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2 1 INTRODUCTION

1 Introduction

Consider the following nonsmooth optimization problems on Riemannian manifolds

min f(z) + 60(g(x))
s.t. x € M, ! (1.1)

where M is a connected Riemannian manifold, f : M — R and g : M — Y are continuously dif-
ferentiable functions, Y is a Euclidean space equipped with a scalar product (-, -) and its induced
norm || - ||, 8 : Y — (—o0, 0] is a proper closed convex function. If € is an indicator function of
a closed convex set, then (1.1) is a constrained manifold optimization problem. Applications of
(1.1) arise in various scenarios such as principal component analysis problems [65], low-rank ma-
trix completion problems [13], orthogonal dictionary learning problems [19,57], and compressed
modes problems [45]. We refer readers to [1,32] for further details.

Various algorithms have been developed to solve the manifold nonsmooth optimization prob-
lem (1.1), including subgradient methods [24,26], proximal gradient methods [17,34,33], alternat-
ing direction methods of multipliers [36,37], and proximal point algorithm (PPA) [16,25]. More
recently, the augmented Lagrangian method (ALM) has been extended to nonsmooth mani-
fold optimization in [20,64], further enriching the algorithmic landscape. In contrast with these
advances on the computational side, the underlying theory remains relatively underdeveloped.
In particular, fundamental aspects such as perturbation analysis have yet to be systematically
explored for nonsmooth manifold problems, even though they are essential for understanding
solution stability and for proving rigorous convergence guarantees.

Perturbation analysis is a cornerstone of optimization theory, as it offers critical insights into
the stability of optimal solutions under small changes in the problem data. In the Euclidean
setting, this topic has been systematically developed within an even broader framework of vari-
ational analysis. Among these, a significant line of research in the literature focuses on the regu-
larity properties of Karush-Kuhn-Tucker (KKT) solution mappings, which describe how the set
of stationary points changes under perturbations. The comprehensive treatise by Dontchev and
Rockafellar [23] unifies several such properties: metric regularity, Aubin (pseudo-Lipschitz) prop-
erty, calmness, isolated calmness, and strong regularity, each of which guarantees a Lipschitz-type
response of the solution mapping to small data perturbations.

The regularity properties of KKT solution mappings have been characterized in various op-
timization settings. For nonlinear programming, strong regularity is characterized by the strong
second-order sufficient condition (SSOSC), together with the linear independence constraint qual-
ification (LICQ), as shown in [10,11,22]. In the context of conic optimization problems, strong
regularity has similarly been characterized: for nonlinear second-order cone programs (NLSOC)
and nonlinear semidefinite programming (NLSDP), [9] and [58] established that strong regularity
is equivalent to the SSOSC combined with constraint nondegeneracy. Furthermore, for robust
isolated calmness, [21] showed that this property holds if and only if the second-order sufficient
condition (SOSC) and the strict Robinson constraint qualification (SRCQ) are satisfied for C2-
cone reducible cases. These regularity properties not only deepen our theoretical understanding
but also play a crucial role in applications, such as establishing error bounds for optimization
methods. Moreover, they are instrumental in analyzing the convergence rates of numerical algo-
rithms, particularly in proving the local superlinear convergence of Newton-type methods and
ALM; see, for instance, [8,35,40,59].

In the context of manifold optimization, perturbation analysis becomes more complicated
due to the inherent geometric structure of the feasible set. Nevertheless, several recent works
have begun to extend Euclidean theory to this setting. Hosseini and Pouryayevali [30] provided



a sufficient condition for the weak metric regularity of real-valued functions on complete Rie-
mannian manifolds under strict differentiability, and, as a by-product, derived new necessary
optimality conditions. More recently, Bao, Ding, and Zhou [6] investigated the Riemannian ro-
bust isolated calmness of the KKT system and established its equivalence to the simultaneous
satisfaction of the manifold strong Robinson constraint qualification (M-SRCQ) and the man-
ifold second-order sufficient condition (M-SOSC). This result forms a crucial bridge between
constraint qualifications and solution stability, closely mirroring the classical theory developed
in Euclidean optimization. In this work, we study the perturbation properties of (1.1). We locally
transform (1.1) into an optimization problem on the tangent space Tz M at a point Z:

min fo Rz(€) +6(g0 Rz(§))

st £ € TeM. (1.2)

This problem is locally equivalent to (1.1) via the transformation x = Rz(§). Compared with
(1.1), problem (1.2) is more approachable because Tz M is a Euclidean space. This reformulation
allows us to study the stability of the KKT system of the original Riemannian problem (1.1) by
examining the corresponding stability of the KKT system of (1.2).

Beyond the stability of the KKT solution mapping, variational sufficiency (and its strong
form) provides a complementary lens on perturbation behavior. It is especially valuable for ana-
lyzing ALM when multipliers may be non-unique or the problem is non-convex. The recent notion
proposed by Rockafellar [52] of variational (strong) convexity lies at the heart of this approach:
a function is variationally (strongly) convex around a reference point if, in that neighborhood,
both its values and subdifferentials coincide with those of some (strongly) convex function. In the
Euclidean setting, the (strong) variational sufficient condition demands that the perturbed aug-
mented objective exhibit this property at a first-order stationary point. Rockafellar showed that
strong variational sufficiency guarantees local (strong) convexity of the augmented Lagrangian
and thereby underpins fast local convergence of ALM. Furthermore, it is demonstrated that
strong variational sufficiency is equivalent to the SSOSC if the function 6 in (1.1) (when the
manifold M is taken as a Euclidean space) is a polyhedral function [52] or an indicator function
of a second-order cone or semidefinite cone [62]. This condition also coincides with augmented tilt
stability, which characterizes Lipschitz continuity of the solution set under linear perturbations.

Motivated by these developments, we aim to extend the (strong) variational sufficient condi-
tion to nonsmooth optimization problems on Riemannian manifolds. One challenge is formulat-
ing convexity on manifolds. Unlike in Euclidean space, a ‘line segment’ between two points on
a manifold cannot be expressed as a convex combination, which complicates directly extending
convexity. To avoid defining convexity on the manifold itself, we examine the variational con-
vexity of the tangent-space problem (1.2) at a stationary point Z, which is locally equivalent to
the manifold problem (1.1). Since the tangent space Tz M is a Euclidean space, this approach
allows us to utilize tools from classical convex analysis. We define the manifold (strong) varia-
tional sufficient condition by requiring that the locally equivalent tangent problem satisfies the
(strong) variational sufficient condition. Under appropriate assumptions, we show this condition
is equivalent to the manifold strong second-order sufficient condition (M-SSOSC). Notably, this
equivalence indicates that the concept is independent of the specific choice of retraction. Ad-
ditionally, we demonstrate that the manifold strong variational sufficient condition guarantees
local strong convexity of the augmented Lagrangian for the locally equivalent problem and im-
plies augmented tilt stability. From the perspective of local convexity, variational sufficiency can
be viewed as a specialized form of convexity for optimization problems. Since it is equivalent to
augmented tilt stability, it maintains a close link to perturbation analysis. However, while the
regularity properties of the KKT system discussed earlier involve both primal and dual variables,
variational sufficiency concentrates solely on the behavior of the primal variables. Furthermore,
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this local convexity enables us to construct a local dual problem for manifold optimization, pro-
viding a new perspective on the convergence properties of manifold nonsmooth optimization
algorithms.

After examining the perturbation characteristics of the KKT system and the manifold varia-
tional sufficient condition, we turn to their implications for the convergence analysis of manifold
optimization algorithms. Specifically, we examine two recent methods: Riemannian sequential
quadratic programming (RSQP) [43] and Riemannian Augmented Lagrangian Method (RALM)
[20,64], investigating how the preceding theoretical results underpin their local convergence be-
havior. Assuming the robust isolated calmness of the KKT system, we demonstrate that RSQP
achieves local superlinear (quadratic) convergence. For RALM, under the manifold strong varia-
tional sufficient condition, we establish R-linear convergence of the outer iterations and superlin-
ear convergence of the semismooth Newton method used for the inner subproblems. These results
not only extend classical Euclidean convergence rate analyses to the manifold setting but also
highlight the pivotal role of our newly developed perturbation results in supporting algorithmic
efficiency.

The rest of the paper is organized as follows. Section 2 reviews the requisite background on
Riemannian geometry and nonsmooth analysis. Section 3 formulates the tangent-space surrogate
problem of (1.1) and establishes perturbation properties of its KKT system. In Section 4, we
define and study the manifold variational sufficient condition, including its relations to convex-
ity, to M-SSOSC, and to perturbation properties. Sections 5 and 6 leverage these perturbation
results for algorithmic analysis: we prove local superlinear convergence of RSQP under isolated
calmness, and R-linear (outer) plus superlinear (inner) convergence of RALM under manifold
strong variational sufficiency. Section 7 presents numerical experiments validating the theory,
while Section 8 concludes and outlines directions for future research.

2 Preliminaries and notations

This section recalls several notions of manifolds that will be used in our discussion. Most of the
properties referred to below can be found in the literature, specifically in [2,38].

Let M be an n-dimensional smooth manifold and = € M. F,(M) is defined as the set of all
smooth real-valued functions on a neighborhood of x. The mapping &, from §.(M) to R such

that there exists a curve v on M with «(0) = x satisfying &, f := (0)f := w for
all f € §,(M) is called a tangent vector, and the tangent space T, M is the set of all t;nogent
vectors to M at z. If M is embedded in a Euclidean space X, the normal space N, M is defined
as the orthogonal complement of 7, M in X. The tangent bundle is defined as TM = J, T, M,
which is the set of all tangent vectors to M. A map V : M — T'M is called a vector field on M
if V(x) € T, M for all x € M.

Let FF : M — X be a smooth mapping between a manifold M and a Euclidean space
X. The mapping DF'(z) : T; M — Tp;)X which is defined by (DF(x)&,) f = &(f o F) for
§e € TxM and f € §p)(X), is a linear mapping called the differential of F' at x. If M is
embedded in a Euclidean space, then DF(x) reduces to the classical directional derivative, i.e.,
DF(2)¢, = lim T E T 1) ~ F(@)
t—0

h'(2)€ to represent the trzfditional directional derivative in the direction £ and Vh(x) to be the
Euclidean gradient of h.

A Riemannian metric (-,-), on M is a smoothly varying inner product with respect to x
defined for tangent vectors. A differentiable manifold whose tangent spaces are endowed with
Riemannian metrics is called a Riemannian manifold. Whenever the point x is clear from the

. To distinguish it from the Euclidean differential, we use



context, we suppress the subscript and simply write (-, -). The induced norm of this inner product
is denoted by || - || with the subscript being omitted. Given f € §,(M), the gradient of f at x,
denoted by grad f(x), is defined as the unique tangent vector that satisfying (grad f(x), &) := &, f
for all £ € T, M.

The length of a curve 7 : [a,b] - M on a Riemannian manifold M is defined by L(y) =

f: V{(3(t),4(t)) dt, where (-,-) denotes the Riemannian metric on M. The Riemannian distance
between two points y,z € M is given by d(y, z) := inf,cp L(7), where I" denotes the set of all
smooth curves in M joining y and z. The set {y € M | d(z,y) < d} defines a neighborhood
of x with radius § > 0. We use dist(z, D) to denote the distance from a point x € M to a set
D C M. A geodesic is a curve on M that locally minimizes arc length. For every tangent vector
¢ € T, M, there exists an interval Z C R containing 0 and a unique geodesic vy(-;z,£) : Z - M
satisfying v(0) = = and 4(0) = £. The exponential mapping at € M is defined by Exp, :
.M —= M, &— Exp,(§) := v(1;2,€). A vector field X along a smooth curve v is said to
be parallel if V4 X = 0, where V denotes the Riemannian connection on M. Given a smooth
curve 7y and a vector n € T’ g) M, there exists a unique parallel vector field X, along v such that
X,,(0) = n. The parallel transport of 7 along ~ from 0 to ¢ is then defined as P97 := X, (t).
When the geodesic from p to ¢ is unique, denoted by 7,4, we define P,, := PO_”.

Let idz, a4 be the identity mapping on T, M. A retraction on a mamfold M is a smooth
mapping R from the tangent bundle TM onto M satisfying R, (0,) = = and DR, (0,) = idr, m,
where R, denotes the restriction of R to T, M. The coordinate expression of grad f(z) is given
by DR, (&) grad f(z) = V(f o R;)(¢). The Riemannian Hessian of f € §,(M) at a point x
in M is defined as the (symmetric) linear mapping Hess f(x) from T, M into itself satisfying
Hess f(x)€ = V¢ grad f(x) for all £ € T, M. By [2, Proposition 5.5.6], if grad f(z) = 0, then

Hess f(x) = Hess (f o Ryz) (0) . (2.1)

Consider a subset A C M. The epigraph of a function f : A — (—o00, 00| is defined as
epif = {(z,a) € Ax R | f(z) < a}. A proper function f : A — (—o0,00] is called lower
semicontinuous (Isc) if epi f is closed. When considering the manifold M as a topological space,
we can use the classical definition of lower semicontinuity of a function f: M — (—o0, 0], that
for any = € M, it holds that liminf,_,, f(y) > f(x). It is not difficult to verify that this definition
is equivalent to the epigraph definition if we consider M itself as a closed set of the topological
space. The following definition of the Fréchet subdifferential is taken from [5, Corollary 4.5].

Definition 1 Let f : M — (—o0,00] be a function defined on a Riemannian manifold, and
(U, ) is a chart of M. The Fréchet subdifferential 9f(x) of f at a point € dom f = {z € M |
f(z) < oo} is defined as

0f(x) = {Dep()¢ | ¢ € R", lim inf fop l(ple) +v) = f(@) = (Gv) 0}

o]l
= {Dp(x)C [ €D (fop) (p(x))}.

From this definition, one may deduce that 0f(x) = 0 (f o R;) (0;) for any given retraction R,.

With the Riemannian distance d(-,-) defined above, the Lipschitz continuous property of
functions can be extended to manifolds. A function f : M — R is Lipschitz continuous in a
set U if for any y,z € U, |f(y) — f(2)] < Ld(y, z). If there exists a neighborhood U of x € M
such that f is Lipschitz continuous on U, we say that f is locally Lipschitz continuous at . The
generalized directional derivative of a locally Lipschitz continuous function f at x € M in the
direction v € T, M is defined in [29] as

Fo(es0) = limsup L2 (#W) +De@)0) = Fo o (ply))
’ . y—x,tl0 t

)
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where (U, ) is a chart containing x. The definition of the generalized directional derivative
implies that f°(z,v) = (f o R;)° (0., v) for any retraction. The Clarke subdifferential of a locally
Lipschitz continuous function f at x € M, denoted by 9¢ f(z), is defined as

Ocf(x) ={§ e TuM| (& v) < fo(z;v) for all v € TyM}.

According to [29, Proposition 2.5], an equivalence can be established between the Clarke subd-
ifferential of f and the Clarke subdifferential of f o R for any retraction R, as described below.

Proposition 1 Let M be a Riemannian manifold and x € M. Suppose that f : M — R is
Lipschitz continuous near x and (U, @) is a chart at x. Then

dcf(x) = Do) [0c (f o 07") (p())] -
Therefore, we have Oc f(x) = 0c (f o Ry) (05) for any retraction R.

For a given function 6 : Y — (—o0, +o0], the lower and upper directional epiderivatives (cf.
e.g., [10, (2.68) and (2.69)]) of 6 at y € dom @ in the direction h € Y are defined as

0 th') — 0 0 t,h') —0
o+ (y;h) := liminf (y +th') (y), Qi(y; h):= sup lim inf (v + ) () ,
t10, k' —h t {tn}ex \n—>00,h'—h tn

respectively, where X is the set of all positive sequences {t,} converging to zero. Since 6 is a
proper closed convex function, it follows that 6% (y;-) = Hi(y; ). If 6 (y; h) is finite for 2 € dom 6
and h € Y, the lower second order epiderivatives [10, (2.76)] for w € Y is defined as:

0 (y + th+ 1t2w') — 0(y) — t0* (y; h
Qﬂ(y; h, w) = ul(l)m inf (y Sl w 1)t2 (y) (y )
,w —w z

3 Regularity properties of the KKT solution mapping

In this section, we study the regularity properties of the KKT solution mapping associated with
problem (1.1), to formulate intrinsic criteria for stability on Riemannian nonsmooth optimization
problems. In the following two subsections, we first reformulate the manifold problem on the
tangent space via a suitable retraction and develop the associated first- and second-order calculus,
then employ this framework to characterize the desired regularity properties and error bounds for
the KKT mapping. These results will lay the theoretical foundations required for the convergence
results established in later sections.

3.1 Perturbed problem and variational properties

To analyze the regularity of the KKT solution mapping, we first establish a perturbation scheme
for problem (1.1) based on a retraction. Unlike the chart-based construction in [6], our retraction-
centered framework is aligned directly with the operations used by manifold algorithms and thus
offers both theoretical insights and algorithmic foundations.

For a given z € M, the inverse function theorem [38, Theorem 4.5] guarantees that any
retraction R, acts as a diffeomorphism in a neighborhood of the origin 0, € T, M. The following
definition given in [31] defines the injectivity radius of a Riemannian manifold with respect to
retraction, which aligns with the definition of the classical injectivity radius [12, Definition 10.19],
when the retraction is chosen as the exponential mapping.
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Definition 2 The injectivity radius of the manifold M at a point x with respect to a retraction
R, denoted by rg,, is defined as the supremum over all radii » > 0 for which R, is well defined
and acts as a diffeomorphism on the open ball B, (r) = {v e T, M | |[v| < r}.

By the inverse function theorem, we have rp_ > 0 for each given R,. Additionally, as outlined
in [12, Proposition 10.22], we have d(x,y) = ||v|| within the ball B, (rexp,) if y = Exp,(v).

To build up our local perturbation framework of (1.1), we first introduce the following function
defined on the tangent space at a given point x € M. Let x € M and rr, be the injectivity
radius of M at x with respect to R,. For a given function f : M — (—o00,o0], we denote
fr, : TyM — (—00, ] by

[ F(Ru(€)). € € Bulrr,),
wa(@‘{m, E¢ Bolrn)

This function is the restriction of the pullback of f at a given point x, as defined in [2, Section 4],
where the general pullback function refers to f o R at each point on the manifold. It is worth
noting that fg, inherit the lower semicontinuity of f within the ball B,(rg,), although such
continuity may fail on its boundary. Fortunately, this limitation does not affect our analysis, as
we are concerned only with the behavior of fr, inside B, (rg,).

We say that a point & € M is a KKT point of problem (1.1) if there exists a multiplier § € Y
such that the pair (Z,7) satisfies the following KKT conditions:

grad, L(z,y) = grad f(z) + Dg(z)*y =0, y € 90(g(x)), (3.1)

where
L(z,y) = f(2) + (9(x), y)- (3.2)

In what follows, we analyze the problem locally around the KKT point z. Let Rz be a retraction
at T acting as a diffeomorphism on some neighborhood U C Tz M. We define the perturbed
problem on 73 M in a neighborhood of by

an: gl%e g) +0(gr, (§) +0) — (a,8) (3.3)

where (a,b) € R™ x Y is the perturbation parameter. Since R; is a diffeomorphism, (3.3) is locally
equivalent to the following perturbed problem of (1.1) on M:

min f(z) + 0(g(x) + b) — (a, Rz *(x))
st. x € Rj(ug. (3.4)

For any given (a,b) € Tz M x Y, we define the KKT solution mapping of (3.3) as

Siir(ab) = {(€y) | &= VI, () + 9k, ()Y, y € D0(gr, () +b)},

and we define the KKT solution mapping of (3.4) as

Skxr(a,b) = {(z,y) | (DR ' (x))*a = grad f(z) + Dg(x)"y, y € 96(g(x) +b)} . (3.5)
Let x = Rz (). By the chain rule, we have V fr_(§) + g% (§)*y = DRz(§)* (grad f(x) + Dg(z)*y),
and (DRz(£)*)"*a = (DR; ' (z))*a. It then follows that the KKT solution mappings satisfy

Sk (@, b) = pa(Skrr (@, b) N (R (U) x Y)), (3.6)
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where pz = (Rg 17idy), and idy denotes the identity mapping on Y. The set of Lagrangian
multipliers associated with (3.3) at (£, a,b) and with (3.4) at (x,d,b) are defined by

M\(&dab) = {y S | (fay) € §KKT(&ab)}, M(.L“,d,b) = {y ey ‘ (x,y) € SKKT(&’b)}v

respectively. It follows from (3.6) that M\(f,d, b) = M(x,a,b).
Let (a,b) = (0,0). For problem (3.3) we denote

Lr,(§y) = fr.(§) + (9r.(£), y). (3.7)

The manifold Robinson constraint qualification (M-RCQ) is said to hold at a feasible solution
of problem (3.4) if
Dg(z)Tsz +7:iom0(g(x)) =Y, (38)

where Taome(g(2)) is the tangent cone for g(x) and dom(#). Define the critical cone of functions
0 and g at a KKT point x and its corresponding multiplier y € M (z,0,0) by

Cog(x,y) = {d €Y |0+ (g(x);d) = (d.y)} -
The M-SRCQ is said to hold at a KKT point = with respect to y € M (z,0,0) if
Dg(z)Ty M+ Co 4(z,y) =Y. (3.9)
The manifold constraint nondegeneracy is said to hold at x if
Dg(x)Te M + lin(Taome(g(x))) =Y, (3.10)

where lin(Tgom ¢(g(x))) is the lineality space of Taome(g(z)). If M is a Euclidean space E, then
the tangent space T, M coincides with E itself (see [2, Section 3.5.2]). In this case, the M-RCQ),
M-SRCQ, and manifold constraint nondegeneracy conditions reduce to the standard constraint
qualifications defined in Euclidean spaces (cf. e.g., [10]).

The critical cone at a stationary point x of problem (3.4) is

Clx) ={{ € LM | Df(x)€ + (00 g)°(x;§) =0}
By the C?-cone reducibility of #, the M-SOSC at x is said to hold if for any & € C(z)\{0},

sup &, Hess, L(x,y)&) — o7 y) ¢ >0, 3.11
yeM(m’07o){< (2,9)€) = ¥ly(o). Dot @) | (3.11)

where w?g(w),Dg(:v)E)(') is the conjugate function of v (4(2), pg(z)e)(-) = 0" (g(z); Dg(x)€, -) for any
g(z) € dom 6 and any £ € T, M. The M-SSOSC at (x,y) is defined as

(€, Hessy L(2,Y)E) = Vy(a),pg()e) (¥) > 0V Dg(2)€ € aff Co g (x,y) \{0},

where aff Cy 4(x,y) is the affine hull of the critical cone Cy 4(x,y). Moreover, if § is the indicator
function of a C?-cone reducible set &, then the M-SSOSC can be equivalently written as

(€, Hess, L(z,y)€) — o (5,72 (9 (x), Dg (1) €)) >0V Dglx)é € aff Ca (x,y) \{0},  (3.12)

where o(y, D) is the support function of the set D at y and 7',3(y, h) is the second-order tangent
set of IC at y in direction h.

We now establish a precise correspondence between the Riemannian constraint qualifications
and second-order optimality conditions of the original problem (3.4) and those of the locally
equivalent problem (3.3) in the tangent space. The following proposition shows that these con-
ditions are in fact equivalent in the two settings.
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Proposition 2 Let (a,b) = (0,0). The M-RCQ (respectively, M-SRCQ, manifold constraint
nondegeneracy, M-SOSC, M-SSOSC) holds at T (with respect to §) for problem (3.4) if and only
if the RCQ (respectively, SRCQ, constraint nondegeneracy, SOSC, SSOSC) holds at 0z (with
respect to §) for problem (3.3).

Proof The RCQ holds at 0z for problem (3.3) if
(go Raz)/(oi)TiM + Taomo(g o Rz(0z)) =Y,

where for any § € Tz M, (g0 Rz)'(0z)§ = DR3(07)[Dg(z)€] = Dg(z)¢, and g o Rz(0z) = g().
Therefore, M-RCQ and manifold constraint nondegeneracy hold at Z for (3.4) if and only if
RCQ and constraint nondegeneracy hold at 0z for (3.3). For the M-SRCQ), it suffices to show
that Cy 4(Z,7) = Cy,gor, (03, 7), which follows immediately from the definition. By (2.1), we have
Hess, L(Z,y) = Hess¢ Lg, (03, §) at the stationary point &, which shows the equivalence between
SOSC (resp. SSOSC) for problem (3.3) and M-SOSC (resp. M-SSOSC) for problem (3.4). The
proof is completed. O

Remark 1 The definitions of M-RCQ, M-SRCQ, manifold constraint nondegeneracy, M-SOSC,
and M-SSOSC for problem (3.4) are independent of the choice of retraction at Z. Although the
formulation of the locally equivalent problem (3.3) in the tangent space involves on a specific
retraction Rz, Proposition 2 shows that the constraint qualifications and second-order optimality
conditions admit the Riemannian counterparts regardless of the retraction used. This confirms
that these properties are intrinsically independent of Rj.

3.2 Characterizations of the regularity properties

In this subsection, we shall investigate the characterizations of regularity properties for set-valued
mappings on Riemannian manifolds. Specifically, we extend the Fuclidean concepts of the Aubin
property, calmness, isolated calmness, and strong regularity, which are central tools for assessing
solution sensitivity in optimization [23, Chapter 3], to mappings whose domain and range lie
on smooth manifolds. These properties are essential for understanding the stability of solutions.
We first extend the notion of excess, which measures the distance between two sets in Euclidean
space and is defined in [23, Section 3A], to the Riemannian settings.

Definition 3 For two given sets C' and D in M, the excess of C beyond D is defined by

e(C, D) = sup dist(z, D).
zeC
Building on the definition of distance between two sets on a Riemannian manifold, we are
able to extend the notions of regularity for set-valued mappings, including the Aubin property,
calmness, isolated calmness, and strong regularity, within the context of Riemannian geometry.

Definition 4 Let E be a Euclidean space. A set-valued mapping ¥ : E = M is said to have the
Aubin property at p for Z if there exist a constant x > 0 and open neighborhoods U of p and V
of Z such that

e(@(p' )NV, ¥(p)) <kllp’ —pll ¥ p,p €U

Definition 5 Let E be a Euclidean space. A set-valued mapping ¥ : E = M is said to be calm
at p for z if there exist a constant £ > 0 and open neighborhoods U of p and V of Z such that

W) NV, ¥(p) <klp—p| Vpel.
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Definition 6 Let E be a Euclidean space. A set-valued mapping ¥ : E = M is said to be
isolated calm at p for T if there exist a constant x > 0 and open neighborhoods U/ of p and V of
Z such that

d(z,z) <kllp—p|| Yze¥p) NV and pell. (3.13)

Moreover, ¥ is said to be robustly isolated calm at p for Z if (3.13) holds and, for each p € U,
U(p)NY # 0.

Definition 7 Let E be a Euclidean space. A set-valued mapping ¥ : E = M is said to be
strongly regular at p for Z if there exist open neighborhoods U of p and V of Z such that for
any p € U, the set ¥(p) NV is a singleton, and the mapping ¥(-) NV is Lipschitz continuous on
U. That is, there exists L > 0 such that for any pq,ps € U, one has d(z1,z2) < L||p1 — p2|| for
z1:=¥(p1) NV and x5 := ¥(p2) N V.

Notably, when the underlying manifold is structured as a Euclidean space, these definitions
naturally reduce to their classical counterparts within the established framework of variational
analysis [23], thus maintaining consistency with established regularity theory in the Euclidean
setting. Let £ € M be a given point on the manifold. For any retraction R; around Z, there
exists an open subset & C Tz M on which Rz is a diffeomorphism. Given a set-valued mapping
¥ :E = M from a Euclidean space E to the manifold M, we define its Euclidean counterpart
¥(-): E = TzM under Rz by ¥(-) := R; ' (¥(-))NU. The next lemma establishes the relationship

between the manifold mapping ¥ and its Euclidean counterpart ¥.

Lemma 1 Let ¥ : E = M be a set-valued mapping, and let Rz be a retraction around T € ¥(p).
Assume that Rz is a diffeomorphism on U C Tz M. If the Euclidean counterpart V:E= TzM
defined by W(-) := Ry *(¥(-))NU is Aubin (calm, isolated calm, strongly regular) at p with respect
to 0z, then ¥ is Aubin (calm, isolated calm, strongly regular) at p with respect to T.

Proof 1t ¥ is Aubin at p with respect to Oz, then there exist a constant x > 0 and open neigh-
borhoods P of p and V of Z such that for any p,p’ € P, e(¥(p’) NV, ¥(p)) < &||p’ — p||, where

e(@(p) NV, ¥(p) = sup inf & = €|l = sup _inf 1€ =<
ged(pny E€¥(p) & eR;Y(T(p)NR:(V)) §E€ERE (W(p))NU

Shrinking U if necessary, it follows from [46, Corollary 5.7.11] that the Riemannian distance
function d : M x M — R is smooth on Rz(U). Hence, there exists a > 0 such that for any
z, 2" € Re(U), d(2',z) < a|R;*(2') — R; ' (x)]. Therefore,

e(P(p') N Rz(V),¥(p)) = sup inf d(z', )
@’ €W (p')NRz (V) *€¥(P)
< sup inf (', z)
2'e¥(p')NRz (V) TEY(P)NRz(U)
< sup inf alle —¢||

 @eRINW(p)NRs (V) EERT (¥ (p)NU

< akllp’ —pl|.

This shows that ¥ is Aubin at p with respect to Z. Similarly, if ¥ is calm or isolated calm at D
with respect to 0z, we can prove that ¥ is calm or isolated calm at p with respect to z.

Finally, if ¥ is strongly regular at p with respect to Oz, then there exists a neighborhood V of
0z such that the Aubin property of ¥ about Oz holds, which means that ¥ has Aubin property
at p with Z. Since ¥(p) NV is a singleton for any p € P, where P is a neighborhood of p, and Rz
is a diffeomorphism over U, it can be proved that ¥(p) N Rz(V) is also a singleton. This means
that ¥ is strongly regular at p with respect to . a
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We now present the main results of this section, namely, the characterization of the regularity
properties of the KKT solution mapping (3.5). Most of the proofs are omitted, as many of
the results follow directly from Proposition 2, Lemma 1, and the corresponding conclusions
established in the Euclidean setting. Define the natural mapping F': M XY — TM x Y for
problem (3.4) by

| grad f(z) + Dg(z)*y
o= o) = proxy (gfa) )] (09 M

where prox,(u) := argmin,cy {0(y) + 1llu —y||?} denotes the proximal mapping of 6. It is
straightforward to verify that (0,0,%,%) € gphSkkr if and only if (0,0,7,%) € gph F~!. Let
OcF(z,y) denote Clarke’s generalized Jacobian of F' at (Z,y). With this setup, we are now
ready to establish the following proposition on the nonsingularity of dcF(Z,¥) for nonlinear
programming (NLP), NLSOC, and NLSDP.

Proposition 3 Suppose that epif is C2-cone reducible in the sense of [10, Definition 3.135]. Let
(Z,5) € M XY be a KKT pair of problem (1.1) satisfying (3.1). Assume that the M-RCQ (3.8)
holds at . Then the following statement holds:

(i) The M-SOSC (3.11) holds at T and the M-SRCQ (3.9) holds at T with respect to § if and
only if the KKT solution mapping Skt in (3.5) is robustly isolated calm at the origin for

(2,9).
Furthermore, if epif is a convex polyhedral set, a second-order cone, or a semidefinite cone, then
the following statements are equivalent:
(ii) The M-SSOSC holds at (Z,§) and the manifold constraint nondegeneracy holds at T;
(iii) The KKT solution mapping Skk is strongly regular at the origin for (Z,7);
(iv) All elements in OcF(Z,y) are nonsingular.

Proof Statement (i) has already been established in [6, Proposition 5]. The equivalence between
statements (ii) and (iii) follows from Proposition 2, Lemma 1, and the results in [9,10,58].
Hence, it remains to prove the equivalence between (iii) and (iv). Define the natural mapping
F:TyM x Y — TyM x Y for problem (3.3) by

Vir, (&) + 9k, (§)y
9r, (&) — proxy (9r, (§) +v)

For the cases of NLP, NLSOC, and NLSDP, it follows from [10, Proposition 5.38], [9, Theorem
30], and [58, Theorem 4.1] that every element in dcF(0z,%) is nonsingular if and only if (iii)
holds. It remains to show Oc F(Z,y) = 0cF(0z, 7). For x = Rz(£), by the chain rule, we have

DRz(&)*(grad f(z) + Dg(x)*y)]
9r, (&) — proxg (9r, (§) +y) |~

ﬁ(55y>::|: }, (&,y) € TeM x Y.

Few) - |

The first components of F' and I are equal by applying [2, Proposition 5.5.6] at the KKT
pair (z,7). Define h(z,y) := g(x) — proxy (9(x) + y) and h(§,y) := gr,(§) — prox, (gr. (§) + ).
Clearly, h(z,y) = h(R;'(x),y). It follows from [6, Proposition 1] that

dch(z,y) € {(DR7 " (2)"[u], w) | (u,w) € dch(Rz " (x),9)}.

Moreover, since DR; ' (x)*[u] = u at Z for any u, an extension of [18, Theorem 2.3.10] to the
Riemannian setting gives dch(Z, ) = Och(0z, 7). Combining the above, we obtain O¢c F(Z,§) =
0cF (03, 7). This completes the proof. a
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Recently, new results concerning the equivalence between the Aubin property and strong
regularity for the KKT solution mappings of NLSOC and NLSDP have been established in [14,
15]. By combining these findings with the classical equivalence results for convex polyhedral
programming from [22], we obtain the following proposition.

Proposition 4 Suppose that epif is a convex polyhedral set, a second-order cone, or a semidef-
inite cone. Let (Z,5) € M xY be a KKT pair of problem (1.1) satisfying (3.1). Assume that the
M-RCQ (3.8) holds at T. Then the KKT solution mapping Skkr in (3.5) has the Aubin property
at the origin for (Z,q) if and only if it is strongly reqular at the origin for (Z,7).

Beyond the above equivalence results, the robust isolated calmness or strong regularity of the
KKT solution mapping guarantees a two-sided error bound in a neighborhood of the KKT pair
(Z, 7). This two-sided error bound plays a crucial role in establishing the local linear convergence
of the Riemannian augmented Lagrangian method (RALM), as we will show in Section 6. To
formalize this, define the KKT residual mapping £ : M xY — R by

E(x,y) := |lgrad f(z) + Dg(x)*y| + lg(z) — prox, (9(x) + y)||, (z,y) e M xY.  (3.14)

Proposition 5 Let (Z,5) € M x Y be a KKT pair of problem (1.1) satisfying (3.1). Suppose
that the KKT solution mapping Skkr in (3.5) is robustly isolated calm (or strongly regular) at
(Z,9). Then M(%,0,0) = {gy}. Furthermore, there exist constants c1,ca > 0 such that, for any
(z,y) € M x Y sufficiently close to (Z,y) with E(x,y) sufficiently small, it holds that

cib(z,y) <d(z,7) + ||y — gl| < c2B(,y).

Proof The conclusion follows by combining Proposition 3, [6, Proposition 5], [6, Theorem 7], and
the fact that strong regularity implies isolated calmness. O

Remark 2 In [6], the results in Proposition 5, as well as the equivalence between M-SOSC with M-
SRCQ and robust isolated calmness, were established using the normal coordinate chart around
the KKT point.In contrast, this paper derives these results via the retraction mapping at the KKT
point Z. These two approaches are essentially equivalent, since there exists a local diffeomorphism
between the normal coordinate chart and the exponential map around Z, and the retraction serves
as a first-order approximation of the exponential map.

4 Manifold variational sufficiency

In the previous section, we study the stability of the KKT system of Riemannian nonsmooth
optimization problem (1.1), which involves both the primal variable and its multipliers. These
properties offer insights into local convergence, in particular, the local convergence of Newton-
type methods (e.g., RSQP), and will be analyzed in detail in subsequent sections. In this section,
we focus on another concept related to perturbation analysis, (strong) variational sufficiency,
which is recently introduced in [52]. In Euclidean setting, the strong variational sufficiency is
equivalent to the augmented tilt stability [52], and serves as a key tool for analyzing the local
convergence rate of the ALM in situations where standard assumptions like local convexity or
uniqueness of Lagrange multipliers do not hold [53]. In this section, we shall extend this concept
to the Riemannian setting and examine how manifold (strong) variational sufficiency relates to
optimality conditions and perturbation analysis. Its significance in the convergence analysis of
RALM will be demonstrated in a later section.
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4.1 Augmented problem and its first-order optimality conditions

As in Section 3.1, given a KKT point Z € M, let R; be a retraction at Z and a diffeomorphism
inUd C Tz M. Let a =0 in this section. Consider the following augmented problem for (3.4):

min f(z)+6(g(z) +b) + §||b||2

st. € Ro(U). (4.1)
Locally, (4.1) is equivalent to the following augmented problem for (3.3):
it fr, () + 0(gr, (€) + ) + £b[2 )

s.t. £el.

Denote the objective functions by

p(z,0) = f(x) +0(g(x) +b),  @r. () = fr.(§) +0(gr.(§) +D). (4.3)
Then the Lagrangian functions for problems (3.4) and (3.3) are given, respectively, by
la,y) = mf{p(z,b) = (y,0)} = L(z,y) = 6" (y),
Ir, (€y) = nf{or, (€0) = (y,0)} = Lr, (&) =07 (y),

where L and Lp, are defined in (3.2) and (3.7), respectively. For p > 0, the augmented Lagrangian
function of problems (3.4) and (3.3) are given, respectively, by

”(2,y) = inf {(2,0) = (4.0) + SIBIP} U5, () = inf {r,(6,5) = (9.6) + S[bl}.  (44)

The augmented Lagrangian functions can be regarded as the Lagrangian functions of the aug-
mented objective functions

@ (2,0) = plw,0) + 012, @, (6:0) = ¢ (€:0) + EBI2, (4.5)

respectively. Thus, by definition, —I(z, ) and —Ig_(&,-) are the conjugate functions of ¢(zx,-)
and ¢g, (§,-), respectively, and similarly, —I?(z,-) and —l%i (&,-) are the conjugate functions of
P (z,-) and 50’1731,, (&,), respectively. Since 6 is closed proper convex, by [49, Theorem 12.2],

p(z,b) = Sl;p{l(l“,y) + (y,b) }, ¢ (x,b) = Sup {P(x,y) + (y,0)},

¢r,(£,b) = sgp{ZRi &y) +(y,b)}, k(&)= St;p{lfzi (& y) + (v, b)}. (4.6)

We now examine the relationships between the first-order conditions of problems (3.4) and
(3.3), together with those of their augmented counterparts (4.1) and (4.2). In fact, the first-order
condition in Proposition 6 is also equivalent to the KKT conditions (3.1).

Proposition 6 Let p > 0, (Z,y) be given, and let Rz be a retraction at T. The following state-
ments are equivalent:
(1) (Z,9y) satisfies the first-order condition of problem (3.4), i.e., (0,7) € dp(Z,0);
(i1) (0z,9) satisfies the first-order condition of problem (3.3), i.e., (0,7) € d¢r,(0z,0);
(iii) (z,y) satisfies the first-order condition of problem (4.1), i.e., (0,7) € 0p”(Z,0);
) (

(iv) (0z,7) satisfies the first-order condition of problem (4.2), i.e., (0z,7) € 8<p%j(0i,0);
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(v) grad, l(z,y) =0, 0 € 9y[—|(z,7y), or grad, L(Z,y) =0, y € 90(g(T));
(vi) Velr,(0z,9) =0, 0 € 9y[~Ir,)(0z,9), or VeLg,(0z,§) =0, § € 06(gr, (0z));
(vii) grad, I°(Z,§) = 0, 0 € V,I°(z,7), or grad, L(Z,7) = 0, Venv,0(g(Z) + p~1§) = y, where
env, 0 is the Moreau envelope of § defined by env, 6(p) := minyey 0(y) + ng —y||%;

(viii) VglPRi (0z,5)=0,0¢ VylpRj (0z,7), or VeLp, (0z,9) =0, Venv,0(gr, (0z) + p~'y) = 7.

Proof Tt follows from Proposition 1 that (0,7) € d¢(Z,0) <= (0,7) € d¢r,(0z,0). Moreover,
when b = 0, it is obvious that d¢(z,0) = d¢”(z,0) and dpg, (0z,0) = d¢’,_(0z,0), which implies
the equivalence of (i), (ii), (iii), and (iv). By (4.6) and the chain rules of the subdifferential of
manifold functions [6, Proposition 1], we have

(0z,9) € 0p(Z,0) <= g € 08(9(7)), 0z = grad, L(Z,§) <= 0z € 0,1(Z,7), 0 € 0,[-1](z, 7).
Moreover, Proposition 1 yields

< 05 € 9¢lRr,(0z, %), 0 € 9y[—Ir,](0z, 7).

Therefore, statements (i), (ii), (v), and (vi) are equivalent. Similarly, we can prove the equivalence
between (i), (ii), (vii) and (viii). O

4.2 Characterizations of manifold variational sufficiency

We now turn to the notion of manifold variational sufficiency. Before that, let us first recall
the concept of variational convexity in the Euclidean case, as introduced in [52]. Let f : R™ —
(—00, 0] be a lsc function. We say that f is variationally convex with respect to (w, Z) € gphdf
if there exist convex open neighborhoods W of w and Z of Z, together with a proper Isc convex
function A satisfying h < f on W, such that

W x Z]Ngphdh = [W x Z] Ngphdf,

and h(w) = f(w) holds for all (w, z) in this common set. If, in addition, h is strongly convex on
W, then we say that f is variationally strongly convex with respect to (@, z). In the Euclidean
setting, the (strong) variational sufficient condition for problem min{p(z,b) | b = 0} is said to
hold with respect to (Z, %) satisfying the first-order condition (0,%) € dp(Z,0) at level p > 0 if
the augmented objective ” is variationally (strongly) convex with respect to ((z,0), (0,7)) €
gph 0p”. Here, ¢ and ¢ are defined in (4.3) and (4.5), respectively.

We define the manifold (strong) variational sufficiency for problem (1.1) through the (strong)
variational sufficiency for its locally equivalent formulation (1.2) on the tangent space, which is
problem (4.2) with b = 0. This definition is then based on the variational (strong) convexity of
the objective cp%i in problem (4.2), and therefore depends on the choice of the retraction Rgz.
We will later establish, however, that the notion of manifold (strong) variational sufficiency is in
fact independent of the particular retraction selected.

Definition 8 Let (Z,7) € M x Y be a KKT pair of problem (1.1) satisfying (3.1). With respect
to (z,7) at level p > 0, the manifold (strong) variational sufficient condition for problem (1.1)
under the retraction Rz is said to hold if the (strong) variational sufficient condition holds for
problem (1.2).
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Motivated by the recent developments in [52,53], we next discuss the local augmented dual
property for problem (1.1). In particular, the following proposition establishes the equivalence
between the manifold (strong) variational sufficiency and the (strong) convexity of the augmented
Lagrangian function, which follows directly from [52, Theorem 1] and Proposition 1.

Proposition 7 Let (z,7) € MXY be a KKT pair of problem (1.1) satisfying (3.1). The manifold
(strong) variational sufficient condition for problem (1.1) under the retraction Rz holds with
respect to (Z,7) at level p > 0 if and only if there exists a closed convex neighborhood W x Y of
(0z,7) such that

(i) l%i (&,y) is locally (strongly) convex at Oz for everyy € Y;
(ii) % (§,y) is concave in y for every § € W C Bz(rr,).

Under these conditions, (Z,q) is a saddle point of IP(x,y) with respect to minimization over
x € Rz(W) and mazimization over y € Y. Moreover, these properties hold for any p' > p.

Proof By applying [52, Theorem 1] and Proposition 1 to (1.2) at (0z,%), we obtain that I%_(£,y)
is convex in & € W for every y € Y, and concave in y € Y for every £ € W C Bi(rg.). It
remains to show that (Z,7) is a saddle point of I?(x,y) in Rz(W) x ), or that I?(x,y) attains
its minimum at Z in Rz(W). This is shown by I¥ (z,7) = I%_(0z,9) < lj_ (Rz'(2),9) = 1°(z,7)

for any = € Rz(W). Hence we complete the proof. a

In the Euclidean setting, a key feature of the strong variational sufficiency is its equivalence
to the SSOSC. In our work, we further reveal the intrinsic relationship between the manifold
strong variational sufficiency and the M-SSOSC; see Theorem 1.

For a differentiable function f : M — R with a locally Lipschitz continuous gradient and a
given retraction Rz, the Hessian bundle of fr, at Oz is defined as

Y’ fr. (02) == {H | 3&, — 0z with V?fr_ (&) — H, & € TsM},

where V2 fg_(+) denotes the Euclidean Hessian of fr_(-). For the augmented Lagrangian func-
tion 1% (§,y) in (4.4), consider any matrix H € vQI% (&,y). we partition H into four blocks

T

H= {Hi giﬂ , and define ﬁglgi (0z,9) == {Hgg | H € ﬁQZf% (f,y)} Moreover, Cy 4(x,y) =
Co.gr, (0z,y) holds if Cg g, (0z,y) = {d €Y |0 (gr,(0,);d) = (d, y)} By leveraging [52, Theo-
rem 3], we can now establish the connection between the manifold strong variational sufficiency
and the M-SSOSC for problem (1.1), as stated in the following theorem.

Theorem 1 Let (Z,5) € M XY be a KKT pair of problem (1.1) satisfying (3.1). Then, the
manifold strong variational sufficient condition for problem (1.1) under the retraction Rz holds

with respect to (T, ) at level p > 0 if and only if every matriz in ﬁzgl%i (0z,7) is positive definite.
Moreover, any Hee € Vﬁgl;i (0z,9) can be written in the form

H¢e = Hess, L(Z,9) + Dg(Z)*G grad g(Z) for some G € v env, 0 (9(z) +p~'y).

If 0 is a polyhedral convex function, then the manifold strong variational sufficient condition is
equivalent to the following M-SSOSC at (z,7):

(&, Hess, L(7,5)€) >0V Dg()§ € aff Cy 4(2, ) \ {0}.

Furthermore, if 0 is the indicator function of a second-order cone or a positive semidefinite cone,
then the manifold strong variational sufficient condition is equivalent to the M-SSOSC at (Z,7)
given in (3.12), where K denotes the respective cone.
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Proof By [52, Theorem 3], every Hee € ﬁzgl%i (0z,7) is positive definite and of the form

Hee = Vgglm—, (0z,9) + Vygr, (0z)*"GVgr, (0z) for some G € v env, 0 (gr, (05) + p_ly) .

Since grad, L(Z,y) = 0, the definition of the retraction together with (2.1) shows that this
representation of Hee coincides with the expression stated in the theorem.
If 6 is polyhedral convex, [52, Theorem 4] shows that strong variational sufficiency holds if
and only if
(& VEelr, (02,9)€) >0 Y g (02)€ € aff Cg g, (02, 7) \{0}.

This condition is equivalent to the M-SSOSC stated in the theorem, since

Vielr, (0z,9) = Hessy L(Z,9), gk, (0:)¢ = Dg(2)§, Cogn, (0z,7) = Co,4(Z, 7).

Finally, if 6 is the indicator function of a second-order cone or a positive semidefinite cone,
the equivalence follows from [62] and the above analysis. Therefore the proof is completed. O

Remark 8 Theorem 1 shows that the matrices in the Hessian bundle of I%, (0z, 7) are independent
of the particular choice of retraction Rz. This fact can also be established directly. Given two

retractions R; and Ry at Z, it suffices to prove that the Hessian bundles ﬁzglgl (0z,7) and
ﬁzgl”Rz (0z,7) are identical. Specifically, for any H € Vggz;;? (0z,7), there exists a sequence {&x}
converging to 0z such that nglf%g (&, 7) — H. Let W5 := R; ' Ry. Then we have

Vel (&, 7) = Wi(&) Vel (Wa (&), 1) VWa (&) + V(Wa(&k) ") Veeln, Wz (&), 7).

It follows from the definition of W5 that when &, — 0z, VW3(&x) — id and V(WL (&)*) — 0z.
Therefore, if V%, (&,9) — H, then there exists a sequence {Wz (&)} converge to 0z such

that VZ.lp (Wz(é),9) — H. By symmetry, exchanging Ry and Ry yields ﬁzéli’q (0z,9) =

=2
V&l%2 (0z, 7). Therefore, the Hessian bundle does not depend on the choice of retraction. Conse-
quently, the manifold strong variational sufficient condition is an intrinsic property of manifold
optimization problems, inherently independent of the choice of retraction.

Remark 4 Building on the above construction, we can introduce a pointwise retraction-based
local convexity on manifolds. A function f : M — (—o0,00] is said to be (strongly) locally
retraction-convex at € M with respect to a retraction R, if fg, is locally (strongly) convex
on the tangent space T, M. Likewise, for a pair (z,z) € gphdf, we say that f is variationally
(strongly) convex at (x, z) under the retraction R, when fr_ enjoys Euclidean variational (strong)
convexity at (0, 2) € gphdfr, on T, M x T, M. This concept is closely related to the retraction-
convexity introduced in [34, Definition 3.2], yet differs in the following respect: [34] imposes the
property on a neighborhood of x, whereas we investigate it at the point x itself. Moreover,
we establish that if f is continuously differentiable and fr, is prox-regular ([54, 13.27]), then
the local strong retraction-convexity is invariant under the choice of retraction. Extending this
invariance to weaker smoothness assumptions or to functions that are convex but not strongly
convex remains an open question for future study.

Another important perturbation property that plays a crucial role in the convergence analysis
of the ALM is augmented tilt stability. Tilt stability characterizes the sensitivity of the optimal
solution set to small linear perturbations of the objective or the constraints, and thus serves
as a fundamental measure of the robustness of an optimization problem. Recently, Rockafellar
extended this concept to augmented tilt stability and employed it to derive local convergence
rates of ALM for non-convex and nonsmooth problems in the Euclidean setting [53]. Inspired by



17

this, we investigate augmented tilt stability for optimization on Riemannian manifolds, and in
Section 6, we show how it underpins the convergence analysis of manifold algorithms. We now
formalize the notion of augmented tilt stability on a manifold with respect to a chosen retraction
and subsequently characterize it in terms of manifold strong variational sufficiency.

Definition 9 Within the framework of Proposition 7, which establishes the local convexity-
concavity of [?(x,y) on the neighborhoods W x Y, the manifold augmented tilt stability is said
to hold at £ € M with respect to the retraction R if there exists a neighborhood V of 0z such
that the following mapping is single-valued and Lipschitz continuous:

(v,y) +— argmin {I’(z,y) — (v, R;"(z))} for (v,y) €V x V.
zERz (W)

Proposition 8 The manifold strong variational sufficient condition holds at (Z,y) with respect
to Rz for local optimality of problem (1.1) at level p if and only if the manifold augmented tilt
stability holds at T with respect to Rz.

Proof For (v,y) € V x Y, denote

h(v,y) := argmin {I’(z,y) — (v,R;"'(2))} and hg,(v,y) = argmin {lpRi & y) — (v,8)}.
zE€Rz(W) cew

If € h(v,y), then R;*(z) is a minimizer of 1% (&,y) = (v,§), implying h(v,y) C Re(hg, (v,9)).
The converse inclusion holds as well, and thus h(v,y) = Rz(hgr,(v,y)). Therefore, h(v,y) is
single-valued and Lipschitz continuous if and only if hg, (v,y) is single-valued and Lipschitz
continuous. Thus, the augmented tilt stability holds at both Z and 0z. Finally, since 15, (¢, -) is

T

concave in Y for each £ € W, the desired result follows directly from [52, Theorem 2]. o

5 Application I: Riemannian sequential quadratic programming

Riemannian sequential quadratic programming (RSQP) extends the classical Euclidean sequen-
tial quadratic programming (SQP) to updates performed in the tangent spaces of a manifold.
Classical Euclidean SQP generally enjoys strong theoretical guarantees and numerical efficiency.
The foundational papers of Han [27] and Powell [48] proved local convergence under strict com-
plementarity and the SOSC. For more details of Euclidean SQP methods, we refer the reader to
[7]. In contrast, the theoretical development of RSQP is less mature. Schiela and Ortiz [55] ana-
lyzed RSQP for equality constrained problems on manifolds and proved local convergence. More
recently, Obara, Okuno, and Takeda [43] extended the method to accommodate both equality
and inequality constraints, demonstrating global convergence and, under manifold linear inde-
pendence constraint qualification (M-LICQ), M-SOSC, and strict complementarity, attaining
local quadratic convergence.

In this section, we investigate the local convergence rate of the RSQP using the perturbation
results obtained in Section 3. In particular, we show that without requiring strict complemen-
tarity, RSQP attains superlinear local convergence under the M-SRCQ and M-SOSC conditions.
We begin by outlining the RSQP framework for problem (1.1) in Algorithm 1.

Since M* is symmetric positive semidefinite, the subproblem (5.1) is convex. And ¢ solves
(5.1) if there exists a multiplier n such that the pair (£,n) satisfies the KKT conditions

grad f(z*) + M*¢ + Dg(z¥)"n =0, n € 00(g(z*) + Dg(z*)¢). (5.3)
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Algorithm 1 Riemannian sequential quadratic programming (RSQP) for solving (1.1)

Input: (2°,5°) € M x Y, v € (0, 1], a nonnegative sequence {6} converging to zero. Set k = 0.
1: If (2 y*) satisfies a suitable termination criterion: STOP.

2: Choose a symmetric positive semidefinite vector field M*.

3: Find ¢* € T,» M as an approximate solution to the subproblem

1
min D f(z*)¢ + 3 (& MFE) +60(g(z") + Dg(2%)¢) st. €€ TpuM, (5.1)
equivalently via finding (£¥,~*) satisfying the following system

M Dyt [¢] | 0
—Dg(a*) 0 v [00*(yF + %)

1+v

: (5-2)

Tk gradx L(:L‘k, yk)
’ E[ ~g(a*) ]

grad, L(a"*,y")
[g(xk ) — prox,(g(z*) + ")
4: Compute ¢t = R« (€F) and y*+! = yF ++*.
5. Set k =k + 1 and go to step 1.

where 6% := min ¢ 6%, controls the inexactness.

We now interpret the RSQP (Algorithm 1) as a Newton-type method [8] for solving the KKT
system (3.1) of problem (1.1). Since 6 is closed convex, by [49, Theorem 23.5], the KKT system

(3.1) is equivalent to
grad, L(z,y) 0
e L]+ v

Applying the Newton-type methods in [8] to this system yields the iteration (5.2) with ok =
0. By direct computation, one verifies that (¢%,7%) solves (5.2) with 6% = 0 if and only if
(€%, y* +~%) solve (5.3), i.e., £¥ solves (5.1). Hence, the Newton iteration and the RSQP iteration
are equivalent. Moreover, if # = 0 and M¥ is chosen as the Hessian of f, Algorithm 1 reduces to
a Riemannian Newton method. If M* is taken as the generalized Jacobian of grad f and certain
semismoothness conditions are met, Algorithm 1 becomes a semismooth Newton algorithm. This
close connection between RSQP and Newton-type methods motivates the establishment of local
superlinear convergence, as demonstrated in the following proposition.

Proposition 9 Let f and g be twice continuously differentiable. Let (Z,5) € M x Y be a KKT
pair of problem (1.1) satisfying (3.1) and suppose that the KKT solution mapping SkkT in
(3.5) is robust isolated calm (or strongly reqular) at (z,7). Let {(&*,~%, 2% y*)} be the sequence
generated by Algorithm 1, and define

Py x Hess, L(Z,y) Dg(z)*

Mk Dg(.]?k)*

k.
and J" := _Dg(a") 0

7=
Assume (2%, y*) — (z,79). If

(T% = TH)ER A = o€ 4"1ID,
then (¥, y*) — (z,7) converges superlinearly. Moreover, if

(T" = TMERAM = ol M),

and the parameter v in Algorithm 1 is set tov = 1, then (z¥,y*) — (Z,7) converges quadratically.
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Proof Let z = (,), 25 = (%, 4*), ¢F = [¢¥;44], pb = (T* — T*)¢¥, and
k _  k N ka+1zk gradaj L($k+1a yk+1> _ gra'd:v L(xk7 yk) _ 7k sk
=p" 406"+ { —g(x””'l) —g(xk) VAIGS

Then (5.2) can be equivalently written as

P . grad,, L(zF*+1 yk+t 0
rk e [ ahtiak g_g($kJ(r1) Y )] + [89*(3/]““)] . (5.4)

Since L(z,y) = f(z)+ (g(x),y) is twice continuously differentiable in z, and 6* = o(d(z*, 2)) due
to the local Lipschitz property of both grad, L(x,y) and prox,(g(z) + y) with respect to (z,y)
at z, it follows that, for sufficiently large k, 7% = u* + o(||C*||) + o(d(z*, 2)). By the condition
that u* = o(||¢*|), we have

d(z"*1,2) = O(r*) = o(|[¢*])) + o(d(2"*, 2))
=o(d(z**1, 2%)) + o(d(2*, 2)) = o(d(2*T, 2) 4 d(2F, 2)) + o(d(2F, 2)).

The first equality follows from the isolated calmness of z to the perturbed KKT system (5.4), and
the third equality uses the fact that R,x is a local homomorphism. Hence d(z**1, ) = o(d(z, 7)),
which establishes superlinear convergence of {z*}.

Now suppose (J* — TF)[€%:~4%] = O(||[¢¥;4*]||?). First, z¥ — Z converges superlinearly
implies that d(z**1, 2¥)/d(2*,2) — 1. By the assumption that f and g are twice continuously
Hess, L(z,y) Dg(z)*

—Dy(x) 0
Lipschitz constant ¢ > 0. For k sufficiently large, we have

differentiable, the mapping (z,y) — } is locally Lipschitz at z, with some

P, rad L k1) rad, L(z* —
|ttt - [ - e
< P k41 kgrad L k+1 grad L Zk) . P, rkt+1lgk HessT L(Zk+1) Dg(l'k+1)* (:k
= k+1 x ) —Dg( k+1) 0
HessT L(zFY D *
[t e
< O(lI¢*|I? )+cll€k\\d(zk 2).

Again, applying the isolated calmness of Z to the perturbed KKT system (5.4), and noting that
v = 1 implies that 6¥ = O(d(2*, 2)?), we then obtain that

d(z1,2) = 0(*) = O(IC*I?) + LIIC*[ld(*, 2) + O(d(z", 2)%).

Since d(z**1,2%)/d(z*,2) — 1 and R, is a local homomorphism, we conclude that d(z**1, z) =
O(d(2*+1,2%)2) = O(d(2*, 2)?). The proof is then completed. O

To satisfy the hypotheses of Proposition 9, the following notion of hemistability was intro-
duced by Bonnans [8, Definition 2.2] under the Euclidean setting. We generalize this concept
to Riemannian manifolds and, to accommodate inexact computations, formulate a perturbed
hemistability condition that covers inexact subproblem solves and data perturbations in the
following definition.
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Definition 10 A point z = (7,7) is called a hemistable solution of the KKT system (3.1)
if the following holds: for any a > 0, there exist constants 6 > 0 and € > 0 such that, for
every 2 = (&,9) € M x Y and every symmetric positive semidefinite tangent vector M € Tz M
satisfying
.\ Pyz Hess, L(Z,9) Dg(z)*| M Dg(z)*
4% 2) + H[ ~PuDg(z) 0 ~Dg(#) 0

the following system

6e[gradx”§?‘”]+[ M Dg(””*] H+[ 0 } for any 6 € 0,3,

—g(& —Dg(#) 0 v 19075+ )
admits a solution (£,7) such that z = (Rz(£), § + ) satisfies d(z,2) < a.

Now we are able to present the following local convergence results of Algorithm 1, when MF*
is chosen as the Riemannian Hessian of the Lagrangian function L(z*,4*) at each step.

Theorem 2 (Local convergence of RSQP) Let f and g be twice continuously differentiable.
Let z = (z,5) € M xY be a KKT pair of problem (1.1) satisfying (3.1). Assume that Z is
a hemistable solution of (3.1), the M-SOSC (3.11) holds at Z, and the M-SRCQ (3.9) holds
at T with respect to . Choose M* = Hess, L(x*,y*) in Algorithm 1. Let {(x* y*)} be the
sequence generated by Algorithm 1, then {(z*,y*)} converges superlinearly to (z,7). Moreover,
if the parameter v in Algorithm 1 is set to v = 1, then the convergence is quadratic.

Proof By Proposition 3, M-SOSC and M-SRCQ hold at Z implies that Sk is robust isolated
calm at z. Therefore, given 6 = (a,b) in a neighborhood of (0z, 0), there exist £1, x > 0 such that
for any z € Skkr(d) and d(z,z) < &1, we have d(z,z) < £||d]|. Now choose o < min(eq,1/3k).
Taking M* = Hess, L(z*,"), the hemistability of z yields that for the given «, there exist
€2 > 0 and ¢ > 0 such that for any 6k < ¢ and for z* satisfying

d(",2) + ||T% = T¥| < e2,

= d., L(z®,y* 0

5 {gra fg((;;“)’y )} e [ﬂ n |:30*(yk +'yk)]
has a solution (£%,4%) such that 2**! = (R x(£¥),y* + ~*) and d(zF*1,2) < a. Now let ¢* =
[€F;4*], and denote

k ._ Tk P:EkJrlxk grade(xk"‘l,yk'*'l) o grade($k7yk) _ 7gksk
nt =20 +[ —g(:ck'H) _g(xk) VARGHN

ot e [ka+1xk grad,, L(:L"”l,yk“)] n { 0 ]
() 00" (4/+1)
By the homomorphism of R« and its local Lipschitz continuity, there exists p > 0, such that
€% < pd(R,x(€%),2%). Since 6% = o(d(z", 7)), there exists e5 > 0 such that [|§¥]] < Ld(2*,2)
for d(z*,z) < e3. Shrinking «, €5 and e3 if necessary, the twice continuous differentiability of
L(z,y) ensures that ||n*|| < ﬁ |¢* || + |0%]|. Therefore, by the isolated calmness, we have

the system

then we have

1 1
gd(z/”l, Z)+ §d(zk, z),

UF+1,2) < [ < g )+ I < 4,2 4 5, ) <

which implies d(z¥*1,2) < 3d(2*,2) and thus {*} — z. Now the local convergence rate can be
directly obtained by using Proposition 9. ad
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Theorem 2 establishes convergence results when M* = Hess, L(z*,y*). In fact, the result
extends to broader choices of the approximate Hessians M*. For example, M* can be generated
by quasi-Newton updates, provided the sequence remains uniformly positive definite and satisfies
standard secant conditions. The Euclidean analysis is presented in [8], and the same arguments
extend to the Riemannian setting by working on tangent spaces via retraction. For brevity, we
omit the routine details.

In [8], it was shown that the robust isolated calmness of the KKT solution mapping implies
hemistability under the polyhedral assumption of # with § = 0. This result was later extended
in [41] to the case where @ is parabolically regular, a property introduced in [54, Definition
13.65] and shown in [42] to include the C2-cone reducible case. In the Riemannian setting, we
establish that under the parabolic regularity assumption of 6, the robust isolated calmness of
the KKT solution mapping still implies hemistability. Furthermore, our result strengthens [41,
Theorem 5.1] by allowing for inexact cases.

Proposition 10 Let f and g be twice continuously differentiable and 0 be parabolically regular.
Let (Z,9) € M x Y be a KKT pair of problem (1.1) satisfying (3.1). Assume that the M-SOSC
(3.11) holds at T and the M-SRCQ (3.9) holds at T with respect to . Then (Z,7) is a hemistable
solution of (3.1).

Proof Tt can be verified that (0z,7) is a solution of the KKT system (5.3) associated with the
RSQP subproblem (5.1) at . Moreover, the SRCQ condition for (5.3) at this point takes the
form

DQ(E)TEM + 7:10m(9) (g(.’f)) N gJ_ =Y,

which coincides with the M-SRCQ condition for problem (1.1) at (Z, 7). Hence, the SRCQ condi-
tion holds under the M-SRCQ assumption. Likewise, the SOSC condition for (5.3) is also satisfied
at (0z,7), as it has the same structure as the M-SOSC condition for (1.1) at (Z, 7). Given that
6 is parabolically regular, we can apply [41, Theorem 4.2] and obtain that for any neighborhood
U, of Z, there exists a neighborhood Uy of Z such that for any 2 € Us, the perturbed KKT system
(5.4) has a solution within ¢4 when ¢ is sufficiently small. This confirms the hemistability of the
system at z. 0

By combining Theorem 2 and Proposition 10, we are now ready to present the main result
of this section.

Proposition 11 Let f and g be twice continuously differentiable and 6 be parabolically reqular.
Let (z,5) € M x Y be a KKT pair of problem (1.1) satisfying (3.1). Assume that the M-
SOSC (3.11) holds at & and the M-SRCQ (3.9) holds at T with respect to §. Choose M* =
Hess, L(z*,y*) in Algorithm 1. Let {(z*,y*)} be the sequence generated by Algorithm 1, then
(z*,y*) converges superlinearly (quadratically if v=1) to (Z,7).

Remark 5 This result relaxes the assumptions in [43], where quadratic convergence of RSQP
was established under M-LICQ (equivalent to manifold constraint nondegeneracy in NLP on
Riemannian manifolds) together with M-SOSC. In contrast, our analysis requires the M-SRCQ),
which is a weaker requirement compared with M-LICQ, together with M-SOSC. To illustrate
this, we provide a toy example in which M-SRCQ holds but manifold constraint nondegeneracy
(and thus M-LICQ) fails. Consider the optimization on the sphere S!:

min |23
st. ze€P={z1+22>1, 11 —23 <1, 32 >0},
3+ 2% =1
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It can be verified that = = (1,0)T, y = (0,0) " is a KKT pair. Now let g(x) := z. By definitions
(3.9) and (3.10), the M-SRCQ is said to hold at (z,y) if

Dg(2)T:S* + Tp(g(x)) Ny* = R?,
and the manifold constraint nondegeneracy holds at x if
Dg(z)T,S* 4 lin(Tp(g(x))) = R2.

Since Tp(g(z)) = {£ | & > &1}, we have lin(Tp(g(x))) = 0. Combining that Dg(z)T,S* =
T,8' ={¢|2T¢ =0} ={¢] & =0, & € R}, it is easy to see that the manifold constraint
nondegeneracy does not hold at x = (1,0)". However, since y = (0,0)" and y+ = R2, this
implies that

Dyg(2)To S + Tp(g(x)) Nyt = {61 & =0, & R} +{¢ | & > &[]} = R?,
which means that the M-SRCQ holds at this point.

We now discuss the RSQP algorithm and compare it with the ManPG [17] and AManPG [33]
methods. Consider the case where M is an embedded submanifold and g is the identity mapping,
ie., g(z) =z for all z € M. In this case, the RSQP subproblem (5.1) simplifies to

min Df(eh)¢ + %@g, MR 4 0(zF +6) st €€ TuM.

This formulation closely resembles that in [33, Algorithm 1]. However, the ManPG and AManPG
guarantee convergence without convergence rates. In contrast, our RSQP (Algorithm 1) achieves
at least local superlinear convergence rate under mild assumptions (M-SRCQ and M-SOSC), as
established in Theorem 2 and Proposition 11, without requiring acceleration techniques. Fur-
thermore, the RSQP bears structural resemblance to the ManPQN algorithm [61], but with a
critical distinction: our update matrix M* approximates the Hessian of the Lagrangian function,
rather than merely Hess f(x). This adjustment enables RSQP to achieve superlinear conver-
gence rate, outperforming the linear convergence rate of ManPQN. Additionally, we note that
the recently proposed Riemannian proximal Newton method (RPN) [56] also attains superlinear
convergence. However, RPN follows a two-stage procedure: it first computes a proximal gradient
direction via ManPG@G, followed by a Riemannian Newton update. In contrast, RSQP achieves
superlinear convergence in a single stage, offering a simpler and more direct approach.

6 Application II: Riemannian augmented Lagrangian method

Building on the stability results obtained in previous sections, especially the manifold (strong)
variational sufficiency developed in Section 4, we will analyze the local convergence of the Rie-
mannian Augmented Lagrangian Method (RALM) in this section as an application.

The classical Euclidean ALM was initially proposed by Hestenes [28] and Powell [47] for equal-
ity constrained problems and later extended to NLP by Rockafellar [50]. Over the decades, the
convergence analysis of ALM in the Euclidean setting has been extensively studied. The RALM
for nonsmooth manifold optimization was recently introduced in [64] and becomes a powerful tool
for solving constrained optimization problems on manifolds (see also [20] and [39]). In [39], the
convergence of the ALM to a KKT point is established under the linear independence constraint
qualification. Similarly, in [64], the convergence of the RALM to a KKT point is established
under suitable conditions, together with numerical experiments. Recent advancements, such as
those in [63] and [4], have introduced approximate KKT conditions and reformulated constraint
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qualifications to enhance convergence guarantees. Regarding the local convergence analysis of the
RALM, [6] established the Q-linear convergence rate of RALM under the M-SOSC and M-SRCQ
conditions, which implies the uniqueness of the multiplier.

Prior analyses often relied on the uniqueness of the multiplier, which simplifies the analysis but
limits applicability when multiple multipliers exist. Inspired by recent Euclidean advances [53],
where a local dual problem under variational sufficiency and a proximal point framework yield
Q-linear rates for PPA and, in turn, R-linear rates for ALM, we may remove the assumption of
unique multiplier in the manifold setting by employing the manifold strong variational sufficiency
for local optimality proposed in Section 4.

6.1 Convergence analysis under manifold variational sufficiency

In this subsection, we will discuss the convergence of the RALM for solving problem (1.1) when
the manifold variational sufficiency holds, see Definition 8 and Proposition 7. We begin by pre-
senting the RALM framework for problem (1.1) in Algorithm 2.

Algorithm 2 Riemannian augmented Lagrangian method (RALM) for solving (1.1)
Input: (2°,9°) € M x Y, pg > p. Set k = 0.

1: If (2%, y*) satisfies a suitable termination criterion: STOP.
k+1

2: Find an approximate solution z

k+1 k+1

~ z**1 = argmin I7* (z,9*) st. x € Rz(W). (6.1)

xT

3: Update the multiplier y**1 = y* + p,V,1°% (2 +1 y*), with g = pp — p.
4: Update pgy1 > pk-
5. Set k =k + 1 and go to step 1.

When using the tangent-space formulation, the RALM can also be written as

¢FHl m ¢ = argmin 19 (§,4%) st Ee W,
Zh T = Ry (eb ), (6.2)
v =yt pR VIR (€5 ).

The first iteration of (6.2) for finding £€¥*! can be considered as a traditional inexact ALM step in
the tangent space, and the second iteration pulls £€¥*1 back to the manifold using the retraction
R;. Now we begin to analyze the convergence of the RALM (Algorithm 2).

For subproblem (6.1), three conditions for measuring the inexactness of x
(1.15)]

k+1 are given in [53,

1 (a) ek,
(2t - _nt | prea)]) <4 0 comingL AT, @O, (63)
(c) ewmin {1, 5KVl (", %)}
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Here, g1, € (0,1) forall k > 0, and Y _7° (e = 0 < 0. As a counterpart, for (6.2), three conditions
for measuring the inexactness of £€¥1 are given by

yo(@) =
<2ﬁk[l%’l(€k“7yk)—gig;fvl%’l(&yk)D < QW) enmindL AT, EFL gL (64)
() ewmin {1, 157,15 (644, 49)]17}.

Algorithm 2 under the stopping criteria (6.3) is equivalent to the iteration (6.2) under the stop-
ping criteria (6.4).

We now present the convergence analysis of Algorithm 2 under the manifold variational
sufficiency. A point & € M is called a local optimal solution of (1.1) over U C M if f(z) +
0(g(2)) < f(z) 4+ 0(g(x)) for any x € U. Following the approach of [53], the main idea is to first
establish the local augmented duality for problem (1.1), and then apply the PPA to the local
dual problem to derive the convergence of RALM.

Proposition 12 Let (Z,7) € MY be a KKT pair of problem (1.1) satisfying (3.1). Assume that
the manifold variational sufficient condition for problem (1.1) under the retraction Rz holds with
respect to (Z,9) at level p > 0. Let W and Y be the closed convex neighborhoods in Proposition 7.
Suppose that the set argmingcyy l%i (&,y) is nonempty and bounded for any y € int). Denote
Z := argmaxycy inf e p o 1P(x,y). Assume there exists p > dist(y°, Z) 4+ o such that {y |
ly —4°|| < 3p} C V. Let {(z*,4*)} be the sequence generated by Algorithm 2 under (6.3). Then
{x*} C Rz(W) is bounded, and every accumulation point of {z*} is a local optimal solution of

problem (1.1) over Rz(W).

Proof In fact, the update of (¢¥,y*) in (6.2) corresponds to a standard Euclidean ALM iteration.
This structure allows us to analyze its convergence using a dual approach. Define the function
H(y) :=inf,cp, om) 1?(z,y) for y € Y and H(y) := —oo otherwise. Then it holds that Hg_(y) :=
infeeyy l%i (&,y) for y € Y. The local primal and dual problems associated with (1.2) are given
by mingew sup, eyl (§,y) and max,ey Hg,(y), respectively. By applying the proof of [53,
Theorem 2.1] to these local problems at a saddle point (0z, ) of l}p%i on W x Y, we conclude that
both optimal values are attained at (0z, %), and that 0z is the solution to (1.2) over W.

We now apply the PPA to the local dual problem. The solution set of the dual problem is
denoted by Z = argmax,cy Hp, (y) = argmaxyey H(y). Then for ¢, > 0, the PPA iteration is
k1 o okl

1
g+ = argmax{ HY_(y) = Hp, (y) — — |y — o*[’ }.

y y QCk

The stopping criteria for PPA follow the standard approximate conditions as specified in [51,
(1.5), (1.6)]. By applying [53, Theorem 2.3] to the update of (¢*,y*) in (6.2), we conclude that
{y*} corresponds to an inexact PPA sequence with c; = jx, and the stopping criteria for PPA
are related to (6.4). Consequently, {y*} converges to a local maximizer of Hg, (y) over y € ).
Moreover, the sequence {¢#+1} is bounded, and its accumulation points form solutions of the
local primal problem. Finally, by the relationships that z**! = Rz (¢5+1) and 1% (EFHL yky =
1Pk (zk1 y*) the desired result follows. ad

Remark 6 We should emphasize that the PPA used in the proof of Proposition 12 differs from
the one developed in [25]. In [25], the authors proposed a PPA on Hadamard manifolds and
analyzed its convergence under geodesic convexity assumptions. In contrast, the PPA considered
here is constructed for the local dual problem around the KKT point (0z, %) and is solely used
to analyze the convergence behavior of RALM. It is essentially a standard Euclidean algorithm
and cannot be directly applied to solve the original Riemannian problem (1.1). Rather, it serves
as a theoretical tool in our convergence analysis.



6.1 Convergence analysis under manifold variational sufficiency 25

Corollary 1 Let (Z,5) € M x Y be a KKT pair of problem (1.1) satisfying (3.1). Assume that
the manifold strong variational sufficient condition for problem (1.1) under the retraction Rjz
holds with respect to (Z,9) at level p > 0. Then the sequence {x*} generated by Algorithm 2
converges to .

Proof The strong sufficiency refers to the isolated minimizing property of Z. By Proposition 12,
x* will converge to the unique solution Z. O

Now we assume that the manifold strong variational sufficiency holds at (Z,y) in the re-
maining part of this section. The locally strong convexity of l%’; (-,y*) implies that each RALM
subproblem (6.1) has a unique solution. Next we give the local convergence rate of {z*} generated
by Algorithm 2.

Theorem 3 (Local convergence of RALM) Let (z,§) € M x Y be a KKT pair of prob-
lem (1.1) satisfying (3.1). Assume that the manifold strong variational sufficient condition for
problem (1.1) under the retraction Rz holds with respect to (z,y) at level p > 0. Let {(x*,y*)}
be the sequence generated by Algorithm 2 under (6.3). Under the assumptions in Proposition 12,
{y*} converges to i, and consequently x* — . Moreover, if y* — § converges Q-linearly, and
| grad,, 1P (x*+1 y®)|| < c||y*Tt — y*|| for some ¢ > 0, then ¥ — % also converges R-linearly at
the same rate.

Proof Similar to the proof of Proposition 12, by applying [53, Theorem 3.1] to the update of
(€%, y*) in (6.2) and using x**1 = R;(¢**!), we obtain the convergence z*¥ — Z. According
to the proof of [52, Theorem 2|, the strong convexity of the function lpRi(~, y) implies that the
mapping A(v,y) := argmingcy, {I% (£,y) — (v,€)} is Lipschitz continuous with modulus s'.

Since 0z = A(0z,y) and £FF1 = N(Velr (€811, y%), "), the Lipschitz continuity of A yields
d(z"7) = [|€H = 0z < (1/9) ([ Vel (€5 M) + lly™ — 7l)-

Note that z¥*! = R;(¢¥*!) and the sequence {¢*} remains in the closed set W. There exists
L > 0 such that

IVelz (7,5 < L] grad, 17 (2" 1, y*)|| < Lefly™™ — 4" (6.5)

Hence, we further obtain

k41 _
32d2($k+1,f) < L262||yk+1 _ yk”Z + Hyk _ g”Q < LZCZ(M + 1) Hyk _ g”Q + ”yk _ y”Z
The Q-linear convergence of {y*} implies lim sup,, ||y*** — 7||/||y* — 9|| = r for some 0 < r < 1.
Therefore, z* converges to Z R-linearly at the same rate. O

In Theorem 3, the local R-linear convergence of {*} is established given that the multiplier
sequence {y*} converges Q-linearly. As shown in the proof of Proposition 12, the sequence {y*}
can be interpreted as being generated by PPA in the Euclidean setting. Therefore, its convergence
properties can be analyzed directly using [53, Theorem 3.2]. If the condition (6.3c) is satisfied in
each iteration, then {y*} converges to § Q-linearly.

Remark 7 As shown in [6], the primal dual convergence rate of RALM can be established under
perturbation properties of the KKT solution mappings, which require unique multipliers. In
contrast, our analysis under manifold variational sufficiency yields only local primal R-linear
convergence rate but removes the uniqueness requirement, extending applicability to broader
settings.
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Remark 8 In Section 5, we establish that the RSQP method achieves local linear convergence
under robust isolated calmness and hemistability. A similar convergence behavior can also be
shown for RALM through the perturbation properties of the KKT solution mapping, using
the error bound condition in Proposition 5. As shown in [6], the local Q-linear convergence of
RALM can be established under the robust isolated calmness of the KKT solution mapping. This
calmness can be verified in practice via the M-SOSC and M-SRCQ conditions, by Proposition 3.
Again by Proposition 3, M-SSOSC combined with constraint nondegeneracy is equivalent to the
strong regularity of the KKT solution mapping when epi() is a polyhedral convex set, a second-
order cone, or a semidefinite cone, which also guarantees linear convergence of RALM. Actually,
the local linear convergence of ALM under the SSOSC and constraint nondegeneracy is classical
in the Euclidean setting, as shown in [59] for NLSDP and in [40] for NLSOC.

Now we discuss the convergence rate of the KKT residual. It follows from [53, Theorem 3.1]
that the conditions (6.4) can be achieved by

(a) et
Vol Vel (€L yMI < ¢ (b)) efmin{L, 156V, 15 (€5, ’“)II} (6.6)
(e) e min {1, [I5xVylf (€51, 4")]7},

where &) = ej4/s as s is the modulus of the strong convexity of l%{; (-, ). Moreover, combining
(6.6) with (6.5), the conditions (6.3) can be achieved by

(a) e,
Vol grad, 17 (z" 1Ly < 4 (b) Egmin{l (AR Cany k)||} (6.7)
(c) efmin{1,]|pxVylr*(x k“ 25

where e} = ex+/s/L as L is the modulus given in (6.5). The following proposition establishes the
R—hnear convergence of the KKT residual {E(x**1 y#*+1)} defined in (3.14). Its proof follows
the argument of [62, Proposition 4.7], with the projection step replaced by a proximal mapping
in our setting. For brevity, we omit the details.

Proposition 13 Assume that the manifold strong variational sufficient condition for problem (1.1)
under the retraction Rz holds with respect to (z,y) at level p > 0. Let {(x*,y*)} be the sequence
generated by Algorithm 2 under (6.7b). If \/prer < 1 for sufficiently large k, then there exists
Ly > 0 such that

E(a* 1 yF ) <wh dist (YR, Z), where w® = (f\/pr + (1 + p+ Lyp)(pr) ™) (1 — /prer) ™

6.2 Semismooth Newton method for RALM subproblem

For solving the RALM subproblem (6.1) efficiently, we adopt the globalized semismooth Newton
method on Riemannian manifolds [64]. We begin by recalling the definition of the generalized
covariant derivative for vector fields on manifolds from [44].

Definition 11 Let X be a locally Lipschitz vector field on M. The B-derivative of X is a
set-valued map OpX : M = L(TM):
OpX(x) = {H € L(T,M) | H{a*} C Dx, 2% =z, VX(a*) = H}, z € M,

where the convergence VX (z¥) — H means that ||VX (2%)[P,xv] — Py Hv|| — 0 for all v €
T, M. The Clarke generalized covariant derivative of X is a set-valued map 0X : M = L(TM)
such that 0X (z) is the convex hull of O X (z).
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If a retraction R, additionally satisfies %;R(tﬁ)h:o = 0 for any & € T, M, where 13—:27
denotes the acceleration of a curve «, then R, is called a second-order retraction. Such retractions
can be interpreted as approximations of exponential mappings and include, for example, the polar
retraction on the Stiefel manifold and the projective retraction on fixed rank manifolds; see |3,
Example 4.12] for more details. In this section, we assume the retraction is second-order.

The globalized semismooth Newton method for solving the RALM subproblem (6.1), given
in [64, Algorithm 4.1], aims to solve the equation grad, I?*(z,y*) = 0 for = in the k-th iteration.
Let Rz be a second-order retraction. Suppose that 6 is either a polyhedral convex function or is
the indicator function of a second-order cone or a positive semidefinite cone. Then, by Theorem
1, the M-SSOSC is equivalent to the positive definiteness of the elements in the Hessian bundle
of l’f% (0z,7) for sufficiently large p. Moreover, we shall show that this condition also suffices to
guarantee the superlinear convergence of the semismooth Newton method.

Lemma 2 Let (Z,5) € M xY be a KKT pair of problem (1.1) satisfying (3.1). Assume that the
manifold M is an embedded submanifold, and the retraction Rz is second-order. For any p > 0,
we have OVely, (0z,9) = dgrad, I? (7,9).

Proof For any G € dgrad, I” (7,7), we claim that G € OV¢l% (0z,7), or equivalently,

li 200 (6, 9)v — = M.
El)rgliHVgglRi(@y)v Gv||=0, YveTzM

Denote ?(-,§) by h(:). Since hg_(§) = h o Rz(§), for any v € Tz M we have

(V2hir, (€)0,0) = 5 (b Re)(€ +10)|
:% [%h(Rg—v(ﬁ + tv>)] L:O = %Dh(Ri(f + tv)) {%Ri(g T tv)} ‘
2

:<% grad h(Rz (€ + tv)), DRz (&)v) + (grad h(Rz (€ + tv)), %Ri(f + tv)>’

=(V grad h(Rz(§))[DRz(§)v], DRz(&)v) + (grad h(Rz (£ + tv)), %Ri (& +tv)) ‘t—O
()

(%)

t=0

By the definition of retraction and M is an embedded submanifold, for any v € Tz M, we have
DRz (&)v = Dexpz(§)v+ O(J|€]]) when & — 0z. Therefore, the first term of the last equation is

(%) =(V grad h(Rz(£))[D expz (§)v], D expz(§)v) + O([[£])
=(Vgrad h(Rz () [Pzr, 6)v], Pars(e)v) + O(IE]])-

And the second term is zero (xx) = 0 if £ — 0z and ¢t — 0 as Rz is a second-order retraction.
Thus, note that the parallel transport is isometry, for any v € Tz M,

(V2hr, (§)v — Gu,v) = (Pig,(e)Vhr, (€)v — Hess h(Rz(€)) [Prr, (¢)v], Prr.()v)
+ (Hess h(Rz(€)) [Pera(e)v] — Per,(e)Gs Prry(e)0):

which converges to 0 when { — 0z. The arbitrary taken v implies that lim¢_,q, |V2hRi (é)v —
Gv” = 0. Similarly, ngli—ii (0z,9) C Ograd, I?(Z,y). The equality is proved and the proof is
completed. O

Now, combining Lemma 2 with [64, Theorem 4.3], we obtain the following local convergence
result for the globalized semismooth Newton method.
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Theorem 4 Assume that the manifold strong variational sufficient condition for problem (1.1)
under the retraction Rz holds with respect to (Z,y) at level p > 0. Let Rz be a second-order
retraction and {2’} be the sequence generated by the semismooth Newton method [64, Algorithm
4.1]. Suppose there exists & > 0 such that the level set 2 := {x € M | IP*(x,y*) < 17%(2°, y*)+ 5}
is compact. Denote & to be any accumulation point of {x7}. If grad, 1?*(-,y*) is v-th order
semismooth at & with respect to 0 grad,, [P+ (-,yk), then we have the convergence ©¥ — &, and &
is optimal to subproblem (6.1). Moreover, for sufficiently large j, it holds

d(iCj—i_l,{i) S O(d(xj7i_)1—&-min{u,17})7
where v € (0,1] is the parameter defined in [64, Algorithm 4.1].

Proof By Theorem 1, the manifold strong sufficiency ensures the positive definiteness of all
elements in 8V5l’1¥2 (0z,%). Then by Lemma 2, all elements in 0 grad,, [°i(Z,§) are also positive
definite. Thus the conditions in [64, Theorem 4.3] are satisfied, implying the local superlinear
convergence of the globalized semismooth Newton method. The proof is completed. ad

Remark 9 Based on Theorem 1 and Lemma 2, the positive definiteness of the generalized Hessian
of the augmented Lagrangian function is equivalent to the manifold strong variational sufficient
condition of problem (1.1) at the KKT point. This equivalence underscores the pivotal role
of manifold strong variational sufficiency in ensuring the efficiency of the semismooth Newton
method for solving the RALM subproblem.

7 Numerical experiments

In this section, we present numerical experiments on the fixed-rank manifold under the M-SOSC
and M-SRCQ conditions, and on the Stiefel manifold under the M-SSOSC condition. These
experiments illustrate the local convergence rates established in Theorems 2 and 3. The codes
were implemented in Matlab (R2021b), and all experiments were performed on a 64-bit MacOS
system with an Intel Cores i5 2.4GHz CPU and 16GB of memory.

7.1 Solving robust matrix completion by RSQP

We apply RSQP (Algorithm 1) to the robust matrix completion (RMC) problem proposed in
[13]. Given A € R™*" let g(X) = Pp(X — A) and 0(-) = || - |1, where 2 is an index set and
Pg is the projection operator defined by (Po(X));; = Xi; if (i,7) € £2 and 0 otherwise. We let

M = Fr(m,n,r) :={X € R™*" | rank(X) = r}, and the RMC problem can be formulated as
min ||Pop(X —A)|; st X € Fr(m,n,r). (7.1)

As shown in [60], the tangent and normal spaces of M at a point X with the singular value
decomposition X = USV' T are, respectively, given by

Rrxr Rrx(n—r)
TxM = {[U UJ—] |:R(m—r)><r O(m—T)x(n—r)] [V VJ_]T} ,

orxr Orx(nfr) T
NXM = {[U UJ—] |:O(m—7")><r R(m—r)x(n—r)] [V VJ—] } )
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and the projection of a matrix Y € R™*™ onto the tangent space Tx M is given by ITx(Y) =
PyY Py + PEY Py + PyY P, The Lagrangian of (7.1) is given by L(X,y) = (Po(X — A),y).
And its KKT conditions are

IIxPo(y) =0, y€9|Po(X —A)|. (7.2)
By [32, Section 3], the Hessian of a function f on M at X = UXV T is given by
Hess f(X)E=UMVT +U,VT +UV,], €eTxM,

where
M =M (Vf(X)E:;X),M(Z;X)=U"ZX,

= U, (V2 A(X)EL X) + PrVF(X)Vo(&X) /8, Uy(Z;X) = PrZV,
V, =V, (V2 F(X)E]: X) + PrVF(X)U,(&: X) /2, V(2 X)=PrZ'U.

<

Let (X,7) be a KKT pair satisfying (7.2). Since Vx L(X,¥) = Po(y) and V% L(X,7) = 0, it
holds that

(€, Hessx L(X,9)¢) = (&, Py Pa(y) P& " UST'WVT £ UST'VTET Py Po(y) Py)
=2tr(¢T P Po(g) Py Ve TUSWVT) = 2tr(¢T Po ()¢ TUXTIVT,

where the last equality is obtained by the KKT condition (7.2) that [T Pgp(y) = 0. Moreover,
by the definition of G, Dg(X)¢ = ¢'(X)§ = Pn (), for any £ € Tx M. We can further obtain
that Cgq(X,y) = {d € R™*" | ¢*(Po(X — A);d) = (d,y)}, in which

GJ((P()(X — A),d) = Z |d”‘ + Z dij - Z dl]

Po(X—A)y;=0 Po(X—A)i;>0 Po(X—A)i;<0
Therefore, the M-SOSC for problem (7.1) holds at the KKT pair (X, ) if
tr (§' Po()¢ ULV >0, for any € € T M satisfying Po() € Co 4(X,7)\{0}.

Next we consider a toy example such that the M-SOSC and M-SRCQ conditions can be
verified. We take m =n =5, r = 3, and {2 as the full index set in problem (7.1). Let

T T

1 0 0 00 10 0 00 1
U=10-v2/2v2/200| , V=1006-0800| , and S=| 2
0 v2/2 V2/200 00.8 0.6 00 3

Set Aex = USV'". We then add noise by defining E,,; as a matrix with Gaussian entries at
positions (4,7) € {4,5} x {4,5} and 0 elsewhere, and set A = Aex + Eout-

We take X = Aoy and ¥ij = —sg0((Fout)ij)- It can be verified that (X, y) satisfies the KKT
conditions (7.2). Next we show that the M-SOSC and M-SRCQ conditions hold at (X, 7). First,
we can compute the critical cone Cg)g(j(,l,_l) ={d € R™" | d;; € Rif (Eout)ij # 0, dij =
0 if (Fout)ij = 0}. The sparsity pattern of Fo,; implies that only the zero element & = O
satisfies Pp(€) € Cp4(X,y). Therefore, the M-SOSC holds at (X,%). Moreover, observe that
Dg(j()TXM = T M. Thus, the M-SRCQ condition holds if there exists a multiplier § such
that Ne M C Cp,¢(X, 7). For any multiplier y satisfying Dg(X)*y = 0, we have y € Ng M and
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thus y = PFY P for some Y € R™*". For any d = PI}}N/P‘} € Ny M, it is easy to see that
there exists a multiplier y = PFY P satisfying

Z —sg((Eout)ij)Yij = Z — sgn((Eout)ij)dij = 0*(9(X); d)
i,j€{4,5} i,j€{4,5}
= (d,y) = (PgY Py, PgYPr) = Y VY
i,j€{4,5}

Therefore, d € Cp,4(X,7), and the M-SRCQ condition holds at X = A, with respect to y.
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Fig. 1: Superlinear decay of the KKT residuals (see (3.14)) across RSQP iterations (Algorithm 1)
for the RMC problem (7.1): (a) toy instance; (b-d) random instances of varying dimensions.

Table 1: KKT residuals (see (3.14)) and prediction errors || X* — A| across RSQP iterations
(Algorithm 1) for random instances of the RMC problem (7.1).

Problem size Iteration k& KKT residuals Errors || X* — Al

1 1.14 x 107! 1.39 x 107!

2 2.14 x 1072 1.49 x 1072

M50 =6 3 1.42 x 1073 6.57 x 10~*
T 4 4.04 x 1076 1.78 x 1076

5 2.23 x 10710 5.91 x 10~190

6 1.19 x 10— 14 6.18 x 10~ 14

1 2.76 x 1072 7.79 x 1072

2 2.15 x 1074 2.54 x 1074

m=n=100,r =8 3 1.75 x 10~8 1.24 x 10-8
4 8.62 x 10~14 5.52 x 10714

1 2.65 x 1071 1.69 x 10!

2 3.84 x 1072 5.01 x 1072

m=n = 200, r =10 3 8.23 x 10~° 3.95 x 1075
4 2.97 x 10~8 1.06 x 10~8
5 3.26 x 10713 1.69 x 1012

We apply RSQP (Algorithm 1) for solving this toy instance of the RMC problem (7.1).
Theoretically, by Proposition 11, the M-SOSC and M-SRCQ conditions ensure the superlinear
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convergence rate of RSQP (Algorithm 1). This is confirmed numerically in Figure 1(a), which
displays the superlinear decay of the KKT residuals defined in (3.14).

We further test larger problem sizes with dimensions (m,n,r) = (50,50,6), (100, 100,8),
and (200,200, 10). The random matrix A € R™*" is generated as A = LR, where L € R™*"
and R € R™*" have entries independently sampled from the uniform distribution on [0, 1]. The
observation set (2 is formed by including each index independently with probability p = 0.3.
Algorithm 1 is implemented based on a slightly modified version of the method in [43], where
each subproblem is solved under an orthonormal basis of the tangent space. Since Algorithm 1
does not include a globalization strategy, we use a single iteration of RALM to produce the
initial point before applying RSQP. We report the averaged performance over 10 independent
replications of each experiment.

Figure 1(b-d) demonstrates the superlinear decay of the KKT residuals defined in (3.14).
Correspondingly, Table 1 reports both the KKT residuals and the prediction errors of the iterates
from the true matrix || X* — AJ|. Although it is difficult to verify the M-SOSC and M-SRCQ
conditions in these instances, the results in Figure 1 and Table 1 provide clear empirical evidence
of superlinear convergence. Moreover, Table 1 shows that the iterates X* recover the truth A
almost exactly, with errors between 10~ and 10~!2. This high accuracy is likely due to the fact
that no noise is added to the low-rank true matrix A in these experiments.

7.2 Solving compressed modes by RALM

We apply RALM (Algorithm 2) to the compressed modes (CM) problem proposed in [45]. Let

F(X)=tr(XTHX), 0(-) = p|l - ||1, 9(X) = X, and M = St(n,r) :={X e R"*" | XX = I,},

Let H be a discretization of the Hamilton operator. Then the CM problem can be formulated as

min tr(XTHX) +p| X[, st X €St(n,r). (7.3)

The tangent and normal spaces of M at a point X are, respectively, given by
TxM={£e R | XT¢+¢TX =0},

NxM={XA|A=A"}, (74

and the the projection of a matrix Y € R™*" onto the tangent space Tx M is given by ITx (Y) =
Y — X sym(X 'Y), where sym(Z) := (Z+ ZT)/2 for any Z. The Lagrangian of (7.3) is given by
L(X,y) = tr(XTHX) + (X,y). And its KKT conditions are

IIx(2HX +y) =0, y € pd|X|. (7.5)

The Euclidean gradient of L(X,y) is VxL(X,y) = 2HX + y. And the Euclidean Hessian of
L(X,y) is Vi L(X,y)¢ = 2HE for any & € Tx M. Therefore, by [32], the Riemannian gradient
and Hessian of L(X,y) can be computed as

grady L(X,y) = Ix(2HX +y), Hessx L(X,y)¢ = IIx(2HE — Esym(X T Vx L(X,y)).

By the KKT condition (7.5), we have 2HX +y € Nx M, which implies that 2HX +y = X S for
some symmetric matrix S. Therefore, for any £ € Tx M,

(€, Hessx L(X,y)€) = (€,2HE — Esym(X ' Vx L(X,y))
= (§,2HE) — (£, 26X THX) — (£, £sym(X Ty))
= (§,2HE) — (£, 26X "HX) — (£, &sym(X T (XS — 2HX)))
= tr({T HE) — tr(£7€9).
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We further obtain that Cy 4(X,y) = {d € R™*" | +(X;d) = (d,y)}, in which
O (Xsd) = Y ldijl+ D dig— > diy.
Xi;=0 Xi;>0 X;<0
Its affine hull is
aff Cp o(X,y) = {d e R™" | d;; = 0if y;; # tp, d;j € Rif y;; = £pu}. (7.6)
Therefore, the M-SSOSC for problem (7.3) holds at the KKT pair (X,9) = (X, —2HX + XS) if
tr(6THE) —tr(€7€S) > 0, for any € € T's M satisfying £ € aff Co.o(X,7)\{0}.

In [64], the authors formulate the CM problem in the context of solving the Schrédinger
equation for a one-dimensional free-electron model with periodic boundary conditions:

—3A¢(x) = Ap(z), x € [0,50].

Their numerical results indicate that the smallest eigenvalue of Hy € dgrady LP*(X* y*) re-
mains strictly positive, suggesting that the M-SSOSC condition may hold in this setting. To
further illustrate this conjecture, we present a simple example below. Consider the Schrodinger
equation on the domain [0, 2] with periodic boundary conditions. We discretize [0, 2] into n = 4
grid points and denote H by the discrete approximation of —%A. In this case, H takes the form

-4 2 0 2
-
_ 2 —42 0 oo [0 0 Vv2/2v2/2 o
H = 0 2 -4 9 . We take p < 5v2, r =2, X = \@/2\/5/2 0 0 , and § =
2 0 2 -4
0011]" - i}
1 L 10 O} . It can be verified that (X,g) satisfies the KKT conditions (7.5). And for S =

—44+2pu 4
4 —4 + \/ﬁ,u
tion holds at (X, 7). By (7.6), if follows that

= 00cec T
aff Co4(X,9) = { [03 e 0 02}

] , it holds that 2HX + 7 = X S. Next we show that the M-SSOSC condi-

cieR,i=1,2,3,4}.

For any § € T M satistying & € aff Cg ,(X, ), (7.4) implies that { takes the form

T
_ 0 0 C1 —C1
E_ |:Cg —c 0 0 :| ) 01702€R7

and thus for pu < 5v/2, tr(¢THE) — tr(€7€S) = 12(c? + c3) — 2(—4 + V2u)(c? + ¢2) = (20 —
2v/21)(¢? + ¢2) > 0. Therefore the M-SSOSC holds at (X, ) given p < 5v/2.

We set u = 0.8 and apply RALM (Algorithm 2) for solving this toy instance of the CM
problem (7.3). Figure 2(a) illustrates the linear convergence rate of the KKT residuals defined
in (3.14), which confirms the theoretical results in Theorem 3.

We further evaluate larger problem sizes by discretizing the domain [0, 50] into n nodes with
n = 200, 500, 1000, setting r = 20 and p = 1, and taking H as the discretized version of —%A.
Algorithm 2 is implemented following [64]. Figure 2(b-d) demonstrates the linear decay of the
KKT residuals based on 10 independent replications. In parallel, Table 2 reports the smallest
eigenvalues of all generalized Hessians arising in the algorithm, from 5 independent replications
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of each experiment. While direct verification of the M-SSOSC condition remains challenging
in these instances and thus theoretical guarantees on eigenvalue positivity are absent, we still
observe in Table 2 that the generalized Hessians arising in the semismooth Newton method
consistently exhibit positive eigenvalues. This might suggest that the M-SSOSC condition may
indeed hold in these instances.

.
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Fig. 2: Linear decay of the KKT residuals (see (3.14)) across RALM iterations (Algorithm 2) for
the CM problem (7.3): (a) toy instance; (b-d) random instances of varying dimensions.

Table 2: Smallest eigenvalues of all generalized Hessians arising in the semismooth Newton based
RALM (Algorithm 2) for random instances of the CM problem (7.3), based on 5 independent
replications.

n r ‘ smallest eigenvalues

200 20| 030 032 0.19 028 0.14
500 20| 0.28 0.11 0.2 0.09 0.11
1000 20 | 0.03 0.17 0.01 0.17 0.21

8 Conclusion

In this paper, we have developed a retraction-based perturbation framework for nonsmooth op-
timization on connected Riemannian manifolds. By reducing the analysis to locally equivalent
tangent space models, we extend fundamental regularity concepts from Euclidean variational
analysis to the manifold setting and provide explicit characterizations. In particular, we show
that the robust isolated calmness of the KKT solution mapping is equivalent to the M-SOSC and
M-SRCQ conditions. Moreover, for epif being a convex polyhedral set, a second-order cone, or a
semidefinite cone, we establish that the strong regularity of the KKT solution mapping is equiv-
alent to the M-SSOSC and manifold constraint nondegeneracy, which is also equivalent to the
nonsingularity of every element in Clarke’s generalized Jacobian of the natural mapping. We fur-
ther introduce the notion of the manifold (strong) variational sufficiency, and clarify their role in
perturbation analysis. In particular, we show for such 6 the manifold strong variational sufficiency
is equivalent to the M-SSOSC. These theoretical developments have facilitated the convergence
analysis of nonsmooth optimization algorithms on manifolds. Specifically, under robust isolated
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calmness, the RSQP achieves local superlinear (quadratic) convergence. Under manifold strong
variational sufficiency, the RALM attains R-linear convergence of its outer iterations. Moreover,
for the associated inner subproblems, all generalized Hessians arising in the semismooth Newton
method are positive definite, thereby guaranteeing superlinear local convergence of the inner iter-
ations. Numerical experiments on the robust matrix completion and compressed modes problem
confirm the predicted convergence rates.

Several challenges remain open. In the robust matrix completion problem, computing the
Riemannian Hessian is computationally expensive in our current implementation. This motivates
the development of Hessian-free or coordinate-free subproblem strategies that can more effectively
exploit the underlying manifold structure. In addition, while the PPA for the primal problem
and the ALM for the dual problem are known to be equivalent in the Euclidean setting, their
precise relationship under convexity assumptions on Riemannian manifolds remains unclear and
warrants further investigation.
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