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Abstract. Tilt stability plays a pivotal role in understanding how local solutions of an optimization
problem respond to small, targeted perturbations of the objective. Although quadratic bundles are
powerful tools for capturing second-order variational behavior, their characterization remains incomplete
beyond well-known polyhedral and certain specialized nonpolyhedral settings. To help bridge this gap,
we propose a new point-based criterion for tilt stability in prox-regular, subdifferentially continuous
functions by exploiting the notion of minimal quadratic bundles. Furthermore, we derive an explicit
formula for the minimal quadratic bundle associated with a broad class of general spectral functions,
thus providing a practical and unifying framework that significantly extends existing results and offers
broader applicability in matrix optimization problems.
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1 Introduction

The problems of the form

minimize f(x) subject to x ∈ X,

where X is an Euclidean space and f : X → R := [−∞,+∞] is a possibly extended-real-valued
function, frequently appear in optimization and operations research. The stability of local
solutions under perturbations lies at the heart of optimization theory, shaping both algorithmic
robustness [1,11,23,54] and our understanding of variational landscapes [27,39]. Among stability
concepts, one natural route for studying local stability properties of a local minimizer x̄ involves
examining the behavior of the solution to the “tilted” problem

minimize f(x)− ⟨x, v⟩ subject to x ∈ X, (1.1)

in which one adds a linear term −⟨x, v⟩ to f(x). Such linear (or “tilt”) perturbations form a
fundamental class since they capture first-order approximations of more general perturbations
and therefore provide a unifying lens for sensitivity considerations.

A local minimizer x̄ is said to be tilt-stable if, for all sufficiently small v, there is a unique
local solution x(v) to the tilted problem (1.1) that depends in a Lipschitz way on v (see (2.4) in
Section 2 for the definition). This notion of tilt stability, introduced and formalized by Poliquin
and Rockafellar [39], highlights local minima at which small perturbations to the objective
function do not harm uniqueness or cause large deviations in the solution. Such a stability
property is a cornerstone for sensitivity analysis, numerical methods, and applications ranging
from machine learning to control systems [22,35,44].
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In the classical smooth setting, for a twice continuously differentiable function f , one has
the well-known characterization: if ∇f(x∗) = 0, then x∗ is tilt-stable if and only if the Hes-
sian ∇2f(x∗) is positive definite [39, Proposition 1.2]. When the function is not everywhere
differentiable but remains prox-regular and subdifferentially continuous, the tilt stability of a
local minimum is correctly captured by the positive definiteness of a generalized Hessian object,
sometimes described by coderivatives of the limiting subdifferential [39].

Beyond such optimality-based explanations, tilt-stable solutions are also interesting from a
computational perspective because they fix the unrobustness of strong local minimizers [14, Def-
inition 1.1] to small perturbations to the objective function. In 2013, for subdifferentially contin-
uous, lower semicontinuous f , [14] established its equivalence to the uniform quadratic growth,
strongly metrically regular of the subdifferential mapping ∂f . In the same year, [26] estab-
lished its equivalence to the strong criticality of the local minimizer, which is a locally quadratic
minimizer, and the subdifferential contains zero in its relative interior, for prox-regular and C2-
partly smooth function relative to the C2-smooth manifold. In [31], its equivalence to the uniform
second-order growth condition is further extended to the prox-regular and subdifferentially con-
tinuous function. In 2018, [8] explored this problem via the positive definiteness of the graphical
derivative of its limiting subdifferential. If we further suppose the validity of constraint nonde-
generacy, [32] proved the equivalence between tilt stability and the well-known strong second
order sufficient condition (SSOSC) for nonlinear semidefinite programming (NLSDP). Recently,
in [43], for the general optimization problem, the variationally strong convexity implies the tilt
stability [43, Definition 3] of the local minimizer. However, it is worth noting that tilt stability
usually does not imply variationally strong convexity, as explained in [20, Remark 2.8] and [43].
In the last year, the study of tilt stability has raised more attention, specially for (locally) convex
problems [37].

The main objective of this paper is to demonstrate that the second subderivative and its
epigraphical limits, called the quadratic bundles, suffice to characterize tilt-stable local minimiz-
ers of a function. The main advantage of the second subderivative over the other second-order
constructions, including the graphical derivative and coderivative in [8, 31, 39] which were used
extensively for the characterization of tilt-stable minimizers, is that it can be calculated for
major classes of functions, important for their applications into constrained and composite op-
timization problems, such as spectral functions for which other second-order constructions seem
difficult to calculate and are not available yet.

We also aim to calculate the minimal quadratic bundle for an important class of spectral
functions. Quadratic bundles, introduced recently in [42], offer a powerful approach for capturing
second-order variational behavior in optimization. However, beyond the well-understood settings
of polyhedral sets and certain specialized nonpolyhedral sets (such as second-order cones [42,51]
and the semidefinite cones [51]), a complete mathematical description of minimal quadratic
bundles is not yet available. We also investigate how to employ the quadratic bundle to obtain
the explicit characterizations of tilt-stable local minimizers for structured matrix optimization
problems, including those featuring spectral functions. Spectral-related matrix optimization
problems arise in a variety of applications such as the maximum Markov chain mixing rates [3–5],
matrix approximations under doubly stochastic constraints [53], unsupervised learning [17], or
semidefinite programming [45, 49]. Such problems also include various low-rank regularization
models (e.g., robust PCA [6], matrix completion [7]) and indeed often feature non-polyhedral
feasible sets or objectives. Our main contributions can be summarized as follows:

• We develop a new neighborhood criterion (Theorem 3.5) for tilt stability in the setting
of prox-regular, subdifferentially continuous functions using the notion of the second sub-
derivative. Pervious attempt in [37, Corollary 2.5] gave a neighborhood characterization of

2



tilt-stable minimizers of convex functions without determining the relationship between the
modulus of tilt stability. Our result gives an extension of this observation for prox-regular
functions and determine the modulus of tilt stability as well.

• Using our neighborhood characterization, we obtain a pointwise characterization of tilt-
stable local minimizers of prox-regular, subdifferentially continuous functions via the con-
cept of the quadratic bundles. Similar results were established recently in [21, Theorem 5.2]
using a different approach. Our results go one step further than [21] and provide a char-
acterization of tilt-stable minimizers via strict positiveness of quadratic bundles (Theo-
rem 3.10), which is important for applications to constrained and composite optimization
problems. When a minimal quadratic bundle exists, we show that the tilt-stability is
equivalent to positiveness of the minimal quadratic bundle.

• We demonstrate that an important class of spectral functions enjoys the minimal quadratic
bundle. In this case, we provide an explicit formula for the minimal quadratic bundle, thus
substantially extending the known formulas for polyhedral settings [42] and the particular
semidefinite cone [51]. The result yields a practical tool for verifying tilt stability in a
broader scope of matrix optimization problems.

The paper is organized as follows. Section 2 outlines the essential notation and some known
facts about variational analysis and tilt stability. Section 3 explores quadratic bundles and
second subderivatives, leading to a fresh characterization of tilt stability. Section 4 then focuses
on the explicit form of minimal quadratic bundles for polyhedral spectral functions and illustrates
how these formulas assist in verifying tilt stability in complex matrix optimizing scenarios.
Finally, Section 5 consolidates these results to yield new insights into tilt-stable local minimizers
in a class of matrix optimization settings. Concluding remarks and directions for further study
appear in the last section.

2 Preliminaries

In this section, we introduce some notations and preliminary results that are frequently used
throughout this paper. Suppose that X, Y, and Z are given Euclidean spaces. In the product
space X×Y, its norm is defined as ∥(w, u)∥ =

√
∥w∥2 + ∥u∥2 for any (w, u) ∈ X×Y. Denote

B as the closed unit ball and Br(x) := x+ rB as the closed ball centered at x with radius r > 0.
Given a nonempty set C ⊂ X, we apply riC, C∗, convC, coneC, and affC to represent its
relative interior, polar cone, the convex hull, the conic hull, and the affine hull of C, respectively.
Let {Ct}t>0 be a parameterized family of sets in X. Its outer limit set (cf. [40, Definition 4.1])
is defined as

lim sup
t↘0

Ct =
{
x ∈ X| ∃ tk ↘ 0 ∃ xtk → x with xtk ∈ Ctk

}
;

the notation t ↘ 0 means t → 0 and each t > 0. {Ct}t>0 is said to converge to C if the outer
limit set coincides with its inner limit set (cf. [40, Definition 4.1]) with both of them equal to
C. We denote it as Ct → C when t ↘ 0. A sequence {fk}k∈IN of functions fk : X → R
is said to epi-converge to a function f : X → R if we have epi fk → epi f as k → ∞, where
epi f = {(x, α) ∈ X×R| f(x) ≤ α} is the epigraph of f ; see [40, Definition 7.1] for more details
on epi-convergence. We denote by fk

e−→ f the epi-convergence of {fk}k∈IN to f . Fix any x̄ ∈ C,
the tangent cone to C at x̄ is defined by

TC(x̄) = lim sup
t↘0

C − x̄

t
.
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Consider a set-valued mapping F : X ⇒ Y, its domain and graph are defined, respectively,
by domF := {x ∈ X

∣∣ F (x) ̸= ∅} and gphF = {(x, y) ∈ X × Y| y ∈ F (x)}. The graphical
derivative [40, Definition 8.33] of F at x̄ for ȳ with (x̄, ȳ) ∈ gphF is the set-valued mapping
DF (x̄, ȳ) : X ⇒ Y defined by gphDF (x̄, ȳ) = TgphF (x̄, ȳ). When the ‘lim sup’ in the definition
of TgphF (x̄, ȳ) becomes a full limit, we say that F is proto-differentiable at x̄ for ȳ. Given

Ω ⊂ X and x̄ ∈ Ω, its regular normal cone N̂Ω(x̄) at x̄ is defined by N̂Ω(x̄) = TΩ(x̄)
∗. For

x̄ /∈ Ω, we set N̂Ω(x̄) = ∅. The (limiting/Mordukhovich) normal cone NΩ(x̄) to Ω at x̄ is given
by NΩ(x̄) := lim sup

x→x̄
NΩ(x). When Ω is convex, both normal cones coincide with the normal

cone in the sense of convex analysis. Given a function f : X → R and a point x̄ ∈ X with f(x̄)
finite. Denote the subdifferential of f at x̄ as ∂f(x̄) = {v | (v,−1) ∈ Nepi f (x̄, f(x̄))}. A function
f : X → R is called prox-regular at x̄ for v̄ if f is finite at x̄ and locally lower semicontinuous
(lsc) around x̄ with v̄ ∈ ∂f(x̄), and there exist constants ε > 0 and r ≥ 0 such that{

f(x′) ≥ f(x) + ⟨v, x′ − x⟩ − r
2∥x′ − x∥2 for all x′ ∈ Bε(x̄)

whenever (x, v) ∈ (gph ∂f) ∩ Bε(x̄, v̄) with f(x) < f(x̄) + ε.
(2.1)

The function f is called subdifferentially continuous at x̄ for v̄ if the convergence (xk, vk) → (x̄, v̄)
with vk ∈ ∂f(xk) yields f(xk) → f(x̄) as k → ∞. It is well known that a wide range of functions
satisfy the above two properties, e.g., convex functions [40, Example 13.30] and fully amenable
functions in the sense of [40, Definition 10.23].

Remark 2.1. Note that if the function f is prox-regular and subdifferentially continuous at x̄
for v̄ with constants ε and r satisfying (2.1), then f enjoys prox-regularity for any (x, v) ∈ gph ∂f
sufficently close to (x̄, v̄) with the same constant r but possibly with a smaller radius ε. To see
this, take ε from (2.1) and choose δ ∈ (0, ε/2) so that (x, v) ∈ (gph ∂f) ∩ Bδ(x̄, v̄) the estimate
|f(x)− f(x̄)| < ε/2 holds, which results from the assumed subdifferential continuity of f . One
can easily gleaned from (2.1) that for any (x, v) ∈ (gph ∂f) ∩ Bδ(x̄, v̄), f enjoys (2.1) with
ε := δ/2 and the same constant r. Moreover, it follows from [38, Proposition 2.3] that for any
(x, v) ∈ (gph ∂f) ∩ Bδ(x̄, v̄), we get f(x′) → f(x) as (x′, v′) → (x, v) and v′ ∈ ∂f(x′), meaning
that f is subdifferentially continuous at x for v. In summary, we showed that prox-regularity
and subdifferential continuity holds at x for v for any (x, v) ∈ gph ∂f close to (x̄, v̄).

Let f : X → R and x̄ ∈ X, and let f(x̄) be finite. The function f is said to be twice
epi-differentiable at x̄ for v̄ if the functions

∆2
t f(x̄, v̄)(u) =

f(x̄+ tu)− f(x̄)− t⟨v̄, u⟩
1
2 t

2
, u ∈ X

epi-converge to d2f(x̄, v) as t ↘ 0, where d2f(x̄, v̄) is the second subderivative of f at x̄ for v̄
defined by

d2f(x̄, v̄)(w) = lim inf
t↘0,u→w

∆2
t f(x̄, v̄)(u). (2.2)

Remark 2.2. Suppose that the function f is prox-regular and subdifferentially continuous at
x̄ for v̄ with constants ε and r satisfying (2.1). Take any such a pair (x, v) ∈ gph ∂f sufficiently
close to (x̄, v̄) so that f is prox-regular and subdifferentially continuous at x for v, which can
be done according to Remark 2.1, and assume further that ∂f is proto-differentiable at x for
v. Then, it follows from [38, Proposition 4.8] and Remark 2.1 that ∂f + rI is monotone, with
I standing for identity mapping on X, which together with [40, Theorem 12.64] tells us that
D(∂f)(x, v) + rI is a monotone mapping. Appealing now to [40, Theorem 13.40] leads us to

D(∂f)(x, v) + rI = ∂
(1
2
d2f(x, v) +

r

2
∥ · ∥2

)
, (2.3)
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which implies that the mapping w 7→ 1
2d

2f(x, v)(w)+ r
2∥w∥2 is convex; see [40, Theorem 12.17].

We want to highlight that the constant r is the same for any such a point (x, v), which plays an
important role in the proof of Proposition 3.7.

A point x̄ is said to be a tilt-stable local minimizer of the function f : X → R if f(x̄) is finite
and there is γ > 0 such that the mapping

Mγ : v 7→ argmin{f(x)− ⟨v, x⟩ | x ∈ Bγ(x̄)} (2.4)

is single-valued and Lipschitz continuous on a neighborhood of v̄ = 0 with Mγ(v̄) = {x̄}.
Moreover, we say that x̄ is a tilt-stable minimizer of f with constant κ > 0 if the mapping Mγ

is Lipschitz continuous with constant κ on a neighborhood of v̄ = 0 with Mγ(v̄) = {x̄}.
Recall also that a set-valued mapping F admits a single-valued graphical localization around

(x̄, ȳ) ∈ gphF if there exist some neighborhoods U of x̄ and V of ȳ together with a single-valued
mapping f : U → V such that gphF ∩ (U × V ) = gph f . The following characterization of tilt
stability was established in [31, Theorem 3.2].

Proposition 2.3 (tilt stability via the second-order growth condition). Let f : X → R be
prox-regular and subdifferentially continuous at x̄ for v̄ = 0. Then the following conditions are
equivalent.

(a) The point x̄ is a tilt-stable minimizer of f with constant κ > 0.
(b) There are neighborhoods U of x̄ and V of v̄ such that mapping (∂f)−1 admits a single-valued

localization ϑ : V → U around (v̄, x̄) and that for any pair (v, u) ∈ gphϑ =
(
gph ∂f

)
∩

(V × U) we have the uniform second-order growth condition

f(x) ≥ f(u) + ⟨v, x− u⟩+ 1

2κ
∥x− u∥2 for all x ∈ U. (2.5)

3 Characterizations of Tilt-Stable Minimizers

This section aims to provide characterizations of tilt-stable local minimizers for a prox-regular
function that mostly revolves around the concept of the second subderivative. We begin by
recalling the concept of a generalized quadratic form [42] that will be used extensively in this
paper.

Definition 3.1. Suppose that φ : X → R is a proper function.

(a) We say that the subgradient mapping ∂φ : X ⇒ X is generalized linear if its graph is a
linear subspace of X×X.

(b) We say that φ is a generalized quadratic form (GQF) on X if domφ is a linear subspace
of X and there exists a linear symmetric operator L (i.e. ⟨Lx, y⟩ = ⟨x, Ly⟩ for any x, y ∈
domφ) from domφ to X such that f has a representation of form

φ(x) = ⟨Lx, x⟩ for all x ∈ domφ.

Given a proper lsc convex function φ : X → R with φ(0) = 0, suppose that the subgradient
mapping ∂φ is generalized linear. Thus, it is possible to demonstrate that there is a linear
symmetric and positive definite operator T : S → S such that

∂φ(x) = T (x) + S⊥ for all x ∈ S,

where S = dom ∂φ and that S is a linear subspace of X and S⊥ = ∂φ(0); see [19, page 6] for a
detailed discussion on this claim. For any nonempty set C in X, denote ΠC as the projection
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mapping and δC as its indicator function. Define M : X → X by M = T ◦ ΠS . It is not hard
to see that M(x) = T (x) for any x ∈ S and that M is a linear symmetric and positive definite
operator on X and

φ(x) =
1

2
⟨M(x), x⟩+ δS(x) for all x ∈ X; (3.1)

see again [19, page 6] for more details. It is worth adding that the converse of the above result
holds as well. Indeed, it follows from [41, Proposition 4.1] that for a proper lsc convex function
φ with φ(0) = 0, φ is a GQF on X if and only if ∂φ is generalized linear. Below, we record a
similar result for the second subderivative of a prox-regular function.

Proposition 3.2. Assume that f : X → R is prox-regular and subdifferentially continuous at x̄
for v̄ ∈ ∂f(x̄) and that f is twice epi-differentiable at x̄ for v̄. Then D(∂f)(x̄, v̄) is generalized
linear if and only if d2f(x̄, v̄) is a GQF on X, meaning that S := domd2f(x̄, v̄) is a linear
subspace of X and there is a linear symmetric operator T : S → S such that

d2f(x̄, v̄)(w) = ⟨(T ◦ΠS)(w), w⟩+ δS(w), for all w ∈ X.

Proof. The claimed equivalence can be proven using a similar argument as [19, Proposi-
tion 3.2]. The main driving force in the proof is the fact that by Remark 2.2, there exists
r ≥ 0 such that the function φ, defined by φ(w) = d2f(x̄, v̄)(w) + r∥w∥2 for any w ∈ X, is
convex. The known equivalence for convex functions from [41, Proposition 4.1] immediately jus-
tifies the claimed equivalence. The representation of the second subderivative falls also directly
out of (3.1).

The GQF property of the second subderivative of prox-regular functions is prevalent in a
neighborhood of a point of their graphs of subdifferential mappings in the sense that it holds
for almost any point in such a neighborhood, as shown below. We are going to take advantage
of this phenomenon in this paper to conduct a thorough analysis of tilt-stable local minimizers
of a class of matrix optimization problems.

Remark 3.3. Given a prox-regular and subdifferentially continuous function f : X → R at
x̄ ∈ X for v̄ ∈ ∂f(x̄), it is well-known that gph ∂f is a Lipschitzian manifold of dimension n
in the sense of [40, Definition 9.66], where n = dimX; see [40, Proposition 13.46] for more
detail. This implies that for any (x, v) ∈ gph ∂f in a neighborhood of (x̄, v̄), the graphical set
gph ∂f is smooth at almost all (x, v) in the sense of [19, Definition 2.2(a)]. The latter amounts
in our current framework to saying that ∂f is proto-differentiable at x for v and the tangent
cone Tgph ∂f (x, v) is an n dimensional linear subspace of X×X for all such (x, v). Recall from
Remark 2.1 that prox-regularity and subdifferential continuity hold for all such (x, v) ∈ gph ∂f
in a neighborhood of (x̄, v̄). Thus, it follows from [40, Theorem 13.40] that

D(∂f)(x, v) = ∂
(1
2
d2f(x, v)

)
.

Since D(∂f)(x, v) is generalized linear, we conclude from Proposition 3.2 that the second sub-
derivative d2f(x, v) is a GQF. In summary, for any prox-regular and subdifferentially continu-
ous function f at x̄ for v̄, we find a neighborhood O of (x̄, v̄) for which at almost every point
(x, v) ∈ (gph ∂f)∩O, the second subderivative d2f(x, v) is a GQF. In what follows, the set of all
such pairs (x, v) ∈ O is denoted by Õ. It is also important to add to this discussion that in this
framework, the set of all points (x, v) ∈ gph ∂f close to (x̄, v̄) at which ∂f is proto-differentiable
is included in the set of all points (x, v), where D(∂f)(x, v) is generalized linear.
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Using the discussion above, we characterize tilt-stable local minimizers of prox-regular func-
tions. Note that [8, Theorem 2.1] presents a similar neighborhood characterization of tilt-
stable local minimizers of a function without the restriction to all points at which either proto-
differentiability or generalized linearity is satisfied.

Proposition 3.4 (second-order characterization of tilt stability). Let f : X → R be prox-regular
and subdifferentially continuous at x̄ for v̄ = 0 and κ > 0. Then, the following are equivalent.

(a) The point x̄ is a tilt-stable local minimizer for f with constant κ.
(b) There is a constant η > 0 such that for all w ∈ X we have

⟨u,w⟩ ≥ 1

κ
∥w∥2 for all u ∈ D(∂f)(x, v)(w)

and all (x, v) ∈
(
gph ∂f

)
∩ Bη(x̄, 0) such that ∂f is proto-differentiable at x for v.

(c) There is a constant η > 0 such that for all w ∈ X we have

⟨u,w⟩ ≥ 1

κ
∥w∥2 for all u ∈ D(∂f)(x, v)(w)

and all (x, v) ∈
(
gph ∂f

)
∩ Bη(x̄, 0) such that D(∂f)(x, v) is generalized linear.

Proof. The implication (a) =⇒ (b) can be established using a similar argument as that of the
proof of the implication (i) =⇒ (ii) in [8, Theorem 2.1], which is based on a direct use of the
characterization of tilt-stable local minimizers via the uniform quadratic growth condition from
Proposition 2.3. Since clearly (b) implies (c), we are going to show that (c) yields (a). Assume
now (c) holds. We can assume without loss of generality that x̄ = 0 and f(x̄) = 0, and that
f(x) ≥ r

2∥x∥2 for all x ∈ X by replacing f by f + δBε(x̄) with constants ε and r taken from (2.1).
We can use some ideas in the proof of the implication (b) =⇒ (a) in [39, Theorem 1.3] to justify
(a). Pick (x, v) ∈

(
gph ∂f

)
∩Bη(x̄, 0) such that gphD(∂f)(x, v) is generalized linear. Choosing a

smaller η if necessary, we can assume via Remark 2.1 that f is prox-regular and subdifferentially
continuous at x for v. By Lemma 3.2, there is a linear symmetric operator Tx,v : Kx,v → Kx,v

such that
d2f(x, v)(w) = ⟨(Tx,v ◦ΠKx,v)(w), w⟩+ δKx,v(w) for all w ∈ X,

where Kx,v = domd2f(x, v) is a linear subspace. This tells us that

D(∂f)(x, v)(w) = ∂
(1
2
d2f(x, v)

)
(w) = (Tx,v ◦ΠKx,v)(w) +NKx,v(w) for all w ∈ X.

This implies that

D(∂f)(x, v)(w) = Tx,v(w) +K⊥
x,v for all w ∈ Kx,v. (3.2)

We claim now that Tx,v is strongly monotone. To prove it, take w ∈ Kx,v and u ∈ D(∂f)(x, v)(w)
and conclude from (c) that

⟨Tx,v(w), w⟩ = ⟨u,w⟩ ≥ 1

κ
∥w∥2,

which clearly shows that the linear operator Tx,v is strongly monotone. By (3.2), one can easily
conclude that D(∂f)(x, v) is strongly monotone. Appealing now to [38, Proposition 5.7] tells us
that ∂f is strongly monotone locally around (x̄, v̄) with constant 1/κ. Thus, we find s > 0 and
a neighborhood V of v̄ such that the mapping h(v) := (∂f)−1(v)∩Bs(x̄) is at most single-valued
on V and |h(v) − h(v′)| ≤ κ∥v − v′∥ for any v, v′ ∈ V with h(v), h(v′) ̸= ∅. Using the same
argument as the one in the last paragraph of the proof of Theorem 1.3 in [39, page 295] which
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is based on the strong convexity of ∂f locally around (x̄, v̄) and [38, Proposition 5.5], we can
find some l > 0 such that f(x) ≥ l∥x∥2 for x ∈ Bs(x̄). Shrinking V and s > 0 if necessary, we
can assume without loss of generality that argmin{f(x) − ⟨v, x⟩ | x ∈ Bs(x̄)} is nonempty and
is inside of the interior of Bs(x̄) for any v ∈ V , which leads us to argmin{f(x) − ⟨v, x⟩ | x ∈
Bs(x̄)} ⊂ h(v) = (∂f)−1(v) ∩ Bs(x̄) whenever v ∈ V . Since h is at most single-valued on V , we
conclude that x̄ is a tilt-stable local minimizer of f with constant κ.

The following characterization of tilt-stability via second subderivative can be regarded as a
direct application of Proposition 3.4.

Theorem 3.5 (characterization of tilt-stability via second subderivative). Let f : X → R be
prox-regular and subdifferentially continuous at x̄ for v̄ = 0 and κ > 0. Then, the following
properties are equivalent.

(a) The point x̄ is a tilt-stable local minimizer of f with constant κ.
(b) There is a constant η > 0 such that for all w ∈ X we have

d2f(x, v)(w) ≥ 1

κ
∥w∥2

for all (x, v) ∈
(
gph ∂f

)
∩ Bη(x̄, 0) such that f is twice epi-differentiable at x for v.

(c) There is a constant η > 0 such that for all w ∈ X we have

d2f(x, v)(w) ≥ 1

κ
∥w∥2

for all (x, v) ∈
(
gph ∂f

)
∩ Bη(x̄, 0) at which d2f(x, v) is a GQF.

Proof. Clearly, (b) implies (c). We are going to show that (c) yields (a).To this end, take η
from (c) and (x, v) ∈

(
gph ∂f

)
∩ Bη(x̄, 0) such that d2f(x, v) is a GQF. Choosing a smaller η if

necessary, we can assume via Remark 2.1 that f is prox-regular and subdifferentially continuous
at x for v. Note also that f is twice epi-differentiable at x for v according to the last part of
Remark 3.3 and the fact proto-differentiablity and twice epi-differentiability are equivalent for
f by [40, Theorem 13.40]. Let (w, u) ∈ gphD(∂f)(x, v). Since f is twice epi-differentiable at x
for v, we conclude from [40, Theorem 13.40] that u ∈ ∂

(
1
2d

2f(x, v)
)
(w). By [9, Lemma 3.6], we

have d2f(x, v)(w) = ⟨u,w⟩. Appealing now to Proposition 3.4(c) tells us that x̄ is a tilt-stable
local minimizer of f with constant κ, which proves (a).

To prove the implication (a) =⇒ (b), we conclude from the uniform growth condition from
Proposition 2.3 and the validity of (a) that ∆2

t f(x, v)(w) ≥ ∥w∥2/κ for any w ∈ X, t > 0, and
(x, v) ∈ gph ∂f sufficiently close to (x̄, 0), which proves (c) and hence completes the proof.

Note that a neighborhood characterization of tilt-stable local minimizers of convex functions
was recently established in [37, Corollary 2.5]. The latter, however, doesn’t require for the
points to be taken from set of points at which the function is either twice epi-differentiable or
its second subderivative is a GQF as Theorem 3.5. We should also add here that the authors in
the recent preprint [21] studied the relationship between the second subderivative and tilt-stable
local minimizers of prox-regular functions. Indeed, they showed in [21, Corollary 2.6] that the
variational s-convexity (cf. [21, Definition 2.2]), which encompasses the concept of tilt stability,
implies a similar inequality for the second subderivative as the one in Theorem 3.5(b) without
restricting the points from a neighborhood at which the function is twice epi-differentiable. Note
that such a result is a direct consequence of the uniform second-order growth condition. However,
the opposite direction of such a result, which was not achieved in [21], is far more challenging
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and requires a different approach. Theorem 3.5 goes further and provides a characterization of
tilt stability using second subderivatives, which has no counterpart in [21].

The following definition, motivated mainly by Remark 3.3, appeared recently in [42, equa-
tion (4.9)] for convex functions.

Definition 3.6. Suppose that f : X → R is a prox-regular and subdifferentially continuous
function at x̄ ∈ X with f(x̄) finite for v̄ ∈ ∂f(x̄). Given the set Õ from Remark 3.3 on which
d2f(x, v) is a GQF whenever (x, v) ∈ gph ∂f , the quadratic bundle of f at x̄ for v̄, denoted
quad f(x̄, v̄), is defined by

q ∈ quad f(x̄, v̄) ⇐⇒
{
q is a GQF on X, and ∃ (xk, vk) ∈ (gph ∂f) ∩ Õ
such that (xk, vk) → (x̄, v̄), d2f(xk, vk)

e−→ q.

A similar object can be defined using graphical derivatives of ∂f for any (x, v) ∈ (gph ∂f)∩Õ.
To that end, define the set-valued mapping Rx̄,v̄ : X ⇒ X with (x̄, v̄) ∈ gph ∂f so that

gphRx̄,v̄ = lim sup

(x,v)
(gph ∂f)∩Õ−−−−−−−→(x̄,v̄)

gphD(∂f)(x, v) = lim sup

(x,v)
(gph ∂f)∩Õ−−−−−−−→(x̄,v̄)

Tgph ∂f (x, v). (3.3)

It is important to mention here that this construction was first defined in the proof of the
implication (b) =⇒ (a) in [39, Theorem 2.1]. One could alternatively define the mapping Rx̄,v̄

as
gphRx̄,v̄ =

⋃{
L
∣∣ L ∈ Sx̄,v̄

}
, (3.4)

where Sx̄,v̄ is defined by

Sx̄,v̄ :=
{
L ∈ Ln

∣∣ ∃ (xk, vk) (gph ∂f)∩Õ−−−−−−−→ (x̄, v̄) such that Tgph ∂f (x
k, vk) → L

}
. (3.5)

Here Ln stands for the set of all linear subspaces of X×X of dimension n with n = dimX. The
latter set in the right-hand side of (3.4) was recently introduced in [16, Definition 3.3] using a
different method, which is equivalent to the given definition above. To see why (3.4) holds, recall
first from [40, page 116] that a sequence of sets {Ck}k∈IN in X is called to escape to the horizon
if lim supk→∞Ck = ∅. An important example of such a sequence of sets in our framework in
this paper is when each Ck is a linear subspace of X. Since we clearly have 0 ∈ lim supk→∞Ck,
we can conclude that the sequence {Ck}k∈IN doesn’t escape to the horizon. In such a case, one
can use [40, Theorem 4.18] to conclude that the sequence {Ck}k∈IN always has a convergent
subsequence.

Turing back to the proof of (3.4), it is easy to see that the set in the right-hand side of
(3.4) is always included in gphRx̄,v̄. To get the opposite inclusion, take (w, u) ∈ gphRx̄,v̄. This

gives us sequences {(xk, vk)}k∈IN ⊂ (gph ∂f) ∩ Õ and (wk, uk) ∈ Lk := Tgph ∂f (x
k, vk) such that

(xk, vk) → (x̄, v̄) and (wk, uk) → (w, u) as k → ∞. Since each Lk is a linear subspace, we infer
from the discussion above that the sequence {Lk}k∈IN doesn’t escape to the horizon. Appealing
now to [40, Theorem 4.18], we can assume without loss of generality that the sequence {Lk}k∈IN
is convergent to a set L ⊂ X ×X. Since each Lk is a linear subspace of dimension n, one can
easily see that L enjoys the same property and thus belongs to Sx̄,v̄ and (w, u) ∈ L. This proves
the inclusion ‘⊂’ in (3.4) and finishes the proof.

To proceed, we need to present the following result that provides a direct relationship between
the quadratic bundle and the mapping Rx̄,v̄ in (3.3). Such a relationship appeared first in [16,
Proposition 3.33], but we supply a different proof below that is more compatible with our
approach in this paper. Moreover, it was assumed in the latter result that f is subdifferentially
continuous in a neighborhood of the point in question, which is unnecessary due to Remark 2.1.
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Proposition 3.7. Assume that f : X → R is prox-regular and subdifferentially continuous at
x̄ for v̄ = 0. Then, we have

gphRx̄,v̄ =
⋃{

gph ∂(12q)
∣∣ q ∈ quad f(x̄, v̄)

}
.

Proof. The proof of the inclusion ‘⊃’ falls directly out of Attouch’s theorem from [40, Theo-
rem 12.35] as argued in the proof of [16, Proposition 3.33]. Indeed, if q ∈ quad f(x̄, v̄), we find
(xk, vk) ∈ gph ∂f converging to (x̄, v̄) such that d2f(xk, vk)

e−→ q and d2f(xk, vk) is a GQF for
each k. Using Remark 2.2, Proposition 3.2, and (2.3), we arrive at gph ∂(12q) ⊂ gphRx̄,v̄.

To prove the opposite inclusion, we proceed differently. By (3.4), take L ⊂ gphRx̄,v̄. So, we

find a sequence {(xk, vk)}k∈IN ⊂ (gph ∂f) ∩ Õ such that Lk := Tgph ∂f (x
k, vk) → L. Suppose f

is prox-regular at x̄ for v̄ with constants ε and r satisfying (2.1). It follows from Remark 2.1
that f is prox-regular and subdifferentially continuous at xk for vk with the same constant r
and perhaps a smaller ε for any k sufficiently large. By Remark 2.2, the latter tells us that
∂f + rI is monotone, which coupled again with Remark 2.2 allows us to conclude that the
mapping w 7→ 1

2d
2f(xk, vk)(w) + r

2∥w∥2 is convex. This implies for any k sufficiently large
that Hk := D(∂f)(xk, vk) + rI is cyclically maximal monotone; see [40, Definition 12.24] for its
definition. Moreover, we have

gphHk =M(Lk) with M :=

[
I 0
rI I

]
.

This, coupled with [40, Theorem 4.27] and the convergence of Lk to L, demonstrates that the
sequence {gphHk}k∈IN converges to M(L). Since Hk are cyclically maximal monotone, M(L)
is the graph of a cyclically maximal monotone mapping due to [40, Theorem 12.32]. Appealing
now to [40, Theorem 12.45] tells us that we can find a proper lsc convex function h : X → R
such that M(L) = ∂h. Moreover, we can conclude that ∂h is generalized linear, since Lk is a
linear subspace. Consequently, it follows from Attouch’s theorem (cf. [40, Theorem 12.35]) that
1
2d

2f(xk, vk) + r
2∥ · ∥2 e−→ h and hence d2f(xk, vk)

e−→ 2h − r∥ · ∥2 := q. We know that M is
invertible and thus arrive at

L =M−1(gph ∂h) =

[
I 0

−rI I

]
(gph ∂h) = gph ∂(12q).

Since q ∈ quad f(x̄, v̄), we get the inclusion ‘⊂’ in the claimed equality in the theorem, which
completes the proof.

We proceed with justifying the sequential compactness of the quadratic bundle for prox-
regular functions in the epi-convergence topology, which has important applications in our re-
sults at the end of this section. To this end, suppose that f : X → R is prox-regular and
subdifferentially continuous at x̄ for v̄ and that the constants r and ε satisfy (2.1). According to
Remark 2.1, f is prox-regular and subdifferentially continuous at x for v whenever (x, v) ∈ gph ∂f
is sufficiently close to (x̄, v̄) with the same constant r. For any such a pair (x, v), we can conclude
from [38, Theorem 4.4] that for any γ ∈ (0, 1/r) and any z close to x+ γv we have

proxγf (z) = (I + γT )−1(z),

where T is a graphical localization of ∂f . A similar argument as [40, Exercise 12.64] brings us
to

Dproxγf (x+ γv) = (I + γD(∂f)(x, v))−1. (3.6)

In addition, if (x, v) ∈ Õ with the set Õ taken from Remark 3.3, then D(∂f)(x, v) is generalized
linear, which together with (3.6) implies that Dproxγf (x+γv) is generalized linear. Since proxγf
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is Lipschitz continuous around x + γv, we deduce from [41, Proposition 3.1] that the latter
property of proxγf is equivalent to its differentiability at x+ γv. Given a mapping Φ: X → Y
that is Lipschitz continuous around x ∈ X, define the collection of its limiting Jacobian matrices
by

∇Φ(x) :=
{

lim
k→∞

∇Φ(xk)
∣∣∣ xk → x̄, xk ∈ ΩΦ

}
,

where ΩΦ stands for the set on which Φ is differentiable.

Proposition 3.8. Assume that f : X → R is prox-regular and subdifferentially continuous at
x̄ for v̄. Then the quadratic bundle of f at x̄ for v̄ enjoys the following properties.

(a) There is a positive constant r such that q + r∥ · ∥2 is a proper lsc convex function for any
q ∈ quad f(x̄, v̄).

(b) Any sequence {qk}k∈IN ⊂ quad f(x̄, v̄) has a subsequence that epi-converges to a GQF in
quad f(x̄, v̄).

Proof. To prove (a), take q ∈ quad f(x̄, v̄). By definition, we find a sequence {(xk, vk)}k∈IN ⊂
gph ∂f , converging to (x̄, v̄), such that d2f(xk, vk)

e−→ q and d2f(xk, vk) is a GQF for each k. Ap-
pealing to Remark 2.2, we find a positive constant r so that the mapping w 7→ d2f(xk, vk)(w)+
r∥w∥2 is convex for any k sufficiently large. Since d2f(xk, vk) + r∥ · ∥2 e−→ q + r∥ · ∥2, we de-
duce from [40, Theorem 7.17] that q + r∥ · ∥2 is convex. By [40, Proposition 7.4(a)], the latter
function is lsc. Its properness results from prox-regularity of f at xk for vk and the fact that
(0, 0) ∈ epi d2f(xk, vk) for any k sufficiently large.

To justify (b), suppose that the sequence {qk}k∈IN ⊂ quad f(x̄, v̄). Set Lk := gph ∂(12q
k)

and observe from the proof of the inclusion ‘⊃’ in Proposition 3.7 that Lk are linear subspaces,
belonging to Sx̄,v̄, which is defined by (3.4). On the other hand, (3.6) tells us that the graphs
of D(∂f)(x̄, v̄) and Dproxγf (x̄ + γv̄) coincide locally up to a change of coordinate. Since the
graphical convergence and pointwise convergence of a sequence of bounded linear mappings
are equivalent (cf. [40, Theorem 5.40]), we can conclude from (3.6) that an element L ∈ Sx̄,v̄
corresponds to an element A ∈ ∇proxγf (x̄+ γv̄) such that

ML = gphA with M :=

[
I γI
I 0

]
.

It is well known that ∇proxγf (x̄ + γv̄) is sequentially compact (cf. [40, Theorem 9.62]). Since

M is invertible, the latter property implies that the sequence {Lk}k∈IN has a subsequence,
convergent to some element L ∈ Sx̄,v̄. By Proposition 3.7, we find q ∈ quad f(x̄, v̄) so that
L = gph ∂(12q). Thus we arrive at L

k = gph ∂(12q
k) → gph ∂(12q) = L. Therefore, it follows from

(a) and Attouch’s theorem in [40, Theorem 12.35] that qk
e−→ q, which completes the proof of

(b).

Below, we present our first characterization of tilt-stable local minimizers of a function via
its quadratic bundle.

Theorem 3.9 (characterization of tilt-stability via quadratic bundle). Assume that f : X → R
is prox-regular and subdifferentially continuous at x̄ for v̄ = 0 and that κ and ℓ are two positive
constants. Consider the following properties:

(a) The point x̄ is a tilt-stable local minimizer of f with constant κ.
(b) The following condition holds: q(w) ≥ ℓ∥w∥2 for all w ∈ X and all q ∈ quad f(x̄, v̄).

The implication (a) =⇒ (b) holds for ℓ = 1/κ. The opposite implication is satisfied for any
ℓ > 1/κ.
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Proof. Assume now (a) holds and take q ∈ quad f(x̄, v̄). Thus, we find a sequence {(xk, vk)}k∈IN ⊂
O∩(gph ∂f), converging to (x̄, v̄), such that d2f(xk, vk)

e−→ q. This, coupled with Theorem 3.5(c),
implies that

q(w) = (e-liminf
k→∞

d2f(xk, vk))(w) = lim inf
k→∞, w′→w

d2f(xk, vk)(w′) ≥ 1

κ
∥w∥2,

where the second equality comes from [40, equation 7(6)]. This proves (b) for ℓ = 1/κ. Turning
now to the proof of the opposite implication (b) =⇒ (a), pick ℓ > 0 such that ℓ > 1/κ. We
claim that there exists η > 0 such that for any (x, v) ∈

(
gph ∂f

)
∩Bη(x̄, 0) at which d2f(x, v) is

a GQF and any w ∈ X, the inequality

d2f(x, v)(w) ≥ 1

κ
∥w∥2 (3.7)

is satisfied. Suppose to the contrary that the latter claim fails. So, we find sequences (xk, vk) ∈
gph ∂f , converging to (x̄, v̄), and {wk}k∈IN ⊂ X for which d2f(xk, vk) is a GQF and the inequality

d2f(xk, vk)(wk) <
1

κ
∥wk∥2 (3.8)

holds for all k. Without loss of generality, we can assume that ∥wk∥ = 1 and wk → w
for some w ∈ X \ {0} and that f is prox-regular and subdifferentially continuous at xk for
vk for any k sufficiently large due to Remark 2.1. It follows from [40, Theorem 13.40] that
D(∂f)(xk, vk) = ∂

(
1
2d

2f(xk, vk)
)
for all sufficiently large k. Since d2f(xk, vk) is a GQF,

we conclude from Lemma 3.2 that D(∂f)(xk, vk) is generalized linear, which implies that
gphD(∂f)(xk, vk) = Tgph ∂f (x

k, vk) is a linear subspace for all sufficiently large k. Since each
Lk := Tgph ∂f (x

k, vk) is a linear subspace, we have 0 ∈ lim supk→∞ Lk and thus the sequence
{Lk}k∈IN doesn’t escape to the horizon. Appealing now to [40, Theorem 4.18], we can assume
without loss of generality that the sequence {Lk}k∈IN is convergent to a linear subspace L in
X×X. Using a similar argument as the proof of Proposition 3.7, we find q ∈ quad f(x̄, v̄) such
that L = gph ∂(12q) and d2f(xk, vk)

e−→ q. This, coupled with (3.8), brings us to

q(w) = (e-liminf
k→∞

d2f(xk, vk))(w) ≤ lim inf
k→∞

d2f(xk, vk)(wk) ≤ 1

κ
< ℓ.

On the other hand, it follows from q ∈ quad f(x̄, v̄), (b), and ∥w∥ = 1 that q(w) ≥ ℓ, a
contradiction. This proves the implication (b) =⇒ (a) and hence completes the proof.

The theorem above provides a quantitative result on the characterization of tilt-stable local
minimizers of a function via its quadratic bundle. In particular, it gives us a relationship between
the constant of tilt stability and ℓ, Theorem 3.9(b). Moreover, the condition in Theorem 3.9(b)
is desired to be expressed without the appearance of constant ℓ therein. Below, we record our
final result in which all these considerations will be taken into account to present a simpler
characterization of tilt-stable minimizers using the concept of quadratic bundle.

Theorem 3.10. Assume that f : X → R is prox-regular and subdifferentially continuous at x̄
for v̄ = 0. Then the following properties are equivalent:

(a) The point x̄ is a tilt-stable local minimizer of f .
(b) For any w ∈ X \ {0} and any q ∈ quad f(x̄, v̄), we have q(w) > 0.
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Proof. The implication (a) =⇒ (b) results from Theorem 3.9. Assume that (b) is satisfied.
We claim that there exists ℓ > 0 for which we have q(w) ≥ ℓ∥w∥2 for all w ∈ X and all
q ∈ quad f(x̄, v̄). Suppose for contradiction that there are sequences {qk}k∈IN ⊂ quad f(x̄, v̄)
and {wk}k∈IN ⊂ X such that for any k the estimate

qk(wk) <
1

k
∥wk∥2

is satisfied. Without of loss of generality, we can assume that ∥wk∥ = 1 and that wk → w,
where w ∈ X with ∥w∥ = 1. Appealing now to Proposition 3.8(b), we can assume by passing to
a subsequence if necessary that qk

e−→ q with q ∈ quad f(x̄, v̄), which brings us to

q(w) = (e-liminf
k→∞

qk)(w) ≤ lim inf
k→∞

qk(wk) ≤ 0.

This clearly is a contradiction with (b), since w ̸= 0 and hence completes the proof.

Note that tilt stability of local minimizers was first characterized in [39] via the concept of
coderivative of the subgradient mappings of prox-regular and subdifferentially continuous func-
tions. A neighborhood characterization via the concept of regular coderivative was established
in [31] for tilt stability of local minimizers. Quite recently, a new characterization of tilt-stable
local minimizers was achieved in [16, Theorem 7.9] using the concept of the subspace contained
derivative (SCD). Note that the latter concept has a direct relationship with the quadratic
bundle of a function according to Proposition 3.7. While the approach in [16] relies on the char-
acterization of tilt stability via the coderivative, our results try to avoid any dual constructions
in the characterization of tilt stability of local minimizers. Finally, we should add here that quite
recently, a characterization of tilt-stable local minimizers via the concept of quadratic bundle
was achieved in [21, Theorem 5.2], which is similar to Theorem 3.9. The approach used there,
however, is different from the one in this section. It is worth noting that the characterization of
tilt-stable local minimizers presented in Theorem 3.10, which is widely applied in practice, also
differs from the results obtained by [21]. In particular, the characterization in Theorem 3.10
relies essentially on Proposition 3.8, which was not addressed in [21].

We close this section by pointing out that the subdifferential continuity, used throughout this
section, can be dropped with no harm. In doing so, one needs to replace the subgradient mapping
∂f with its f -attentive graphical localization of ∂f (see [38] for more details) in the presented
results in this section. While there are not many functions which don’t enjoy subdifferential
continuity, it was recently observed in [21, Example 2.5] that the latter condition fails for the l0
pseudo-norm; see [21] for more discussion.

4 Quadratic Bundle of Spectral Functions

The results in Theorems 3.9 and 3.10 open a new door to characterize tilt-stable local minimizers
of a function via its quadratic bundle. The question then boils down to compute the quadratic
bundle for different classes of functions. While this does not seem to be an easy target in
general, the following discussion indicates that in many situations, we would probably get away
with finding only one quadratic bundle that in some sense isminimal. To motivate our discussion
further, recall that for a function f : X → R and a point x̄ ∈ X with f(x̄) finite, the subderivative
function df(x̄) : X → R is defined for any w ∈ X by

df(x̄)(w) = lim inf
t↘0

w′→w

f(x̄+ tw′)− f(x̄)

t
;
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its critical cone at x̄ for v̄ with v̄ ∈ ∂f(x̄) is defined by

Cf (x̄, v̄) =
{
w ∈ Rn

∣∣ ⟨v̄, w⟩ = df(x̄)(w)
}
.

Note that the critical cone of a function has a close relationship with its second subderivative.
Indeed, given (x̄, v̄) ∈ gph ∂f such that d2f(x̄, v̄) is proper, it follows from [40, Proposition 13.5]
that domd2f(x̄, v̄) ⊂ Cf (x̄, v̄). Equality, however, requires some additional assumptions. Inter-
ested readers can find some sufficient conditions in [29, Proposition 3.4] using the concept of the
parabolic subderivative.

The following result shed more light on the idea of a minimal quadratic bundle that we are
going to pursue later in this paper. While we provide a short proof for readers’ connivance, we
should mention that it can be gleaned from the proof of [42, Theorem 2], which uses a different
approach. Recall that the function θ : Rn → R is called polyhedral if epi θ is a polyhedral
convex set. Recall also that a closed face F of a polyhedral convex cone C ⊂ Rd is defined by

F = C ∩ [v]⊥ for some v ∈ C∗.

Proposition 4.1. Assume that θ : Rn → R is a polyhedral function and (x̄, v̄) ∈ gph ∂θ. Then
we have

q(w) ≥ δCθ(x̄,v̄)−Cθ(x̄,v̄)(w) for all w ∈ Rn and all q ∈ quad θ(x̄, v̄). (4.1)

Moreover, we have δCθ(x̄,v̄)−Cθ(x̄,v̄) ∈ quad θ(x̄, v̄).

Proof. According to [18, Proposition 3.3], there is a sequence {(xk, vk)}k∈IN ⊂ gph ∂θ, con-
verging to (x̄, v̄), such that Cθ(xk, vk) = Cθ(x̄, v̄)−Cθ(x̄, v̄), since Cθ(x̄, v̄) is a face of the polyhe-
dral set Cθ(x̄, v̄). Moreover, it follows from [40, Proposition 13.9] that d2θ(xk, vk) = δCθ(xk,vk).

Since Cθ(xk, vk) is a linear subspace, the second subderivative d2θ(xk, vk) is a GQF. Clearly,
d2θ(xk, vk)

e−→ δCθ(x̄,v̄)−Cθ(x̄,v̄), which proves that δCθ(x̄,v̄)−Cθ(x̄,v̄) ∈ quad θ(x̄, v̄). To prove (4.1),

pick q ∈ quad θ(x̄, v̄) and find a sequence (xk, vk) ∈ gph ∂θ such that (xk, vk) → (x̄, v̄) and
d2θ(xk, vk) = δCθ(xk,vk)

e−→ q with d2θ(xk, vk) being a GQF for each k. It follows again from [18,

Proposition 3.3] that Cθ(xk, vk) ⊂ Cθ(x̄, v̄)−Cθ(x̄, v̄) for all k sufficiently large, which leads us to

epi δCθ(xk,vk) = Cθ(xk, vk)× [0,∞) ⊂
(
Cθ(x̄, v̄)− Cθ(x̄, v̄)

)
× [0,∞).

Thus, we arrive at the inclusion epi q ⊂
(
Cθ(x̄, v̄) − Cθ(x̄, v̄)

)
× [0,∞), which clearly proves

(4.1).

The result above suggests that we may expect the quadratic bundle for some functions
consists of a minimal element in certain sense, which can be leveraged to simplify the character-
ization of tilt-stable local minimizers for some classes of optimization problems. This motivates
the following definition.

Definition 4.2. Suppose that f : X → R is a prox-regular function at x̄ ∈ X with f(x̄) finite
for v̄ ∈ ∂f(x̄). We say that f enjoys the minimal quadratic bundle property at x̄ for v̄ if there
exists q̄ ∈ quad f(x̄, v̄) such that q(w) ≥ q̄(w) for any q ∈ quad f(x̄, v̄) and any w ∈ X. In this
case, we refer to q as a minimal quadratic bundle of f at x̄ for v̄.

According to Proposition 4.1, polyhedral functions enjoy the minimal quadratic bundle prop-
erty. We should add here that the concept of the minimal quadratic bundle was explored for
some classes of functions in [42] without explicitly providing a definition. Note that [42, Ques-
tion 1] presents a convex piecewise linear quadratic function that doesn’t enjoy the minimal
quadratic bundle property. Our main goals in this section are first to demonstrate that a sub-
class of spectral functions enjoys the latter property as well and then to compute a minimal
element in the quadratic bundle of this class of functions.
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Corollary 4.3. Assume that f : X → R be prox-regular and subdifferentially continuous at
x̄ for v̄ = 0, and that f enjoys the minimal quadratic bundle property at x̄ for v̄. Then the
following properties are equivalent:

(a) The point x̄ is a tilt-stable local minimizer of f .
(b) There exists a minimal quadratic bundle q̄ ∈ quad f(x̄, v̄) such that for any w ∈ X \ {0}

we have q̄(w) > 0.

Proof. The claimed equivalence is an immediate consequence of Theorem 3.10 and Defini-
tion 4.2.

In the rest of this section, our main goal is to show that an important subclass of spectral
functions has a minimal quadratic bundle and then to calculate such an element. To this end,
we begin by recalling some notation. In what follows, Sn stands for the linear space of all n×n
real symmetric matrices equipped with the usual Frobenius inner product and its induced norm.
For a matrix X ∈ Sn, we use λ1(X) ≥ λ2(X) ≥ · · · ≥ λn(X) to denote the eigenvalues of X
(all real and counting multiplicity) arranging in nonincreasing order and use λ(X) to denote
the vector of the ordered eigenvalues of X. Let Λ(X) = Diag(λ(X)). Suppose X ∈ Sn has the
following eigenvalue decomposition:

X =
[
Pα1 · · · Pαr

]  Λ(X)α1α1 0
. . .

0 Λ(X)αrαr


 P⊤

α1

...
P⊤
αr

 , (4.2)

where µ1 > · · · > µr are the distinct eigenvalues of X and the index sets αl are defined by

αl := {1 ≤ i ≤ n | λi(X) = µl}, l = 1, . . . , r. (4.3)

Denote also by On as the set of n−dimensional orthogonal matrices. Suppose that g : Sn → R
has the composite representation

g(X) = (θ ◦ λ)(X), X ∈ Sn, (4.4)

where θ : Rn → R is a symmetric polyhedral function. A symmetric function means that for
all permutation matrix U ∈ Pn, where Pn standing for the set of n-dimensional permutation
matrices, we have θ(x) = θ(Ux). Given (X,Y ) ∈ gph ∂g and P ∈ On(X)∩On(Y ), define On(X)
as the set of all matrices satisfying (4.2). As a result of [25, page 164], g should be convex, which
implies via [40, Example 13.30] that the spectral function g is prox-regular and subdifferentially
continuous at every point of its domain.

Before presenting our main result of this section, we need the following lemma about the
explicit form of the second subderivative, which is crucial for the derivation of the main result.

Proposition 4.4. Assume that g has the spectral representation in (4.4) and that (X,Y ) ∈
gph ∂g. Then the following properties hold:

(a) If X has the eigenvalue decomposition (4.2) with P ∈ On(X) ∩ On(Y ), then g is twice
epi-differentiable at X for Y and its second subderivative at X for Y can be calculated for
any H ∈ Sn by

d2g(X,Y )(H) = ΥX,Y (H) + δCg(X,Y )(H), (4.5)
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where

ΥX,Y (H) = 2
r∑

l=1

〈
Λ(Y )αlαl , P⊤

αm
H(µlI −X)†HPαl

〉
= 2

∑
1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y )− λj(Y )

λi(X)− λj(X)
(P⊤HP )2ij , (4.6)

and where αl, l = 1, . . . , r, come from (4.3), and P ∈ On(X) ∩On(Y ).
(b) We have Cg(X,Y ) = N∂g(X)(Y ). Moreover, the second subderivative d2g(X,Y ) is a GQF

if and only if Y ∈ ri ∂g(X).

Proof. The first claim in (a) was taken from [30, Corollary 5.9]; see also [12, Propositions 6
and 10] for a similar result. The first claim in (b) results from [40, Theorem 8.30]. To prove the
second claim in (b), we deduce from (4.5) that the second subderivative d2g(X,Y ) is a GQF if
and only if Cg(X,Y ) is a linear subspace of Sn. It follows from Cg(X,Y ) = N∂g(X)(Y ) that the
latter property amounts to Y ∈ ri ∂g(X).

Recall that according to [40, Theorem 2.49], the polyhedral function θ has a representation
of the form θ = θ1 + θ2 with

θ1(x) := max
1≤ν≤p

{⟨aν , x⟩ − cν} and θ2(x) := δdom θ(x),
(4.7)

where {(aν , cν)}pν=1 ⊂ Rn ×R for a positive integer p and where

dom θ = {x ∈ Rn | ψ(x) := max
1≤µ≤q

{⟨bµ, x⟩ − dµ} ≤ 0}

for some {(bµ, dµ)}uµ=1 ⊂ (Rn × R) \ {(0, 0)} with a positive integer u. It is important to
emphasize here that we demand each pair (bµ, dµ) ̸= (0, 0), since such a case can be simply
dismissed with no harm in the representation of dom θ. The case θ1 = 0 can be covered by
letting p = 1 and (a1, c1) = (0, 0) ∈ Rn ×R. Similarly, θ2 = 0 can be covered by setting u = 1
and (b1, d1) = (0, 1) ∈ Rn ×R. For each ν ∈ {1, . . . , p}, define Dν = {x ∈ Rn | ⟨aj , x⟩ − cj ≤
⟨aν , x⟩ − cν , j = 1, . . . , p}. Take x ∈ dom θ and define the active index sets

ι1(x) := {1 ≤ ν ≤ p | x ∈ Dν} and ι2(x) := {1 ≤ µ ≤ q | ⟨bµ, x⟩ − dµ = 0}.

Using these index sets, one can express the subdifferential of θ1 and θ2 from (4.7), respectively,
by

∂θ1(x) = conv
{
aν | ν ∈ ι1(x)

}
and ∂θ2(x) = Ndom θ(x) = cone {bµ| µ ∈ ι2(x)}. (4.8)

The following lemma gives a simple representation of the critical cone of θ for an important
case that will be used extensively in the proofs of Theorem 4.15 and Proposition 4.14.

Lemma 4.5. Assume that θ : Rn → R is a polyhedral function and y ∈ ri ∂θ(x). Then the
critical cone of θ at x for y has a representation of the form

Cθ(x, y) =
{
w ∈ Rn

∣∣∣∣∣ ⟨d, aν′ − aν⟩ = 0 for all ν, ν ′ ∈ ι1(x),
⟨w, bµ⟩ = 0 for all µ ∈ ι2(x)

}
.
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Proof. Since y ∈ ri ∂θ(x) and since Cθ(x, y) = N∂θ(x)(y), it is not hard to see that Cθ(x, y) =
par {∂θ(x)}⊥, where par {∂θ(x)} stands for the subspace parallel to the affine hull of ∂θ(x).
Since

par {∂θ(x)} = span
{
aν

′ − aν | ν, ν ′ ∈ ι1(x)
}
+ span

{
bµ| µ ∈ ι2(x)

}
,

where span
{
bµ| µ ∈ ι2(x)

}
signifies the subspace generated by the set

{
bµ| µ ∈ ι2(x)

}
, one

can obtain the claimed formula for the critical cone Cθ(x, y) by applying the Farkas Lemma
from [40, Lemma 6.45].

For the polyhedral function θ from (4.7), suppose (x, y) ∈ gph ∂θ. We assume in what
follows that y /∈ ∂θ1(x) and y /∈ ∂θ2(x) and define the index set of positive coefficients in a
representation of a subgradient by

η(x, y) :=

(ν, µ) ∈ ι1(x)× ι2(x)

∣∣∣∣∣
∑

ν∈ι1(x)

uνa
ν +

∑
µ∈ι2(x)

vµb
µ = y,∑

ν∈ι1(x)

uν = 1, 0 < uν ≤ 1, vµ > 0

 . (4.9)

When either y ∈ ∂θ1(x) or y ∈ ∂θ2(x) holds, our approach can be significantly simplified by
dropping the indices related to the part of θ that is zero and so we will proceed to analyze the
main case that both θ1 and θ2 are present in our analysis of the quadratic bundles of the spectral
function g in (4.4). The index set in (4.9) plays a major role in various proofs in this section
and allows us to provide a simple description of the critical cone of spectral functions. We begin
with the following result, which is a direct consequence of [12, Proposition 1].

Proposition 4.6. Assume that the polyhedral function θ has the representation in (4.7) and
that (x, y) ∈ gph ∂θ. Then, the following two statements hold.

(a) For any ν ∈ ι1(x), µ ∈ ι2(x) and Q ∈ Pn
x (i.e., Q ∈ Pn and Qx = x), there exist ν ′ ∈ ι1(x)

and µ′ ∈ ι2(x) such that aν
′
= Qaν and bµ

′
= Qbµ, respectively.

(b) For any (ν, µ) ∈ η(x, y) and Q ∈ Pn
x ∩Pn

y , there exist (ν ′, µ′) ∈ η(x, y) such that aν
′
= Qaν

and bµ
′
= Qbµ, respectively.

Remark 4.7. In this section, we will be using multiple partitions of eigenvalues corresponding
to a pair (X,Y ) ∈ gph ∂g. To facilitate the presentation and make it easier for the readers to
follow our proofs, we briefly list them below. Figure 1 shows an example of all these different
partitions for the αl × αl block.

(P1) The index sets αl, l ∈ {1, . . . , r}, from (4.3), where r is the number of distinct eigenvalues
of X.

(P2) Suppose that {(Xk, Y k)}k∈IN ⊂ gph ∂g is a sequence, converging to (X,Y ). For any

l ∈ {1, . . . , r}, define the index sets {χl
t}z

l

t=1 with zl ∈ IN to further partition the set αl

based on λ(Xk) as{
λi(X

k) = λj(X
k), if i, j ∈ χl

t and t ∈ {1, . . . , zl},
λi(X

k) > λj(X
k), if i ∈ χl

t, j ∈ χl
t′ and t, t

′ ∈ {1, . . . , zl}with t < t′.
(4.10)

Note that {χl
t}z

l

t=1 depends on k. By taking a subsequence if necessary, we can assume that

the index sets χl
t remain constant for all k. This is because ∪r

l=1∪zl
t=1χ

l
t can be regarded as

a partition of {1, . . . , n} and the total number of different partitions of {1, . . . , n} is finite.
Thus, we can take a subsequnce of {(Xk, Y k)}k∈IN to ensure that the partition {χl

t} for
each (Xk, Y k) in the subsequence remains the same.

17



αl × αl

χl
1

χl
3

χl
2

γl
1

γl
2

γl
3

γl
4

Figure 1: Different partitions of eigenvalues

(P3) For any l ∈ {1, . . . , r} and αl from (4.3), we define the index sets {γls}u
l

s=1 with ul ∈ IN to
further partition the index set αl based on λ(Y ) as{

λi(Y ) = λj(Y ), if i, j ∈ γls and s ∈ {1, . . . , ul},
λi(Y ) > λj(Y ), if i ∈ γls, j ∈ γls′ and s, s

′ ∈ {1, . . . , ul}with s < s′.
(4.11)

The following lemma provides necessary technical tools for the characterization of critical
cone and the caluculation of quadratic bundle of spectral functions. To present it, suppose
that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2) with P ∈ On(X) ∩On(Y ).
Denote

E l :=

{
s ∈ {1, . . . , ul}

∣∣∣∣∣ ∃ i, j ∈ γls such that (aν)i ̸= (aν)j or (b
µ)i ̸= (bµ)j

for some (ν, µ) ∈ η(λ(X), λ(Y ))

}
(4.12)

Lemma 4.8. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2) with
P ∈ On(X) ∩On(Y ). For any w ∈ Rn, satisfying for any (ν, µ) and (ν ′, µ′) ∈ η(λ(X), λ(Y )),

⟨w, aν − aν
′⟩ = 0 and ⟨w, bµ⟩ = 0,

there exists ρls such that for all s ∈ E l, we have

wγl
s
= ρls1|γl

s|,

where 1 denotes the vector whose components are all 1.

Proof. While the proof is similar to that of [12, Proposition 4 (iii)], we provide a proof for
the readers’ convenience. We proceed with the proof of the case where y /∈ ∂θ1(λ(X)) and
y /∈ ∂θ2(λ(X)). The other cases y ∈ ∂θ1(λ(X)) or y ∈ ∂θ2(λ(X)) can be argued similarly.
Recall (4.11). For each l ∈ {1, . . . , r}, if s ∈ E l, suppose the first case that there exist i, j ∈ γls
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such that (at)i ̸= (at)j for some (t, k) ∈ η(λ(X), λ(Y )). Consider the n× n permutation matrix
Qi,j satisfying

(Qi,jat)z =


(at)j if z = i,

(at)i if z = j,

(at)z otherwise,

z = 1, . . . , n.

Since λi(X) = λj(X) and λi(Y ) = λj(Y ), it is clear that Qi,jλ(X) = λ(X) and Qi,jλ(Y ) =
λ(Y ). It then follows from the condition and Proposition 4.6 that there exists (t′, k′) ∈ η(λ(X), λ(Y ))
such that at

′
= Qi,jat. Therefore, we have

⟨w, at − at
′⟩ = ⟨w, at − at

′⟩ = (wi − wj)((a
t)i − (at)j) = 0,

which implies that wi = wj . For any i
′ ∈ γls with i′ ̸= i and i′ ̸= j, if (at)i′ ̸= (at)i, by replacing

i by i′ and j by i in the above argument, we obtain

wi′ = wi = wj ;

otherwise if (at)i′ = (at)i, then by replacing i by i′ in the above argument, we can also obtain
the above equality. Consequently, we know that for any s ∈ E l, there exists some ρls ∈ R such
that for any i ∈ γls,

wi = ρls.

The other case where (bk)i ̸= (bk)j can be obtained similarly. Thus, the desired result has been
verified.

It is well-known (see e.g., [24, Theorem 7] and [50, Proposition 1.4]) that the eigenvalue
function λ is directional differentiable everywhere and for any X ∈ Sn, the directional derivative
λ′(X,H) at X along the direction H ∈ Sn is given by

λ′(X,H) =
(
λ(P⊤

α1HPα1), . . . , λ(P⊤
αrHPαr)

)⊤
, (4.13)

where P ∈ On(X) and the index sets αl, l = 1, . . . , r are given by (4.3). The following lemma
provides a complete characterization of the critical cone of g, which is inspired by [12, Propo-
sitions 4 and 8], where a similar result was achieved by splitting the polyhedral function θ into
two parts. Below, we show that it can be done without such a decomposition.

Lemma 4.9. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2) with
P ∈ On(X) ∩On(Y ). If H ∈ Cg (X,Y ), then the following properties (a)-(c) hold.

(a) For each l ∈ {1, . . . , r}, P⊤
αlHPαl has the following block diagonal structure:

P⊤
αlHPαl = Diag

(
(P⊤HP )γl

1γ
l
1
, . . . , (P⊤HP )γl

ul
γl
ul

)
.

(b) For any (ν, µ) and (ν ′, µ′) ∈ η(λ(X), λ(Y )),〈
λ′(X,H), aν

〉
=

〈
λ′(X,H), aν

′
〉
= max

ν∈ι1(λ(X))

〈
λ′(X,H), aν

〉
;

〈
λ′(X,H), bµ

〉
=

〈
λ′(X,H), bµ

′
〉
= max

µ∈ι2(λ(X))

〈
λ′(X,H), bµ

〉
= 0.

(c) For each l ∈ {1, . . . , r} and k ∈ E l, there exists a scalar ρlk such that
(
P⊤HP

)
γl
kγ

l
k
=

ρlkI|γl
k|.
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Consequently, we can conclude that H ∈ Cg (X,Y ) if and only if for any (ν, µ) and (ν ′, µ′) ∈
η(λ(X), λ(Y )),

⟨diag(P⊤HP ), aν⟩ = ⟨diag(P⊤HP ), aν
′⟩ = max

ν∈ι1(λ(X))
⟨λ′(X;H), aν⟩

and
⟨diag(P⊤HP ), bµ⟩ = ⟨diag(P⊤HP ), bµ

′⟩ = max
µ∈ι2(λ(X))

⟨λ′(X;H), bµ⟩ = 0.

Proof. The proofs of (a)-(b) and the claimed characterization of Cg (X,Y ) are similar to that
of [12, Proposition 4] combined with [34, Proposition 3.2] and [30, Proposition 5.4]. Part (c)
follows from Lemma 4.8.

In what follows, for any vector x ∈ Rn, denote by x↓ the vector with the same components
permuted in nonincreasing order. Set Rn

↓ := {x↓| x ∈ Rn}.

Remark 4.10. Although we often will use the characterization of the critical cone of spectral
functions of Lemma 4.9, it is important to remind the readers of another characterization,
obtained recently in [30, Proposition 5.4]. To do so, suppose (X,Y ) ∈ gph ∂g with g taken from
(4.4) and P ∈ On(X) ∩On(Y ). Then H ∈ Cg(X,Y ) if and only if the following properties are
satisfied:

(i) λ′(X;H) ∈ Cθ(λ(X), λ(Y ));
(ii) for any l ∈ {1, . . . , r}, the matrices Λ(Y )αlαl and P⊤

αlHPαl have a simultaneous ordered

spectral decomposition, where the index set αl is taken from (4.3).

Observe that for any l ∈ {1, . . . , r}, one can decompose the vector λ(P⊤
αlHPαl) ∈ R

|αl|
↓ as

λ(P⊤
αlHPαl) =

(
λ(P⊤

αlHPαl)γl
1
, . . . , λ(P⊤

αlHPαl)γl
ul

)
, (4.14)

where λ(P⊤
αlHPαl)γl

j
∈ R

|γl
j |

↓ for any j ∈ {1, . . . , ul}, and where ul and the index sets γlj are taken

from (4.11). Bearing this in mind, note that condition (ii) above is equivalent to the following
statement:

(ii)’ For any l ∈ {1, . . . , r}, P⊤
αlHPαl has the block diagonal representation

P⊤
αlHPαl = Diag

(
(P⊤HP )γl

1γ
l
1
, . . . , (P⊤HP )γl

ul
γl
ul

)
with (P⊤HP )γl

jγ
l
j
= Ql

j Diag
(
λ(P⊤

αlHPαl)γl
j

)
(Ql

j)
⊤ for some orthogonal matrix Ql

j ∈ O|γl
j |

whenever j ∈ {1, . . . , ul}. Moreover,

λi(P
⊤
αlHPαl) ≥ λj(P

⊤
αlHPαl), if i ∈ γls, j ∈ γls′ and s, s

′ ∈ {1, . . . , ul}with s < s′. (4.15)

To prove this claim, suppose first that condition (ii) holds. Given l ∈ {1, . . . , r}, the matrices
Λ(Y )αlαl and P⊤

αlHPαl have a simultaneous ordered spectral decomposition. Thus, we find an

orthogonal matrix Ql ∈ O|αl| such that

Λ(Y )αlαl = QlΛ(Y )αlαl(Ql)⊤ and P⊤
αlHPαl = QlΛ(P⊤

αlHPαl)(Ql)⊤. (4.16)

It is not hard to see from the first equality above that Ql has a block diagonal representation as

Ql = Diag(Ql
1, . . . , Q

l
ul) with Ql

j ∈ O|γl
j |, j ∈ {1, . . . , ul},
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where ul and the index sets γlj are taken from (4.11). This, coupled with the second equality in

(4.16), implies that P⊤
αlHPαl has the claimed block diagonal representation. Observe also that

(4.15) results from the fact that Λ(P⊤
αlHPαl) = Diag

(
λ(P⊤

αlHPαl)
)
.

Assume now that (ii)’ is satisfied. Given l ∈ {1, . . . , r} and the matrices Ql
j ∈ O|γl

j | with

j ∈ {1, . . . , ul}, set Ql := Diag(Ql
1, . . . , Q

l
ul). Thus, we have

Λ(Y )αlαl = QlΛ(Y )αlαl(Ql)⊤ and P⊤
αlHPαl = Ql Diag

(
λ(P⊤

αlHPαl)γl
1
, . . . , λ(P⊤

αlHPαl)γl
ul

)
(Ql)⊤,

where the first equality results from the fact that λi(Y ) = λj(Y ), if i, j ∈ γls and s ∈ {1, . . . , ul},
and where the second one follows from the assumed block diagonal representation of P⊤

αlHPαl .
According to (4.14), the second equality above is the same as the second equality in (4.16).
Therefore, we can conclude from (4.15) that the matrices Λ(Y )αlαl and P⊤

αlHPαl have a simul-
taneous ordered spectral decomposition, which proves (ii).

Remark 4.11. By using [33, Proposition 4.4] and [34, Proposition 3.2 and page 612], it can
be checked directly that the property in Lemma 4.9(b) is equivalent to that of Remark 4.10(i).
To see this, denote d = λ′(X,H). For any d, satisfying the property in Lemma 4.9(b), d ∈
Cθ(λ(X), λ(Y )) holds trivially. Conversely, for all d ∈ Cθ(λ(X), λ(Y )), it follows from λ(Y ) ∈
∂θ(λ(X)) that for any representation λ(Y ) = y1 + y2 with y1 ∈ ∂θ1(λ(X)) and y2 ∈ ∂θ2(λ(X)),
one has

Cθ(λ(X), λ(Y )) =

d
∣∣∣∣∣

⟨d, aν′ − aν⟩ = 0, ν, ν ′ ∈ η1(λ(X), y1)

⟨d, bµ⟩ = 0, µ ∈ η2(λ(X), y2)

⟨d, aν′ − aν⟩ ≤ 0, ν ′ ∈ η1(λ(X), y1), ν ∈ ι1(λ(X))\η1(λ(X), y1)

⟨d, bµ⟩ ≤ 0, µ ∈ ι2(λ(X))\ ∈ η2(λ(X), y2)

 ,

(4.17)
where η1(λ(X), y1) =

{
ν ∈ ι1(x) | ∑

ν∈ι1(x) uνa
ν = y,

∑
ν∈ι1(x) uν = 1, 0 < uν ≤ 1

}
and

η2(λ(X), y2) =
{
µ ∈ ι2(x) | ∑µ∈ι2(x) vµb

µ = y1, vµ > 0
}
. Note that the above representation

of Cθ(λ(X), λ(Y )) is independent from the decomposition of λ(Y ) = y1 + y2 according to [33,
Proposition 4.4] and [34, Proposition 3.2] (see also [34, page 612]). Denote

M = {(y1, y2) | λ(Y ) = y1 + y2, y1 ∈ ∂θ1(λ(X)), y2 ∈ ∂θ2(λ(X))}. (4.18)

Therefore, the property in Lemma 4.9(b) holds if we show d satisfies the conditions
⟨d, aν′ − aν⟩ = 0,

⟨d, bµ⟩ = 0,
(ν, µ), (ν ′, µ′) ∈ η(λ(X), λ(Y )),

⟨d, aν′ − aν⟩ ≤ 0,

⟨d, bµ⟩ ≤ 0,
(ν, µ) ∈ ι1(λ(X))× ι2(λ(X))\η(λ(X), λ(Y )).

(4.19)

Indeed, we know from (4.17) that for all (ν, µ), (ν ′, µ′) ∈ ι1(λ(X))× ι2(λ(X)),

⟨d, aν − aν
′⟩ ≤ 0 and ⟨d, bµ⟩ ≤ 0.

It can be checked directly that

η(λ(X), λ(Y )) =
⋃

(y1,y2)∈M

η1(λ(X), y1)× η2(λ(X), y2).

Let (ν, µ), (ν ′, µ′) ∈ η(λ(X), λ(Y )) be arbitrarily given. Then, there exists (y1, y2) and (y′1, y
′
2) ∈

M such that (ν, µ) ∈ η1(λ(X), y1)× η2(λ(X), y2) and (ν ′, µ′) ∈ η1(λ(X), y′1)× η2(λ(X), y′2). Let
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ỹ1 = (y1 + y′1)/2 and ỹ2 = (y2 + y′2)/2. It is clear that (ỹ1, ỹ2) ∈ M. We deduce from the
definition of ỹ1 that

η1(λ(X), ỹ1) ⊃ η1(λ(X), y1) ∪ η1(λ(X), y′1).

It then follows from [33, Proposition 4.4] and (4.17) that ⟨d, aν′ − aν⟩ = 0 for all ν, ν ′ ∈
η1(λ(X), ỹ1). This also implies ⟨d, aν′ − aν⟩ = 0 for all ν, ν ′ ∈ η1(λ(X), y1) ∪ η1(λ(X), y′1).
Moreover, it is easy to see that for all µ ∈ η2(λ(X), y2) ∪ η2(λ(X), y′2), ⟨d, bµ⟩ = 0. This shows
that (4.19) holds.

The following lemma portraits the explicit form of the affine of the critical cone of g, which
can be obtained directly from Lemma 4.9.

Lemma 4.12. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2) with
P ∈ On(X) ∩On(Y ). Then we have H ∈ aff Cg (X,Y ) if and only if the conditions (a) and (c)
of Lemma 4.9 hold and for any (ν, µ) and (ν ′, µ′) ∈ η(λ(X), λ(Y )),

⟨diag(P⊤HP ), aν⟩ = ⟨diag(P⊤HP ), aν
′⟩, (4.20)

and
⟨diag(P⊤HP ), bµ⟩ = ⟨diag(P⊤HP ), bµ

′⟩ = 0. (4.21)

Proof. Assume first that H ∈ aff Cg (X,Y ). This is equivalent to saying that there exist
H1, H2 ∈ Cg (X,Y ) and a constant σ ∈ R such that H = σH1 + (1 − σ)H2. It follows from
Lemma 4.9 that (4.20) and (4.21) hold.

To prove the opposite implication, we can argue as the proofs of [12, the first equation on page
10] and Lemma 4.9(c) to ensure that for any (ν, µ) ∈ η(λ(X), λ(Y )), we have ⟨diag(P⊤HP ), aν⟩ =
⟨λ′(X,H), aν⟩ and ⟨diag(P⊤HP ), bµ⟩ = ⟨λ′(X,H), bµ⟩. Together with (4.20) and (4.21), we get
λ′(X,H) ∈ aff Cθ(λ(X), λ(Y )). Hence, there exist h1, h2 ∈ Cθ(λ(X), λ(Y )) and σ ∈ R such that
λ′(X,H) = σh1 + (1 − σ)h2. For each l ∈ {1, . . . , r} and k ∈ E l, we conclude from Lemma 4.8
that (h1)γl

k
= ρ̂lk1 and (h2)γl

k
= ρ̃lk1 with σρ̂lk + (1 − σ)ρ̃lk = ρlk. Pick Hi, i = 1, 2 such that

(P⊤HiP )γl
kγ

l
k
= UklDiag((hi)γl

k
)U⊤

kl with Ukl ∈ O|γl
k|((P⊤HP )γl

kγ
l
k
), and for all w ∈ γlk, j ∈ γl

′
k′

with γlk ̸= γl
′
k′ ,

(P⊤H1P )wj = σ(P⊤HP )wj and (P⊤H2P )wj = (1− σ)(P⊤HP )wj , (4.22)

where the index sets γlk are taken from Remark 4.7(P3). We claim that λ′(X,Hi) ∈ Cθ(λ(X), λ(Y )),
i = 1, 2. To justify it, one can check directly that there exists a block permutation matrix
Q = Diag (Q1, . . . , Qr) with Ql ∈ P |αl| such that λ′(X,Hi) = Qhi, i = 1, 2, where the index sets
αl are taken from Remark 4.7(P1). We infer from hi ∈ Cθ(λ(X), λ(Y )) that

θ′(λ(X), hi) = sup
z∈∂θ(λ(X))

⟨z, hi⟩ = ⟨hi, λ(Y )⟩ ≤ ⟨λ′(X,Hi), λ(Y )⟩ ≤ sup
z∈∂θ(λ(X))

⟨z, λ′(X,Hi)⟩

= sup
z∈∂θ(λ(X))

⟨Qz, hi⟩ = sup
Qz∈∂θ(λ(X))

⟨Qz, hi⟩ = sup
z∈∂θ(λ(X))

⟨z, hi⟩, i = 1, 2,

(4.23)
where the penultimate equality comes from the fact that for all z ∈ ∂θ(λ(X)), we have Qz ∈
∂θ(λ(X)), which is a consequence of θ being symmetric. Thus, the inequalities in (4.23) become
equalities, which implies

⟨λ′(X,Hi), λ(Y )⟩ = sup
z∈∂θ(λ(X))

⟨z, λ′(X,Hi)⟩ = θ′(λ(X), λ′(X,Hi)), i = 1, 2.
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This proves our claim above, namely λ′(X,Hi) ∈ Cθ(λ(X), λ(Y )), i = 1, 2. Since H satisfies
the condition in Lemma 4.9(a), it follows from (4.22) that H1 and H2 also satisfy the latter
condition. Therefore, we infer from (4.23) and (4.13) that

r∑
l=1

⟨(P⊤HiP )αlαl ,Λ(Y )αlαl⟩ =
r∑

l=1

ul∑
k=1

⟨(P⊤HiP )γl
kγ

l
k
,Λ(Y )γl

kγ
l
k
⟩ =

r∑
l=1

ul∑
k=1

⟨(hi)γl
k
, (λ(Y ))γl

k
⟩

= ⟨hi, λ(Y )⟩ = ⟨λ′(X,Hi), λ(Y )⟩ =
r∑

l=1

⟨Λ((P⊤HiP )αlαl),Λ(Y )αlαl⟩, i = 1, 2.

It follows from Fan’s inequality [15] that for any l = 1, . . . , r, the matrices Λ(Y )αlαl and
P⊤
αlHiPαl , i = 1, 2, have a simultaneous ordered spectral decomposition. Combining this

with λ′(X,Hi) ∈ Cθ(λ(X), λ(Y )), i = 1, 2 and applying Remark 4.10, we deduce that H1,
H2 ∈ Cg(X,Y ). Since H = σH1 + (1 − σ)H2, we arrive at H ∈ aff Cg (X,Y ), which completes
the proof.

Suppose that (X,Y ) ∈ gph ∂g and define the set

Rn
≳(X) := {d ∈ Rn | d1 ≥ · · · ≥ d|α1|; . . . ; dn−|αr|+1 ≥ · · · ≥ dn},

where the index sets αl, l = 1, . . . , r are defined by (4.3). Using the index set η(λ(X), λ(Y ))
from (4.9), define the index sets

η1(λ(X), λ(Y )) :=
{
ν ∈ ι1(λ(X))

∣∣ ∃µ ∈ ι2(λ(X)) such that (ν, µ) ∈ η(λ(X), λ(Y ))
}

and

η2(λ(X), λ(Y )) :=
{
µ ∈ ι2(λ(X))

∣∣ ∃ ν ∈ ι1(λ(X)) such that (ν, µ) ∈ η(λ(X), λ(Y ))
}
.

It is not hard to see that

η(λ(X), λ(Y )) = η1(λ(X), λ(Y ))× η2(λ(X), λ(Y )). (4.24)

Taking into account these index sets, define the set K(X,Y ) asd ∈ Rn

∣∣∣∣∣
⟨d, aν′ − aν⟩ = 0, ν, ν ′ ∈ η1(λ(X), λ(Y )),

⟨d, bµ⟩ = 0, µ ∈ η2(λ(X), λ(Y )),

⟨d, aν′ − aν⟩ < 0, ν ′ ∈ ι1(λ(X))\η1(λ(X), λ(Y )), ν ∈ η1(λ(X), λ(Y )),

⟨d, bµ⟩ < 0, µ ∈ ι2(λ(X))\η2(λ(X), λ(Y ))

 .

(4.25)
In what follows, we often are going to assume that K(X,Y ) ̸= ∅ for a given (X,Y ) ∈ gph ∂g.

It is not hard to see that this condition can be checked when θ is a polyhedral function. Indeed,
we will demonstrate in Examples 4.16-4.18 that this condition automatically holds for important
instances of the spectral function g.

The following lemma provides a simple sufficient condition, holding automatically in impor-
tant examples of the spectral function in (4.4), under which K(X,Y ) ̸= ∅ is satisfied. To do so,
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consider the following system of equations:

b⊤1
...

b⊤|η2(λ(X),λ(Y ))|
b⊤|η2(λ(X),λ(Y ))|+1

...
b⊤|ι2(λ(X))|


d =



0
...
0
−1
...
−1


and


1,−1, 0, . . . , 0
1, 0,−1, . . . , 0

...
1, 0, 0 . . . ,−1





a⊤1
...

a⊤|η1(λ(X),λ(Y ))|
a⊤|η1(λ(X),λ(Y ))|+1

...
a⊤|ι1(λ(X))|


d =



0
...
0
−1
...

−1


.

(4.26)

Lemma 4.13. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2) with
P ∈ On(X)∩On(Y ). If the sets {bi}i∈ι2(λ(X)) and {ai}i∈ι1(λ(X)) are linear independent and there
exists a common solution to the systems of equations in (4.26), then we have K(X,Y ) ̸= ∅.

Proof. We first consider the case where θ = θ2 in (4.7). It is easy to see that when {bi}i∈ι2(λ(X))

are chosen from orthogonal basis of Rn, d ∈ K(X,Y ) can be chosen directly by letting dη2(λ(X),λ(Y )) =
0 and dι2(λ(X))\η2(λ(X),λ(Y )) = −1. When {bi}i∈ι2(λ(X)) are linear independent, the left-hand side
system of equations in (4.26) has a solution d. Thus, d ∈ K(X,Y ), which implies K(X,Y ) ̸= ∅.

For the case where where θ = θ1 in (4.7), it follows from our assumption that the right-hand
side system of equations in (4.26) has a solution d. Thus, we again arrive at d ∈ K(X,Y ), which
implies K(X,Y ) ̸= ∅.

When θ = θ1 + θ2 in (4.7), the proof is similar to the above two cases, so we omit it here for
simplicity.

Note in Lemma 4.13 that in many application we often have θ = θ1 or θ = θ2. In such a case
the second assumption therein on the existence of a common solution to (4.26) is superfluous.

Now we have been equipped with the necessary tools for the derivation of the minimal
quadratic bundle of this specific spectral function. The following proposition is the first step.

Proposition 4.14. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition
(4.2) with P ∈ On(X) ∩On(Y ). Suppose that K(X,Y ) ̸= ∅. Then, the proper convex function
q : Sn → R, defined for any H ∈ Sn by

q(H) = ΥX,Y

(
H
)
+ δaff Cg(X,Y )(H), (4.27)

is a GQF and q ∈ quad g(X,Y ), where ΥX,Y is taken from (4.6).

Proof. Since Y ∈ ∂g(X) = ∂(θ◦λ)(X), Set ι1 := ι1(λ(X)), ι2 := ι2(λ(X)), η := η(λ(X), λ(Y )).
We break the proof into two steps.

Step 1: There is a sequence {(Xk, Y k)}k∈IN ⊂ gph ∂g such that

ι1(λ(X
k))× ι2(λ(X

k)) = η(λ(Xk), λ(Y k)) = η.

To prove it, take w ∈ K(X,Y ). Define the sequence {wk}k∈IN by wk := w/k for each k.
Clearly, {wk}k∈IN converges to 0 and for each k, wk belongs to the right hand side of (4.25). It
follows from Lemma 4.8 that there exists ρls such that for all s ∈ E l,

wγl
s
= ρls1|γl

s|. (4.28)

For each k, define xk := λ(X) + wk and Xk := PDiag(xk)P⊤ with P ∈ On(X) ∩ On(Y ) and
Y k = Y . Then, we have Qxk = λ(Xk) for some Q ∈ Pn and ι1(x

k) × ι2(x
k) = η for any k
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sufficiently large. Observe that Q can be chosen independent of k by passing to a subsequence if
necessary. Indeed, ι1(x

k)×ι2(xk) ⊃ η follows directly from (4.24) and [34, Theorem 2.1]. Suppose
by contradiction that there exists (ν ′, µ′) ∈ ι1(x

k)× ι2(x
k) but (ν ′, µ′) /∈ η. By (4.24), we have

ν ′ ∈ ι1(x
k)\η1(λ(X), λ(Y )) or µ′ ∈ ι2(λ(X))\η2(λ(X), λ(Y )). It follows from the construction

of Xk that we should have for all (ν, µ) ∈ η,

⟨xk, aν′⟩ − cν′ < ⟨xk, aν⟩ − cν or ⟨xk, bµ′⟩ − dµ′ < ⟨xk, bµ⟩ − dµ, (4.29)

which implies ν ′ /∈ ι1(x
k) or µ′ /∈ ι2(x

k). Thus, we have (ν ′, µ′) /∈ ι1(x
k)× ι2(x

k), which leads to
a contradiction. Therefore, we have verified ι1(x

k)×ι2(xk) = η. Now, we claim that ι1(λ(X
k))×

ι2(λ(X
k)) = η. Still from (4.24) and [34, Theorem 2.1], we get ι1(λ(X

k))× ι2(λ(X
k)) ⊃ η. We

conclude for all ν ∈ ι1(λ(X
k)), µ ∈ ι2(λ(X

k)), and for all ν ′ ∈ ι1(λ(X
k))c and µ′ ∈ ι2(λ(X

k))c

that

⟨λ(Xk), aν
′⟩ − cν′ < ⟨λ(Xk), aν⟩ − cν and ⟨λ(Xk), bµ

′⟩ − dµ′ < ⟨λ(Xk), bµ⟩ − dµ,

which lead us to

⟨xk, Qaν′⟩ − cν′ < ⟨xk, Qaν⟩ − cν and ⟨xk, Qbµ′⟩ − dµ′ < ⟨xk, Qbµ⟩ − dµ.

Therefore, it follows from [12, Proposition 1] that there exists i such that

⟨xk, Qaν⟩ − cν = ⟨xk, ai⟩ − ci

and exists j such that
⟨xk, Qbµ⟩ − dµ = ⟨xk, bj⟩ − dj ,

meaning that i ∈ ι1(x
k) and j ∈ ι2(x

k). Combining this with

|ι1(xk)|+ |ι1(xk)c| = |ι1(λ(Xk))|+ |ι1(λ(Xk))c|,

we have |ι1(λ(Xk))||ι2(λ(Xk))| ≤ |ι1(xk)||ι2(xk)| = |η̄|. Since ι1(λ(X
k)) × ι2(λ(X

k)) ⊃ η, we
have ι1(λ(X

k))× ι2(λ(X
k)) = η. Since wk ∈ Cθ(λ(X), λ(Y )), we arrive at

(xk, λ(Y ))− (λ(X), λ(Y )) = (wk, 0) ∈ gphNCθ(λ(X),λ(Y )).

Employing now the reduction lemma for polyhedral functions in [18, Theorem 3.1], we obtain
λ(Y ) ∈ ∂θ

(
xk

)
. By using (4.8) and the symmetric property of θ, we also have λ(Y ) ∈ ∂θ

(
λ(Xk)

)
.

It can be seen directly that η = η(λ(Xk), λ(Y k)).

Step 2: The sequence {d2g(Xk, Y k)}k∈IN epi-converges to the function on the right hand-side of
(4.27). Moreover, d2g(Xk, Y k) is a GQF for each k.

To prove the claim, define the index set {χl
t} as the one in Remark 4.7(P1) for the sequence

{(Xk, Y k)}k∈IN defined above. Since θ is symmetric and polyhedral, we know from Lemma 4.4
that for any H ∈ Sn,

d2g(Xk, Y k)(H) = 2
∑

1≤l≤l′≤r

∑
1≤t≤t′≤zl

(l,t)̸=(l′,t′)

∑
i∈χl

t

∑
j∈χl′

t′

λi(Y )− λj(Y )

λi(Xk)− λj(Xk)
(P⊤HP )2ij + δCg(Xk,Y k)(H)

=2
∑

1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y )− λj(Y )

λi(Xk)− λj(Xk)
(P⊤HP )2ij

+ 2
∑

1≤l≤r

∑
1≤t<t′≤zl

∑
i∈χl

t

∑
j∈χl

t′

λi(Y )− λj(Y )

λi(Xk)− λj(Xk)
(P⊤HP )2ij + δCg(Xk,Y k)(H).

25



According to Lemma 4.9 and the observation in Step 1, we can conclude that d2g(Xk, Y k) is a
GQF for each k. For any H ∈ Sn, set

fk1 (H) := 2
∑

1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y )− λj(Y )

λi(Xk)− λj(Xk)
(P⊤HP )2ij ,

fk2 (H) := 2
∑

1≤l≤r

∑
1≤t<t′≤zl

∑
i∈χl

t

∑
j∈χl

t′

λi(Y )− λj(Y )

λi(Xk)− λj(Xk)
(P⊤HP )2ij .

Indeed, f1 consists of terms in d2g(Xk, Y k) where the indices i and j belong to two different
index sets αl and αl′ . On the other hand, f2 captures those terms in d2g(Xk, Y k) where the
indices i and j belong to the same αl. By the definition of continuous convergence from [40, page
250], we conclude that fk1 converges continuously to ΥX,Y defined by (4.6). Next, we are going
to show that fk2 + δCg(Xk,Y k) epi-converges to δaff Cg(X,Y ). To prove it, define for each k

Ck
1 =

{
H ∈ Sn

∣∣∣ ⟨λ′(Xk, H), aν − aν
′⟩ = 0 for all ν, ν ′ ∈ ι1(λ(X

k)),
⟨λ′(Xk, H), bµ⟩ = 0 for all µ ∈ ι2(λ(X

k))

}
, (4.30)

and

Ck
2 =

{
H ∈ Sn

∣∣∣ Λ(Y )χl
tχ

l
t
and P⊤

χl
t
HPχl

t
have a simultaneous ordered spectral decomposition

}
.

Applying Remark 4.10, Remark 4.11, and Lemma 4.5 for (Xk, Y k) shows that Cg(Xk, Y k) =
Ck
1 ∩ Ck

2 .

Step 2.1: For any H ∈ Sn and every Hk → H, we have

lim inf
k→∞

(fk2 + δCg(Xk,Y k))(H
k) ≥ δaff Cg(X,Y )(H). (4.31)

It is easy to see that fk2 + δCg(Xk,Y k) ≥ 0. Pick H̃ ∈ Sn and and assume that Hk →
H̃. If lim inf

k→∞
(fk2 + δCg(Xk,Y k))(H

k) = ∞, the claimed inequality clearly holds. Assume that

lim inf
k→∞

(fk2+δCg(Xk,Y k))(H
k) <∞. Thus, we can assume by passing to a subsequence, if necessary,

that Hk ∈ Cg(Xk, Y k) ∩ dom fk2 and for any k. Our goal is to show that H̃ ∈ aff Cg(X,Y ) via
the equivalent description of the latter set from Lemma 4.12. To this end, observe from the
definition of wk that the sequence {fk2 } is nondecreasing, since

λi(X
k)− λj(X

k) =
wi − wj

k
≥ wi − wj

k + 1
= λi(X

k+1)− λj(X
k+1)

for any i ∈ χl
t and j ∈ χl

t′ with l ∈ {1, . . . , r} and 1 ≤ t < t′ ≤ zl. Thus, [40, Proposition 7.4] im-
plies that fk2 epi-converges to supk{clfk2 }, where clfk2 is the closure of fk2 (cf. [40, equation 1(6)]).
It is easy to see that supk{clfk2 } = supk{fk2 } = δD1 , where

D1 :=
{
H ∈ Sn | (P⊤HP )ij = 0, for all i, j not in the sameχl

t and not in the same γls
}

(4.32)

with the index sets γls for s ∈ {1, . . . , ul} taken from (4.11). Moreover, it follows from Remark
4.10 that Ck

2 ⊂ D2 :=
{
H ∈ Sn | (P⊤HP )ij = 0, for all i, j ∈ χl

t and i, j not in the same γls
}
; see

Figure 2 in which the blocks of P⊤HP that are zero for a matrix H in D1 or D2 are hatched.
Thus, we get

D1 ∩ D2 =
{
H ∈ Sn | (P⊤HP )γl

sγ
l
s′
= 0 for all l = 1 . . . , r and s ̸= s′

}
.
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αl × αl

χl
1

χl
3

χl
2

γl
1

γl
2

γl
3

γl
4

(a) for H in D1

αl × αl

χl
1

χl
3

χl
2

γl
1

γl
2

γl
3

γl
4

(b) for H in D2

Figure 2: αl × αl block of P⊤HP

Because fk2
e−→ δD1 and lim infk→∞ fk2 (H

k) < ∞, it follows from [40, Proposition 7.2] that

δD1(H̃) ≤ lim infk→∞ fk2 (H
k), implying that H̃ ∈ D1. Moreover, since Hk ∈ Ck

2 ⊂ D2, we get

H̃ ∈ D1 ∩ D2. This implies that condition (a) in Lemma 4.9 holds for the matrix H̃.
To verify condition (c) in Lemma 4.9 for the matrix H̃, we need to use Lemma 4.9(c) for

Hk ∈ Cg(Xk, Y k). That requires further partitioning of the index sets γls. To do so, define
the index sets βls(t), t ∈ {1, . . . , vl,s} with vl,s ∈ IN, to further partition the index set γls from
Remark 4.7(P3) based on xk = λ(Xk) as{

λi(X
k) = λj(X

k), if i, j ∈ βls(t) and t ∈ {1, . . . , vl,s},
λi(X

k) > λj(X
k), if i ∈ βls(t), j ∈ βls(t

′) and t, t′ ∈ {1, . . . , vl,s}with t < t′.
(4.33)

We can conclude from (4.28) and the definition of λ(Xk) that for any s ∈ E l, we must have
vl,s = 1, which means that γls will not be further partitioned by λ(Xk) whenever s ∈ E l. Since
H̃ ∈ D1∩D2, each (P⊤H̃P )χl

tχ
l
t
is a block diagonal matrix, whose diagonal blocks are composed

of some (P⊤H̃P )γl
sγ

l
s
; see Figure 2. Since Hk ∈ Cg(Xk, Y k), we know from Lemma 4.9(c) that

for all s ∈ E l, (P⊤HkP )γl
sγ

l
s
= ρls(k)I|γl

s| for some ρls(k) ∈ R. Since the sequence {Hk}k∈IN is

convergent, so is the sequence {ρls(k)}k∈IN. Passing to the limit shows the validity of condition
(c) in Lemma 4.9 for the matrix H̃. We now claim that

Ck
1 =

{
H ∈ Sn

∣∣∣ ∀ ν, ν ′ ∈ ιk1, µ ∈ ιk2, ⟨diag(P⊤HP ), aν − aν
′⟩ = 0, ⟨diag(P⊤HP ), bµ⟩ = 0

}
:= C.
(4.34)

To justify it, set

E l
1 =

{
k ∈ E l | ∃ i, j ∈ γlk such that (aν)i ̸= (aν)j for some (ν, µ) ∈ η

}
.
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For all (ν, µ) ∈ η, we have from (4.13) and Hk ∈ Cg(Xk, Y k) that

⟨λ′(Xk, Hk), aν⟩ =
r∑

l=1

ul∑
s=1

vl,s∑
t=1

⟨λ(P⊤
βl
s(t)
HkPβl

s(t)
), (aν)βl

s(t)
⟩

=

r∑
l=1

( ∑
s∈El

1

vl,s∑
t=1

⟨λ(P⊤
βl
s(t)
HkPβl

s(t)
), (aν)βl

s(t)
⟩+

∑
s/∈El

1

vl,s∑
t=1

⟨λ(P⊤
βl
s(t)
HkPβl

s(t)
), (aν)βl

s(t)
⟩
)

=
r∑

l=1

( ∑
s∈El

1

⟨λ(P⊤
γl
s
HkPγl

s
), (aν)γl

s
⟩+

∑
s/∈El

1

vl,s∑
t=1

⟨λ(P⊤
βl
s(t)
HkPβl

s(t)
), (aν)βl

s(t)
⟩
)

=
r∑

l=1

( ∑
s∈El

1

⟨ρls1|γl
s|, (a

ν)γl
s
⟩+

∑
s/∈El

1

vl,s∑
t=1

⟨P⊤
βl
s(t)
HkPβl

s(t)
, ρ̃ls1βl

s(t)
⟩
)

= ⟨diag(P⊤HkP ), aν⟩,
(4.35)

where ρls and ρ̃ls are some constants in R. Similarly, we can prove for all (ν, µ) ∈ η that

⟨λ′(Xk, Hk), bµ⟩ = ⟨diag(P⊤HkP ), bµ⟩. (4.36)

Combining this, (4.35), and (4.30) confirms (4.34). Recall that Hk ∈ Ck
1 = C for all k. Therefore,

H̃ ∈ C. Appealing now to Lemma 4.12 tells us that H̃ ∈ aff Cg(X,Y ) and so the right-hand side
of (4.31) becomes zero. This proves (4.31).

Step 2.2: We have fk2 + δCg(Xk,Y k)
e−→ δaff Cg(X,Y ).

To prove this claim, we begin by showing that for any H ∈ Sn, there exists Hk → H such
that

lim sup
k→∞

(fk2 + δCg(Xk,Y k))(H
k) ≤ δaff Cg(X,Y )(H). (4.37)

For any H /∈ aff Cg(X,Y ), this inequality trivially holds. Pick any H ∈ aff Cg(X,Y ) and let
Hk = H. Then we have(

fk2 + δCg(Xk,Y k)

)
(H) = fk2 (H) + δCk

1
(H) + δCk

2
(H).

It follows from Lemma 4.9(a) that (P⊤HP )ij = 0 for all i, j not in the same γls, which implies
fk2 (H) = 0. We know from (4.20), Lemma 4.9(c) and a similar argument as (4.35) that H ∈ Ck

1 .

Since λ(Y ) =
∑
ν

wνa
ν +

∑
µ

uµb
µ with

∑
ν

wν = 1, wν > 0, uµ > 0 with (ν, µ) ∈ η, we know

again from (4.13), (4.35) and (4.36) that as k → ∞,

r∑
l=1

zl∑
t=1

⟨Λ(P⊤
χl
t
HPχl

t
),Λ(Y )χl

tχ
l
t
⟩ = ⟨λ′(Xk, H), λ(Y )⟩ = ⟨diag(P⊤HP ), λ(Y )⟩

= ⟨P⊤HP,Λ(Y )⟩ =
r∑

l=1

zl∑
t=1

⟨Λ(Y )χl
tχ

l
t
, P⊤

χl
t
HPχl

t
⟩.

This, together with Fan’s inequality [15], shows that Λ(Y )χl
tχ

l
t
and P⊤

χl
t
HPχl

t
have a simultaneous

ordered spectral decomposition, which implies H ∈ Ck
2 . Therefore, for any H ∈ aff Cg(X,Y ),

lim sup
k→∞

(fk2 + δCg(Xk,Y k))(H
k) = 0 = δaff Cg(X,Y )(H), which confirms (4.37). Combining [40,
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Proposition 7.2] with the inequalities in (4.31) and (4.37) demonstrates that fk2 + δCg(Xk,Y k)
e−→

δaff Cg(X,Y ).

To finish the proof, recall that fk1 converges continuously to ΥX,Y . Therefore, we obtain from
[40, Theorem 7.46(b)] and the observation in Step 2.2 that d2g(Xk, Y k) = fk1 + fk2 + δCg(Xk,Y k)

epi-converges to ΥX,Y + δaff Cg(X,Y ), which completes the proof.

Next, we are going to show that the GQF in (4.27) is a minimal element in the quadratic
bundle of the spectral function g from (4.4), which is the main result of this section.

Theorem 4.15. Suppose that (X,Y ) ∈ gph ∂g and X has the eigenvalue decomposition (4.2)
with P ∈ On(X) ∩On(Y ). Take the set K(X,Y ) from (4.25) and assume that K(X,Y ) ̸= ∅.
Then, the minimal element in quad g(X,Y ) is ΥX,Y + δaff Cg(X,Y ), where ΥX,Y is taken from
(4.27).

Proof. Suppose (X,Y ) ∈ gph ∂g. We define the function ΞX,Y : Sn → R for any H ∈ Sn by

ΞX,Y (H) := lim inf
(X′,Y ′)→(X,Y )

Y ′∈ri ∂g(X′), H′→H

d2g(X ′, Y ′)(H ′).

We proceed with dividing the proof into three steps.

Step 1. For any H ∈ Sn, we always have ΞX,Y (H) ≤ ΥX,Y

(
H
)
+ δaff Cg(X,Y )(H).

To prove it, it follows from Proposition 4.4(b) that d2g(X,Y ) is a GQF if and only if Y ∈
ri ∂g(X). Taking q ∈ quad g(X,Y ), we find {(Xk, Y k)}k∈IN ⊂ gph ∂g such that Y k ∈ ri ∂g(Xk)
and d2g(Xk, Y k)

e−→ q. By [40, Proposition 7.2], for any H ∈ Sn, there is a sequence Hk → H
such that d2g(Xk, Y k)(Hk) → q(H). This clearly tells us that ΞX,Y (H) ≤ q(H) for any H ∈ Sn.
According to Proposition 4.14, ΥX,Y + δaff Cg(X,Y ) ∈ quad g(X,Y ). Combining these confirms
our first claim.

To proceed with the next step, take H ∈ Sn. There are sequences {(Xk, Y k)}k∈IN, {Hk}k∈IN
such that {

(Xk, Y k) → (X,Y ) with Y k ∈ ri ∂g(Xk), Hk → H

satisfying d2g(Xk, Y k)(Hk) → ΞX,Y (H).
(4.38)

Thus, we get Λ(X) = limk→∞ Λ(Xk) and Λ(Y ) = limk→∞ Λ(Y k). Since {P k}k∈IN is uniformly
bounded, we may assume by taking a subsequence, if necessary, that {P k}k∈IN converges to
an orthogonal matrix P̂ ∈ On(X) ∩ On(Y ). As stated in [47] and essentially proved in the
derivation of [46, Lemma 4.12], we can write P̂ = PQ, where

Q ∈ D :=
{
Q ∈ On | Q = Diag(Q1

1, . . . , Q
ul

l ) with Ql
t ∈ O|γl

t|
}
.

Take the index sets αl with l = 1, . . . , r from Remark 4.7(P1). Moreover, for any l ∈ {1, . . . , r},
take the index sets {χl

t}z
l

t=1 from Remark 4.7(P2).

Step 2. For any H ∈ Sn, we always have

ΞX,Y (H) ≥ ΥX,Y

(
H
)
+ δaffCθ(λ(X),λ(Y ))(w), (4.39)

where
w :=

(
λ((Q⊤P⊤HPQ)χ1

1χ
1
1
), . . . , λ((Q⊤P⊤HPQ)χr

urχ
r
ur
)
)

(4.40)

with Q ∈ D. Consequently, if ΞX,Y (H) <∞, then w ∈ affCθ(λ(X), λ(Y )).
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To justify this claim, take H ∈ Sn and the sequences {(Xk, Y k)}k∈IN and {Hk}k∈IN satisfying
(4.38). It follows from [30, Proposition 5.3] that

d2g(Xk, Y k)(Hk) ≥ d2θ(λ(Xk), λ(Y k))
(
λ′(Xk;Hk)

)
+2

r∑
l=1

zl∑
t=1

〈
Λ(Y k)χl

tχ
l
t
, (P k

χl
t
)⊤Hk

(
µk
l I −Xk

)†
HkP k

χl
t

〉
,

(4.41)

where zl is taken from (4.10). It can be checked directly that

2
r∑

l=1

zl∑
t=1

〈
Λ(Y k)χl

tχ
l
t
, (P k

χl
t
)⊤Hk

(
µkl I −Xk

)†
HkP k

χl
t

〉
= 2

∑
1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
((P k)⊤HkP k)2ij

+ 2
∑

1≤l≤r

∑
1≤t<t′≤zl

∑
i∈χl

t

∑
j∈χl

t′

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
((P k)⊤HkP k)2ij

≥ 2
∑

1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
((P k)⊤HkP k)2ij ,

(4.42)

where the last inequality follows from

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
≥ 0 for all i, j ∈ {1, . . . , n}.

Passing to the limit brings us to

lim inf
k→∞

2

r∑
l=1

zl∑
t=1

〈
Λ(Y k)χl

tχ
l
t
, (P k

χl
t
)⊤Hk

(
µkl I −Xk

)†
HkP k

χl
t

〉
≥ ΥX,Y

(
H
)
. (4.43)

On the other hand, since Y k ∈ ri ∂g(Xk), we know from Lemma 4.5 that Cg(Xk, Y k) has a
representation of the form

Cθ(λ(Xk), λ(Y k)) =

{
d ∈ Rn

∣∣∣∣∣ ⟨d, aν′ − aν⟩ = 0, if ν, ν ′ ∈ ιk1,
⟨d, bµ⟩ = 0, if µ ∈ ιk2,

}
.

It results from [18, Proposition 3.3] that there are facesK1 andK2 of the critical cone Cθ(λ(X), λ(Y ))
for which we have

d2θ(λ(Xk), λ(Y k)) = δCθ(λ(Xk),λ(Y k)) = δK1−K2 ≥ δaffCθ(λ(X),λ(Y )),

where the last inequality comes from [18, Corollary 3.4]. Observe from (4.13) that

λ′(Xk;Hk) =
(
λ
(
(P k

χ1
1

)⊤
HkP k

χ1
1

)
, . . . , λ

(
(P k

χr
ur

)⊤
HkP k

χr
ur

))⊤
,

which leads us to λ′(Xk, Hk) → w with w taken from (4.40). If λ′(Xk;Hk) ∈ Cθ(λ(Xk), λ(Y k)) ⊂
affCθ(λ(X), λ(Y )) for infinitely many k, we can conclude that w ∈ affCθ(λ(X), λ(Y )) and that

lim inf
k→∞

d2θ(λ(Xk), λ(Y k))
(
λ′(Xk;Hk)

)
= 0 ≥ 0 = δaffCθ(λ(X),λ(Y ))(w).
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Otherwise, λ′(Xk;Hk) ∈ Cθ(λ(Xk), λ(Y k)) for only finitely many k, which tells us that

lim inf
k→∞

d2θ(λ(Xk), λ(Y k))
(
λ′(Xk;Hk)

)
= ∞ ≥ δaffCθ(λ(X),λ(Y ))(w).

Combining these with (4.41) and (4.43) leads us to (4.39).

Step 3. We have domΞX,Y = aff Cg(X,Y ).
Observe first that the inclusion aff Cg(X,Y ) ⊂ domΞX,Y falls immediately from the obser-

vation in Step 1. To prove the opposite inclusion, pick H ∈ domΞX,Y . We proceed to show that
H satisfies the characterization of aff Cg(X,Y ), obtained in Lemma 4.12. We begin with proving
that H satisfies condition (a) in Lemma 4.12. It follows from (4.38) that for any k sufficiently
large,

d2g(Xk, Y k)(Hk) ≤M := ΞX,Y (H) + 1 <∞. (4.44)

For each k, pick the sequences tkm ↘ 0 and Hkm → Hk such that

d2g(Xk, Y k)(Hk) = lim
m→∞

∆2
tkm

g(Xk, Y k)(Hkm). (4.45)

We know from [50, Proposition 1.4] that

λ(Xk + tkmH
km) = λ(Xk) + tkmλ

′(Xk, Hkm) + o(tkm).

By the convexity of θ and the fact that λ(Y k) ∈ ∂θ(λ(Xk)), we have

g(Xk + tkmH
km)− g(Xk)

tkm
=
θ(λ(Xk) + tkmλ

′(Xk, Hkm) + o(tkm))− g(Xk)

tkm

≥ ⟨λ(Y k), λ′(Xk, Hkm)⟩+ o(tkm)/tkm

=
r∑

l=1

zl∑
t=1

⟨Λ(Y k)χl
tχ

l
t
,Λ((P k)⊤HkmP k)χl

tχ
l
t
⟩+ o(tkm)/tkm .

It follows from (4.44) and (4.45) that for each sufficiently large k and m,

g(Xk + tkmH
km)− g(Xk)

tkm
≤ tkm(M + 1) + ⟨Y k, Hkm⟩.

Combining the estimates above leads us to

tkm(M + 1) + ⟨Y k, Hkm⟩ ≥
r∑

l=1

zl∑
t=1

⟨Λ(Y k)χl
tχ

l
t
,Λ((P k)⊤HkmP k)χl

tχ
l
t
⟩+ o(tkm)/tkm .

Letting first m→ ∞ and then k → ∞ brings us to

⟨Y,H⟩ ≥
r∑

l=1

zl∑
t=1

⟨Λ(Y )χl
tχ

l
t
,Λ

(
((PQ)⊤HPQ)χl

tχ
l
t

)
⟩ = ⟨λ(Y ), w⟩,

where w comes from (4.40). On the other hand, a direct application of Fan’s inequality, coupled
with PQ = P̂ ∈ On(X) ∩ On(Y ), ensures that

⟨Y,H⟩ = ⟨Λ(Y ), P̂HP̂ ⟩ =
r∑

l=1

zl∑
t=1

⟨Λ(Y )χl
tχ

l
t
,
(
(PQ)⊤HPQ

)
χl
tχ

l
t
⟩

≤
r∑

l=1

zl∑
t=1

⟨Λ(Y )χl
tχ

l
t
,Λ

(
((PQ)⊤HPQ)χl

tχ
l
t

)
⟩ = ⟨λ(Y ), w⟩.
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Combining these and using Fan’s inequality again, we conclude that Λ(Y )χl
tχ

l
t
and

(
(PQ)⊤HPQ

)
χl
tχ

l
t

have a simultaneous ordered spectral decomposition. Using the same argument as the one in
Remark 4.10 ensures that ((PQ)⊤HPQ)ij = 0 for all i, j ∈ χl

t and all i, j that are not in the
same γls; see Figure 2(b) for an illustration of such a matrix H. On the other hand, we deduce
from (4.42) and (4.44) that

∞ >
∑

1≤l≤r

∑
1≤t<t′≤zl

∑
i∈χl

t

∑
j∈χl

t′

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
((P k)⊤HkP k)2ij

≥
∑

1≤l≤r

∑
1≤s<s′≤ul

∑
1≤t<t′≤zl

∑
i∈γl

s,j∈γl
s′

i,j /∈ the sameχl
t

λi(Y
k)− λj(Y

k)

λi(Xk)− λj(Xk)
((P k)⊤HkP k)2ij .

Passing to the limit implies that ((PQ)⊤HPQ)ij = 0 for all i, j that are not in the same χl
t and

the same γls; see Figure 2(a) for an illustration of such a matrix H. Combining these illustrates
that for each l ∈ {1, . . . , r}, the matrix (PQ)⊤

αlH(PQ)αl has a block diagonal representation in
the form

(PQ)⊤αlH(PQ)αl = Diag
(
(Q⊤P⊤HPQ)γl

1γ
l
1
, . . . , (Q⊤P⊤HPQ)γl

ul
γl
ul

)
, (4.46)

which confirms that H satisfies condition (a) in Lemma 4.12.
According to [18, Lemma 2.1], we have for any k sufficiently large, that

η(λ(X), λ(Y )) ⊂ ιk1 × ιk2 := ι1(λ(X
k))× ι2(λ(X

k)) ⊂ ι1 × ι2 := ι1(λ(X))× ι2(λ(X)). (4.47)

Recalling (4.7), one can directly check that for all ν, ν ′ ∈ ιk1, ⟨λ(X), aν − aν
′⟩ = cν − cν′ and

⟨λ(Xk), aν − aν
′⟩ = cν − cν′ , leading us to ⟨λ(Xk) − λ(X), aν − aν

′⟩ = 0. Similarly, we also
have for all µ ∈ ιk2, ⟨λ(Xk) − λ(X), bµ⟩ = 0. Denote wk := λ(Xk) − λ(X). It follows from
Lemma 4.8 that that for all s ∈ E l, wk

γl
s
= µls(k)1 for some µls(k) ∈ R. Similar to (4.33), define

the index sets βls(t), t ∈ {1, . . . , vl,s} with vl,s ∈ IN, to further partition the index set γls from
Remark 4.7(P3) based on λ(Xk). By the definition of wk and the observation about wk

γl
s
for

all s ∈ E l, we can conclude that vl,s = 1 for any s ∈ E l. This implies that for all s ∈ E l, γls
would not further be partitioned by λ(Xk). Since Hk ∈ Cg(Xk, Y k) and since Y k ∈ ri ∂g(Xk),
we know from Lemma 4.9 and Lemma 4.5 that for all ν, ν ′ ∈ ιk1, ⟨λ′(Xk, Hk), aν − aν

′⟩ = 0 and
all µ ∈ ιk2, ⟨λ′(Xk, Hk), bµ⟩ = 0. For any l ∈ {1, . . . , r}, define the index set

F l :=

{
t ∈ {1, . . . , zl}

∣∣∣∣∣ ∃ i, j ∈ χl
t such that (aν)i ̸= (aν)j for some ν ∈ ιk1,

or (bµ)i ̸= (bµ)j for some µ ∈ ιk2

}
.

While F l depends on k as well, we can assume by passing to a subsequence, if necessary, that it
remains constant for all k. A similar argument as that of Lemma 4.8 implies for all t ∈ F l that
(λ′(Xk, Hk))χl

t
= ρlt(k)1|χl

t|
for some ρlt(k) ∈ R. Passing to the limit and using the fact that

λ′(Xk, Hk) → w with w taken from (4.40), we have

λ
(
(PQ)⊤HPQ)χl

tχ
l
t

)
= wχl

t
= ρlt1|χl

t|

for some ρlt ∈ R. This yields
(
(PQ)⊤HPQ

)
χl
tχ

l
t
= ρltI|χl

t|
for any t ∈ F l. For any s ∈ E l,

there exists t such that γls ⊂ χl
t, since γ

l
s will not be further partitioned by λ(Xk) whenever

s ∈ E l. We claim that t ∈ F l. Indeed, if s ∈ E l, there exist i, j ∈ γls such that (aν)i ̸= (aν)j or
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(bµ)i ̸= (bµ)j for some (ν, µ) ∈ η(λ(X), λ(Y )). If the former holds, it results from (4.47) that
there exist i, j ∈ γls ⊂ χl

t such that (aν)i ̸= (aν)j . If the latter holds, a similar argument can be
used. By the definition of F l, we have t ∈ F l. Therefore, for any s ∈ E l, there exists t ∈ F l

such that ((PQ)⊤HPQ)γl
sγ

l
s
= ρltI|γl

s|. This confirms that for any l ∈ {1, . . . , r} and any s ∈ E l,

there exists a scalar ρls such that

(Q⊤P⊤HPQ)γl
sγ

l
s
= ρlsI|γl

s|, (4.48)

proving that H satisfies condition (c) in Lemma 4.12.
A similar argument as that of (4.35), coupled with (4.48), demonstrates that for all (ν, µ) ∈

η(λ(X), λ(Y )), ⟨w, aν⟩ = ⟨diag((PQ)⊤HPQ), aν⟩ and ⟨w, bµ⟩ = ⟨diag((PQ)⊤HPQ), bµ⟩, where
w is taken from (4.40). These and the fact that w ∈ affCθ(λ(X), λ(Y )) yields

diag
(
(PQ)⊤H(PQ)

)
∈ affCθ(λ(X), λ(Y )),

which together with (4.48), (4.46), and Lemma 4.12 shows that H ∈ aff Cg(X,Y ). Consequently,
we deduce from Steps 1-3 that

ΞX,Y = ΥX,Y + δaff Cg(X,Y ) ∈ quad g(X,Y )

is the minimal quadratic bundle of g at X for Y , which completes the proof.

We should add here that [42, Example 3] also provides the explicit form of the quadratic
bundles for the indicator function of the second-order cone. As shown in [48, page 3], the
second-order cone can be written as a spectral function with representation (4.4) under the
Euclidean Jordan algebra. Thus, we can also obtain the result presented in [42, Example 3] by
our approach. This suggests that our results can be extended to the polyhedral spectral function
under Euclidean Jordan algebra.

We close this section by applying our major result in Theorem 4.15 for important classes
of spectral functions, enjoying the representation in (4.4) with θ being a polyhedral function.
We begin by looking at the maximum eigenvalue function, which has important applications in
optimal control.

Example 4.16. Consider the following largest eigenvalue optimization problem

minimize λ1(X) subject to X ∈ Sn, (4.49)

where λ1(X) denotes the largest eigenvalue of a symmetric matrix X. This corresponds to a
special case of (4.4), where

θ(x) = max
1≤i≤n

{
⟨ai, x⟩

}
, x ∈ Rn

with ai being the unit vector whose i-th component is 1 and others are zero. It follows from
Theorem 4.15, (4.6) and Lemma 4.12 that the minimal quadratic bundle of λ1(·) takes the
following form,

q(H) = 2
∑
i∈µ

∑
j∈ω

λi(Y )

λi(X)− λj(X)
(P⊤HP )2ij + δaff Cλ1 (X,Y )(H), H ∈ Sn,

with

H ∈ aff (Cλ1(X,Y )) ⇐⇒ P⊤
α1HPα1 =

[
ρ I|τ | 0

0 P⊤
σ HPσ

]
for some ρ ∈ R,
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where P ∈ On(X)∩On(Y ), α1 = {1 ≤ i ≤ n | λi(X) = v1}, τ := {i ∈ α1 | λi(Y ) > 0}, σ := {i ∈
α1 | λi(Y ) = 0}, ω :=

⋃r
l=2 α

l. Moreover, we know from Lemma 4.13 that K(X,Y ) ̸= ∅. It is
worth noting that the above explicit formulas of the minimal quadratic bundle (called previously
the sigma term) and aff (Cλ1(X,Y )) were also obtained in [12, (67) and (66)] without appealing
the theory of the quadratic bundle, used in our approach.

Example 4.17. The n-dimensional positive semidefinite (SDP) constraint X ∈ Sn
+ also corre-

sponds to a special case of (4.4), where

θ(x) = δRn
+
(x) and dom θ = {x ∈ Rn | max

1≤i≤n

{
⟨bi, x⟩ ≤ 0

}
,

with bi being the unit vector whose i-th component is −1 and others are zero. Thus, the minimal
quadratic bundle for SDP at Y ∈ NSn

+
(X) has a representation of the form

q(H) = 2
∑

1≤l<l′≤r

∑
i∈αl

∑
j∈αl′

λi(Y )− λj(Y )

λi(X)− λj(X)

(
(P⊤HP )ij

)2
+ δaff Cg(X,Y )(H)

= 2
∑

i∈α,j∈γ

−λj(Y )

λi(X)
(P⊤HP )2ij + δaff(CSn

+
(X,Y ))(H), H ∈ Sn, (4.50)

where P ∈ On(X) ∩ On(Y ), α = {i | λ(X + Y ) > 0}, γ = {i | λ(X + Y ) < 0}, β = {i |
λ(X + Y ) = 0}. To justify the second equality above, observe that if i ∈ α ∪ β, we have

λi(Y ) = 0, which implies
λi(Y )−λj(Y )
λi(X)−λj(X) = 0 for all i ∈ α, j ∈ α ∪ β. Thus for all i ∈ α and j ∈ γ,

we have
λi(Y )−λj(Y )
λi(X)−λj(X) =

−λj(Y )
λi(X) . Moreover, the affine hull of critical cone of θ at X for Y can be

obtained from Lemma 4.12 as

aff CSn
+
(X,Y ) = {H ∈ Sn | P⊤

β HPγ = 0, P⊤
γ HPγ = 0}.

Indeed, it follows from Lemma 4.9(a) that P⊤
β HPγ = 0 and for all i, j ∈ γ such that λi(X+Y ) ̸=

λj(X + Y ), one has P⊤
i HPj = 0. It can be checked from the explicit form of bi that for all

l ∈ {1, . . . , r} and s ∈ {1, . . . , ul}, we have s ∈ E l, which implies P⊤
γl
s
HPγl

s
= ρlsI for some ρls ∈ R.

Since η2(λ(X), λ(Y )) = γ and ι2(λ(X)) = γ∪β, we know from (4.21) that
(
diag (P⊤HP )

)
γ
= 0.

Combining the aforementioned discussion together tells us that P⊤
γ HPγ = 0. Moreover, we know

from Lemma 4.13 that K(X,Y ) ̸= ∅. Note that the explicit forms of the corresponding affine
critical cone and the minimal quadratic bundle were obtain in [45, equation (17)-(20) and Lemma
3.1] via a different approach. We should add the latter was called the sigma term in [45].

Example 4.18. The fastest mixing Markov chain (FMMC) problem was first proposed and
studied in [3, 4]. Suppose G = {V, E} is a connected graph with the vertex set V = {1, . . . , n}
and edge set E ⊂ V × V. It was shown in [5, (1.1)] that the FMMC problem can be formulated
as

minimize max{λ2(X),−λn(X)}
subject to X ≥ 0, X1 = 1,

Xij = 0, (i, j) ∈ E , X ∈ Sn,

where 1 ∈ Rn denotes the vector whose components are all 1. It can be checked directly that its
objective function can be written as the Ky Fan 2-norm ∥·∥(2) in Sn. Meanwhile, the semidefinite
constraint is of great importance in machine learning and statistic applications such as clustering
and community detection [13, 52, 53]. If we further suppose X ∈ Sn

+, by using the eigenvalue
property of doubly stochastic matrices, namely square matrices with all nonnegative entries and
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each row and column summing to one, yields λ1(X) = 1. Therefore, the FMMC with the SDP
constraint can be written in the form

minimize λ1(X) + λ2(X) + δSn
+
(X)

subject to X ≥ 0, X1 = 1,
Xij = 0, (i, j) ∈ E .

(4.51)

The objective function of this problem, namely g(·) := δSn
+
(·) + λ1(·) + λ2(·), has the spectral

representation in (4.4) with θ(x) = θ1(x) + θ2(x) and

θ1(x) := max
1≤i<j≤n

{⟨eij , x⟩} and θ2(x) := δRn
+
(x)

for any x ∈ Rn, where the i-th and j-th components of eij are 1 and the others are 0.
Suppose Y ∈ ∂θ(λ(X)). We obtain the explicit form of the minimal quadratic bundle of g

via Theorem 4.15. In fact, suppose λ(Y ) = y1 + y2 with y1 ∈ θ1(λ(X)), y2 ∈ θ2(λ(X)). Note
that finding y1 and y2 requires solving an inequality system. As mentioned in Remark 4.11, the
minimal quadratic bundle is also invariant under y1 and y2. Let αl, l = 1, . . . , r be the index
sets defined by (4.3) and P ∈ On(X) ∩ On(Y ). For each l ∈ {1, . . . , r}, recall the index sets

{γls}u
l

s=1 given by (4.11). It follows that

q(H) = ΥX,Y (H) + δaff Cg(X,Y )(H), H ∈ Sn

with

ΥX,Y (H) = 2
∑

1≤p<p′≤r

∑
i∈αp

∑
j∈αp′

λi(Y )− λj(Y )

λi(X)− λj(X)
(P⊤HP )2ij .

Then we only need to characterize aff Cg(X,Y ) and verify K(X,Y ) ̸= ∅. It is worth mentioning
that the assumption K(X,Y ) ̸= ∅ can be justified by using Lemma 4.13. However, in this
example, we verify it in a more direct way by finding a vector d in K(X,Y ). Consider the
following two cases for all X in the feasible set of (4.51).

Case 1: |α1| ≥ 2. We have (y1)i ≥ 0 if i ∈ α1 and (y1)i = 0 otherwise; (y2)i = 0 if i ∈ α1

and (y2)i ≤ 0 otherwise. It can be checked that y1 and y2 are arranged in a non-increasing
order. Denote ω = {i | (y2)i ̸= 0} and ω′ = {i /∈ α1 | (y2)i = 0}. We can pick di = 1 such that
for all (y1)i ̸= 0, di = 0 for all (y1)i = 0, and dω = 0, dω′ = 1, which indicates d ∈ K(X,Y ) ̸= ∅.
Denote

τ := {i ∈ α1 | (y1)i > 0} and σ := {i ∈ α1 | (y1)i = 0}.
Then, we have H ∈ aff Cθ◦λ(X,Y ) if and only if the following three conditions are satisfied:

(i) P⊤
α1HPα1 =

[
ρ I|τ | 0

0 P⊤
σ HPσ

]
for some ρ ∈ R;

(ii) for each l ∈ {2, . . . , r}, P⊤
αlHPαl = Diag

(
(P⊤HP )γl

1γ
l
1
, . . . , (P⊤HP )γl

ul
γl
ul

)
;

(iii) P⊤
ω HPω = 0 with ω = {i | (y2)i ̸= 0}.

Case 2: |α1| = 1. It follows that
(y1)1 = 1,

(y1)i ∈ [0, 1] ∀ i ∈ α2 and
∑
i∈α2

(y1)i = 1,

(y1)i = 0 ∀ i ∈ αl, l = 3, . . . , r.
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Denote τ := {j ∈ α2 | (y1)j > 0}, σ := {j ∈ α2 | (y1)j = 0}, ζ = {i | λi(X) = 0, (y2)i < 0}
and ζ ′ := {i | λi(X) = 0, (y2)i = 0}. If λ2(X) > 0, we have (y1)i ≥ 0 when i ∈ α1 ∪ α2 and
(y1)i = 0 otherwise; (y2)i = 0 when i ∈ α1 ∪ α2 and (y2)i ≤ 0 otherwise. It can be checked that
y1 and y2 are arranged in a non-increasing order. We can pick d such that dµ = 0, dν = −1
and dζ = 0, dζ′ = 1. Therefore, d ∈ K(X,Y ), which yields K(X,Y ) ̸= ∅. If λ2(X) = 0, denote
α = {i | λi(Y ) > 0, i ̸= 1}, β = {i | λi(Y ) = 0} and γ = {i | λi(Y ) < 0}. In particular, we can
pick

y1 =
(∑
i∈α

λi(Y ), λα(Y ), 0, . . . , 0
)⊤

+

n∑
i=1

1−∑
i∈α λi(Y )

n
e1i

and y2 = λ(Y )−y1, which implies for all (ν, µ) ∈ ι1(λ(X))×ι2(λ(X)) that (ν, µ) ∈ η(λ(X), λ(Y )).
Then, we have H ∈ aff Cθ◦λ(X,Y ) if and only if the following three conditions are satisfied:

(i) P⊤
α2HPα2 =

[
ρ I|τ | 0

0 P⊤
σ HPσ

]
for some ρ ∈ R;

(ii) for each l ∈ {3, . . . , r}, P⊤
αlHPαl = Diag

(
(P⊤HP )γl

1γ
l
1
, . . . , (P⊤HP )γl

ul
γl
ul

)
;

(iii) P⊤
ω HPω = 0 with ω = {i | (y2)i ̸= 0}.

5 Tilt-Stability in Matrix Optimization Problems

In this section, we aim to study tilt-stable local minimizers of the composite optimization prob-
lem

minimize f(X) := φ(X) + g(X) subject to X ∈ Sn. (5.1)

where φ : Sn → R is C2-smooth, and g : Sn → R is a convex spectral function with representa-
tion (4.4). Note that the function f from (5.1) is prox-regular and subdifferentially continuous
due to [27, Proposition 2.2]. Below, we will provide a characterization of a tilt-stable local min-
imizer of this problem. by applying our characterization of such minimizers from Corollary 4.3.

Theorem 5.1. Assume that X ∈ Sn with 0 ∈ ∂f(X), where f is taken from (5.1). Suppose
that K(X,Y ) ̸= ∅ with Y = −∇φ(X) ∈ Sn. Then the following properties are equivalent.

(a) X is a tilt-stable local minimizer of f .
(b) The strong second-order sufficient condition (SSOSC)

⟨∇2φ(X)H,H⟩+ ΥX,−∇φ(X)(H) > 0 for all H ∈ aff Cg(X,−∇φ(X)) \ {0}
holds.

Moreover, both conditions above yield the kernel condition

ker∇2φ(X) ∩ ker q = {0}, (5.2)

where ker q =
{
H ∈ aff Cg(X,−∇φ(X))

∣∣ ΥX,−∇φ(X)(H) = 0
}
. If, in addition, φ is convex, then

(5.2) and the conditions in (a) and (b) are equivalent. Furthermore, ker q can be equivalently
described as

H ∈ Sn

∣∣∣∣∣
(P⊤HP )ij = 0, ∀i, j such that λi(X) ̸= λj(X), λi(−∇φ(X)) ̸= λj(−∇φ(X)),
(P⊤HP )αlαl = diag((P⊤HP )γl

1γ
l
1
, . . . , (P⊤HP )γl

ul
γl
ul
),

⟨diag (P⊤HP ), aν⟩ = ⟨diag (P⊤HP ), aν
′⟩,

⟨diag (P⊤HP ), bµ⟩ = 0,
(ν, µ), (ν ′, µ′) ∈ η(λ(X), λ(Y )),

for each l ∈ {1, ..., r} and k ∈ E l, ∃ ρlk ∈ R such that (P⊤HP )γl
kγ

l
k
= ρlkI|γl

k|


,

where P ∈ On(X) ∩On(−∇φ(X)), E l and γlk are given in (4.12) and (4.11).
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Proof. Employing the sum rule for the epi-convergence from [40, Theorem 7.46], one can
conclude directly that

quad f(X, 0) =
{
h+ q| q ∈ quad g(X,−∇φ(X))

}
. (5.3)

The equivalence of (a) and (b) immediately results from Corollary 4.3, Theorems 4.15 and (5.3).
We proceed by showing that (b) yields (c). Set q := ΥX,−∇φ(X) + δaff Cg(X,−∇φ(X)) and observe

that the SSOSC in (b) amounts to

⟨∇2φ(X)H,H⟩+ q(H) > 0 for all H ∈ Sn \ {0}. (5.4)

Moreover, we conclude from Proposition 4.14 that q ∈ quad g(X,−∇φ(X)). By definition, we
find (Xk, Y k) ∈ gph ∂g such that d2g(Xk, Y k)

e−→ q and d2g(Xk, Y k) is a GQF for each k. It
follows from convexity of g that d2g(Xk, Y k)(H) ≥ 0 for all H ∈ Sn. Moreover, d2g(Xk, Y k)
is a convex function for each k. Combining these tells us that q is a convex function on Sn

and q(H) ≥ 0 for all H ∈ Sn. This demonstrates that (5.4) implies the kernel condition in
(5.2). Assume now that φ is convex. We are going to argue that (c) implies (b). To this
end, it is easy to deduce from the convexity of φ that the inequality in (5.4) is automatically
satisfied when the strict inequality ‘>’ therein is replaced with ‘≥’. Suppose to the contrary
that there is H ∈ Sn \ {0} for which we have ⟨∇2φ(X)H,H⟩ + q(H) = 0. Since q(H) ≥ 0 and
∇2φ(X)H,H⟩ ≥ 0, we arrive at H ∈ ker∇2φ(X)∩ ker q, a contradiction. This confirms that in
the presence of the convexity of φ the conditions in (b) and (c) are equivalent.

It remains to justify the equivalent description of ker q. To this end, we know from (4.6) that

ker q =
{
H ∈ aff Cg(X,−∇φ(X))

∣∣ ΥX,−∇φ(X)(H) = 0
}

=
{
H ∈ aff Cg(X,−∇φ(X))

∣∣ ∑
1≤p<p′≤r

∑
i∈αp

∑
j∈αp′

λi(−∇φ(X))− λj(−∇φ(X))

λi(X)− λj(X)
(P⊤HP )2ij = 0

}
.

Since for any i, j, the inequality∑
1≤p<p′≤r

∑
i∈αp

∑
j∈αp′

λi(−∇φ(X))− λj(−∇φ(X))

λi(X)− λj(X)
(P⊤HP )2ij ≥ 0

holds, we must have (P⊤HP )ij = 0 for any i, j such that λi(X) ̸= λj(X) and λi(−∇φ(X)) ̸=
λj(−∇φ(X)). This ensures the claimed representation of ker q and hence completes the proof.

Remark 5.2. The set ker q, defined in Theorem 5.1, can have a more explicit form for certain
concrete examples by applying the explicit form of the minimal quadratic bundle. For the SDP
framework from Example 4.17, ker q can be simplified as ker q =

{
H ∈ Sn

∣∣ (P⊤HP )γ = 0
}
by

directly applying (4.50). For the largest eigenvalue optimization problem from Example 4.16, it
is not hard to see that

ker q =
{
H ∈ Sn | (P⊤HP )τω = 0, P⊤

α1HPα1 =

[
ρ I|τ | 0

0 P⊤
σ HPσ

]
for some ρ ∈ R

}
.

We close this section by comparing Theorem 5.1 with the recent results established in [28,36].
A characterization of tilt-stable local minimizers was achieved in [36, Theorem 4.1] under three
major assumptions (B1)-(B3). Assumption (B1) therein requires in the setting of Theorem 5.1
that f be C2-decomposable in the sense of [36, Definition 3.1], which can be ensured when the
spectral function g in (5.1) enjoys the same property. We do not know whether or not our
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spectral function g is C2-decomposable. Establishing such a result does not seem to be an easy
task and does require a rather nontrivial approach such as the one used in [10, Proposition 3.2],
where it was shown that the spectral function g in (4.4) is C2-cone reducible, which means
that the epigraphical set epi g is a C2-cone reducible provided that θ enjoys the same property.
Applying [10, Proposition 3.2] tells us that δepi g is C2-decomposable. Whether or not this can
be used to show that g in (5.1) enjoys the same property is unclear to us at this time. The
authors in [28] studied tilt-stable local minimizers of the convex Ky-Fan k-norm regularized
problem using the concept of second subderivative and without appealing to the concept of
the quadratic bundle. The equivalence of (a) and (5.2) in Theorem 5.1 resembles a similar
characterization in [28, Theorem 4.1]. Finally, we should add that [16, Theorem 7.9] also provides
a characterization of tilt stability using the concept of the subspace containing derivative. While
the latter concept is related to the quadratic bundles, as shown in Proposition 3.7, the advantage
of our approach is that we do not have to calculate all quadratic bundles in our setting and the
minimal one can be used for our goal.

6 Conclusion

In this paper, we establish a novel characterization of tilt stability through the framework of
quadratic bundles, creating a significant theoretical bridge in optimization theory. Our analysis
derives the explicit form of the minimal quadratic bundle for spectral functions and demonstrates
its equivalence to the strong second-order sufficient condition, thereby advancing our understand-
ing of matrix optimization problems. This theoretical unification strengthens the foundation for
analyzing optimization problems through multiplier methods while deepening our insights into
perturbation properties. Looking forward, several challenging questions emerge: extending these
results to general spectral functions and studying the relationship between SSOSC and tilt sta-
bility without the nondegeneracy condition remain important problems for future research.
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