALM also possesses a linear rate of convergence of
dist((Y, Z), M(X)) for the validity of strong variational sufficiency. Meanwhile, the
right one shows that the KKT residual also converges to 0 as the algorithm pro-
ceeds. Moreover, by strong variational sufficiency, we know from Theorem 3.3 that
the Hessian matrix V; in Algorithm 4.2 Step 2 is always positive definite when k is
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Fia. 2. Semi-smooth Newton-CG based ALM for problem (5.1) with n = 1000 and g = 1500.

sufficiently large. Indeed, the minimum eigenvalue of the Hessian matrix V; is posi-
tive (e.g., Amin(V;) = 1.01 for the case n = 3 and ¢ = 2; Amin(V;) = 1.26 for the case
n = 100 and ¢ = 200). It is also worth to note that the distance from (Y%, Z*) to
(Y, Z) does not converge to 0, which meets our theory as the limit point (i}, Z ) in
Theorem 4.6 may be different from the reference point (Y, Z).

It is well-known that the condition number of V; in Algorithm 4.2 Step 2 is
proportional to pF. In fact, the estimation of the condition number of V; can be
obtained in a similar manner of [44, Lemma 10] as the smallest eigenvalue lies in a
constant interval while the largest one lies in an interval which is propositional to p*.
Thus, in practice, we usually set an upper bound for p*, although p* can be infinity
in theory.

It can be seen from Theorem 4.6 that the convergence analysis of Algorithm 4.1
requires a good starting point of the multiplier while no restriction to the initial
primal variable 20 is needed. To verify the convergence theory (Theorem 4.6), in
the numerical experiments of (5.1) presented in Table 1, we choose X° randomly.
(Y?, Z9) is chosen to be (Y, Z) 4+ n(Py, P,), where P;, P, are symmetry matrices that
are uniform randomly generated. Typically, 7 is chosen to be small, e.g., 0.1.

Next, we will discuss how to generate the initial point more practically. Condition
4.5 indicates that (Y, Z%) should be sufficiently close to (Y, Z), at which strong SOSC
is satisfied. How to find (Y, Z°) satisfying Condition 4.5 for nonconvex optimization
problem is very challenging. A natural idea is to apply first order methods as a warm
start to find a satisfactory initial point. Moreover, we know from Theorem 3.3 that a
good starting point may be the one at which the positive definiteness of generalized
Hessian is satisfied. In practice, when the generalized Hessian is not positive definite,
we may apply APG instead of the semismooth Newton to solve the ALM subproblem.

6. Conclusion. In this paper, we derive the equivalence between the strong vari-
ational sufficiency and the strong SOSC for NLSDP and NLSOC without requiring
the uniqueness of multiplier or any other constraint qualification. By using the equiv-
alence result, the local convergence property of ALM for NLSDP can be established
under merely strong SOSC instead of plus it with any constraint qualification. As
a direct application, we are able to show that the positive definiteness of the gen-
eralized Hessian of augmented Lagrangian function, which is critical in the use of
semi-smooth Newton method for NLSDP, is satisfied under strong SOSC. However,
there are still many issues that deserve to be explored further. For example, we still
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do not have a satisfactory characterization for variational sufficiency. Moreover, for
the implementation of ALM for solving nonconvex cases, it is still very challenging
for finding a good starting point, e.g., the one close enough to a KKT pair of a local
optimal solution which satisfies the strong SOSC condition.
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