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Abstract The augmented Lagrangian method (ALM) has gained tremendous popularity for its
elegant theory and impressive numerical performance since it was proposed by Hestenes and Powell
in 1969. It has been widely used in numerous efficient solvers to improve numerical performance
to solve many problems. In this paper, without requiring the uniqueness of multipliers, the local
(asymptotic Q-superlinear) Q-linear convergence rate of the primal-dual sequences generated by
ALM for the nonlinear semidefinite programming (NLSDP) is established by assuming the second-
order sufficient condition (SOSC) and the semi-isolated calmness of the Karush—Kuhn—Tucker
(KKT) solution under some mild conditions.
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1 Introduction

The non-convex semidefinite programming problem is attracting more attention for its wide appli-
cations in machine learning, structural design, and other fields. In the well-known library COMPleib
[31], there are about 168 test examples for nonlinear semidefinite programs, control system design,
and related problems. In this paper, we consider the nonlinear semidefinite programming (NLSDP)
problem in the following form:

min f(z)
st. h(z) =0, (1)
G(z) € 8¢,
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where f : X - R, h: X - Y and G : X — S™ are twice continuously differentiable, X, ) are
given Euclidean spaces, S™ is the linear space of all n X n real symmetric matrices equipped with
the usual Frobenius inner product and its induced norm. For notational simplicity, we use (-,-) to
denote inner product of every Euclidean spaces and || - || to denote its induced norm. The exact
meaning of these notations can be deduced from the context. ST (S") is used to represent the
n-dimensional positive (negative) semidefinite cone. For a general constraint optimization problem,
if the constraint set K is some polyhedron, we say the problem is polyhedral; otherwise, we say
the problem is non-polyhedral. Especially, when K = {0} x 7%, it is the well-known nonlinear
programming (NLP). It is easy to see that NLSDP is a non-polyhedral problem as it possesses the
positive semidefinite (SDP) cone constraint.

In this paper, we will mainly focus on the local convergence analysis of augmented Lagrangian
method (ALM) for . The Lagrangian function of problem is defined by

L(z,y, I') :== f(z) + (y,h(z)) + (I, G(x)), (z,y,[)EX XY xS™ (2)

For any (y,I") € Y x 8™, denote the first-order and second-order derivatives of L(-,y,I") at x € X
by ViL(z,y,I") and V2, L(z,y, "), respectively. Augmented Lagrangian function is firstly intro-
duced by Arrow and Solow in 1958 [I] to study a differential equation method for solving equality
constrained optimization problems. Moreover, the Augmented Lagrangian function for inequality
constraint problems is given by Rockafellar in [45] and firstly studied in detail by Buys in his doc-
toral dissertation [6]. The augmented Lagrangian function of takes the following form (cf. [51
Section 11.K] and [55])

li¢I?
2p

L(@.Cp) 1= @) + 5ist*(@(a) + 5.00) = 15 3)
where ¢ := (y,I'), &(z) := (h(z), G(z)), K := {0} x S}. And for a given z, dist(z, K) is the distance
from point z to K. For a given initial point (xO,CO) € X xY x 8™ and a constant p° > 0, the
(k 4 1)-th iteration of ALM for NLSDP (fJ) is

#* 1~ argmin{ 2 (x, ¢, p")},
¢ = R B + G — (@) + &)
with pk+1 updated by certain rule.

The augmented Lagrangian method was firstly proposed by Hestenes [23] and Powell [41] for
solving the equality constrained problem and was generalized by Rockafellar [46] to NLP. It rapidly
grew into popularity for its mathematical elegance and impressive numerical performance in various
areas, like statistical optimization (e.g., Lasso [60]), machine learning and game theory. It has also
been implemented in many powerful large scale solvers like SDPNAL+ [62[65], QSDPNAL [32],
SuitedLasso [33] and so on.

There are also many works focused on the theory of this algorithm. For convergence analysis of
ALM, tremendous work has been established since it was proposed. Powell [41] demonstrated that
for the equality constrained problem, if the second-order sufficient condition (SOSC) and linear
independence constraint qualification (LICQ) were satisfied, the algorithm should converge locally
at a linear rate, without the need for having p — oo. This implies that ALM may provide numerical
stability, which the usual penalty methods do not possess. In 1973, Rockafellar [47] and Tretykov
[61] proved the global convergence of the augmented Lagrangian method for convex optimization
problem with inequality constraints for any p > 0 based on the saddle point theorem established
in [46].

For the convex NLP problem, the local convergence rate of the ALM can be derived through
its deep connection with the dual proximal point algorithm (PPA) as studied by Rockafellar in
[48]. As stated in [48, Proposition 3, Theorem 2], one can obtain the Q-linear convergence rate of
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the dual sequence generated by the ALM under the upper Lipschitz continuity of the dual solution
mapping at the origin, the boundedness of dual sequence and certain stopping criteria on the
inexact computations of the augmented Lagrangian subproblems. For more details about PPA and
monotone operators, please see [49}[48}[39].

Following this way, the convergence rate of ALM for general convex optimization problems can
also be attained under very mild conditions with implementable stopping criteria for the ALM
subproblems. In 1984, Luque relaxed the upper Lipschitz continuity of the dual solution mapping
used in [48], which required the uniqueness of the optimal solution, by an error bound type condition
[34, (2.1)] that is known to be satisfied for polyhedron [42] but difficult to be verified for non-
polyhedron. In 2019, Cui et al. [10] established the asymptotic R-superlinear convergence of the
KKT residuals and asymptotic Q-superlinear convergence of the dual sequence generated by the
ALM for solving convex NLSDP, under a quadratic growth condition on the dual problem that
neither local solution nor the multiplier is required to be unique. Their remarkable work improved
[48] in giving a practical stopping criterion for ALM subproblem under the Robinson constraint
qualification (RCQ) (for the improvement of implementable stopping criteria, see also [18]) and
obtaining the convergence of the KKT residuals with the application of KKT residual information.
Also, they relaxed Luque’s condition by the calmness of the dual solution mapping at the origin.

When it comes to non-convex optimization problems, fruitful results have been established for
the polyhedral case. In 1982, Bertsekas [4] established that the generated dual sequence converges
Q-linearly and the corresponding primal sequence converges R-linearly under SOSC, LICQ and
the strict complementarity for NLP. His result shows that the ratio constant is proportional to
1/p, which implies the convergence can be accelerated by increasing p. Efforts are made to weaken
the above conditions. Firstly, successful attempts are made to remove the strict complementarity
condition, e.g., Conn et al. [8], Contesse-Becker [9], and Ito and Kunisch [25] derived linear con-
vergence rate for the ALM of general NLP. Secondly, it is also crucial to weaken LICQ, which
implies the uniqueness of multipliers. As in real-world, multipliers are usually non-unique, e.g.,
considering Lasso as a dual problem. In 2012, Fernandez and Solodov [19] firstly studied this topic
for NLP without requiring the multiplier to be unique. This work is a milestone to establishing
the convergence by removing the uniqueness of the Lagrangian multiplier and strict complementar-
ity. Recently Hang and Sarabi [22] established the local convergence for piecewise linear quadratic
composite optimization problems under merely SOSC, which inspires us to study whether their
results can be extended to NLSDP (|1)). Their success relies on the validity of upper Lipschitz con-
tinuous of KKT solution mapping when SOSC is satisfied, see [16,26,30,37,22]. However, this does
not hold for non-polyhedral case as mentioned in [I0] by using [5, Example 4.54]. For compre-
hensive surveys about the augmented Lagrangian method for nonlinear programming, see [41120]
50]. Recently, Rockafellar [53] shaded lights on how to derive ALM convergence rate for non-convex
“fully amenable” [51], 10F] problems through its connection with PPA for the dual problem and the
variational sufficiency studied in [52], Page 6]. He successfully obtained the ALM primal R-linear
convergence from the ALM dual Q-linear convergence for generalized NLP by assuming variational
sufficiency. However, NLSDP does not belong to the fully amenable kind. Also, as mentioned in
[53], variational sufficiency may fail even under SOSC.

For non-convex non-polyhedral problem, Sun et al. [59] proved the convergence rate of NLSDP
under strongly SOSC [56] together with nondegeneracy (cf. [59] or [5]). In 2019, Kanzow and Steck
[29] justified the primal-dual linear convergence of ALM under SOSC and strong Robinson con-
straint qualification (SRCQ) for C?-cone reducible constrained problems, which include NLSDP
and nonlinear second-order cone programming (NLSOC). Recently, the primal-dual linear conver-
gence rate of ALM for NLSOC is also studied under SOSC and the semi-isolated calmness of the
KKT solution mapping (see Deﬁnition in [21] with the multiplier uniqueness assumption. Going
through all the papers above, it is not hard to see that existing works usually suppose either the
problem is convex (or polyhedral), or the Lagrangian multiplier is (locally) unique. However, few
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results on the local convergence rate of ALM have been established for non-convex non-polyhedral
problems without the multiplier uniqueness.

In this paper, under some mild conditions, we establish a locally (asymptotic Q-superlinear)
Q-linear convergence of the primal-dual sequences generated by ALM without assuming the unique-
ness of Lagrangian multipliers for NLSDP under SOSC and the semi-isolated calmness of the KKT
solution mapping. Furthermore, for NLSDP, we provide a sufficient condition for the semi-isolated
calmness of the KKT solution mapping. The remaining parts of this paper are organized as follows.
In the next section, we introduce some preliminary knowledge in semidefinite cone and variational
analysis. In Section [3] we study the uniform second-order expansion for the Moreau envelop of the
indicator function of the SDP cone, which is essential to the main convergence result. In Section [4]
we obtain the main result on the local (asymptotic Q-superlinear) Q-linear convergence of ALM for
NLSDP with the help of uniform second-order growth condition of augmented Lagrangian function.
Section [5] is devoted to the sufficient condition of semi-isolated calmness of the set of KKT points.
Also in this section, we illustrate by two examples that the conditions proposed in our main result
can be satisfied. We conclude our paper and make some comments in the final section.

2 Preliminaries

This section lists some preliminaries on the positive semidefinite cone and variational analysis,
which will be used in this paper. Detailed discussions on these subjects can be found in [7,36}/51].
Let A € 8™ be given. We use A1(A) > A2(A) > ... > Ay (A) to denote the eigenvalues of A (all
real and counting multiplicity) arranging in nonincreasing order and use A(A) to denote the vector of
the ordered eigenvalues of A. Let A(A) := Diag(A(A)). Also, we use v1(A) > -+ > v4(A) to denote
the distinct eigenvalues. Consider the eigenvalue decomposition of A, i.e., A = PA(A)PT, where
P € O™(A) is a corresponding orthogonal matrix of the orthonormal eigenvectors. By considering
the index sets of positive, zero, and negative eigenvalues of A, we are able to write A in the following
form
A(A)aa 0 0 pT
A= [Py Ps P, 0 0 0 Pr. (4)
0 0AA),] [P
where a := {i : \i(A) > 0}, 8:= {i : \i(A) = 0} and v := {i : \i(A) < 0}. It is known from [5]

Example 3.140] that the n-dimensional positive semidefinite cone St is C'°°-cone reducible. We use
Ilsy (A) to represent the projection from A to ST and it follows from [56 p.5] that

A(A)aa 007 [ PT
ls:(A) = [Pa Ps Py ] 0 oo0||p
o oof|Pf

From [57, Theorem 4.7] we know that the metric projection operator sy () is directionally dif-
ferentiable at any A € S™ and the directional derivative of IIsy (-) at A along direction H € 8™ is
given by

ﬁaa Haﬁ EQ'Y o E[O"Y
ey (A;H)=P | Haig  Hga(Hgs) 0 pPT, (5)
»r oHE, 0 0

where H := PTHP, “o” is the Hadamard product and

max{A;(A4),0} — max{\;(A),0}

Yij = ’ ) =
7 X(A) =2\ (A) "7
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where 0/0 is defined to be 1. Moreover, we also have

0 0 (B =X)avyo ﬁav
T (A; H) = H — ITsy (A H) = P 0 Mg (fss) s, PT. (1)
(E— E)gv ° H;{W Hgv Hey

For more details on the properties of SDP cone, we refer the reader to [56L[59L14].
For a given Euclidean space X. Let C be any subset in X, the Bouligand tangent/contingent
cone of C' at z is a closed cone defined by

Te(z) :={d € x| 3t* L 0 and d* — d with 2 + t"d"* € C for all k}.

When C is convex, the normal cone in the sense of convex analysis [44] is defined as No(x) =
{veX:(v,a’—x) <0Va' € C}. For any x € C, the critical cone associated with y € No(x) of
C is defined in [I7, Page 98], i.e., Co(z,y) = To(z) N (y)*t. It is well known (see e.g., [56, (19)])
that the critical cone of SDP at a given Y € Nsz (X) can be completely described as

Csp(X,Y):={U eS" | PfUP; e S', PfUP, =0, PUP, =0}, (8)

where X 4 Y has the eigenvalue decomposition in .
The following definition is an extension of the second order expansion of functions defined in
[40 Definition 1.1].

Definition 1 Consider a function f : X — R and a point T where f is differentiable. We say f
has a uniform second order expansion at ¥ with certain conditions if f satisfies the following two
conditions.

(i) f has a second order expansion at Z, i.e., there exists a finite, continuous and positively homo-
geneous of degree 2 function g such that

2
f(@ + cv) = f(2) + «(Vf(7),0) + %g(v) +o(@[o]*), ceR ven.
(ii) There exists a constant r > 0 such that o(c?||v||?) is uniform for all x € B, (%) with certain

conditions, i.e., for all ¢ > 0, there exist positive constants w, r such that for all z € B.(Z) with
certain conditions and all ||ev|| < w, we have

f(@+cv) = f(@) = e(V(@),0) = Golv) _

207 =5

where w is uniform for all x € B,-(Z) with certain conditions.

3 The uniform second order expansion of %distz(A,Si)

In this section, we shall establish the uniform expansion of %dis‘c2 (A, S8%), which is crucial for the
subsequent analysis of deriving the uniform quadratic growth condition of augmented Lagrangian
function. Before we step further, we need to give the following notation. Given two Euclidean
spaces X, Z, a positive constant r and A € X. Considering a mapping A : X x X — Z. We say
A(A, H) = O(||H||) with O(||H||) uniform for all A € B,(A) with certain conditions if there exist
positive constants g, w, 7 such that for all A € B,(A) with certain conditions and all ||H| < w, we
have
laamy _
[l
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where w and ¢ are uniform for all A € B,.(A) with certain conditions. We call w the uniform
radius and ¢ the uniform constant of O(||H]||). To obtain the main result of this section, firstly we
need the following lemma, which illustrates the uniform expansion for eigenvalue vector matrix. Its
non-uniform form was stated in [58] and essentially proved in the derivation of [57, Lemma 4.12].

Lemma 1 Given a fited A € S". Let 0 < r < min;<;{vi(A) —v;(A)}/3. For any H € 8" and
A € B,-(A), let U be an orthogonal matriz such that

UT (A(A) + H)U = A(A(A) + H). (9)

Then, for any H — 0, we have

{Uzsft:O(”H”)’ 87t:17"'7d7 S#t

Use UL, = T + O(IH|?), s =1, ,d, (10)

where s == 15(A) = {i | Mi(A) = vs(A)}, s =1,..., d, d is the number of the distinct eigenvalues
of A. Furthermore, for each s € {1,...,d}, there exists Qs € 0% such that

Urr. = Qe + O(|H|?) (11)
and
QF He.r,Qs = Nvv, (A(X) + H) = Q7 A(A)r,1,Qs + O(|HIP?). (12)
It is worth to note that the O(||H||) and O(||H||*) above are uniform for all A € B,.(A).
Proof. See Appendix [A]

By applying Lemmal ] we can obtain the following result.

Lemma 2 Given A € 8" and let 0 < r < min;<;{vi(A) — v;(A)}/3. For any H € S" and
A € B, (A), let U be an orthogonal matriz such that

UT(A+ H)U = A(A+ H). (13)
For allt € {1,...,d}, there exist Q; € olxl (depends on H) such that for all H — 0,
(PTU)ei, = 0 0 (He,e, Q) + O(IH), s #t,
where O(||H||?) is uniform for all A € B.(A), (0°%);; = 1/((A(A)e,e,)ii — (A(A)z,z.);5) and H =
PTHP, Pc O™(A).
Proof. See Appendix [C}
For any A € 8", denote index set ¢;(A) := {i | Mi(A) = w(A)}, a(A) = {i : Mi(4) > 0},

B(A) :={i: Xi(A) =0} and y(A) := {i : A;(A) < 0}. We say two matrices A, A € 8™ possess the
same eigenvalue index sets partition if the following two conditions are satisfied.

(i) A and A both have d distinct eigenvalues with ;(A) = ;(A) for all 1 =1,... ,d;
(ii) |a(A)] = |a(A)], |B(A)] = |B(A)| and |y(A)| = |y(A)|, where | - | denotes the number of the
elements of the index set.

Moreover, we use m(A) = 7(A) to denote that A and A have the same eigenvalue index sets
partition.

By applying Lemma [I} we can obtain the uniform 1-order B-differentiability of the SDP pro-
jection function. This result is an enhancement of [14] Proposition 2.6].
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Proposition 1 Given a fived A € 8" and let 0 < r < mini<j{vi(2)77 vj(Z)}l?). The metric
projection operator is uniformly 1-order B-differentiable for any A € B.(A) with w(A) = w(A), i.e
for 8" 3 H—0,

sy (A+ H) — sy (A) — ITsn (A H) = O(||H|1?) (14)
and O(||H||?) is uniform for all A € B,.(A) with w(A) = w(A).
Proof. See Appendix

With the help of the properties of the second subderivative d2dx, whose definition is given in
[61, Definition 13.3], we can calculate its corresponding Moreau envelop in the following explicit
form. This will be of great use in deriving the main result of this section.

Lemma 3 Suppose K = {0} x ST. Given (P(x),¢) € gph Nx. Denote A = G(z) + I' and A
possesses the eigenvalue decomposition in . We have that for all H € 8™, the Moreau envelop of
d?0x (P(x), €)(+), which is defined as

ep(d*0xc(2(2),0)) (b, B) == inf {d251<(¢(w)»0(w7 W)+ 2*1/)||(w, W) — (b, B)IIQ} :

(w,W)ey x8n
can be calculated in the following form, i.e., for all (b,B) € Y x 8",

e1/(2p) (20 (D(2),€)) (b, B) = e1/(2p) (d25sz (G(x), I)(B) + p||b]|”
=2p > Bij+p > Bj+ pdist®(Bgs, SIP))

i€B, jE€Y i, JEY
Ai(A)/Ai(A) =2 Ai(A) pBi;
t2 2 =i (A)/Ai (A)+p3)2 G2 > >\ (A) Y (A)/)\i(A)+p3)2+p”b”2’

i€a, jEY i€a, jEY

where B = PTBP with P € O™(A).

Proof. From [35, Theorem 6.2] and [56, Lemma 3.1], we know that
d25l€(¢(w)a <)(z) = 7TG(QE) (F7 Z) + 5C/c (@(1‘)7 C)(Z)a

where z = (v, Z) € Y x 8" and Yo (I, Z) = 2(T, ZG(x)'Z) is the o-term. Combining this with
the definition of Moreau envelop, we have
e1/(2p) (A0 (2(2), Q) (b, B) = nf{pl|z — (b, B)||* + d*6xc (8(2), ¢) ()}

= inf Yo (I, Z) + pllz — (b, B)|)?
2€Cx (B(2), g){ () (15 Z) + pllz = (b, B)II"}

= Ya) (I, Z Z-B b 15
ZGcsn<G<m) Yo (15 2) + ol 12} + pllol|*. (15)

From [56], (28)], we have

Aji(4)
N (A

Yo (I 2)=-2 Y (P ZP)%;.

it€a, jEY

~—

From [56], (19)], we also have

Csy(G(x), T) = {Z es":Przpy e S PFzP, =0,PTZP, = 0} .
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Let Z = PTzZP, B = PTBP. Thus

(Tow([.2) + 12 - BI?} = (2 Y AW pTap2 41z - By

inf inf
ZeCsn (G(a),I) ZeCsn (G(x),T) e Ai(A)
i Aj(A) 2 = ~ 9
zecey (o)At Ng(A) 7 + PZ| i — B} (16)
€, jeY ij

Foralli € a,j € aUpB and i € B, j € a, to obtain the minmum of , let Zij = Ezy For all

pBij

1€aq,j€Evyandi €7, j € a, we get the optimal solution Zj = X @A)/ N A
j i

Zgp = I (Bgg). Otherwise, Z;; = 0. Tt follows from that

. For all i,5 € 83,

181
+

inf -7, rz Z — BJ]?
Z€C5£?G(m),F){ G(m)( ) )+P|| 1}

=2p Y Bl+p Y. Bl +pdist’(Bss, S
€L, jEY i, JEY

Aj(A)/Xi(A) 2 Aji(A) péij 2
t2 2 (@ + p)QB”' - 21,6(;& ) AN, U0

Combining and we have completed the proof. O

The following result illustrates the uniform second-order expansion for %distQ(-, S%), which will
be used in the derivation of Proposition [3| It is worth to note that the second-order expansion for
it is firstly studied in [40, Theorem 3.5]. By taking advantage of Lemmas we can provide a
direct proof here.

Proposition 2 Given (G(z),I') € gph Ns». Denote A = G(Z)+ 1T and A possesses the eigenvalue
decomposition in with P € O™(A). Let 0 < r < min;<;{vi(A) — vj(A)}/3. For any A :=
G(Z)+ T €B(A) with T € Ns»(G(z)) and w(A) = 7(A), we have for all H — 0,

1 n 1. n 1 _
5cus,tQ(A + H,S%) — 5dmt%A, St) = (Hsn(A), H) + Ser (d%0s2 (G(x), 1)) (H) + O(| H||*),
where O(||H||?) is uniform for all A € B,.(A) with I € Ns»(G(2)) and w(A) = 7(4), d2531 (G(z), I
is defined in [51), Definition 13.3].
Proof. It is well-known that %distQ(A, St) = e1dsn (A). From [51} Theorem 2.26], we have Veidsn (4) =
IIsn (A). Denote Q(A) = IIsn (A). It follows that
1 ny 1. n 1
S dist* (A + H, 8) — Sdist™ (A, 81) = S{Q(A + H) = Q(A), Q(A+ H) + Q(A))

=2 (H,QUA) + QA+ H) — Q(A)) + 3 (H, Q(A)
— S (Tsy (A + H) — s (A), QA+ H)) — J{TTsy (A + H) — sz (4), Q(A))

=(H, Q(A)) + L {(H,Q'(A, H) + O(|H|[*)

— (s (A H) — sy (A), QA+ H)) — LTy (A + H) — sy (4),Q(A))  (18)
= (H,Q(A)) + 2 {H,Q' (A, 1)) + O(| ]
1

— sy (A+ H) — 151 (4), QA+ H)) — L (Hsy(A+ H) — sy (4),Q(4))  (19)
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where comes from Proposmonl We denote A; := \;(A), A := A(A) and = := A(A+ H) for
short. Let P e O”(A) H = PTHP and E € 8™ be the matrix whose components are all 1. It
follows from H = Hsi (A, H) + IIs- (A, H), () and (7) that

(H,Q'(A, H)) = (ITsy (A, H), ITsr (A, H)) + || ITsn (A, H)|?
= (Yayo ﬁa% (E - 2);) + g (Hpp), 15151 (Hpp)) + (Ean © Hary, (E — X)ary © Haw) + || 50 (A, H)|?

=2 3 N e (4, )P
1€ ]67
A AJ 772 T 2
=2 Z _)\ )sz + Y HG+2 Y Hj+ [ 151 (Hpp) I
i€a JG’Y ,JEY i€EB,JEY
2
=2 Y Hy+ Y Hy+dist’(Hes, S +2 Y A T A
L W L U T e (N A)2
i€B,5€y i,JEY i€a,jEY
= ilef{llz— H|” + d*6(G(2), I)(2)}, (20)

where the last equality comes from Lemma [3| It is easy to see from the projection onto SDP (4]
that

— sy (A+ H) — Ils: (A), QA+ H)) = (Ilsy (A), Q(A+ H))
A(A)aa 00
= (P o oo|Pus_UT)
0 00
= tr(Aaa (P 0)ayE3 (P U)as) + tr(Aaa(PTU)as Zps(P U)ap), (21)
where U € O"(A + H) and (=Z_-);; = min{0, =j;}. It follows from Lemma |2| and the Lipschitz
continuity of A(-) that
(P"U)ay Zr(PTUYL = [Bay © (Hlay Q)] 5n [OF 0 (QLHE)] + O HI)
= [Ban 0 (HayQy)] Ay [Oay © (@7 Hary)] + O(IH]?).
Thus we have

t(Aaa(PTU)ar Zn (PTOYE) = 3 (Ai%n@avcmm +O(IH]P),

icagey i = Ad)
where O(||H||?) is uniform for all A € B,.(A) with I' € N »(G(Z)) and 7T(A) = 7(A). Also, it is
easy to see that tr(Aaa (P U)agugﬁ(PTU)a,B) O(||H|]?). Taklng this into (21)), we have

sy (A+ ) = sy (A). QA+ ) = 3" 2 |(Hao @)l + O(HI).

i€a,jEY

Similarly, we can compute (/Is» (A + H) — Ilsz (A), Q(A)) in the exactly same way, i.e.,
(Msp(A+ H) = Isy (A), Q(A)) = tr(Ayy (PTU)raZaa(PTU)0) + tr(Ayy (PTU),5555(PTU)75)

S %H(Hmc)a)wn +O(|H?). (22)

i€a,jEy Ai = Aj)

Combining , , and together, we have obtained the result. O
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4 ALM convergence for NLSDP
In this section, we shall study the convergence of the inexact augmented Lagrangian method (ALM)
for NLSDP without requiring the uniqueness of Lagrangian multipliers. Recalling the augmented
Lagrangian function of NLSDP defined in . We define the residual function by

R(z,¢) = [VaL(z, Q)| + [|@(x) — Hic((z) + O)|l- (23)

The augmented Lagrangian method is stated below.

Algorithm 1 (Augmented Lagrangian method)

Require: Let (2°,(0) € X x Y x S™, p° > 0,¢ > 1, {€kx k>0 With €, > 0 for all k£ and ¢, — 0 and set k := 0.
1: If (2%, ¢*) satisfies a suitable termination criterion: STOP.
2: Compute zF*1 such that

Va2 (- ¢* ") < e (24)

3: Update the vector of multipliers to

k k
¢ () + S — (@) 4 5] (25)

4: Update pFt! by pktl = pk or pk+1 = ¢pF according to certain rules.
5: Set k< k41 and go to 1.

Before we go any further, it is necessary to introduce the definition of semi-isolated calmness. For
given perturbation parameters (a1, a2,b) € X x Y x 8", the corresponding canonical perturbation
counterpart of is given by

min f(z) — (a1, z)
s.t. h(z) —az2 =0, (26)
G(z) —be SL.

Denote Sk xr(a1,a2,b) the solution set of the KKT optimality condition for problem 7 ie.,

VxL(m7yaF)_a’1 =0,
Skrr(al,az2,b) =< (z,y,[) € X xYx8": h(z) —az =0, . (27)
St > (G(x)—b) LI'eS”.

For any KKT pair (z,y, ") that satisfies the KKT condition with (a1, a2,b) = (0,0,0), we call =
the stationary point. For a given feasible solution T € X of with (a1, a2,b) = (0,0,0), define
M(Z) the set of all multiples (y, ") € Y x S™ satisfying the KKT condition (27), i.e.,

M) ={(y, ') € Y x 8" | (z,y,I") € Skxr(0,0,0)}. (28)

It is easy to see M(Z) is convex.

The definition of semi-isolated calmness of a set-valued mapping is first officially presented by
[37, Theorem 4.1], which is an extension of [27], Proposition 1.43], to establish the characterization
of noncritical multipliers for the polyhedral problem (to be more specifically, composite piecewise
linear quadratic problem). It is worth noting that for the polyhedral case, semi-isolated calmness
is equivalent to the noncriticality of Lagrangian multiplier [37], Theorem 4.1], though this does not
hold for the non-polyhedral case as stated in [38, Theorem 5.6].



Local convergence analysis of augmented Lagrangian method for nonlinear semidefinite programming 11

Definition 2 The semi-isolated calmness for the mapping Skxr at ((0,0,0),(z,7,I")) holds if
there exists x > 0 and open neighborhoods U of (0,0,0) and V of (Z,g,I") such that for all
(al,ag,b) e U,

|z — z|| + dist((y, ), M(z)) < k||(a1,a2,b)|| VY (z,y,I") € Skxr(a1,a2,b)NV.

It is worth to note that the semi-isolated calmness for the mapping Sk at ((0,0,0),(Z,y,1))
implies the uniqueness of Z. Let Z be a stationary point of NLSDP . Assume M (Z) is nonempty
with (g, I") € M(&), the critical cone of problem is adopted from [56, (37)]

C(z) = {d € X : Vh(z)d = 0,VG(Z)d € Csy (G(@),f)} :

where Csr (G(), T') is the critical cone defined in (8). We also need the definition of second order
sufficient condition for , which can be found from, e.g., [22, equation (2.11)].

Definition 3 Let Z be a stationary point of NLSDP (). Given (7, I") € M(Z). We say the second
order sufficient condition (SOSC) holds at (z,y, 1) if

(V2,L(z,5,T)d,d) — Yo(z) (T, VG(z)d) >0, VO0#deC(z). (29)

where Yz (I, VG(2)d) = 2(T", (VG(2)d)G(z)"(VG(z)d)) is the o-term (cf. [56, Lemma 3.1]) and
G(z)" is the generalized inverse matrix of G(Z).

4.1 Properties of augmented Lagrangian function and the solution of subproblem

To establish the ALM convergence of NLSDP, we firstly need the quadratic growth condition
for augmented Lagrangian function as presented in [59] and [22]. The (uniform) positive definite
condition is critical in establishing the (uniform) quadratic growth condition. In [22, Lemma 4.2],
they studied the uniform version for linearly quadratic composite optimization problems under only
SOSC. We try to extend their result from the polyhedral problem to NLSDP. It is worth noting
that similar result for NLSDP was established in [59, Proposition 4], although they supposed
nondegeneracy and strongly SOSC. It follows from [35, Theorem 8.3] that for any given ¢ € M(Z),
function =z — Z(z,(,p) is twice semidifferentiable with respect to z at . Then we obtain the
following lemma.

Lemma 4 Let T € X be a stationary point to the NLSDP and { € M(Z) . Then the
following conditions are equivalent:

(a) the SOSC holds at (%,() (see Definition @; ~
(b) there are positive constants p3, €', I' such that for all ¢ € M(z) NB./({) and all p > p3,

d2.2(z,¢,p) (w) > U|lwl]> Yw e R™\{0}, (30)
where d2.% is the second semiderivative on x defined in [51, Definition 13.3].

Proof. “(b)=(a)”: It follows from [35, Theorem 8.4], directly.

“(a)=(b)”: First, it follows from [51l Proposition 13.5] that the second semiderivative is lower
semicontinuous and positive homogenous of degree 2. Thus, by [35, Theorem 8.4 (ii)], we know that
the SOSC is equivalent to the existence of I’ > 0 such that

A2 (z,C, p3)(w) > 2" Vw €S, (31)

where S is the unite sphere of X.
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Next, we shall show that there exists an &’ > 0 such that for any ¢ € M(z) N B/ (),
d2.2(z,¢,p3)(w) > 1" YweS.
From [35], Theorem 8.3 (i)], we know that for any ¢ € M(Z),
42 2(, ¢, pa)(w) =(Via L(7, Ow, w)

+inf{ps]z — V(@)w|* + d*6xc(8(z), () (=)}, (32)
where K = {0} x S}. Choose £” € (0,1'/(2||V*®(z)||)) if || V*®(z)|| # 0 and &” > 0 otherwise. For
each w € S, it is clear that for any ¢ € B.~((),

(Vaa L(, Qw, w) = (Voo L(T, Qw, w) + (¢ = ¢, V*(z) (w, w))
> (Vi L(Z, Qw, w) — [ V*&(@)|| - I¢ — ||

/

> (V3 L@, Qw,w) — 5. (3)

Let A=T +G(z) and A =T + G(Z). Suppose P € O"(A) and P € O"(A). Suppose A possesses
the eigenvalue decomposition ([4). Let 0 < r < min;<;{vi(A) —v;(A)}/3. For all I" € B,.(I'), denote
aUBy == {i [ A(A) >0}, Bo:= {i | A\(A) = 0} and yUSB— := {i | A(A) < 0}. Since I1sy (A) = G(z),
we have 84 = @ and 8= BoUB_. Let Z = PTZP, B = PT(VG(Z)w)P. Tt follows from Lemma
that

inf{ps)|z — VO(@)w|* + d*6x(®(2),¢)(2)}

- inf Yo (L, Z) + p3||Z — VG(@)w||*} + p3||VA(Z)w]?
secai e To@ (1 2) + psl (@)w]*} + ps | Vh(@)w]
=2p3 Z EZQJ + p3 Z EZQJ + pgdiStQ(EBOBO, anl)

i€Bo, JEYUB- i, jEYUB-

Ai(A)/Ai(A) 252
v 2 Sl )

i€a, jEYUB_
A (A) p3Bij 2 =Yoo (12
-2 J J + p3||Vh(Z)w]||*. 34
Zﬁ ) S ) elvE@ul (34)

From [I3, Proposition 2.6], we know that for I" sufficiently close to I", we have dist(P, O"(A)) =
O(||I" — T'|)), which implies for every A, there exists Q = Diag(Q1,...,Q4), such that

P=PQ+O(|I"-T1), (35)

where d is the number of the distinct eigenvalues of 4 and Q; € O'"|. We can take I" such that
IF =T <r. Let B =P (VG(@)w)P and Cgpp := {W € S\’' | Pa,WPg, € S, P5WPs_ =
+

0, ?%1 WPs_ =0}. Then we have

2p3 Z E?J + p3 Z EZQJ + pgdist2 (éﬁogo,s_lfol)

1€Po, jEYUB- i, JEYUB_

=23y Bi+ps Y Bi+padist®(Buys,, S 4205 > Blj+ps o B
i€B, jEY i, JEY 1€60,JEL- i, JEL-

® ~ ~ o~ ~ - o~

B Y, Bi+ps ) Bj +P3d15t2(BBBnCs|f\) = 203 Bg, [|” + p3| By~ |I? +P3d18t2(3,667(7$\+6\)
i€B,jEy i, JEY

=2p3)| Bay |I” + psl| By |I* + padist® (E,B,Bycs\f\) +o(|r -1,
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where the last equality comes from the diagonal structure of @ and . It follows that

2p3 Z Efj + p3 Z Efj + pgdist2 (Eﬁoﬁoa S_lful)

1€B0, JEYUB- i, JEYUB-
=2p3 > Bij+ps Y Bij+psdist®(Bss,Cgs) +O(|T = T)
i€B, jexy i€ "

>p3dlSt (ng,Sl ! +2,0 Z Bzg +P3 Z Bz] +O(HF F”)

i€EB,JEY i€y, JEY
=psdist?(Bgs, SN +20s S Bi+ps Y. Bi+o(Ir T, (36)
i€B, JEY i€y, JEY

where the inequality comes from S_lfl ) Cs“” and the last equality comes from dist (EBB,S_‘E‘) =
+

| Bgs — ﬂsw(éﬁﬁ)ﬂ = ||Bgg — U gp1(Bgp)|| + O(| " = I'||) = diSt(BBme‘) +O(|[I"=I'|]).
+ +
We also have

2/)3 Z ( )\)\j (A)/)\z(A) )2§2 _9 Z /\j(A) pgéij )2

iea Sos. —NA/N(A) + o3t T Xi(A) D= A (A)/Ai(A) + ps
A (1) A (D) psBijXi(G(7)) 2
20 3 (X ay s @@ 02 2 AG@) D) e G@)
_ )\j(f) 2 Bl 5.\2
=2p3 iea;ea,[(_)“(f) +PS>\i(G(f))) +O(|II" = I'[DI(Bij)

AN (G @) (D)
216;67 =Ai(T) + p3Ai(G(7)))?
- A1) = p3X; (D)Xi(G(x))
_2p3ie§ew[ (=X (1) + p3sAi(G(7)))?

+O(II = TID)(Biz)*

+O(II" = TIN)(Bi;)*

where the first equality follows from the Lipschitz continuity of A(-) and the locally Lipschitz

. . P 20 (G(7))z - T
continuity of g1(z) = (W)2’ g2(2) = % over z < 0. Suppose A has d

distinct eigenvalues with v1(A) > -+ > vg,(A) > 0 = vg,11(A) > va,42(A) > v7(A) and denote
ts = {i | X\i(A) = vs(A)}. Then we have

A (1) = psi (T)As(G(2))
2p3ieazjey[ ( )‘ )—I—pg)\ (G( )) +O(”F FH)K )

_ w(F — psve(T)vs (G (7))
29352” %4—2 ”t(F + p3vs(G(%)))? Hodr- F”)] Z (B”)

1€Ls,JELt

o3 Y Y e G0)) 5 (B + 00~ TI)

s=1t=do+2 (—ve(T) + psvs(G(2))) icrTen
(1) — p3s i (DA (G
= 2p3 Z [J( )7P3 J( ) ( ())]
1€EQ, JEY (_AJ(F) +p3)‘Z(G( )))
where the last second inequality follows from the block diagonal structure of @ as . ( Eij)Q =

i€Ls,JELt
1QBu e QF I = B IP = Y (Biy)™.
1€Ls,JELL

(Bij)* +O(|" =T, (37)
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It follows from Lemma |3| again that if we combine and together, the right hand side
is exactly
inf  {~Yaw (T, 2) +p3|Z - VG(@)w|*} + A(D),
ZeCsn (G(2),1)

where A(I') = O(||I" — T) is number, which satisfies that there exist ¢ > 0 and w > 0 such that
for all I' € Bo,(I), |A(I')| < q||[I" — T'|| as it originates from (35). Combining this fact with (34),
we have for all I" such that ||I" — I'|| < min{r,!'/q,w},

inf{ps)|z — Ve@)w||* + d*6x(#(2),¢)(2)}

= inf Y (I, Z 7 —VG(z)wl|? h(z)wl|?
ZECS;?G@)F){ c@) (I Z) + psllZ — VG(@)w|"} + psl|Vh(Z)w]|

> it {Yaw(T2) + g2~ VG@uwl} + psl| V@] + O(IT - T)
Z€Csy (G(),T)

> inf {ps||z — VB(E)wl® + a5 (@(2), O)(2)} ~ 1. (38)

Let ¢/ = min{e",l'/q,7,w}. By , , and , we have verified that for any ¢ € M(Z)N
BE’(S‘)a

d22(7,¢,p3) (w) > d52(2,C,p3) (w) — 1" > 1" YweES.

Using the positive homogeneity of the second semiderivative yields for p = p3 and for all
¢ € M(z) N B (¢). Recall that the function

p > €12, (A2 ((2), 0)) (VB (@)w)

is nondecreasing. Therefor the function p d%f((a‘c, ¢, p),0)(w) is also nondecreasing. This yields
for all ¢ € M(Z) N B./(¢) and all p > p3, and hence complete the proof. ]
We also need the following result on the uniform expansion of augmented Lagrangian function,

which can be obtained from Proposition 2]

Proposition 3 Letx € X be a stationary point to the NLSDP 1) and { € M(Z). Let A = G(Z)+T
and 0 < r < min;<;{v;(A) —v;(A)}/3. For all ¢ € M(Z)NB-(\) with m(I") = 7(I") and any p > 0,

we have
f(@) - Z(z,¢ p)
|z — z||?

_ —fd2$(w G2y + Ol — ), (39)

&3 7||
where O(||z — Z||) is uniform for all { € M(Z) N B, (A\) with 7(I") = 7(T).

Proof. From [22, Proposition 3.2], we know that for all ( € M(Z) and any p > 0, f(Z) = Z(&,, p).
It follows that

L(w,¢.p) ~ F(&) =f(2) = [(@) + (g, h(@)) + EIh@)* = (9, h(@)) + SIIn(@)]1%)
+ p[%distQ(G(m) +pirST) — %distz(G(i“) 4o, ST)). (40)
It can be checked directly from Proposition [2] that
%distQ(G(w) 4o STy — %distz(G(:i) 4ol ST) - <%vx (dist3(G(z) + p'T,87)), 2 — )
(52 (G(@) + p7' 1), 5 V2C@)(w — 7,2 — 7)) + O(|G(x) - G@))

+O0(|lz —z|*) + %el (A5 (G(2), 1) (VG (@) (z — &) + O(|]z — 2] ). (41)
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From the explicit form of e1 (d2631 (G(z),I"))(-) in Lemma 3| we know that

e1(d%3sn (G(2), 1)) (VG (@) (2 — 7) + O(|lz — 7]|?))
= e1(d*0s1 (G(2), 1)) (VG(2)(z — 7)) + O([lz — z||*), (42)

where O(||z — Z||?) and O(||z — z||®) in and are uniform for all ¢ € M(Z) N B,(\) with
7(I") = m(I'). Combining the continuity of f(z)—f(Z)+(y, h(z))+ 5 |h(z)||*— ((y, h(Z))+ 5| h(Z)?)
on x with , , and [35, Theorem 8.3] with { € M(Z), we have attained . O

Combining Lemma [@ and Proposition [3] together, we are ready to state the uniform quadratic
growth condition for augmented Lagrangian function under SOSC. The non-uniform form for
NLSDP is firstly studied in [59, Proposition 1] and extended to general C*-reducible constrained

optimization by Mohammadi et al. [35, Theorem 8.4] under weaker condition.

Theorem 1 Let z € X be a stationary point to the NLSDP and ¢ € M(Z) . Then we have
the following two results:

(a) If ¢ € 1i M(Z) (the relative interior of M(Z)), the SOSC holds at (Z,C) if and only if there
are positive constants ps3, 0, €, 1 such that for all p > p3 and all { € M(Z) NB({) the uniform
quadratic growth condition

L(x, ¢, p) > f(@) + 1|z —z|* forall z € By(z) (43)

is satisfied.

(b) If ¢ € tbd M(Z) (the relative boundary of M(Z)), the SOSC holds at (z,C) if and only if
there are positive constants ps, 0, €, | such that (43)) holds uniformly for all p > ps and all
¢ € M(z)NB:(C) with n(I') = w(T').

Proof. “<” can be obtained from [35, Theorem 8.4]. Then we are going to verify the opposite
direction. It follows from Lemma [4f that there exist the positive constants I’, ¢’ and ps for which
is satisfied for all ¢ € M(z) NB./(¢) and all p > ps. Using this and f(z) = £(%,(, ps) for any
¢ € M(Z), which can be obtained by the same proof of [22] Proposition 3.2 (a)], we deduce from
that for any given ¢ € M(Z) N B./(¢) there exists §; > 0 for which we have

/

Z(x, ¢, p3) > f(7) + %H:v —z|* forallz € By (%), (44)

where the constant I’ can be chosen the same for all the multipliers ¢ € M(Z) N B,/ ({). It can be
obtained directly from the definition of the second subderivative. The radii of the balls centered at
T in , however, depend on ¢. If { € ri M(Z), we argue that a common radius can be chosen for
all the multipliers ¢ € M(Z) that are sufficiently close to . Its proof is exactly the same as the
proof of [21, Theorem 4.5]. We omit it here for simplicity.

If ¢ € rbd M(Z), we prove that a common radius can be chosen for all ¢ € M(Z) N B.(¢) with
7(I") = n(I'). Following the proof of [22, Proposition 3.2], we know that f(Z) = Z(Z,(, p3). It is
easy to see that for all z € By (Z), we have

f(‘f)_z(xvgapfi) < l/

Iz —Z|12 -2

From Proposition [3| with ¢ € M(Z) and the positive homogenous of degree 2 of second semideriva-
tive, we have
r—x

N e Tz _ 3

f(@) = Z(z,¢ p3)

[l — |2
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where O(||z — Z||) is uniform for all ¢ € M(z) NB,({) with 7(I") = ("), with its uniform radius
¢ and uniform constant g .
From the proof of the Lemma we know for all ¢ € M(Z) N B/ ((),

&3 (z, C,ps)(H T > d22(2,C,ps) (o) + O = T

7|| I 7||
Suppose the uniform constant for O(||I" — T'||) is g2. Let ||z — || < min{05,¢,1'/(16¢1)} = 0
and [|¢ — (|| < min{r,&’,l'/(16¢2)} := € with ¢ € M(z), n(I') = =(I'). It is easy to see that
Il =T <|I¢ —¢|| <e. Thus we have

f(@) = Z(z,¢ p3)

[l — |2 [l — ‘||
/

—1di$<z,é, ps,)(ﬁ) +O(Ir =Tl + 15

— ——d{f(x ¢, ps) (e )+0(le z|)

ll

_ (j) — (SC, C: P3) A= K f(j) — j(xa 67 P3) 371/
T e OIS TR T e

Taking the supremum of € By(Z) on both sides and we have for all ( € B.(¢) N M(Z) with
m(I') = =(I),

_ — \ / i
sup f(x) f(f?a;\v P3) < sup f(@) f(;ra;‘v p3) ﬁ < _i.
zEBy(Z) llz — || zEBy () llz — || 16 16

It follows that for all z € Bg(z) and ¢ € B.(¢) N M(z) with n(I") = =(I),
ZL(x,¢,p3) = f(T) + fo -z

From [51] Exercise 11.56], we know that for all p > p3, Z(z,(, p) > Z(z,(, p3). Setting | = and
we have proved (43| . O

The locally Lipschitz continuous property of local minimizer of augmented Lagrangian function
for NLSDP is established in [59, Theorem 1] under nondegeneracy and strong SOSC. It is worth
noting that [22 Proposition 5.2] have verified the uniformly isolated calmness of the local minimizers
of the augmented Lagrangian for composite linear quadratic problems by only requiring SOSC.
Here, we aim at extending a similar result to NLSDP, which may relax the conditions in [59,
Theorem 1].

Proposition 4 Let z € X' be a stationary point to the NLSDP and { € M(%) . Suppose
(z,¢) satisfies SOSC . Then there are positive constants T, p3,7 > 0 such that for every p > p3

and ¢ € IB%;/ZT(QT), the set of the local minimizers of function Z(x,(, p) over x € B(Z), defined by
S,(C), satisfies the uniform isolated calmness property, i.e.,

Sp(Q) S{zt+7lIC—CIB

and satisfies @ # Sp(¢) C int B#(Z), where B is the unite ball in X.
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Proof. It follows from the continuity of . and the compactness of B#(Z) that S,() # @ (cf.
[64, Theorem 4.16]). From [51], we know that the Lagrangian function Z(z,(, p) is concave on (.
Combined with [35, Theorem 8.4], we have there are ps > 0, 7 > 0 and ! > 0 such that for all
p > p3 and x € Bx(T)
j(l‘, C7 P) > 3(137 E? p) - <VC$($7 <7 p)7 E - C)
> f(2) +lllz = 2]* = (@(z) — Me(@(x) +p (), ¢ = 0),

where the [, p3 and 7 is the same as in [35] Theorem 8.4], K = {0} x S}. Let u € S,(¢) :=
argmin{.%(z, ¢, p) | ¢ € Bx(Z)} and we have

L(u,¢,0) < 2(E,6,p) = (@) + Edist(@(@) + p7 ¢, K)* = 2o "¢ < f(@)

2 —
Define 7 := %2 4/ 7—5’ + i and fix ¢ € B/2,({) and p > p3, where kg is the Lipschitzian constant
of @. Combining the above two inequalities together, we have

L) — e(@(w) + o710, €). (45)

Since ¢ € Ni(®(z)), we have &(z) = Ix (P(z) + p~*¢). It follows that
19(u) — Hic(S(w) + p~ O
= |[®(u) — &(&) + Ik (B(z) + p~ ') = Mic(@(u) + p~ Q)
< 2||@(u) = (@)|| +p 7 IC = ¢l < 2k llu — 2| + o7 1T~ <l

—112
Ju—2|" <

Combining the above two inequalities together leads us to

lu —z||* < %(%wllu — 2|+ p 1= <l)lIC = ClI-
The latter inequality can be written as the following form
lu —2||* = 2kal¢ = Il - lu — 2] = p~"(I¢ = II* < 0.
It follows that
2
Ju=all < (52 + /52 + Dllc = Cll < 7l = 8 < r2r < 7.
Then we have completed the proof. O

Remark 1 Recalling the definition of residual function R(z, () .7It is easy to know that for KKT
point (Z, ¢), there exist ro and k2 such that for all (z,¢) € B, (Z, (),

R(z,¢) < mg(”x—i” +dist(C,M(:Z‘))). (46)

Its proof is in the same way as in [22] Proposition 5.4]. Moreover, by Theorem [I| and the proof of
({5), we can prove in the same approach that if € ri M(z), for all u € M(z) NB:((), there exist
p3 > 0,60 >0 and [ > 0 such that for all p > p3, x € Bg(Z) N S,(¢), ¢ €Y x ST,

o~ 7> < 7 (@) — Te(@() + p~ )~ ). (47)

Similarly, ifﬁ(f € rbd M(z), we have that there also exists ¢ > 0 such that for all u = (y,I") €
M(Z) NB:(¢) with «n(I") = =(I'), holds for all p > p3, x € Bg(Z) N S,(¢), ¢ € Y x S™.
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Remark 2 Tt is worth noting that [52] Theorems 1 and 2] obtained augmented tilt stability under
the variational sufficient condition. The relationship between augmented tilt stability and uniform
isolated calmness of S,(¢) remains unknown to us though it seems the former is stronger. However,
as mentioned in [53], the variational sufficient condition used in [52] may fail when SOSC holds. The
variational sufficient condition can be satisfied for fully amenable problems, which include NLP,
nonlinear second-order cone programming (NLSOC) and exclude NLSDP obviously. This implies
that the approach taken in this paper is different from that of [52].

4.2 Local convergence analysis

Now we are going to establish the linear convergence of ALM for NLSDP. The following error
bound estimate is an analogy to [22] Theorem 5.5], which mainly focuses on the polyhedron case.
We illustrate it in two different cases.

Proposition 5 Let T € X be a stationary point to the NLSDP and ¢ € M(Z) . Suppose
(z,¢) satisfies SOSC and the semi-isolated calmness (see Deﬁnition@ holds for SkxT at
((0,0),(z,Q)). If ¢ € riM(Z), then there exists positive constants 13, k3 and p3 such that for all
p > p3, (z,¢) € By (7,() with R(xz,¢) > 0, and all the optimal solutions u to problem

min % (w,(,p) subject to w € B(Z) (48)
with 7 obtained in Proposition@ the error bound estimate
llu — @[l + [lp1 -k (2(w) + p~"¢) = ¢I| < KsR(,C) (49)

holds, where K = {0} x ST. If { € rbd M(Z), also holds for all p > ps, (v,¢) € By, (%,¢) with

() = w(I") and R(z,¢) > 0, where I aqz)(¢) = (Y, Ix)-

Proof. By Proposition |4, we know that for every { € B?/QT(E) and every p > p3 any optimal
solution u to satisfies the first-order optimality condition

VzZ(u,(, p) =0. (50)

If ¢ € 1i M(Z), assume by contradiction that the error bound estimate fails, which implies that
there exists a sequence {(z*,¢*, p*)}22, C & x Y x 8™ x [p3, 00) with (zF,¢*) — (7,¢) as k — oo
such that for each k,

lu® —2® |+ |d* = ¢*|| > KRy, (51)

where d* := p*IT_xc ((u*) + g—}z) and u” is an optimal solution to for (¢,p) = (¢¥, p") and

Ry = R(a*, (") = |VaL(a", )| + |8(2") — i (®(=") + ¢M). (52)

If { € thd M(z), we also assume by contradiction and the only difference lies in the supposed
sequence (" satisfies 7(I'F) = n(T") in addition. For each k, denote ¢y := ||u* — z*|| + ||d* — ¢¥||.
Thus, we know from that Ry = o(ck). It then follows from that for £ — oo

Vo L(z", ") +o(ck) =0 and  (z") + o(cr) = Hic(D(zF) + ¢F). (53)

By passing to a subsequence if necessary, we are able to find 0 # (§,7n) with £ € X and n :=
(no,m) € Y x 8™ such that

k k k k

u® —x d” —

——— — ¢ and ¢
Ck Ck

—n as k — oo. (54)
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Since (z*,¢*) — (,¢), we obtain from that Ry — 0 as k — oo. Moreover, it follows from
the definition of semi-isolated calmness and [28, Theorem 3.1] that there exists k > 0 such that for
(z,¢) sufficiently close to (Z, (),

||z — Z|| + dist({, M(Z)) < kR(x, ().

For each k, let u* = (u¥,u5) € ¥ x 8™ be the metric projection of ¢* over the nonempty closed
convex set M(Z), i.e., u* = HM(Q—C)(C’“). Thus, without loss of generality, we may assume that
¥ — % = O(Ry) and ¢¥ — % = O(R},) for k — oo, which in turn results in

e —z=o0(ck) and " —pF=o0(ck) as k— oo (55)

The latter along with ¢* — ¢ tells us that p* — C as k — oo, since M(Z) is closed and convex.
Therefore, we get uF e M(Z) NB(C) for all k sufficiently large.

If ¢ € ri M(Z), then we know from in Remark [1|that there exists [ > 0 for all k sufficiently
large,

_ 1 1
u* —2)? < S (d" = ¢F P = ¢F) < o lld" = R et = ¢ (56)
pFl prl

If ¢ € rbd M(Z), again from Remark [1} we know thati also holds for all k sufficiently large
when 7(ub) = 7(T"). For simplicity, we only show the { € ri M(Z) case here while the other case
can be obtained similarly. By using Proposition [4] we obtain that

|u* =2 <7¢* —Cl =0 as k— oo (57)
Multipling by 1/c3, we know from and that

lu* —z|® _ 1 Jld* = ¢*llfle® = ¢Fl
e = pkl Cr CL

—0 as k— oo, (58)

which implies for k& — oo, u¥ — Z = o(cy). This, together with , yields that

. T . uk -z k
(= lim — = lim
k—o0 Ck k—o00 Ck k—o0 Ck

L _0-0=0. (59)

The desired result then follows by contradiction, if we show that n = 0. To this end, let us
consider the following two cases.
Case 1: either the sequence {pF}2°, or {p*/ci}%2; is bounded, it follows from or

that ﬁ—:Huk —Z|| = 0 as k — oo. By using [61, Theorem 2.26], we know that for each k,

k_ k& k Q Kk k Qi k Q
d” = p"Il_xc(P(u )erk)*p (B(u”) + P i (P(u”) + pk))a (60)

It follows from and the twice continuous differentiability of & that there exists kg > 0 such
that
1d* = ¢*|

pk k k ky—1 .k
o = o 19) = He(@(w™) + (1) ¢

k
= L") - #(z) + T (@) + (07 ) = T (@) + () 7'M

k
< %(2”@@’“) —o@)| + (") HI® = ¢l

k kE_ ok
<ot — 7+ = g as kS o
Ck Ck
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Therefore, by (55) we obtain that n = 0.
Case 2: both sequences {p*}2; and {p" /¢ }$2; are unbounded. By passing to a subsequence
if necessary, we may assume that

k

p" = oo and P o as k— oo (61)

Ck
Since u* is an optimal solution to associated with (¢¥, p*), we deduce from . ) that for each
k,
Vo2 (u*, ¢*, p*) = Vo L(u*, d¥) = 0. (62)

From (58]), we have
1||d* — Ck

k
i—k||uk—9_c||2_ 1=l =0 as k- oo (63)

Ck
For each k, define z* := &(u®) + (p*)~1(¢* — d*). Thus, it follows from (60) and [51, Theorem
2.26] that d* € 96k (2¥). Using (4), and allows us to arrive at
k_ ok
—@(uk)—d ¢ ~C—IZ—>¢(E)::2 as k — oo.
Ck P

For each k, by noting that u* € M(Z), we have u* € Ni(%). By using the firmly non-expansiveness
of projection mapping (cf. [64, (1.6)]) and [44, Theorem 31.5], we have for each k,

25 — 2> < (zF — 2,25 +d" — 2 — pF) = ||2F — 2|2 + (&% — 2, 4" — 1),

which yields (z* — z,d* — u*) > 0. Therefore, we have for each k,

ko

Ck k

Ck

[

(F —z b —db) = <” (@(u*) — &(z)) — ) <0,
which implies

(S BTy < (P (@(b) - a(@)), X ). (64)
Ck Ck Cl

Meanwhile, since @ is twice continuously differentiable and holds, we have &(u”) — &(z) =
Vo(z)(uF — ) + O(||u* — Z|?) and &(u*) — &(z) = V@(uk)(u —Z)+ O(JJuf — 7||?) as k — oco. Tt
is worth to note the second O(||u” — Z||?) is uniform for k sufficiently large. Thus, since f is twice
continuous differentiable, we know that there exists k¢ > 0 such that for k sufficiently large,

(L @ty — o), L) —’C’;;(@(u’“) — &(z), 1) — (@(u*) - B(z),d"))
= L ((Vo@) (uF — 7) + O(|lu* — 7)), %) — (Vo(u*) (u* — 7) + O(|lu* — 3), "))
= —ﬁ;;(«uk — 2), Vo) ") — (" — 2), Vo) d*) + (O(|[u* — 2|*), u*) + (O([u" - 7]%), d¥))
= —ﬁg(«uk — 7), Vo) p = Vo (u)*d*) + (O(|u* — 2[)%), 1) + (O(|lu* — 7]*), d*))
= —ﬁg(w’“ — 2, V(") = V(@) + (O([u* = 3), u*) + (O(Ju* = 2]7),d"))

k k k k
p _ p _ p - d
< rrlle® = 2P 40 llu” = all*), =) + (O( - |lu* = all”), =)

k k
k ~ k ~ k B dk:+ k B

= Loyl — a2l + (055 Iu* = &)%), —1*) + (O " — 2|, ) L o - ).~
k k k ot

(65)

"),
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where the forth equation follows from V,L(u",d") =0 and V. L(Z, u*) = 0 for all k. It then
follows from and that
o

k
—2||ukfzi‘||2 — 0 and p—Hukfi“HQ%O as k — oo.
Cy, Ck

Combining this with ¢¥ — ¢, u* — (, and

k _ gk k _ rk k _ gk k_ ~k k _ gk
fim P4 gy, oA —d :hmquth d = —n,
k— o0 Ck k— o0 Ck k—o0 Ck k—o00 Ck

we obtain from and that ||7]|> < 0 by taking & — oco. Thus, we know that 7 = 0, which
completes the proof. O

Before we put forward the main result of this paper, we need to propose the following assump-
tion, which is needed in the proof of our main result.

Assumption 1 Given ¢ € thd M(Z). There exits r5 > 0, x > 0 such that for all (x,() € B, (z,()
with ¢ = (y,I") ¢ M(Z), there exist ( € M(Z) with m(I') = n(I") such that

1z (€) — €l < xR(z, Q).

It is worth to note that Assumption [1]is not like any constraint qualification that we are familiar
with. However, it is easy to see that it holds at least in the following circumstances.

(a) If for all I, I, € M(Z), m(I1) = w(I2) holds, then Assumption [ trivially holds under semi-
isolated calmness for Skxr at ((0,0),(%,¢)) as we only need to pick ¢ = I g3 (€). This
circumstance also includes the case where M(Z) is a singleton. It is worth to note that for
non-polyheral cases, the strict Ronbinson condition mentioned in [29, Definition 2.3] is not
equivalent to the uniqueness of M(Z) (cf. [I5, Example 3]).

(b) Suppose A = G(z) + I" possesses the eigenvalue decomposition . If there is no multiple root
in BU~ part eigenvalues of I', then for all \ sufficiently close toA;\, every I also do not possess
multiple root in # U« part for eigenvalues. We can also pick ¢ = ITxz)(¢) under the semi-
isolated calmness for Sk at ((0,0), (Z,¢)) to show the validity of Assumption [1} A sufficient
condition for semi-isolated calmness will be given in Section [5] It is worth to note that in this
case we only require the existence of such I" and an oracle to find a starting point lies in the
neighborhood mentioned in Assumption [1] when holds for all ¢ € M(Z)), which is called
Robinson’s SOSC [43] (see also [15, (25)]). Moreover, in this case, neither the set M(Z) has to
be a polyhedron nor the strict complementarity condition, i.e., ¢ € ri M(Z) is satisfied.

Moreover, In Section |5, we give 2 examples (Example to show the validity of this assump-
tion. By adding Assumption [l to the conditions in Proposition [5, we can get a further result of
Proposition |5| for the case when ¢ € rbd M(Z).

Corollary 1 Besides the conditions in Proposition @ if the Assumptw?_z also holds, we have
when ¢ € rbd M(Z), also holds for all p > p3 and (z,¢) € By, (Z,() with R(z,{) > 0 and
R(z,¢) > 0.

Proof. The proof is exactly the same as the proof of Proposition [5} Suppose the contradiction
sequence (¥, ¢*) also satisfies ¢* ¢ M(Z). The only difference lies in and (56)), as we can find
iF € M(z) with 7(I'*) = n(T) satisfies ||i* — 1*|| = O(Rk). Then p* in and can be
alternated by i*. Then we have completed the proof. O
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Remark 3 Given (z¥,¢") € By, (7, ) and p* > p3 with r3 and p3 taken from Proposition Suppose
2"+ is the optimal solution to . Increasing k3 if necessary. Similarly as in [22] Remark 5.6],

we know that for ZF*! sufficiently close to "1, we also have

Ve 2@, ¢, )| < e

and
[Z5H — 2| + [ Ver, 0 (BE ) + (0") 71 ¢F) = ¢F|l < ksR(2", ).

Next we are going to propose the main result of this paper, which is inspired by [22], Theorem
5.6]. It illustrates the local linear convergence of ALM for NLSDP without requiring the uniqueness
of multipliers by applying Proposition 5[ and .

Theorem 2 Let & € X be a stationary point to the NLSDP and { € M(%) . Suppose
(z,¢) satisfies SOSC and the semi-isolated calmness (see Deﬁm’tz’on@) holds for Sxxr at
((0,0), (z,0)).

(i) If ¢ € ri M(Z), then there exist positive constants T, &, © such that for any starting point

(2°,¢%) € B(%,¢) the primal-dual sequence {(z*, Ck)}kzo generated by Algorz'thm with p* > o

and e, = o(R(z",¢*)) for all k satisfies the estimate

a5 = aH) + 16— M) < oRG*, ¢*). o

(ii) If ¢ € rbd M(Z) and Assumption holds, then there exist positive constants T, &, 0 such that
for any starting point (z°,¢%) € Br(z,¢) the primal-dual sequence {(z*,¢")}x>0 generated by
Algorithm with p* >3 and ex = o(R(z*,¢*)) and ¢* ¢ M(Z) for all k satisfies the estimate
(66)-

Moreover, for each case, the sequence is convergent to (E,E) for some E € M(Z) and its rate of
convergence is linear, i.e., for k sufficiently large,

1@, ¢ = @, Ol < 7FlIE", ¢7) = (@, Q) (67)
where 7% = 2v/2k1k3 (R, Yer + (%) 7'F), Ry = R(2",¢F).

Proof. Consider Ry, := R(z",¢"). If Ry = 0 for some k, then the pair (z*,¢*) satisfies the KKT
system and the algorithm should stop. Thus we assume Ry > 0 for all £ € N. Pick x1 and 1 from
Deﬁnitionwith V =B,,(z,¢) and k = K1, k2 and r2 from (@6)), p3, k3 and r3 from Proposition
or Corollary [, 7 and 7 from Proposition 4} By the definition of ex, we can find 74 > 0 such that

1

€(2,0) € ———R(2,¢) whenever (x,() € By, (&,0). (68)
4K1 K2
Define & = k3 and
/ ~

_ r . / .o~ T 1

r=——— with » =min{r, —, —— 12, 74,73}. 69
1+ 2v2 02 P oy 120" (69)

2\/511153?2

Pick ¢ € (0,1) and p = max{ps, ,4Kk1k20 . By induction, we want to show that if

_ q I
¢ € riM(Z), for any starting point (z°,¢%) € B(%,¢) the sequence generated by the algorithm
with p* > 7 and €, = o(R(z"*, ¢*)), we have for all k = 0,1,... the following relationships
(gjkv Ck) € B’l"/('fv E)? (70)
IVaL(z" 1, || < e, (71)
I+ = 2¥ )|+ (1"~ ¢*Il < TRy, (72)
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hold. By induction, we firstly assume k = 0. Since (z°, ¢°) € Br(Z,{) and 7 < 7/, we have (70) holds.
By Proposition |4 and ¢° € B?/QT(E), we can find Z' € int Bx(Z) satisfying V..2(z",¢% p%) = 0.
From Remark [3] we know that we can find ' sufficiently close to Z* such that z' satisfies the two
relationships in Remark Define further ¢* = p°[®(x) +¢°/p° — i (P(2') 4 ¢°/p°)] and we have

”VmL(mlvcl)” = Hvicg(xlvgovpo)‘l S €k-
It follows from Proposition [§] and Remark [3] that
lz* =2l + 1I¢" = ¢°ll < T Ro.

Thus, (z',¢') is well defined and satisfies (71) and for k = 0. Then we assume (z*,¢"),
k=0,1,...,s+1 are well defined and lh hold for k = 0,1, ..., s. We now verify the existence
of (#°72,¢°*?) and (70)-(72) satisfies for k = s + 1. We first show that (z°**,(*T") € B (z, ().
Fix an integer k with 0 < k < s. Since (z*,¢") € B, (z, (), it follows from that

Ry, < ma(||a® — 2| + dist(¢*, M(2))) (73)

< ra(l|z® — ) + [I¢* = Cll) < V2ral(z*,¢F) — (7,0l < V2w,
Thus we have

1@, ¢ — @, Ol < e = aF )+ 1< = P+ 11", ¢F) - (@)
<GR, +7 < (V2Gka + 1)1 <11,
which implies that (z**1,¢**1) € B, (%, ¢). From Definition [2| combined with [28, Theorem 3.1],
we obtain
2"+ — 2| + dist(¢*, M(@))
< R1Rypr = R1([Va L Y 4 [ @@ ) — e (@@ ) + ¢
< mieg + R [ B(z" ) — T (B(2" ) + M.
Let p*! = I ((z* 1) + (p*)1¢*). From Algorithmwe have ®(zF 1) —pFHl = (pF)~1(¢F ! —
¢*). 1t follows from ¢*F! = pFIT_ic(®(z"1) + (p7)71¢F) = Ver,, 0 (@(z" 1) + (p*)7'¢F) and
Verg(z) = (rI + (8g9) ") (z) (see [5I, Theorem 2.26]) that ¢*+! € Ni(p"*1). By the nonexpan-
sivness of y — y — Ik (y + ¢¥1), we obtained
@@ ) = (@) + ¢
= [[B(z" ") = M (@) + Y| = " = I (™ + Y|
<[ @(a"h) = M (@) + ¢ — (" — e (™ + T
< [le@@* ) = ")
Thus we have
|l = ] + dist(¢", M(@) < maex + (0) ¢V = P,

which can be further calculated as

™2 - (68)
25T — 2] + dist (M, M(2)) < kier + LRy _! iRk + LR’C (74)
Pk 4ko 4r2

L a1l + aist(c*, M(@).
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It follows that

" — Z|| + dist(¢" T, M(7)) <

2k+1 (||:v — || + dlst(C , M(Z) )) (75)

Then we have

s s
I, ¢ = (2%, Ol < Z @1 ¢ = (@, M < 7)) Ry
k=0

D o> (e 21l + dist(*, M@))
k=0

- S

or2 Y o (o 7] + dist(c”, M(3)
k=0

< 26ka(||2° — || + dist(¢", M(@))) < 28r2(]|2° — 2] + [I€° - <]))-
Thus we arrive at the estimate

Iz ¢ = @ Ol < Ml ¢ = @, O+ 11°,¢%) = (2.0
< 2ok2(|le” — 2| + 1¢° = CI) + 12", ¢°) = (@ Q)
< (2v2ok + 1)|(2",¢") — (2, Q)| < (2v20m2 + 1)T =

where the last inequality comes from (2°,¢°) € B#(Z,(). Then we have verified (z°',¢5t!) €
B, (z,¢). By (69), we get ¢t e Br/2r (¢), and hence Proposition 4| ensures the optimal solution

572 such that 2°72 € int Bx(Z). Thus we have V.. 2272, ¢! p*T1) = 0. Still from Remarkl
we can find z°72 sufficiently close to °72 such that z°2 satlsﬁes the two relationships in Remark
[l and we observe that

Ve L(&™ 2,2 = Vol (272,70 p* T[] < et
By Proposition [5| and Remark [3] we have
Iz = 2"+ 16 = ¢ < TR

Then we have finished verifying (70| . for k = s + 1. If { € rbd M(Z) and Assumption I 11| holds,
we want to prove for any starting pomt (z ,C 0) € B#(z, ¢ ) the sequence generated by the algorithm
with p* > 5, ex = o(R(z",¢")) and R(Z,¢*) > 0 for all k, relationships (70} also hold for all
k=0,1,.... The proof is exactly the same as the € riM(J‘c) case and the only difference lies in
the Proposition [5] used above should be alternated by Corollary

Then we prove the convergence of the sequence. Use the same argument as in the proofs of

7 we have
[ Y — (2, ¢M)|| < 28k2 (2" — || + dist(¢¥, M(7))) forall k,l€N. (76)

It follows from that the righthand side of ( goes to 0 as k — oo, which 1mphes {(z*, ¢}
is Cauchy. Assume {( k ¢*)} convergences to (Z, C) where ¢ € M(Z). Let | — oo in . Then we
have

I(z*,¢") = (2, Q)ll < 252 (]2 — 2| + dist(¢", M(3))),
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which together with verifies
1@ ¢ = (2,0l < 2om2 ([l — 2 + dist(¢" T, M()))
< 25k2k1(Ry, er + (P")"'5) Ry,
< 25w3k1(Ry e + (0F)717) ([|2* — || + dist(¢¥, M(7)))
< 2vV2orims (Ry e + (0°) 719l (2*, ¢F) — (@, Q).

Combining this with p* > 5 and ¢, = o(Rj) result in

k+1 sk4+1\ _ (= &
lim sup ™, ) (f’C)” < lim sup 2v2ok1k3(Ry, “er + (") 'e) < q.

koo [(2F, ¢F) = (z, Q)| k—roo

It follows from ¢ € (0,1) that the convergence rate is linear. Then we have completed the whole
proof. O

Remark 4 If pk — 00, we obtain the asymptotic Q-superlinear convergence rate of KKT pair from
(67) as % — 0. Regarding to the update of p*, in [28,22], they apply a practical rule in Algorithm
step 4 to update p”, i.e., defining the auxiliary function by

V(@6 p) = IVaZ(x,C,p)| + l|16(x) — i (P(2) + p~ O)||-

Suppose ¢ € (0,1). If k = 0 or V(zFT1 ¢k pF) < eV(aF, 571, pF=1) holds, set pf*tt = pF;
otherwise, set p*t1 := ¢p¥. By taking advantage of Theorem [2| and similar manners as in [22], we
are able to obtain the boundedness of {pF1$2 ;.

In addition, it is worth to note that when M(Z) is a singleton, the semi-isolated calmness of
SkxT is reduced to its isolated calmness. As mention in [I5, Theorem 24], the isolated calmness
of Skxr is equivalent to SOSC and SRCQ [0, (4.125)] under RCQ [5], Definition 2.86]. Thus, the
result obtained in Theorem [2|reduces to [29] Theorem 4.2] for NLSDP.

Remark 5 In Theorem if ¢ € rbd M(Z) and Assumptionholds, we have shown that the primal-
dual sequence {(z*,¢*)}x>0 generated by Algorithm (1| converge to (z,¢) for some ¢ € M(z) if
¢* ¢ M(Z) for sufficiently large k. It remains unknown from our approach whether the primal
sequence {z"}x>0 converges to Z linearly if the dual sequence {¢*}1>0 terminates finitely. This is
a future work we are working on.

5 A sufficient condition for the semi-isolated calmness of SkxT (27)

In this section, we give a sufficient condition for the semi-isolated calmness of KKT pair. In order
to reach the goal, we need the definition of bounded linear regularity of a collection of closed convex
sets, which can be found in, e.g., [2| Definition 5.6].

Definition 4 Let D1, Da,..., Dy C X be closed convex sets for some positive integer m. Suppose
that D := D1ND2N...NDy, is non-empty. The collection {D1, D2, ..., Dn} is said to be boundedly
linearly regular if for every bounded set B C X, there exists a constant « > 0 such that

dist(z, D) < k max {dist (x, D1),...,dist (x, Dm)},Vz € B.

A sufficient condition to guarantee the property of bounded linear regularity is established in
[3l Corollary 3]. Denote Gi(Z) = {(y,I") € Y x 8" | Vf(Z) + Vh(z)*y + VG(Z)*I" = 0} and
G2(z) = {(y,I) € Y x 8" | I' € Ns2(G(2))}. It is easy to see that G1(Z) is a polyhedron and
G2(Z) is convex. Along with [28, Theorem 3.1], the following result gives a sufficient condition for
semi-isolated calmness. Its proof is inspired from [38, Theorem 5.9] by using a similar reduction
method and we omit it here for brevity.
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Theorem 3 Let £ € X' be a stationary point to the NLSDP with (a1,a2,b) = (0,0,0) and
(g,I") € M(Z). Suppose SOSC holds at (Z,q,I") and

Gi1(Z)N1iG2(T) # @. (77)

Then there exist a constant k1 > 0, neighborhoods V := B, (%,%,T") of (%,9,T") and U of (0,0,0)
such that for any (a1, az2,b) € U,

|z — || + dist((y, '), M(Z)) < k1]|(a1,a2,b)|| V(x,y,I') € Skxr(a1,az,b) NV.

Regarding to condition , it suffice to admit a point (y',I"’) € M(Z) possessing the strict
complementarity condition with respect to SDP cone. We have to emphasis that this (y', ") can
be different from both the reference point (7, I') and the limit point of the sequence generated by
ALM, which is mentioned in Theorem

We can also study the validity of semi-isolated calmness directly from [38] Theorem 5.9]. Suppose
(%,7,T) is a KKT pair. It follows that the key of the validity of semi-isolated calmness mainly lies
in when S is calm at (g,I") for (a,b) = (0,0), where S(a,b) = {(y,I") € Y x ST | Vo L(Z,y,I") =
a, I' € Nsp(G(Z) + b)}. It is easy to see that the strong regularity/isolated calmness/Aubin of S
implies the calmness of S. (The definition of calmness, isolated calmness and Aubin can be seen in
e.g., [63L61] and [1I7]).

To end this paper, we propose two examples to illustrate that the conditions required in Theorem
can be satisfied indeed.

FEzxzample 1
min %x‘g
000
st —22|000| €8}, «7TI
001

It is easy to see that the optimal solution is = 0, its corresponding multiplier set is M(z) = {I |
I' € 83 }. Pick I' = Diag(0, —1,-2). Then for all I" € Buing1/s,r,)(1)\M(Z) with r1 taken from
Definition [2{ with V = B,, (Z, \), we know that

I pi(z) (I') = QDiag(min{0, I'1}, I3, I5)Q,

where Q € O3(I). Let I = QDiag(0, Iz, I3)Q". Tt follows from Deﬁnitionand [28, Theorem 3.1]
that

e () = | < dist(I', M(2)) = O(R(x, T)).

Thus Assumption |1f is satisfied. It is easy to calculate V2,L(z,T') = 2 > 0, which implies SOSC
holds at (Z,I"). Furthermore, it is obvious that bounded linear regular holds. Then we get the
semi-isolated calmness of Sk T at (0, (a‘c,f)) holds by Theorem (3| Thus, if we have an oracle of

finding a starting point in B#(Z, ") (cf. Theorem , the sequence {(z", I'*)} generated by ALM
converges to (z, ") for some I' € M(Z) while I" does not have to be I" or I".

We also provide another nontrivial NLSDP example, which is modified from the example pro-
posed in the arxiv version of [I0, Example 2] for different purpose.

Ezample 2 Consider the following example

min %xg + 2t

st tA— 2%l 65_2;_, =TI
t>0, <y
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where A = {_12 712} This problem possesses the unique optimal solution (¢,Z) = (0,0). The

corresponding multiplier is
M(t,z) = {(Iy) € 82 x R| (A, -T) < 2}.

00
0—
with V = B, (%, ), we know that (A, —I') < 2, which implies that ITpi,z) (") = sz (I).

Suppose I' = QDiag(I'1, I2)Q" with Q € O*(I). Let I'= QDiag(0, I2)Q". Then we have

We can pick j = 0 and I = { ] Forall I' € Bmln{rl,l/(Qr)}( I') with r1 taken from Definition

[Tz (1) = T < dist(I', M(z)) = O(R(x,T)),

-1/2 0
0 —1/2
implies the validity of boundedly linear regularity by [3, Corollary 3]. It is easy to check that SOSC

which verifies Assumption It is easy to see that € Gi(t,z) NriGa(t, Z), which

holds since V?L(t,, I',j) = {8 g} and for all w = (w1, w2) € C({, %), we have w1 = 0. Thus we

have SOSC holds at (£,%,I,%). It follows that semi-isolated calmness of Sk kT at (O t,z, T, ))
holds by Theoreml In this case, 1f we have an oracle of finding a starting point in B (t z,T,7) (cf.
Theorem [2)), the sequence {(t*,2*, I'* ,y*)} generated by ALM converges to (£,z,1",7) for some
(I',7) € M(t ) while (I',7) does not have to be (T, ) or (F 7).

6 Conclusions

In this paper, we have shown that the augmented Lagrangian method convergences linearly for
NLSDP under certain conditions without requiring the uniqueness of the Lagrangian multiplier.
During the establishment of ALM convergence, we obtain the uniform second expansion of the
Moreau envelope of SDP and give several sufficient conditions for the semi-isolated calmness of
SkxT. In the future, we will mainly focus on the following three ongoing works. Firstly, as [10]
shows, usually, the dual Q-linear convergence rate together with the KKT residual R-linear rate is
enough in practical solvers. Therefore it is meaningful to study whether we can get a convergence
result of that kind instead of a primal-dual type under a weaker condition. Inspired by work [53],
which extends the convex framework of ALM convergence to the non-convex case by variational
sufficiency, we see hope in extending it to non-convex non-polyhedral problems. Secondly, although
we consider solving the ALM subproblem inexactly, we have not put forward a practical relative
error criterion for it. This is a future work we focus on and [I8[10] may provide some inspirations.
Thirdly, we are also working on providing sufficient (necessary) conditions to Assumption

Appendix A Proof of Lemma
For each s € {1,. Ld}, let Az, = Diag(/\zs (A)) and =7 7, = Diag(Ar, (A+ H)). We first show that

(T0) holds. If d = 1 ie.,, AM(A) = -+ = A (A), the first equation in trivially holds. Next we
assume that d > 2. From @ we have for any ™ 5 H — 0,

Apsy O 0 Snn O 0

0 A 0 0 Zo 0
: U+HU=U| . .

0 0 vy, 0 0 S,
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It follows from A € B,(A) that \;(A) # \j(A) whenever i € 1y, j € s with s # t. It is easy to see

that for all i € 7, j € 7 with s # ¢, U;; = A(HL) Then we have for all | H|| < w = /6,

i — =5

[Uz.z. |l 3 1 3 1
< =35 < — — =q,
IH]| Ay — Ej5)? (Jvi(A) — vj(A)] — 2r — 2w)?

i€T,,jEL (i — Ejj) €Ty, i €
where w and ¢ are independent of A. Hence we obtain that
Usr, =O(|H|) V1<s#t<d,
where O(]|H]||) is uniform for all A 6 B, (A). By using the fact that U is orthogonal, we obtain
directly that the second equation in (10)) holds. In order to prove , we consider the SVD of each

Urr,s=1,...,d Fix s € {1,. d} Let W and V be in O/%! such that Uz,;, = WEXVT, where
Yisa nonnegatlve diagonal matrlx From ( ., we obtain that for all A € B,.(A),

wPWT =1, + O(|H|),

which is equivalent to

52 =WTW + O(|H|*) = Iz, + O(|H|]*).
Since X is a nonnegative diagonal matrix, we may conclude that
¥ = Diag(1+ O(|H|*), ..., 1+ O(|H||*)).

Therefore, from Uz,;, = WXV, we have Ur,;, = WVT + O(|H||?). Since WVT € OI%! we know
that for all A € B,(A), holds. Next, we shall show holds. For each s € {1,...,d} by
comparing the s-th diagonal block of both sides of @D, we obtain that

UX(A(A) + H)U:, = =iz, (78)

Fix s € {1,...,d}. From and (78)), we know that

. A(4) 0 0 O(lIH]D)
U, AUz, = [O(|H|) Ur.z, O(IH)] | 0 A(A)zz, 0 Uz,
0 0 A(A) ] LO(IHI)

= O(H|I*)AL(A) + Us,r, A(A)z,2.Ur,, + O( H|*) A2(A).
It follows that
Ena — (OUH|*)A1(A) + Usr, A(A)z.z. Ur,z, + O(IH|*)A2(A)) = Uiy, Hr 7, Ur.z. + O(IH|1?).
Since Uzz. = Qs + O(||H||?) and [|A(A)|| < ||A(A)|| + 7, we obtain that
Qs Hr,r,Qu = Zrr, — Qs A(A)r2, Qs + O(H|).

Hence holds with the uniform O(||H||?) for all A € B,.(A). The proof is completed.
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Appendix B Proof of Proposition

Firstly, we show holds for the case that A = A(A). For any H € S", denote Z = A+ H. Let
U € O" (depending on H) be such that

AA)+H=UAZ)U". (79)

Let w > 0 be any fixed number such that 0 < w < W if & # @ and be any fixed positive

number otherwise. Then, define the following continuous scalar function

t if t>w
f)=q2t—w if F<t<6
0 it t<3.

Therefore, we have
{M(A), . A (A)} € (w,+00)  and  {Ajajs1(A); .., An(A)} € (—o0, g).

For the scalar function f, let F' : 8™ — S™ be the corresponding Léwner’s operator, i.e., for any
W eS8,

POW)i= 3 fOW) P!,

where P € O"(W). Since f is real analytic on the open set (—oo, %) U (w, +00), It is well-known
that for H sufficiently close to zero,

F(A+ H) - F(A) - F'(A)H = O(| H|*) (80)
and
Hoa HaB Ea'y o Ha'y
F'(A)H = HZXs 0 0 ,
2 oHL, 0 0

where O(||H||?) is independent of A for any A € B,.(A) and ¥ € S™ is given by

max{A;(A4),0} — max{A;(A),0}

i = N(A) = (A) ’

ii=1,...,n.

Let R(-) := IIsr(-) — F(-). By the definition of f, we know that F'(A) = IIsy (A), which implies that
R(A) = 0. Meanwhile, it is clear that the matrix valued function R is directionally differentiable
at A, and the directional derivative of R for any given direction H € S™ is given by

0 0 0
R'(A;H) = sy (A; H) — F'(A)H = | 0 g1 (Hsp) 0
0 0 0

By the Lipschitz continuity of A(:), we know that for H sufficiently close to zero,

M(Z), . Nl (D)) € (w,400), {Na41(2),-- -, N5(2)} € (—o0, %)

and
{/\|5|+1(Z), ey /\n(Z)} S (*O0,0).
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Therefore, by the definition of F' , we know that for H sufficiently close to zero,

0 0 0
R(A+H) =Isy(A+ H) — F(A+ H) = U | 0 Ig5(A(Z)ss) 0| UT.
0 0 0

Since U € O™(Z), we know from Lemma [I| that for any S™ 3 H — 0, there exists an orthogonal
matrix Q € O'P! such that

o(1H]) .
Us=| Uss | and Uss=Q+O(IH|), (51)
O(1H])

Therefore, by noting that ITgs(A(Z)ss) = O(||H||) and O(||H||) is uniform for A € B,(A) with
+

7(A) = m(A), we obtain from the above discussion that

0 0 0
R(A+ H) = R(A) — R'(A4; H) = | 0 QI g151(A(Z)35)Q" — ITg151 (Hgp) 0| + O(||H|)
0 0 0

By and , we know that
T T T 2 T 2
ANZ)pp = Uz A(A)Us + Ug HUg = UpgHppUsp + O(||H||") = Q" Hz@Q + O(||H|") .
Since Q € 0Pl we have

Hss = QA(Z)psQ" + O(||H|?),

where O(||H]||) is uniform for A € B,(A) with m(A) = 7(A). Combining this with the globally
Lipschitz continuity of I74s (-) and IT (QA(Z)55QT) = QII s (A(Z)55)QT, we obtain that
+ +

Lﬁ\
QI g (A(Z)sp)Q" - Hgps (Hgg) = O(|H|?).

Therefore,

R(A+ H) = R(A) - R'(A; H) = O(|H|1*) . (82)

By combining and , we know that for any S™ 5 H — 0,
sy (A(A) + H) — Iy (A(A)) — Ty (A(A); H) = O(| H|?) (83)

and O(||H||?) is uniform for A € B,(A) with 7(A) = m(A). Next, we consider the case that
A = PTA(A)P. Re-write (79) as

A(A)+ PTHP = PTUA(Z)UTP.

Let H := PTHP. Then, we have sw(A+ H) = Pllsn(A(A) + H)PT . Therefore, since P € O™,
we know from and that for any S™ 5 H — 0, holds.
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Appendix C Proof of Lemma [2]

We first consider the case where A is diagonal. For notational simplicity, let A = A(A) and = =
A(A+ H). From , we have AU + HU = U=, which implies

A2, Ure, + (HU) 2z, = Uz, Stz -
It follows that

d
Ar.e Uz, + Zstszzjzt =Uii,Z0,5,-
j=1
This, together with Lemma [I] shows that
d
Ui, = X% 0> Hi Ui, = 5% 0 Hi;,Qi + O(|H|)?) (84)

j=1

where (2°)i; = 1/((Ezz,)i — (Az,z.);)- It is easy to see that 1/((Z5,z,)i — (Ae.z.);) = 1/((Azz,)i —
(Az,z,);) + O(||H|)). Combining this with (84), we have

Usr, = ©% 0 Hy7,Q¢ + O(| H||?), with O(||H||*) uniform for all A € B,.(A).
Next we consider A = PTA(A)PT. Re-write as
A(A)+ PTHP = PTUAA+ H)UTP.

Let H := PTHP. Since P is an orthogonal matrix, the following proof is the same as the diagonal
case. Thus we have completed the proof.
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